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1 Introduction

Over the last several decades, graphs have become ubiquitous in the fields of combinatorics and

theoretical computer science. Many natural combinatorial objects can be viewed as graphs with the

appropriate modifiers added (directed or undirected, simple or not, weighted or unweighted, etc).

For example, Markov chains can be thought of as random walks on directed graphs, and logical

circuits can be thought of as directed acyclic graphs augmented with some additional information

about “gates.”

However, the real power in working with graphs comes from the surprising relationship between

their combinatorial aspects and other natural models: here, we will consider the “spectral” or “alge-

braic” perspective. Spectral graph theorists are largely interested in finding relationships between

the combinatorial properties of a graph and the spectrum, or set of eigenvalues, of the graph’s ad-

jacency matrix. Perhaps the most famous example of such a theorem says that under very general

conditions, the number of steps it takes for a random walk on a graph to closely approximate its

stationary distribution is governed by the second-largest singular value of a scaled version of the

adjacency matrix.

While a large portion of the spectral graph theory literature has focused on the eigenvalues of

matrices like the adjacency matrix, some recent breakthroughs have been concerned instead with

the multiplicity of eigenvalues of these associated graph matrices. Bounding the multiplicity of

eigenvalues in very general classes of graphs can be extremely delicate, but even bounds on the

order of n/poly(log log n) (where n is the dimension of the matrix) are interesting (see, for exam-

ple, [MRS23]). In a sequence of breakthroughs in [JTYZZ21] and [BB24], eigenvalue multiplicity

bounds were used to derive new results in the study of equiangular lines.

This document is motivated by another line of works that look at eigenvalue multiplicities in a spe-

cial class of graphs called Cayley graphs, which arise from group theory. In [ML08] and [HSZZ23],

representation theory is a crucial tool for understanding eigenvalue multiplicity. In [DJRVZ24], a

recent paper coauthored by my thesis mentors, similar techniques are employed to obtain a new

approximation algorithm for the Sparsest Cut problem on abelian Cayley graphs.

When working over finite abelian groups, representation theory morphs into the theory of charac-

ters, which is roughly where our journey begins. In Section 2, we present the necessary background

on graphs and spectral graph theory at large, and then move to a discussion of abelian Cayley

graphs and how characters relate to their eigenvalues. The section concludes with several detailed

examples.
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In Section 3, we follow [DJRVZ24] and reproduce many of their proofs that bound eigenvalue

multiplicities in abelian Cayley graphs. The main theorem in this section is an upper bound on the

multiplicity of the second-largest adjacency matrix eigenvalue that is exponential in the degree of

the graph, which applies for all abelian Cayley graphs. After this section, we shift into an explo-

ration of the question of eigenvalue multiplicity in Cayley graphs over cyclic groups.

Section 4 deals with the case of cyclic groups of prime order, in which we prove the following

theorem, simultaneously bounding all eigenvalue multiplicities by the degree of the graph:

Theorem 1.1. Let p be a prime, and let Γ = Z/pZ. Given a non-empty multiset S of nonzero

elements of Γ, consider the Cayley graph G = Cay(Γ, S). We consider the natural identification of

Γ \ {0} with F∗
p, the multiplicative group modulo p. If H is the largest subgroup of F∗

p such that S

is a union of cosets of H, then the multiplicity of every eigenvalue except for λ1
1 is exactly |H|.

In Section 5 and Section 6, we look at the next simplest cases (algebraically speaking) of Z/(p2)Z
and Z/(pq)Z, respectively. In the former regime, we achieve the tight upper bound of d on the

multiplicity of the second-largest eigenvalue. In the latter, this upper bound no longer holds!

However, we still obtain the result for “almost all” Cayley graphs.

Theorem 1.2. Let p be an odd prime, and let n = p2 and Γ = Z/nZ. Given a symmetric multiset

S of nonzero elements of Γ, consider the Cayley graph G = Cay(Γ, S). If G is connected, then the

multiplicity of λ2(G) is at most |S| = d.

Theorem 1.3. Let p < q be distinct odd primes, and let n = pq and Γ = Z/nZ. Given a symmetric

multiset S of nonzero elements of Γ, consider the Cayley graph G = Cay(Γ, S). Suppose that G

is connected. Then, if S is not organized (defined in Definition 6.5), the multiplicity of every

eigenvalue of G is at most |S| = d.

Conjecture 1.4. Let p < q be distinct primes, and let n = pq and Γ = Z/nZ. Given a symmetric

multiset S of nonzero elements of Γ, consider the Cayley graph G = Cay(Γ, S). If G is connected,

then the multiplicity of λ2(G) is at most p
p−1 · d.

1As long as S is nonempty, the graph G will be connected, so the multiplicity of λ1 is 1.
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2 Graph Theory

2.1 Notation and Background

Definition 2.1. A (directed) graph G is defined by a vertex set V and an edge set E ⊂ V × V .

Equivalently, we can think of E as being described by a function wE : V × V → {0, 1}, where

wE(a, b) = 1 ⇐⇒ (a, b) ∈ E. This motivates the more general definition of a weighted directed

graph G, which is defined by a vertex set V and a weight function w : V × V → R≥0. If w(a, b) =

w(b, a) for every pair of vertices a, b ∈ V , we say that G is undirected. The out-degree of a vertex

a is dout(a) :=
∑

b∈V w(a, b), while its in-degree is din(a) :=
∑

b∈V w(b, a).

Remark 2.2. Often, we will restrict our weights to be non-negative integers, rather than non-

negative real numbers. This reflects the perspective of being allowed to consider “multiple edges”

from a to b, but not “fractional edges.”

It is natural to think of the weights of every pair of vertices in V × V as entries of a matrix.

Definition 2.3. Given a graph G, its adjacency matrix A(G) is the |V | × |V | real matrix with

rows and columns indexed by V and entries A(G)a,b = w(a, b).

For many applications, it helps to consider a small modification of the adjacency matrix, the

Laplacian matrix.

Definition 2.4. Given a graph G, its Laplacian L(G) is the matrix Dout − A(G), where Dout is

a diagonal matrix with (a, a)-entry equal to the out-degree of vertex a for every a ∈ V .

Observation 2.5. The Laplacian of any graph has an eigenvalue of 0 with right-eigenvector 1⃗ (the

all-ones column vector). To see this, note that if A is the adjacency matrix of a graph, then the

ath entry of A1⃗ is
∑

b∈V w(a, b) · 1 = dout(a), which is also the ath entry of Dout1⃗.

Definition 2.6. A (directed) path in a graph G is a sequence of vertices a1, a2, . . . , am such

that w(ai, ai+1) > 0 for all i = 1, 2, . . . ,m − 1. If for every pair of vertices v and w in G, there

is a directed path starting at v and ending at w, we say that G is strongly connected. If G is

undirected, we simply write that G is connected.

Definition 2.7. A graph G is d-regular if dout(a) = din(a) = d for every vertex a ∈ V . We say

that G is regular if there exists a real number d such that G is d-regular.

Observation 2.8. If G is a d-regular graph, then L(G) = dI − A(G), where I is the |V | × |V |
identity matrix. In particular, if v is an eigenvector of A(G) with eigenvalue α, then L(G)v =

dv − αv = (d − α)v, so v is also an eigenvector of L(G) with eigenvalue d − λ. This implies that

if α1, . . . , αn are the eigenvalues of A(G) including multiplicity, then d − α1, . . . , d − αn are the

eigenvalues of L(G) including multiplicity.
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Fact 2.9. [Spi25, Lemma 3.1.1, Lemma 4.2.1] If G is an undirected d-regular graph, then the

eigenvalues of A(G) are all real numbers in the interval [−d, d]. Furthermore, d is an eigenvalue

of A(G), and it has multiplicity 1 if and only if G is connected. Analogously, in this case, the

eigenvalues of L(G) are real numbers in the interval [0, 2d], and the eigenvalue 0 has multiplicity 1

if and only if G is connected. We denote by 0 = λ1 ≤ λ2 ≤ · · · ≤ λn ≤ 2d the eigenvalues of L(G)

including multiplicity.

Remark 2.10. In light of the last two statements, we will freely interchange “multiplicity of λ2”

with “multiplicity of the second-largest adjacency matrix eigenvalue” when our graph is connected.

Remark 2.11. We will sometimes write “the eigenvalues of G” to mean “the eigenvalues of A(G).”

2.2 Cayley Graphs

We will be especially interested in are Cayley graphs, which comprise a diverse array of regular

graphs motivated by algebra.

Definition 2.12. A multiset is a generalization of a set which is allowed to have repeated elements.

Given a universe U , a multiset S of elements of U is a function multS : U → N, where we think

of multS(s) as the number of copies of s in S. We also use |S| to denote the total size of S

(counting multiplicities). If U has a multiplication operation, we write rS for the multiset defined

by multrS(x) :=
∑

s:rs=x multS(s).

Example 2.13. Our primary example of this will be treating the integers moduloN as both a group

under addition and with an associated multiplication operation. If we view S = {1, 1, 1, 3, 6, 10, 11, 11}
as a multiset of elements of Z/12Z, then 4S = {0, 0, 4, 4, 4, 4, 8, 8}.

Definition 2.14 (Cayley Graph). Given a group (Γ, ·) and a multiset S of elements of Γ, we

define G = Cay(Γ, S) to be the weighted graph with vertex set Γ and weight function w(x, y) =

multS(x
−1y).

Remark 2.15. Every Cayley graph is d-regular, where d = |S|.

Remark 2.16. If the elements of S generate Γ, then Cay(Γ, S) is strongly connected.

Remark 2.17. If S is symmetric (i.e. for every x ∈ Γ, we have multS(x) = multS(x
−1)), then

Cay(Γ, S) is undirected.

Example 2.18 (Cycle). Let Γ = Z/NZ be the cyclic group of order N > 0. We say that

Cay(Γ, {1}) is the directed cycle on N vertices, while Cay(Γ, {1,−1}) is the undirected cycle on N

vertices.
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Example 2.19 (Hypercube). The k-dimensional hypercube graph is the graph with vertex set

{0, 1}k and edge set given by the edges of the unit hypercube with these vertices in k-space. It

can be viewed as a Cayley graph on Γ = (Z/2Z)k with generating set S = {e1, e2, . . . , ek}, where
ei = (0, 0, . . . , 1, . . . , 0, 0) has its only 1 in the ith coordinate. In the graph Cay(Γ, S), two vertices

(a1, . . . , ak) and (b1, . . . , bk) ∈ Γ are connected by an (undirected) edge if and only if there is a

unique index i for which ai ̸= bi. Note that S is symmetric, so this is an undirected graph.

2.2.1 Eigenvalues of Abelian Cayley Graphs

One nice reason to study Cayley graphs over abelian groups using spectral graph theory is that we

can write down all of their adjacency matrix eigenvalues in terms of the characters of the underlying

group.

Definition 2.20. A character χ of a group Γ is a group homomorphism χ : Γ → C∗.

Example 2.21. If Γ = Z/NZ for some positive integer N , then for every r ∈ {0, 1, . . . , N − 1},
we have a corresponding character χr defined by χr(k) = e2πirk/N . This is a well-defined map

because e2πi = 1, so e2πirk1/N = e2πirk2/N whenever k1 ≡ k2 (mod N). Furthermore, χr is a

homomorphism because χr(0) = e0 = 1 and χr(k + ℓ) = e2πir(k+ℓ)/N = χr(k)χr(ℓ).

Fact 2.22. [Con, Theorem 3.5, Corollary 4.2] Let Γ be a finite abelian group. Then, the number

of distinct characters of Γ is exactly |Γ|. Furthermore, if χ and ψ are distinct characters of Γ, then∑
x∈Γ

χ(x)ψ(x) = 0.

Theorem 2.23. [Tre16, Lemma 16.16] Let (Γ,+) be a finite abelian group, and let S be any multiset

of elements of Γ. Then, the eigenvalues of the adjacency matrix of G := Cay(Γ, S) are (including

multiplicity) {∑
s∈S

χ(s) : χ is a character of Γ

}
.

Proof. For every character χ of Γ, let vχ be the vector indexed by Γ with vχ(a) = χ(a). Note that

χ takes values in C∗, so vχ ̸= 0⃗. We claim that vχ is an eigenvector of A(G). Indeed, for any vertex

a, we can calculate

Avχ(a) =
∑
b∈Γ

A(a, b)vχ(b) =
∑
b∈Γ

multS(b− a)χ(b)

= χ(a) ·
∑
b∈Γ

multS(b− a)χ(b− a)

= vχ(a) ·
∑
b∈Γ

multS(b)χ(b),
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where in the last line we simply re-indexed the sum. Thus, vχ is an eigenvector with eigenvalue∑
b∈Γ multS(b)χ(b) =

∑
s∈S χ(s). By Fact 2.22, there are exactly |Γ| distinct vχ’s, and they are

pairwise orthogonal, which means they are linearly independent. Thus, the vχ’s form a basis of

eigenvectors, and their corresponding eigenvalues are exactly the character sums
∑

s∈S χ(s).

Corollary 2.24. Let N be a positive integer, let Γ = Z/NZ, and let S be any multiset of elements

of Γ. Then, the eigenvalues of Cay(Γ, S) are {αr : r = 0, 1, . . . , N − 1}, where

αr :=
∑
s∈S

χr(s) =
∑
s∈S

e2πirs/N =
∑
s′∈rS

e2πis
′/N (∗)

We call α0 = |S| the “trivial eigenvalue” and all other eigenvalues “nontrivial”.

Proof. By Fact 2.22, Γ should have exactly N characters, and by Example 2.21, we know of N

distinct characters already: the characters χr for r ∈ {0, 1, . . . , N − 1}. Applying Theorem 2.23

yields the desired result. Note that the last two expressions in (∗) are equivalent because e2πirs/N

depends only on the residue of rs modulo N .

2.2.2 Examples

Example 2.25 (Eigenvalues of the Cycle). Recall that the undirected cycle on N vertices can be

described as the Cayley graph G = Cay(Z/NZ, {1,−1}). For this graph, αr = e2πir/N+e−2πir/N =

2 cos(2πr/N), so the eigenvalues of the undirected cycle are {2 cos(2πr/N) : r = 0, 1, . . . , N − 1}.
Note that the trivial eigenvalue is α0 = 2, which corresponds to G being 2-regular.

Example 2.26 (Eigenvalues of the Complete Graph). Again, take the group Γ = Z/NZ, and

consider the Cayley graph G := Cay(Γ,Γ \ {0}). This is known as the complete graph, because

there is an undirected edge of weight 1 between any two distinct vertices. Its eigenvalues are given

by the sums

αr =
∑

s∈Γ\0

χr(s) =

N−1∑
s=1

e2πirs/N .

The trivial eigenvalue is α0 = |Γ \ {0}| = N − 1. In addition, for every r ̸= 0, we have that

e2πir/N ̸= 1, so we can apply the geometric series summation formula to get

αr =
e2πir(1)/N − e2πir(N)/N

1− e2πir/N
=
e2πir/N − 1

1− e2πir/N
= −1.

Thus, the eigenvalues of G are N − 1 (with multiplicity 1) and −1 (with multiplicity N − 1).

Example 2.27 (Eigenvalues of the Hypercube). In order to apply Theorem 2.23 to the hypercube,

we need to understand the characters of the group Γ = (Z/2Z)k. For every vector v ∈ {0, 1}k, let
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χv(x) = (−1)⟨v,x⟩ = (−1)(
∑k

i=1 vixi) be a function on Γ (this is well-defined because (−1)2 = 1).

We claim that χv is a character for every v and that χv ̸= χw when v ̸= w. To see this, note that

χv(0) = (−1)0 = 1 for any v and

χv(x+ y) = (−1)⟨v,x+y⟩ = (−1)⟨v,x⟩+⟨v,y⟩ = χv(x)χv(y),

so χv is a character. Furthermore, if v ̸= w are two distinct vectors, they must differ in some coor-

dinate: suppose vj ̸= wj . Then, if ej = (0, 0, . . . , 1, . . . , 0, 0) ∈ Γ is the element with a 1 in the jth

coordinate only, we can compute χv(ej) = (−1)(
∑k

i=1 viei) = (−1)vj . Similarly, χw(ej) = (−1)wj ,

so χv(ej) ̸= χw(ej), as desired.

By Fact 2.22, since we have |Γ| = 2k distinct characters of the form χv already, these must

be all of the characters. In particular, the eigenvalues of a Cayley graph over Γ are the sums{∑
s∈S χv(s) : v ∈ {0, 1}k

}
. If we apply this to the hypercube, which is the Cayley graph with

S = {e1, e2, . . . , ek} as in Example 2.19, we have

∑
s∈S

χv(s) =

k∑
i=1

χv(ei) =

k∑
i=1

(−1)vi =

k∑
i=1

[
1− 2 · 1{vi = 1}

]
= k − 2 · (# of nonzero entries in v).

Since there are exactly

(
k

ℓ

)
vectors v ∈ {0, 1}k with ℓ nonzero entries, we conclude that the

eigenvalues of the hypercube are k with multiplicity
(
k
0

)
= 1, k− 2 with multiplicity

(
k
1

)
= k, k− 4

with multiplicity
(
k
2

)
, . . . , ending with the eigenvalue of −k with multiplicity

(
k
k

)
= 1.

Example 2.28 (Eigenvalues of the Paley Graph). Let p be a prime number such that p ≡ 1 mod 4.

Let Γ = Z/pZ, and let S be the set of nonzero quadratic residues (i.e. x ∈ S if and only if x ̸= 0

and there exists y such that y2 ≡ x mod p). The Cayley graph G = Cay(Γ, S) is known as the

Paley graph of order p. Since 1 ∈ S, G is clearly connected, because the element 1 alone generates

Γ.

Lemma 2.29. The set S has size p−1
2 and is closed under multiplication modulo p.

Proof. For residues a and b modulo p, the condition that a2 ≡ b2 (mod p) is equivalent to the con-

dition that p | a2 − b2 by definition. Since p is prime and a2 − b2 = (a− b)(a+ b), this is equivalent

to the statement that either p | a− b =⇒ a ≡ b (mod p) or p | a+ b =⇒ a ≡ −b (mod p). Thus,

the distinct nonzero quadratic residues are exactly 12 = (−1)2, 22 = (−2)2, . . . , (p−1
2 )2 = (p+1

2 )2.

This proves that |S| = p−1
2 .

For the last part, if x1, x2 ∈ S, this means that there exist integers y1 and y2 such that y21 ≡ x1

(mod p) and y22 ≡ x2 (mod p). Then, (y1y2)
2 ≡ x1x2 (mod p), so x1x2 ∈ S.
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Remark 2.30. When p ≡ 1 mod 4, it is well-known that −1 is a quadratic residue mod p. There-

fore, by the lemma, S contains an element a if and only if it contains −a, so G is undirected.

Returning to the eigenvalues of our Paley graph G, by Corollary 2.24, we have α0 = |S| = p−1
2

and the nontrivial eigenvalues αr =
∑

s′∈rS e
2πis′/p for r = 1, 2, . . . , p − 1. However, by the pre-

ceding lemma, S is a subgroup of the multiplicative group of nonzero residues modulo p (since it

contains 1 and is closed under multiplication). Therefore, if r ∈ S, then rS = S, and if r /∈ S,

then rS = {1, 2, . . . , p − 1} \ S. In particular, the eigenvalues αr for r ∈ S are all equal, and the

eigenvalues αr for r /∈ S are all equal. These eigenvalues can be calculated directly using quadratic

Gauss sums, but there is also a neat way to compute them using a common technique in spectral

graph theory: the trace method!

The trace method exploits the fact that we can compute the trace of powers of the adjacency

matrix of a graph in two different ways. From linear algebra, we know that the trace of a matrix is

the sum of its eigenvalues, so Tr(A(G)k) =
∑p−1

i=0 α
k
i . On the other hand, there is a graph theoretic

interpretation of the entries of A(G)k.

Claim. For every graph G, the (v, v′)-entry of the matrix A(G)k is the sum of the weights of all

directed paths of length k from v to v′, where the weight of a path is defined as the product of the

weights of its edges.

Proof of Claim. We induct on k. For k = 1, the statement follows from the definition of the

adjacency matrix, and the fact that a directed path of length 1 is just a single directed edge. For

the inductive step, suppose the statement holds for A(G)k−1. Then, the (v, v′)-entry of A(G)k =

A(G)A(G)k−1 is
∑

u∈ΓA(G)vu(A(G)
k−1)uv′ . Note that the directed paths of length k from v to v′

are in bijection with pairs of an edge from v to u and a directed path of length k − 1 from u to v′,

and the weight of the overall path from v to v′ is w(v, u) times the weight of the path from u to

v′. Therefore, A(G)vu(A(G)
k−1)uv′ computes the sum of the weights of paths of length k from v

to v′ where the first step goes from v to u, and summing this quantity over u gives the total sum

of weights of paths of length k from v to v′, as desired.

Therefore, the trace of A(G)k is the sum of the weights of all directed paths of length k from v

to v as v ranges over the vertices of G.

Returning one last time to our example of the Paley graph, we see that w(v, v) = 0 for all ver-

tices v, so Tr(A(G)) = 0 =
∑p−1

i=0 α
1
i . If we let α′ be the value of αr for r ∈ S and let α′′ be the

value of αr for r /∈ S, then this means that 0 = p−1
2 + p−1

2 ·α′+ p−1
2 ·α′′. In other words, α′+α′′ = −1.

Now, we apply the trace method again with k = 2! In an undirected graph with no self-loops,
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a directed path of length 2 from a vertex to itself must be obtained by following a single edge

away and back again. Our edges all have weight 1, so these paths also have weight 1. Thus,

Tr(A(G)2) =
∑p−1

i=0 α
2
i will be 2 times the number of edges in G, where the factor of 2 comes from

choosing an endpoint to start at. Since G is regular, it has 1
2 · p · p−1

2 edges, so

p−1∑
i=0

α2
i =

(
p− 1

2

)2

+
p− 1

2
· (α′)2 +

p− 1

2
· (α′′)2 =

p(p− 1)

2
.

Simplifying this expression yields (α′)2 +(α′′)2 = p+1
2 , at which point we can plug in α′′ = −1−α′

and solve the resulting quadratic 2(α′)2 + 2α′ − p−1
2 = 0. We find that α′ and α′′ are

−1+
√
p

2 and
−1−√

p

2 , in some order.

In conclusion, the eigenvalues of the Paley graph of order p are p−1
2 with multiplicity 1 and

−1±√
p

2 ,

each with multiplicity p−1
2 .
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3 General Bounds on Eigenvalue Multiplicity

As discussed in the introduction, several recent works have considered the multiplicities of the

eigenvalues of particular graphs or classes of graphs. In this section, we review some of the known

results about eigenvalue multiplicity in abelian Cayley graphs.

3.1 Upper Bounds

The main result of [DJRVZ24] is a faster approximation algorithm for the Sparsest Cut problem on

abelian Cayley graphs. It relies on bounding the number of “small” Laplacian eigenvalues of such

graphs. While their techniques work in greater generality, we will only concern ourselves with the

case of bounding the multiplicity of the second-smallest Laplacian eigenvalue.

Theorem 3.1. [DJRVZ24, Theorem 1.10] Let G = Cay(Γ, S) be a connected and undirected abelian

Cayley graph of degree d := |S|. If λ2 is the smallest nonzero eigenvalue of L(G), then the multi-

plicity of λ2 as an eigenvalue of L(G) is at most 800 · 230d.

This theorem implies that if d ≪ log |Γ| for a family of abelian Cayley graphs, then the multi-

plicity of λ2 will be o(|Γ|). On the other hand, when d ≥ (log |Γ|)/30, the theorem is trivial because

800 · 230d ≥ |Γ|, which is the total number of eigenvalues of the graph counting multiplicity.

The main idea of the proof is to relate the eigenvalues of L(G) to a quantity called the collision

probability, and then to use the structure of abelian Cayley graphs to obtain bounds on expressions

involving the collision probability. We follow Section 5 of [DJRVZ24]. I chose to reproduce this

proof in full because it demonstrates a very combinatorial approach to an eigenvalue multiplicity

question; this will contrast with our later algebraic approaches that exploit the full group structure.

Definition 3.2. The lazy random walk on a weighted directed graph G with weight function w

is defined by the following process: at each step, if the walk is currently at a vertex v, then

1. with probability 1
2 , remain at vertex v.

2. with probability 1
2 · w(v,v′)

dout(v)
, move to vertex v′.

Remark 3.3. If G = Cay(Γ, S) is a Cayley graph, a step of the lazy random walk on G corresponds

to with probability 1
2 , staying at the same vertex, and with probability 1

2 · multS(s)
|S| moving from

vertex x to vertex xs. From this description, one can see that for Cayley graphs, the probability of

a lazy random walk starting at x and ending at y after t steps is the same as the probability of a

lazy random walk starting at x′ and ending at x′(x−1y) after t steps.

Definition 3.4. For an undirected Cayley graph G = Cay(Γ, S), the t-step lazy collision prob-

ability (denoted cpt) is the probability that a lazy random walk starting at some vertex x of length

2t also ends at vertex x (by the previous remark, this is independent of x).

12



Example 3.5. Let Γ = Z/5Z and S = {1,−1}, so that G = Cay(Γ, S) is the undirected cycle on

5 vertices. Consider cp2 for this graph. At any vertex x ∈ Γ, a single step of the lazy random

walk remains at x with probability 1
2 , moves to x+ 1 with probability 1

4 , and moves to x− 1 with

probability 1
4 . Let these steps be denoted X,R, and L, respectively. A walk of length 4 returns to

its starting vertex if and only if the walk consists of 4 X moves; 2 X, 1 L, and 1 R move; or 2 L

and 2 R moves. Thus,

cp2 =

(
1

2

)4

+

(
4

2, 1, 1

)
·
(
1

2

)2

·
(
1

4

)2

+

(
4

2, 2

)
·
(
1

4

)4

=
1

16
+

12

64
+

6

256
=

35

128
.

This definition of collision probability may seem unmotivated, but we will now see that cpt can

be calculated exactly using the eigenvalues of G.

Lemma 3.6 ([DJRVZ24, Lemma 5.2]). Let G = Cay(Γ, S) be an undirected Cayley graph, and

define n = |Γ| and d = |S|. Recall that we write λ1 ≤ λ2 ≤ · · · ≤ λn for the eigenvalues of L(G).

Then,

cpt =
1

n

n∑
i=1

(
1− λi

2d

)2t

.

Proof. This is another application of the trace method, which we first introduced to calculate the

eigenvalues of the Paley graph. Consider the n×n matrix W̃ = 1
2I+

1
2dA(G), where I is the identity

matrix. Note that if ex is the vector indexed by Γ with a 1 in the x-entry and a 0 everywhere else,

then W̃ex is exactly the probability distribution of where the lazy random walk ends up after one

step from x. In particular, the x-entry of (W̃ )2tex is the probability that a lazy random walk start-

ing at x ends at x after 2t steps, which is the definition of cpt. Since this quantity is independent

of x, we conclude that every diagonal entry of (W̃ )2t equals cpt.

On the other hand, by basic linear algebra, if α1, . . . , αn are the eigenvalues of A(G), then the

eigenvalues of W̃ are 1
2 + 1

2dαi = 1 − 1
2d (d − αi) = 1 − λi

2d , where we apply Observation 2.8 in the

last step. This implies that the eigenvalues of (W̃ )2t are
(
1− λi

2d

)2t
. In particular,

tr
(
(W̃ )2t

)
=

n∑
i=1

(
1− λi

2d

)2t

,

but the trace of this matrix is also the sum of its diagonal entries, which is just n · cpt. Dividing

by n yields the desired result.

Suppose now that G = Cay(Γ, S) is connected and undirected. Denote the multiplicity of λ2

by m. To prove Theorem 3.1, we need to relate m to a quantity involving the collision probability,

and to also somehow handle this quantity directly using the abelian Cayley graph structure. The

specific quantity we’ll work with is cpt
cp2t

for the appropriate choice of t.

13



Lemma 3.7 ([DJRVZ24, Lemma 5.3]). For t = ⌊d ln(m)/(3λ2)⌋, the following inequality holds:

cpt
cp2t

≥ 1

2e3/2
·m1/3.

Proof. Applying Lemma 3.6 and using the fact that λi ∈ [0, 2d], we already have that cpt =
1
n

∑n
i=1

(
1− λi

2d

)2t ≥ 1
n ·m

(
1− λ2

2d

)2t
, where we pick from the sum only the terms with λi = λ2 (all

other terms are non-negative). Additionally,

cpt =
1

n

n∑
i=1

(
1− λi

2d

)2t

≥ 1

n

n∑
i=2

(
1− λi

2d

)−2t+4t

≥ 1

n
·
(
1− λ2

2d

)−2t

·
n∑

i=2

(
1− λi

2d

)4t

.

Furthermore, applying Lemma 3.6 to cp2t yields

cp2t =
1

n

n∑
i=1

(
1− λi

2d

)4t

=
1

n
+

1

n

n∑
i=2

(
1− λi

2d

)4t

≤ 1

n
+

(
1− λ2

2d

)2t

· cpt.

Now, we apply a little trick: for all positive real numbers c and d, either c+ d ≤ 2c or c+ d ≤ 2d,

so either 1
c+d ≥ 1

2c or 1
c+d ≥ 1

2d . Therefore, either

cpt
cp2t

≥ cpt
2/n

≥ 1

2
·m ·

(
1− λ2

2d

)2t

or
cpt
cp2t

≥ cpt

2
(
1− λ2

2d

)2t · cpt =
1

2
·
(
1− λ2

2d

)−2t

.

To finish, we simply plug in the choice of t = ⌊d ln(m)/(3λ2)⌋. On the one hand, 1−x ≤ e−x for all

x ∈ [0, 1], so (1− λ2

2d )
−2t ≥ etλ2/d ≥ m1/3. On the other hand, 1 − x ≥ e−x/(1−x) for all x ∈ [0, 1],

so (
1− λ2

2d

)2t

≥ e−tλ2/(2d−λ2) ≥ e−(d ln(m)/(3λ2)+1)·λ2/(2d−λ2) ≥ m−d/(3(2d−λ2)) · e−λ2/(2d−λ2).

It is a fact that λ2 ≤ 3
2d for every regular graph of degree at least 2, so we have (1 − λ2

2d )
2t ≥

m−2/3 · e−3/2. Taking the worse of the two upper bounds above now yields cpt
cp2t

≥ 1
2e3/2

·m1/3, as

desired.

Lemma 3.8 ([DJRVZ24, Lemma 5.4]). If G = Cay(Γ, S) is a connected and undirected Cayley

graph with (Γ,+) an abelian group and |S| = d, then for every t ≥ 1, we have the following bound
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on the ratio of the lazy collision probabilities:

cpt
cp2t

≤ (2e)4d.

Proof. Returning to our original definition of cpt, we have that cpt is the probability that a lazy

random walk of length 2t on G ends at the same place it started. In an abelian Cayley graph, a

step along an edge corresponding to the generator s ∈ S is equivalent to adding s to the current

vertex, so to move from x to x is just to select 2t “moves” that sum to 0, where a move can either

be to stand still (add 0) or move according to a generator (add s). To make notation easier, we let

S′ be the multiset comprised of the union of two identical copies of S and 2d copies of the element

0. In technical language, multS′(0) = 2d+ 2multS(0) and multS′(s) = 2multS(s) for every s ̸= 0.

Observe that moving from x to x + s′ where s′ is selected from S′ with probability proportional

to its multiplicity is identical to taking a lazy random walk in G. Note that |S′| = 4d, and let

[4d] := {1, 2, . . . , 4d}. Now, we view S′ = {s1, . . . , s4d} as a set with repeated elements so that we

can write

cpt =
1

(4d)2t

∑
(i1,...,i2t)∈[4d]2t

1 [si1 + si2 + · · ·+ si2t = 0] .

Instead of looking at tuples of indices, we now shift to looking only at how many times each si

appears in the sum. If c1, . . . , c4d are some non-negative integers such that
∑4d

i=1 ci = 2t and∑4d
i=1 cisi = 0, then any tuple with index i appearing ci times will contribute 1 to the sum above.

In other words,

cpt =
1

(4d)2t

∑
(c1,...,c4d)∑

ci=2t∑
cisi=0

(
2t

c1, c2, . . . , c4d

)
.

Since S was symmetric to begin with, S′ is still symmetric, and by construction, we can pair up the

4d elements of S′ including repetitions such that every element is paired with its inverse (this is the

reason for creating 2 identical copies of S, so that we can pair up the elements which are their own

inverses). Without loss of generality, suppose s1 = −s2, s3 = −s4, · · · , and s4d−1 = −s4d. Now,

let µ be the vector of length 4d defined by µi = ⌊t/2d⌋ + 1 if i ≤ 2t − 4d ⌊t/2d⌋ and µi = ⌊t/2d⌋
otherwise. Note that

∑4d
i=1 µi = 4d⌊t/2d⌋+2t− 4d⌊t/2d⌋ = 2t. Furthermore, µ1 = µ2, µ3 = µ4, · · ·

because 2t − 4d⌊t/2d⌋ is even, so the point at which the value of µi changes is between two pairs.

Thus,
∑4d

i=1 µisi = 0, since within each pair the sum is canceled out.

Creating this specific vector µ allows us to relate cpt to cp2t. Given a vector c = (c1, . . . , c4d)

satisfying
∑
ci = 2t and

∑
cisi = 0, we see that the vector c+µ := (c1+µ1, . . . , c4d+µ4d) satisfies
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∑
(c+ µ)i = 4t and

∑
(c+ µ)isi = 0. This means that

cp2t ≤
1

(4d)4t

∑
(c1,...,c4d)∑

ci=2t∑
cisi=0

(
4t

c1 + µ1, c2 + µ2, . . . , c4d + µ4d

)
.

In particular, it now certainly suffices to show that the ratio of every term in cpt to its corresponding

term in cp2t is bounded; more concretely, we want to show that

1

(4d)2t

(
2t

c1, c2, . . . , c4d

)
≤ (2e)4d · 1

(4d)4t

(
4t

c1 + µ1, c2 + µ2, . . . , c4d + µ4d

)
for every vector c with

∑
ci = 2t (this is overkill: we only actually need it for those vectors that

additionally satisfy
∑
cisi = 0). After rearranging, the expression that we want to show becomes

(2t)!(c1 + µ1)! · · · (c4d + µ4d)! · (4d)2t

(4t)!c1! · · · c4d!
≤ (2e)4d.

Claim. Let f(c) denote the quantity on the left hand side of the inequality above. Then, over the

space of all c with
∑
ci = 2t, the function f(c) is maximized at c = µ.

Proof of Claim. Assuming c ̸= µ, we show that there exists c′ ̸= c such that f(c′) > f(c). If c ̸= µ,

then since
∑
ci =

∑
µi, there must be a coordinate j for which cj > µj and a coordinate k for

which ck < µk. Let c
′ be the vector obtained by taking c, subtracting 1 at the jth coordinate, and

adding 1 at the kth coordinate. Clearly,
∑
c′i still equals 2t, and we have

f(c′)

f(c)
=
ck + 1 + µk

ck + 1
· cj
cj + µj

.

Now, ck < µk implies ck + 1 ≤ µk, so
ck+1+µk

ck+1 ≥ 2. On the other hand, cj > µj , so cj + µj < 2cj ,

which means
cj

cj+µj
> 1

2 . Thus, f(c
′)/f(c) > 2 · 1

2 = 1, so f(c′) > f(c), as desired.

Finally, by the claim, it suffices to show that f(µ) ≤ (2e)4d. By Stirling’s approximation, which
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says that 2
√
k(ke )

k ≤ k! ≤ 2
√
2k(ke )

k for all positive integers k, we have

f(µ) =
(2t)!(2µ1)! · · · (2µ4d)! · (4d)2t

(4t)!µ1! · · ·µ4d!

≤
√
4t(2t/e)2t ·

√
4µ1(2µ1/e)

2µ1 · · ·
√
4µ4d(2µ4d/e)

2µ4d · (4d)2t√
4t(4t/e)4t · √µ1(µ1/e)µ1 · · · √µ4d(µ4d/e)µ4d

= 24d · (4d)2t · (2t)
2t(2µ1)

2µ1 · · · (2µ4d)
2µ4d

(4t)4tµµ1

1 · · ·µµ4d

4d

= 24d · (4d)2t ·
µµ1

1 · · ·µµ4d

4d

(2t)2t

≤ 24d ·
(
2d

t

)2t

·
(
t

2d
+ 1

)2t

,

where we repeatedly make use of the fact that
∑
µi = 2t. In the last step, we use the definition of

µ to bound each µi by
t
2d + 1. Now, the last two terms combine to yield (1 + 2d/t)2t, which using

the inequality 1 + x ≤ ex can be bounded by e4d. This completes the proof.

Proof of Theorem 3.1. Combining Lemma 3.7 and Lemma 3.8, we see that for a connected and

undirected abelian Cayley graph, we have 1
2e3/2

·m1/3 ≤ cpt
cp2t

≤ (2e)4d, where t = ⌊d ln(m)/(3λ2)⌋,
so

m ≤ 8e9/2 · (2e)12d ≤ 800 · 230d.

3.2 Lower Bound Examples

In the setting of general abelian Cayley graphs, it turns out that up to the constant in the exponent,

the upper bound on the multiplicity of the second-smallest Laplacian eigenvalue is tight. In other

words, there exist abelian Cayley graphs in which the multiplicity of the second-smallest Laplacian

eigenvalue is exponential in the degree of the graph, a statement which is made precise in the

following proposition:

Proposition 3.9. [DJRVZ24, Proposition 7.2] There exists a constant C > 0 and an infinite family

of abelian groups Γi and connected undirected Cayley graphs Gi = Cay(Γi, Si) such that |Γi| and
|Si| are unbounded, and the multiplicity of the second-smallest eigenvalue of L(Gi) is at least 2

C|Si|

for every i.

On the surface, when combined with Theorem 3.1, this proposition appears to suggest that fur-

ther improvements to upper bounds on the multiplicity of the second-smallest Laplacian eigenvalue

can only come in the form of whittling down the constant in the exponent. However, as far as I am

aware, the only families of graphs known to achieve the behavior described in Proposition 3.9 use
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Γi = (Z/2Z)ki with appropriately chosen ki (going to infinity) and Si. In some sense, (Z/2Z)k is

the farthest a finite abelian group can be from being cyclic, so we still might hope for a better upper

bound in the case of Cayley graphs over cyclic groups. The next proposition, however, suggests we

shouldn’t be overly optimistic.

Proposition 3.10. Let q be an odd number, and let n = 3q and Γ = Z/nZ. Let S = {1, q+1, 2q+

1,−1, q−1, 2q−1} ⊂ Γ. Then, one of the eigenvalues of G = Cay(Γ, S) has multiplicity 2q = 2n/3.

Proof. By Corollary 2.24, the eigenvalues of G are given by αr = ζrn + ζr+rq
n + ζr+2rq

n + ζ−r
n +

ζ−r+rq
n + ζ−r+2rq

n . When r is divisible by 3, we get ζrqn = 1, so the expression simplifies to αr =

3ζrn + 3ζ−r
n = 6 cos(2πrn ). However, when r is not divisible by 3, we know that ζrqn ̸= 1, so

αr = ζrn · 1− ζ3rqn

1− ζrqn
+ ζ−r

n · 1− ζ3rqn

1− ζrqn
= 0.

Therefore, the eigenvalue 0 has multiplicity 2n/3, coming from all choices of r which are not divisible

by 3 (since n is odd, cos( 2πrn ) can never equal 0).

Clearly, for large q, the eigenvalue 0 is not the second-largest adjacency matrix eigenvalue, but

this example still demonstrates that we cannot get a sublinear bound on all eigenvalue multiplic-

ities when working over cyclic groups – this is a constant-degree family of graphs with eigenvalue

multiplicity linear in n. Nevertheless, this reinforces the idea that looking at the multiplicity of the

second-largest eigenvalue is the “correct” question.

The remainder of this write-up works to improve the exponential dependence on d for the

multiplicity of the second-largest adjacency matrix eigenvalue for Cayley graphs over cyclic groups.

In light of Corollary 2.24, analyzing eigenvalue multiplicities becomes a problem about sums of

roots of unity being equal. This observation allows us to apply facts about cyclotomic fields and

prove much stronger upper bounds.
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4 Cyclic Groups of Prime Order

We begin with the simplest case, algebraically speaking. In this section, we will prove Theorem 1.1,

the main theorem of exact eigenvalue multiplicities for Cayley graphs over Z/pZ.

Theorem 1.1. Let p be a prime, and let Γ = Z/pZ. Given a non-empty multiset S of nonzero

elements of Γ, consider the Cayley graph G = Cay(Γ, S). We consider the natural identification of

Γ \ {0} with F∗
p, the multiplicative group modulo p. If H is the largest subgroup of F∗

p such that S

is a union of cosets of H2, then the multiplicity of every eigenvalue except for λ1 is exactly |H|.

Proof. Fix p and a Cayley graph G = Cay(Γ, S) in the setting of Theorem 1.1. Since S is non-

empty, it must contain a nonzero element of Γ, which generates Γ since p is prime. Therefore, G

is connected, and the multiplicity of λ1 is exactly 1. By Corollary 2.24, the eigenvalues of G other

than α0 = d are αr =
∑

s∈S ζ
rs
p for 1 ≤ r ≤ p − 1. Since ζpp = 1, we can reduce all exponents

modulo p, so αr = fr(ζp) where fr(x) =
∑

s∈S x
rs mod p is a polynomial of degree at most p − 1.

Thus, αr1 = αr2 if and only if fr1(ζp) = fr2(ζp) ⇐⇒ (fr1 − fr2)(ζp) = 0.

By Fact A.1, if ζp is a root of fr1 − fr2 , then so is ζkp for all 1 ≤ k ≤ p − 1. Furthermore,

fr(1) = |S| for every r, so 1 is also a root of fr1 − fr2 . Therefore, if (fr1 − fr2)(ζp) = 0, then

fr1 − fr2 has at least p distinct roots, but it is a polynomial of degree at most p− 1. This means it

must be the identically 0 polynomial! In other words, we now know that αr1 = αr2 if and only if

fr1 ≡ fr2 , which happens if and only if r1S = r2S as multisets. From this it is already evident that

the multiplicities of all nontrivial eigenvalues are equal, and the precise conclusion follows from a

closer look at the condition r1S = r2S.

Since multiplication by an element of F∗
p induces a bijection on Γ, we see that r1S = r2S if and

only if S = r−1
1 r2S. Let H = {r : S = rS} ⊆ F∗

p. Observe that H is a subgroup of F∗
p, since 1 ∈ H,

t ∈ H =⇒ S = tS =⇒ t−1S = S =⇒ t−1 ∈ H, and

t, t′ ∈ H =⇒ S = tS = t(t′S) = (tt′)S =⇒ tt′ ∈ H.

Note that the multiplicity of αr1 is the number of r2’s such that r−1
1 r2 ∈ H, which is simply

|r1H| = |H|. Furthermore, if a and b are in the same coset of H, then there exists t ∈ H such that

b = at, and then multS(b) = multtS(b) = multS(a), which means that the multiplicities of elements

in S are constant within cosets of H (in other words, S is a union of cosets of H).

Finally, we claim that H is the largest subgroup of F∗
p with this property. If S is the union of

2I say that S is a union of cosets of H if for every coset aH, the multiplicity in S of every element of aH is the
same.
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cosets of a subgroup H ′, then for every t ∈ H ′ and every a ∈ Γ, we have multS(a) = multS(at
−1) =

multtS(a), so t ∈ H. Thus, H ′ ⊆ H, which implies that H is the largest subgroup for which S can

be written as a union of cosets of that subgroup.

Corollary 4.1. In the setting of Theorem 1.1, the multiplicity of every eigenvalue of G is at most

d.

Proof. Since G is connected, the multiplicity of λ1 is 1 ≤ d. For the other eigenvalues, note that

when S is a union of cosets of a subgroup H ⊂ F∗
p, we must have that |H| divides |S|. In particular,

the largest subgroup H for which S is a union of cosets of a subgroup of H cannot have cardinality

exceeding |S| = d.

Three key features of Theorem 1.1 warrant some commentary. First, this theorem is a huge im-

provement over Theorem 3.1, moving from an exponential dependence on d to a linear dependence.

In particular, Theorem 3.1 yielded no information when d ≥ (log |Γ|)/30, whereas Theorem 1.1

remains nontrivial for all degrees.

Second, the theorem simultaneously bounds the multiplicity of every eigenvalue by the degree,

not just the second-largest adjacency matrix eigenvalue. This is surprising in light of Proposi-

tion 3.10, where we saw that such a general statement for every eigenvalue multiplicity could never

apply to Cayley graphs over cyclic groups of order pq where p and q are distinct primes.

Finally, the theorem actually characterizes the eigenvalue multiplicities in terms of the structure

of the generating set S. For example, it tells us exactly how to construct examples which meet the

bound of d tightly, many of which we’ve already seen!

Example 4.2 (Graphs with Eigenvalue Multiplicity d). The undirected cycle (Example 2.25), the

Paley graph of order p when p ≡ 1 mod 4 (Example 2.28), and the complete graph (Example 2.26)

are all examples of this phenomenon.

• The nontrivial eigenvalues of the undirected cycle on p vertices were {αr = 2 cos(2πr/p) : r =

1, . . . , p− 1}, so we can see that every eigenvalue has multiplicity 2: αr = αp−r. This reflects

the fact that S = {1,−1} is a subgroup of F∗
p.

• The nontrivial eigenvalues of the Paley graph occurred with multiplicity p−1
2 each. This

reflects the fact that S = {quadratic residues modulo p} is a subgroup of F∗
p of order p−1

2 ,

which was the statement of Lemma 2.29.

• The nontrivial eigenvalues of the complete graph are all equal to −1, so the multiplicity is

p− 1, which reflects the fact that S = (Z/pZ) \ {0} = F∗
p is a subgroup of F∗

p of order p− 1.
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5 Squares of Primes

After understanding the eigenvalue multiplicities of Cayley graphs over Z/pZ, it makes sense to

consider next the case of Z/(p2)Z. In this section, we will prove Theorem 1.2, restated here for

convenience.

Theorem 1.2. Let p be an odd prime, and let n = p2 and Γ = Z/nZ. Given a symmetric multiset

S of nonzero elements of Γ, consider the Cayley graph G = Cay(Γ, S). If G is connected, then the

multiplicity of λ2(G) is at most |S| = d.

5.1 Setup

Let p, n,Γ, S, and G = Cay(Γ, S) a connected graph be fixed in the setting of the theorem. Recall

that the eigenvalues of G are given by Corollary 2.24 as

αr =
∑
s∈S

ζrsn =
∑
s′∈rS

ζs
′

n . (∗)

In the case of Z/pZ, this expression allowed us to show that αr1 = αr2 ⇐⇒ r1S = r2S, but this

will no longer be true due to additional linear dependencies among the powers of ζn. Instead, we

present the following lemma, which describes a necessary and sufficient condition on the multisets

r1S and r2S to obtain αr1 = αr2 .

Lemma 5.1. Let r1, r2 ∈ {0, 1, . . . , n−1} be any two elements. Then, the corresponding eigenvalues

αr1 and αr2 are equal if and only if there exist offsets v0, v1, . . . , vp−1 ∈ Z such that for all m ∈ Γ,

multr1S(m) = multr2S(m) + vm mod p.

Remark 5.2. If they exist, these values will satisfy
∑p−1

t=0 vt = 0 because |r1S| = |r2S|.

The proof of Lemma 5.1 relies on a key fact about elements that form a basis for Q[ζn] over Q.

Fact 5.3. Let M ′ ⊂ Γ be any subset which contains exactly one representative of every residue

modulo p, and let M = Γ \M ′. Then, the set

B :=

{
ζmn : m ∈M

}
forms a basis for Q[ζn] as a Q-vector space. Furthermore, the following holds for every m′ ∈M ′:

ζm
′

n = −
p−1∑
j=1

ζm
′+jp

n , (1)
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Proof of Fact 5.3. Since |B| = |M | = p2 − p and [Q[ζn] : Q] = φ(p2) = p2 − p by Fact A.1, it

suffices to show that B generates the whole vector space Q[ζn]. We see that for every residue

t ∈ {0, 1, . . . , p− 1}, we have the identity

ζtn + ζt+p
n + · · ·+ ζt+(p−1)p

n = ζtn · (1 + ζp + ζ2p + · · ·+ ζp−1
p ) = 0.

Thus, since M ′ contains exactly one representative of every residue modulo p, for every m′ ∈ M ′,

we can express

ζm
′

n = −
p−1∑
j=1

ζm
′+jp

n ,

where m′ + jp ∈ M for each j in the summation. In particular, every ζm
′

n can be expressed as a

Q-linear combination of elements from B. Thus, every ζkn for 0 ≤ k < n is in the span of B, but

these elements generate all of Q[ζn], so B spans Q[ζn], as desired.

Proof of Lemma 5.1. For the if direction, suppose v0, . . . , vp−1 are integers with the property that

multr1S(m) = multr2S(m) + vm mod p for all m ∈ Γ. Then, by (∗), we see that

αr1 =
∑
m∈Γ

multr1S(m) · ζmn

=
∑
m∈Γ

(multr2S(m) + vm mod p) · ζmn

= αr2 +
∑
m∈Γ

vm mod p · ζmn

= αr2 +

p−1∑
t=0

vt ·
(
ζtn + ζt+p

n + · · ·+ ζt+(p−1)p
n

)
= αr2 ,

as desired.

For the only if direction, let M ′ = {0, 1, . . . , p− 1} ⊂ Γ (any choice as in Fact 5.3 would work) and

M = Γ\M ′. Returning to our eigenvalue expressions, we have αr ∈ Q[ζn] for every r, so by Fact 5.3,

we can express each αr uniquely as a Q-linear combination of elements of B = {ζmn : m ∈M}. More

specifically, by equations (∗) and (1), we can determine exactly that the coefficient of ζmn in the

expression of αr (with respect to the basis B) is multrS(m) − multrS(m̃), where m̃ is the unique

element of M ′ such that m̃ ≡ m (mod p). By the linear independence of B, we get that αr1 = αr2

if and only if their representations as Q-linear combinations of the elements of B are the same,

which happens if and only if for all m ∈M ,

multr1S(m)−multr1S(m̃) = multr2S(m)−multr2S(m̃).

22



Thus, if t ∈ {0, 1, . . . , p− 1} represents any residue modulo p, we can set

vt = multr1S(t)−multr2S(t),

and a rearrangement of the equation above shows that multr1S(m) = multr2S(m)+ vm mod p for all

m, as desired.

At this point, we are ready to prove the theorem by casework on the set S.

Definition 5.4. Given a multiset S of elements from Γ, we say that S is organized if for all

1 ≤ t ≤ p− 1 (nonzero residues modulo p), we have

multS(t) = multS(t+ p) = · · · = multS(t+ (p− 1)p).

In other words, the multiplicity of every element of Γ not divisible by p depends only on its residue

modulo p.

5.2 The Disorganized Case

Proof of Theorem 1.2 (Disorganized Case). Suppose that S is not organized. We will actually prove

the stronger statement that every eigenvalue of G has multiplicity at most d in this case.

Lemma 5.5. If S is not organized, then if p | r1 and p ∤ r2, we must have αr1 ̸= αr2 .

Proof of Lemma 5.5. We prove the contrapositive, assuming there are p | r1 and p ∤ r2 such that

αr1 = αr2 . By Lemma 5.1, there exist offsets v0, . . . , vp−1 ∈ Z such that for every m ∈ Γ, we can

write multr1S(m) = multr2S(m) + vm mod p. Since p ∤ r2, the action on Γ of multiplication by r2

is a bijection, so multr2S(m) = multS(r
−1
2 m), where r−1

2 is the multiplicative inverse of r2 modulo

p2. Furthermore, for every m ̸≡ 0 mod p, we have multr1S(m) = 0 because p divides every element

of r1S. Thus, for every m ̸≡ 0 mod p, we conclude that

multS(r
−1
2 m) = −vm mod p.

Varying m over all elements of Γ not divisible by p, we see that r−1
2 m also varies over all elements of

Γ not divisible by p. Furthermore, for every element ℓ ∈ Γ not divisible by p, the value multS(ℓ) =

−vr2ℓ mod p depends only on the residue of ℓ mod p. Therefore, S is organized, which gives the

contrapositive result.

By Lemma 5.5, we only have to consider eigenvalue multiplicities within the sets {α0, αp, . . . , α(p−1)p}
and {αr : p ∤ r}; there cannot be any overlap. For the first set, we appeal to Theorem 1.1 (the
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prime case). Note that

αkp =
∑
s∈S

ζkspp2 =
∑
s∈S

ζksp =
∑
s′∈S′

ζks
′

p ,

where S′ = {s mod p : s ∈ S} is a multiset of elements of Z/pZ. In other words, {α0, αp, . . . , α(p−1)p}
are just the eigenvalues of Cay(Z/pZ, S′), which have multiplicity at most |S′| = |S| = d by Theo-

rem 1.1, as desired3.

For the set {αr : p ∤ r}, we have to do a bit more work. By our assumption that S is

not organized, there exist elements ℓ, ℓ′ ∈ Γ not divisible by p such that ℓ ≡ ℓ′ (mod p) and

multS(ℓ) > multS(ℓ
′). Now, consider any r1 not divisible by p, and look at the multiplicity of αr1 .

By Lemma 5.1, if αr1 = αr2 , then there exist offsets v0, . . . , vp−1 ∈ Z such that for all m ∈ Γ,

multS(r
−1
1 m) = multS(r

−1
2 m) + vm mod p. Plugging in m = r1ℓ and r1ℓ

′, respectively, we see that

multS(ℓ) = multS(r
−1
2 r1ℓ) + vr1ℓ mod p > multS(ℓ

′) = multS(r
−1
2 r1ℓ

′) + vr1ℓ′ mod p.

But r1ℓ ≡ r1ℓ
′ (mod p), so this implies that multS(r

−1
2 r1ℓ) > multS(r

−1
2 r1ℓ

′) ≥ 0. Finally, as r2

ranges over the elements of Γ not divisible by p, so does r−1
2 r1ℓ. Therefore, the multiplicity of αr1 is

at most the number of r2’s such that multS(r
−1
2 r1ℓ) ≥ 1, which is clearly bounded by |S| = d.

5.3 The Organized Case

Proof of Theorem 1.2 (Organized Case). In this case, let ct := multS(t) for every 1 ≤ t ≤ p−1. By

the definition of being organized, we can write

αr =
∑
s∈S

ζrsn =

p−1∑
j=1

multS(jp) · ζrjpn +

p−1∑
t=1

ct · (ζrtn + ζr(t+p)
n + · · ·+ ζr(t+(p−1)p)

n )

=

p−1∑
j=1

multS(jp) · ζrjp +

p−1∑
t=1

ct · ζrtn · (1 + ζrp + ζ2rp + · · ·+ ζ(p−1)r
p ).

If r is not divisible by p, we have 1 + ζrp + · · ·+ ζ
(p−1)r
p = 0, so

|αr| =

∣∣∣∣∣∣
p−1∑
j=1

multS(jp) · ζrjp

∣∣∣∣∣∣ ≤
p−1∑
j=1

multS(jp) =: C. (2)

3Note that in order for G to be connected, there must be at least one element in S that is not divisible by p,
which means there is at least one nonzero element in S′.
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On the other hand, if r = kp, then we instead have

αkp =

p−1∑
j=1

multS(jp) · 1 +
p−1∑
t=1

ct · ζktp · p = C + p ·
p−1∑
t=1

ct · ζktp .

Let S̃ be the multiset of elements of Z/pZ that contains each residue t ∈ {1, . . . , p − 1} with mul-

tiplicity ct (note that S̃ is symmetric because S is symmetric, and S̃ is non-empty because we

required our original graph to be connected, which means some ct is positive). Then the values

(αkp − C)/p as k ranges from 0 to p− 1 are just the eigenvalues of Cay(Z/pZ, S̃)!

If the second-largest adjacency matrix eigenvalue of G̃ = Cay(Z/pZ, S̃) is β > 0, then there

exists k such that αkp = C + pβ is strictly greater than C, which by (2) implies αkp > αr for every

r such that p ∤ r. This means that αkp is the second-largest eigenvalue of G. Furthermore, the

multiplicity of αkp equals the multiplicity of the second-largest adjacency matrix eigenvalue of G̃,

which is bounded by |S̃| =
∑p−1

t=1 ct ≤ |S| = d by Theorem 1.1, as desired.

The last case is when the second-largest adjacency matrix eigenvalue of G̃ is nonpositive, which can

only happen if all of the ct’s are 0 or all of them are positive4. The ct’s cannot all be 0 because G

is connected. Furthermore, |S| ≥
∑p−1

t=1 pct, so when
∑p−1

t=1 ct ≥ p, the statement of Theorem 1.2 is

trivial because |S| ≥ n. The only remaining case is when c1 = c2 = · · · = cp−1 = 1, in which case

G̃ is the complete graph on p vertices and |S| = C + p(p− 1).

Clearly, the only way for an eigenvalue’s multiplicity to exceed |S| ≥ p(p − 1) would be for the

eigenvalue to appear both as αkp for some k and as αr for some r with p ∤ r. We know the eigenval-

ues of the complete graph, so we have αkp = C−p is an integer for every k ̸= 0. On the other hand,

when p ∤ r, we have αr =
∑p−1

j=1 multS(jp) · ζrjp , which by Corollary A.3 can only be an integer if

multS(jp) is constant as j varies.

If multS(jp) = 0 for all j ̸= 0, then C = 0 and αr = 0 for all r not divisible by p. Hence,

C − p ̸= 0, so no eigenvalue of the form αkp is equal to an eigenvalue of the form αr with p ∤ r. If

multS(jp) ≥ 1 for all j ̸= 0, then C ≥ p − 1, so |S| ≥ p2 − 1 = n − 1. This automatically bounds

the multiplicity of a nontrivial eigenvalue, so we are done.

This completes the proof of Theorem 1.2, which we have now established in both the disorganized

and organized cases.

4This is shown by slightly modifying the proof of the well-known fact that the second-largest adjacency matrix
eigenvalue of a simple graph is nonpositive if and only if the graph is complete or complete multi-partite.
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6 Products of 2 Distinct Primes

In this final section, we will prove Theorem 1.3. The structure of this section mirrors that of

Section 5, but the analysis will be more involved. We begin by restating the theorem for convenience.

Theorem 1.3. Let p < q be distinct odd primes, and let n = pq and Γ = Z/nZ. Given a symmetric

multiset S of nonzero elements of Γ, consider the Cayley graph G = Cay(Γ, S). Suppose that G

is connected. Then, if S is not organized (defined in Definition 6.5), the multiplicity of every

eigenvalue of G is at most |S| = d.

6.1 Setup

Given a multiset S of elements from Γ, let S mod p be the multiset consisting of the elements

(s mod p) ∈ Z/pZ where s ranges over the elements of S. Define S mod q analogously.

Let p−1 denote the smallest positive integer such that pp−1 ≡ 1 (mod q), and similarly let q−1

denote the smallest positive integer such that qq−1 ≡ 1 (mod p). For integers i and j, let f(i, j)

denote the unique number t such that 0 ≤ t < pq, t ≡ i (mod p), and t ≡ j (mod q). Note that

f(i, j) = (pp−1j+ qq−1i) mod pq, since pp−1j+ qq−1i ≡ 0+ 1 · i ≡ i mod p and it is also equivalent

to j mod q. Depending on context, we also use f(i, j) to refer to the corresponding element of Γ.

Proposition 6.1. For every two integers i and j, we have

q−1∑
j′=0

ζf(i,j
′)

n =

p−1∑
i′=0

ζf(i
′,j)

n = 0.

Proof. We can freely replace an exponent of ζn by anything with the same residue modulo n = pq

without changing the value of the exponential, so we have

q−1∑
j′=0

ζf(i,j
′)

n =

q−1∑
j′=0

ζqq
−1i+pp−1j′

n = ζqq
−1i

n ·
q−1∑
j′=0

ζp
−1j′

q = 0,

since in the last summation, the exponent p−1j′ ranges over every residue modulo q exactly once.

An analogous calculation shows that
∑p−1

i′=0 ζ
f(i′,j)
n = 0 as well, as desired.

With these preliminaries, we now fix p, q, n,Γ, S, and G = Cay(Γ, S) a connected graph in the

context of Theorem 1.3. We begin by expressing an arbitrary eigenvalue αr in terms of the basis

from Lemma A.2, and then prove a lemma like Lemma 5.1 that characterizes the equivalence of

two eigenvalues by a property of their corresponding translates of S.
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Fact 6.2. For every r with 0 ≤ r < n, the following equation holds:

αr =

p−1∑
i=1

q−1∑
j=1

[multrS(f(i, j))−multrS(f(i, 0))−multrS(f(0, j)) + multrS(f(0, 0))] · ζf(i,j)n (⋆)

Proof. By Proposition 6.1, we know that for every i and j, we have

ζf(i,0)n = −
q−1∑
j′=1

ζf(i,j
′)

n and ζf(0,j)n = −
p−1∑
i′=1

ζf(i
′,j)

n .

Combining these yields ζ
f(0,0)
n =

∑p−1
i′=1

∑q−1
j′=1 ζ

f(i′,j′)
n . Now that we know how to write every power

of ζn as a linear combination of the elements of the set {ζmn : gcd(m,n) = 1} = {ζf(i,j)n : 1 ≤ i ≤
p − 1, 1 ≤ j ≤ q − 1}, we can finally re-express each eigenvalue αr as a linear combination of the

same elements as desired:

αr =

p−1∑
i=0

q−1∑
j=0

multrS(f(i, j)) · ζf(i,j)n

=

p−1∑
i=1

p−1∑
j=1

[multrS(f(i, j))−multrS(f(i, 0))−multrS(f(0, j)) + multrS(f(0, 0))] · ζf(i,j)n .

Lemma 6.3. Let r1, r2 ∈ {0, 1, . . . , n−1} be any two elements. Then, the corresponding eigenvalues

αr1 and αr2 are equal if and only if there exist offsets v0, v1, . . . , vp−1, w0, w1, . . . , wq−1 ∈ Z such

that for all m ∈ Γ,

multr1S(m) = multr2S(m) + vm mod p + wm mod q.

Proof. For the if direction, if integers vi and wj exist and satisfy this property, then by Corol-

lary 2.24,

αr1 =
∑
m∈Γ

multr1S(m) · ζmn

=
∑
m∈Γ

(multr2S(m) + vm mod p + wm mod q) · ζmn

= αr2 +
∑
m∈Γ

(vm mod p · ζmn + wm mod q · ζmn )

= αr2 +

p−1∑
i=0

q−1∑
j=0

vi · ζf(i,j)n +

q−1∑
j=0

p−1∑
i=0

wj · ζf(i,j)n
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= αr2 +

p−1∑
i=0

vi ·
q−1∑
j=0

ζf(i,j)n +

q−1∑
j=0

wj ·
p−1∑
i=0

ζf(i,j)n

= αr2

by Proposition 6.1 applied to the inner sums in the second-to-last line.

For the only if direction, suppose αr1 = αr2 . By Lemma A.2, if we write αr1 and αr2 as linear

combinations of the elements of the set {ζmn : gcd(m,n) = 1}, then the coefficients must match up

in the two expressions. Note that gcd(m,n) = 1 if and only if p ∤ m and q ∤ m. By equation (⋆)

from Fact 6.2, this means that if αr1 = αr2 , we must have Mij −Mi0 −M0j +M00 = 0 for every i

and j such that 1 ≤ i ≤ p− 1 and 1 ≤ j ≤ q − 1, where Mab = multr1S(f(a, b))−multr2S(f(a, b)).

Note that the formula also holds trivially by cancellation when i = 0, j = 0, or both. Let vi =Mi0

and let wj = M0j −M00. Then, for every m ∈ Γ, if we let i = m mod p and j = m mod q so that

m = f(i, j), we see that

multr1S(m)−multr2S(m) =Mij =Mi0 +M0j −M00 = vi + wj = vm mod p + wm mod q,

as desired.

Corollary 6.4. If gcd(r1, n) = gcd(r2, n) = 1, then αr1 = αr2 if and only if α1 = αr−1
1 r2

.

Proof. By the lemma, αr1 = αr2 if and only if there exist vi’s and wj ’s such that multr1S(m) =

multr2S(m) + vm mod p +wm mod q for all m ∈ Γ. Writing m = r1m
′ and using the fact that r1 and

r2 are relatively prime to n, we see that this is equivalent to having multS(m
′) = multr−1

1 r2S
(m′)+

vr1m′ mod p+wr1m′ mod q for all m′ ∈ Γ. But vr1m′ mod p only depends on m′ mod p and wr1m′ mod q

only depends on m′ mod q, so this is equivalent to saying α1 = αr−1
1 r2

.

Like in Section 5, we will need a new concept of an “organized” generating set.

Definition 6.5. Given a multiset S of elements from Γ, we say that S is organized if for every i

and j such that 1 ≤ i ≤ p− 1 and 1 ≤ j ≤ q − 1, we have

multS(f(i, j)) = multS(f(i, 1)) + multS(f(1, j))−multS(f(1, 1)).

Proposition 6.6 (Alternate Definition of Organized). A multiset S of elements of Γ is organized

if and only if there exist integers a1, . . . , ap−1 and b1, . . . , bq−1 such that multS(f(i, j)) = ai + bj

for all 1 ≤ i ≤ p− 1 and 1 ≤ j ≤ q − 1.

Proof. If multS(f(i, j)) = ai + bj for every i and j, then multS(f(i, j)) = ai + bj = (ai + b1) +

(a1 + bj) − (a1 + b1), so S is organized. If S is organized, just take ai = multS(f(i, 1)) and

bj = multS(f(1, j))−multS(f(1, 1))
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6.2 The Disorganized Case

Lemma 6.7. If S is not organized, then if gcd(r1, n) > 1 and gcd(r2, n) = 1, we must have

αr1 ̸= αr2 .

Proof. We prove the contrapositive. Suppose r1 and r2 are such that gcd(r1, n) > 1 and gcd(r2, n) =

1 but αr1 = αr2 . By assumption, r1 is divisible by at least one of p and q, so WLOG assume p | r1.
By Lemma 6.3, there exist integers v0, . . . , vp−1, w0, . . . , wq−1 such that for every m ∈ Γ, we can

write multr1S(m) = multr2S(m) + vm mod p + wm mod q. Since gcd(r2, n) = 1, multiplication by r2

acts as a bijection on Γ, so multr2S(m) = multS(r
−1
2 m), where r−1

2 is the multiplicative inverse

modulo n. On the other hand, r1S only consists of elements that are divisible by p. Therefore, for

every i and j such that 1 ≤ i ≤ p− 1 and 1 ≤ j ≤ q − 1, we have

0 = multr1S(f(i, j)) = multS(r
−1
2 f(i, j)) + vi + wj .

By the Chinese Remainder Theorem, we have r−1
2 f(i, j) ≡ f(r−1

2 i, r−1
2 j) mod n, so by re-indexing

we can rewrite the last line as multS(f(i, j)) = −vr2i−wr2j , which still holds whenever 1 ≤ i ≤ p−1

and 1 ≤ j ≤ q − 1. By Proposition 6.6, this means that S is organized, as desired.

By the lemma, we need only consider eigenvalue multiplicities separately within the sets {αr :

gcd(r, n) > 1} and {αr : gcd(r, n) = 1}.

Proposition 6.8. Every eigenvalue in the set {αr : gcd(r, n) > 1} has multiplicity at most d.

Proof. By (∗), if r = kp, we have

αr =
∑
s∈S

ζkpsn =
∑
s∈S

ζksq =
∑
s∈S

ζk(s mod q)
q .

Therefore, the eigenvalues αkp are the eigenvalues of the Cayley graph G′
q := Cay(Z/qZ, S mod q).

Similarly, the eigenvalues αℓq are the eigenvalues of the Cayley graph G′
p := Cay(Z/pZ, S mod p).

Note the overlap at α0 = d corresponding to the trivial eigenvalue of both G′
p and G′

q, which is only

counted once in our original graph. Since we assume that our graph G is connected, each of S mod q

and S mod p must contain at least one non-zero element, so by Theorem 1.1, the multiplicity of

every eigenvalue of G′
p is at most |S mod p| = |S| = d, and the multiplicity of every eigenvalue

of G′
q is similarly at most d. If the eigenvalues of G′

p and G′
q are distinct except for the trivial

eigenvalue, then we’re done. But what if there is a nontrivial overlap?

Note that every eigenvalue of G′
p is an element of Z[ζp] and every eigenvalue of G′

q is an element of

Z[ζq]. Furthermore, Z[ζp]∩Z[ζq] = Z, so if there is an eigenvalue that is shared between G′
p and G′

q,

it must be an integer. Other than the trivial eigenvalue d, if G′
q has an eigenvalue that is an integer,
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it must be the case that S mod q contains each of 1, 2, . . . , q−1 with the same multiplicity by Corol-

lary A.3. If this multiplicity is larger than 1, then |S| ≥ 2(q− 1) ≥ p+ q− 1 = |{r : gcd(r, n) > 1}|,
so we automatically achieve the desired result.

Finally, suppose S mod q contains each of 1, 2, . . . , q − 1 once. Let a be the multiplicity of 0 in

S mod q, and b be the multiplicity of 0 in S mod p. In order for G′
p to have an eigenvalue that is

an integer, we know that S mod p has to contain each of 1, 2, . . . , p− 1 with the same multiplicity,

so let this multiplicity be x. In this situation, we have that the nontrivial eigenvalues of G′
q are all

a − 1 and the nontrivial eigenvalues of G′
p are all b − x. In addition, by counting the elements of

S in two ways (by their residues mod p or mod q), we see that x(p− 1) + b = q − 1 + a. Thus, to

have an eigenvalue overlap, we must have a− 1 = b− x =⇒ b− a = x− 1, but we must also then

have x(p− 1) + b− a+ 1 = q =⇒ xp = q. This is impossible, since p ̸= q and q is prime.

Proposition 6.9. Every eigenvalue in the set E := {αr : gcd(r, n) = 1} has multiplicity at most d

within E.

Proof. By Corollary 6.4, if gcd(r, n) = 1, then the multiplicity of αr within E is the same as the

multiplicity of α1 within E. Therefore, it suffices to prove that α1 has multiplicity at most d within

E. Let Γ× ∼= F∗
p × F∗

q be the multiplicative group consisting of the residues modulo n that are

relatively prime to n, and let H = {r ∈ Γ× : α1 = αr}. Applying Corollary 6.4 again, we see that

H must be a subgroup of Γ×. It remains to show that |H| ≤ |S|.

Let • mod p and • mod q be the projections of Γ× onto its first and second factors, respectively. We

see that Φ1 := H mod p is a subgroup of F∗
p and Φ2 := H mod q is a subgroup of F∗

q , and moreover

H is a subgroup of Φ := Φ1×Φ2. Let Dij = multS(f(i, j))−multS(f(i, 0))−multS(f(0, j)), which

is the coefficient of ζ
f(i,j)
n in Equation (⋆) of Fact 6.2 for α1, since we assume that S does not

contain 0. By Lemma A.2, we see that if r ∈ H, then Dr−1i,r−1j = Dij for every 1 ≤ i ≤ p− 1 and

1 ≤ j ≤ q − 1, since r is relatively prime to n. In other words, Dij = Di′j′ whenever f(i, j) and

f(i′, j′) are in the same coset of H. If cH is a coset of H in Γ×, let DcH denote the value of Dij

for i and j such that f(i, j) ∈ cH.

By Goursat’s Lemma, there are subgroups N1 of Φ1 and N2 of Φ2 such that H is a union of

cosets of N1 ×N2 and the image of H in Φ1/N1 × Φ2/N2 is the graph of an isomorphism between

Φ1/N1 and Φ2/N2. For a coset iN1 ⊂ F∗
p or a coset jN2 ⊂ F∗

q , define

i∗ = arg min
i′∈iN1

multS(f(i
′, 0)) and

j∗ = arg min
j′∈jN2

multS(f(0, j
′)).
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Notice that f(i∗, j∗) is in the same coset of H as f(i, j), so Di∗j∗ = Dij . Also define the following

non-negative integer quantity:

Q :=
∑

iN1⊂F∗
p

∑
jN2⊂F∗

q

multS(f(i
∗, j∗)),

where the sums are taken over distinct cosets of N1 and N2, respectively.

Lemma 6.10. The following three statements hold:

1. Q is divisible by k, where k := |Φ1/N1| = |Φ2/N2|.

2. If Q = 0, then S is organized.

3. |S| ≥ Q · |N1| · |N2|.

Proof. We begin with statement (1). Rewriting multS(f(i
∗, j∗)) = Di∗j∗ + multS(f(i

∗, 0)) +

multS(f(0, j
∗)) in the definition of Q, we see that

Q =
∑

iN1⊂F∗
p

∑
jN2⊂F∗

q

(
Di∗j∗ +multS(f(i

∗, 0)) + multS(f(0, j
∗))

)

=

( ∑
cH⊂Γ×

k ·DcH

)
+

 ∑
iN1⊂F∗

p

|F∗
q/N2| ·multS(f(i

∗, 0))

+

 ∑
jN2⊂F∗

q

|F∗
p/N1| ·multS(f(0, j

∗))

 ,

where the first sum is taken over distinct cosets of H in Γ×. The first term arises from the fact that

every coset of H is the union of exactly k cosets of (N1×N2), and specifying a coset of N1×N2 ⊂ Γ×

is equivalent to specifying unique cosets iN1 ⊂ F∗
p and jN2 ⊂ F∗

q . Now, |F∗
q/N2| = |F∗

q/Φ2| · |Φ2/N2|
is divisible by k, as is |F∗

p/N1|, so each of these summations is divisible by k. Therefore, Q is

divisible by k.

Moving on to statement (2), if Q = 0, then since every multS(f(i
∗, j∗)) is non-negative, we conclude

that for every pair of cosets iN1 ⊂ F∗
p and jN2 ⊂ F∗

q , we have multS(f(i
∗, j∗)) = 0. This implies

that for every 1 ≤ i ≤ p− 1 and 1 ≤ j ≤ q − 1, we have

multS(f(i, j)) = Dij +multS(f(i, 0)) + multS(f(0, j))

= Di∗j∗ +multS(f(i, 0)) + multS(f(0, j))

= −multS(f(i
∗, 0))−multS(f(0, j

∗)) + multS(f(i, 0)) + multS(f(0, j)).

31



It is now clear that S is organized, since multS(f(i, 0)) − multS(f(i
∗, 0)) depends only on i and

multS(f(0, j))−multS(f(0, j
∗)) depends only on j.

Finally, statement (3) follows from the definitions of i∗ and j∗. Specifically, we have

multS(f(i, j)) = Dij +multS(f(i, 0)) + multS(f(0, j))

= Di∗j∗ +multS(f(i, 0)) + multS(f(0, j))

≥ Di∗j∗ +multS(f(i
∗, 0)) + multS(f(0, j

∗)) = multS(f(i
∗, j∗)).

Therefore,

|S| ≥
p−1∑
i=1

q−1∑
j=1

multS(f(i, j)) ≥
p−1∑
i=1

q−1∑
j=1

multS(f(i
∗, j∗)) = |N1| · |N2| ·Q,

since each pair (i∗, j∗) occurs in the sum exactly |N1| · |N2| times.

In this section, we have assumed that S is not organized, so by statement (2) of the lemma, it

must be that Q > 0. But by statement (1) of the lemma, this means that Q ≥ k, and combined

with statement (3), we get |S| ≥ k · |N1| · |N2| = |H|, as desired. This completes the proof of

Proposition 6.9.

Evidently, Theorem 1.3 comes out as a direct consequence of Lemma 6.7, Proposition 6.8, and

Proposition 6.9. Furthermore, it’s worth noting that the condition of being organized is extremely

restrictive: the multiplicities of f(i, 1) and f(1, j) for every i, j ̸= 0 completely determine the

multiplicities of all f(i′, j′) with i′, j′ ̸= 0. In some sense, then, “almost all” Cayley graphs on

Z/(pq)Z satisfy the conditions of Theorem 1.3.

6.3 The Organized Case

In Section 5, obtaining a bound on the multiplicity of the second-largest eigenvalue in the organized

case required putting together a patchwork of clever little statements to catch every edge case.

Here, some headway can be made, but it involves some rather torturous casework and doesn’t have

a satisfying resolution (in my opinion). Instead, here is the example that breaks the barrier of d:

Example 6.11. Let p < q be odd primes, and let n = pq and Γ = Z/nZ. Let S = {m ̸=
0 : gcd(m,n) ̸= p}. Then, the Cayley graph G = Cay(Γ, S) has degree |S| = (p − 1)q, but the

nontrivial eigenvalues of G can be shown (using our usual techniques) to be 0 with multiplicity

p(q− 1) and −q with multiplicity p− 1. Therefore, the second-largest adjacency matrix eigenvalue

has multiplicity p(q − 1) = pq − p > pq − q = (p− 1)q = d.
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Note that the degree of this example is very large (almost n), and we still have a bound on the

multiplicity of p
p−1 · d. I am not aware of any smaller examples that have second-largest eigenvalue

multiplicity exceeding d, which is why I believe that Conjecture 1.4 is true.

33



A Cyclotomic Fields and Goursat’s Lemma

Here, we state and prove some facts about cyclotomic fields and sums of roots of unity.

Fact A.1. [Mar18, Theorem 3] Given the cyclotomic field Q[ζn], we have [Q[ζn] : Q] = φ(n), where

φ is Euler’s totient function. Furthermore, the minimal polynomial of ζn over Q has degree φ(n)

and has roots

{ζmn : 1 ≤ m ≤ n, gcd(m,n) = 1}.

Lemma A.2. If n is odd and squarefree, then {ζmn : 1 ≤ m ≤ n, gcd(m,n) = 1} is a basis for Q[ζn]

as a Q-vector space. In particular, these roots of unity are Q-linearly independent.

Proof of Lemma A.2. Let n = p1p2 · · · pr be a squarefree odd integer, where the pi’s are distinct

odd primes, and let B = {ζmn : 1 ≤ m ≤ n, gcd(m,n) = 1}. By Fact A.1, the size of any Q-basis

for Q[ζn] is φ(n) = |B|, so it suffices to show that B spans all of Q[ζn]. In fact, Q[ζn] is obviously

spanned by {1, ζn, ζ2n, . . . , ζn−1
n }, so we only need to show that each of these powers of ζn can be

represented as a Q-linear combination of the elements of B.

Let m be any integer such that 0 ≤ m ≤ n − 1, and let g = gcd(m,n). If g = 1, then ζmn is

in B, so it is definitely in the span of b. Otherwise, we can assume WLOG that there exists a

positive integer k ≤ r such that g = p1 · · · pk. We claim that

ζmn = (−1)k
p1−1∑
a1=1

p2−1∑
a2=1

· · ·
pk−1∑
ak=1

ζf(a1,a2,...,ak,m,m,...,m)
n ,

where f(x1, . . . , xr) is the unique integer modulo n that is equivalent to xi mod pi for every i. By

assumption, m is not divisible by pk+1 through pr, so this summation represents a linear combi-

nation of elements of B, since every exponent is relatively prime to n. In other words, we have

reduced the problem to proving this claim.

To prove the claim, we induct on k. The base case of k = 0 is immediate: the equation just

reads ζmn = ζ
f(m,m,...,m)
n , which is true because m = f(m,m, . . . ,m). For the inductive step,
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observe that we can rearrange the order of summation to get

(−1)k
p1−1∑
a1=1

p2−1∑
a2=1

· · ·
pk−1∑
ak=1

ζf(a1,a2,...,ak,m,m,...,m)
n = −

pk−1∑
ak=1

(−1)k−1

p1−1∑
a1=1

p2−1∑
a2=1

· · ·
pk−1−1∑
ak−1=1

ζf(a1,a2,...,ak−1,ak,m,...,m)
n


= −

pk−1∑
ak=1

ζf(0,...,0,ak,m,...,m)
n

= ζmn ·

(
−

pk−1∑
ak=1

ζf(0,...,0,ak,0,...,0)
n

)
,

where we applied the inductive hypothesis for the quantity in brackets for each fixed ak. Finally,

notice that for each j ∈ {1, . . . , pk − 1}, we have j · (n/pk) = f(0, . . . , 0, j · n/pk, 0, . . . , 0) where the

nonzero entry is in the kth position, and pk ∤ j · (n/pk) by definition. Therefore,

−
pk−1∑
ak=1

ζf(0,...,0,ak,0,...,0)
n = −

pk−1∑
j=1

ζj·(n/pk)
n = −

pk−1∑
j=1

ζjpk
= 1,

which completes the proof of the claim.

Corollary A.3. If p is prime and G = Cay(Z/pZ, S) is any Cayley graph, then a nontrivial

eigenvalue of G is an integer if and only if multS(1) = multS(2) = · · · = multS(p− 1).

Proof of Corollary A.3. By Corollary 2.24, the nontrivial eigenvalues of the Cayley graph G =

Cay(Z/pZ, S) are given by αr =
∑

s∈S ζ
rs
p = multS(0)+

∑p−1
j=1 multS(j) · ζrjp for r = 1, 2, . . . , p− 1.

Since multS(0) is an integer, the only way for αr to be an integer is if
∑p−1

j=1 multS(j) · ζrjp is an

integer. Because p is prime and r ∈ {1, 2, . . . , p − 1}, the exponents in the summation are just a

rearrangement of the numbers from 1 to p− 1.

By the preceding lemma, we know that B := {ζp, ζ2p , . . . , ζp−1
p } are linearly independent. Fur-

thermore, −c · ζp − c · ζ2p − · · · − c · ζp−1
p = c for any number c, which when c is an integer must

represent the unique Q-linear combination of elements of B that produces the value c. Therefore,

in order for αr to be an integer, it must be the case that multS(1) = multS(2) = · · · = multS(p−1).

Finally, if multS(1) = · · · = multS(p − 1), then αr = multS(0) − multS(1) is an integer, which

proves the reverse direction.

Fact A.4 (Goursat’s Lemma, [Ser16, Proposition 1.6]). Let Γ1 and Γ2 be two groups, and let

Γ = Γ1 ×Γ2 be their direct product, which comes with projections p1 : Γ → Γ1 and p2 : Γ → Γ2. Let

H ⊆ Γ be a subgroup, and define H1 = p1(H) and H2 = p2(H). The following statements are true:

1. H1 is a subgroup of Γ1, H2 is a subgroup of Γ2, and H is a subgroup of H1 ×H2.
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2. If N1 = {x ∈ Γ1 : (x, 1Γ2) ∈ H} and N2 = {y ∈ Γ2 : (1Γ1 , y) ∈ H}, then N1 is a normal

subgroup of H1 and N2 is a normal subgroup of H2.

3. H is a union of cosets of (N1 ×N2).

4. H1/N1
∼= H2/N2, and the image of H in H1/N1 × H2/N2 is the graph of an isomorphism

between H1/N1 and H2/N2.
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