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Introduction

Under the supervision of Mark Sellke in the Harvard Department of Statistics and in
collaboration with two colleagues abroad, Tobias Schmidt at the Technical University of
Darmstadt and Sean Cotner at the University of Michigan, I have been working on proving
one of Mark’s conjectures: that the free energy of an orthogonally invariant SK model
superconcentrates. We have made a lot of progress, and assuming that our efforts prove
successful, we hope to publish a research paper on this topic in the near future. The goal
of the present senior thesis is to detail the background necessary for understanding Mark’s
conjecture and outline the progress we have made towards proving it.

In probability theory, concentration of measure refers to the ubiquitous phenomenon
where certain sequences of random variables concentrate closely around their mean in
high dimensions, such that the order of fluctuations is often much less than the order of
expectation. Superconcentration refers to special cases where these fluctuations are of even
lower order than classical techniques in concentration theory predict, so that the sequence
superconcentrates around its mean. In his 2014 monograph [Chal4], Sourav Chatterjee
more precisely defines and describes superconcentration, especially for functions of Gaussian
processes, making many connections with “multiple valleys” and “chaos.”

Some of Chatterjee’s key applications of superconcentration are in spin glass theory. In
particular, it is proven that the free energy of the Gaussian SK model superconcentrates
[Chal4, Chapter 6]. Spin glasses are statistical models that have been used to describe
the interaction of particles in magnetic systems, graphical models in machine learning,
biological neural networks, and more. The Sherrington-Kirkpatrick (SK) model is one of
the most famous examples of a spin glass, traditionally assumed to have Gaussian disorder.
The main idea of this thesis is to consider extensions of [Chal4, Chapter 6] to variants of
the SK model whose disorder is not Gaussian but uniform with respect to some geometric
structure. In particular, we are interested in proving superconcentration in the case of an
orthogonally invariant spin glass, that is, an SK model whose geometry is controlled by
the (special) orthogonal group. We reduce the conjectured superconcentration to bounding
iterated Laplacians of the free energy in Haar expectation.

In Chapter 1, we begin with an introduction to spin glasses in subchapter 1.1, a preview
of the Gaussian SK model in subchapter 1.2, and finally a discussion of G-invariant SK
models, including orthogonally invariant SK models, in subchapter 1.3. It is in this final
subchapter that we formulate our main Conjecture 1.14, as well as a related Conjecture 1.16.
We ensure that these conjectures are reasonable via simulation, and we also provide intuition
by analogy with the Gaussian case, exemplified by Theorem 1.13.

Chapter 2 is dedicated to superconcentration and a proof of superconcentration for
the Gaussian SK model, inspired by [Chal4, Chapter 6]. Subchapter 2.1 starts with
an overview of classical concentration of measure, building up to the Gaussian Poincaré
inequality in subchapter 2.2 based on Hermite expansions. Then, in subchapter 2.3 we turn
to superconcentration, which is an informal discussion accompanied by several examples.
We detail Chatterjee’s spectral method for proving superconcentration in subchapter 2.4,
where the main result is a proof of Corollary 1.9 promised in subchapter 1.2.



Starting in Chapter 3, we begin to shift gears from probability to geometry. This
chapter is dedicated to establishing the necessary geometric foundations for our analysis
of G-invariant SK models in the following chapter. We begin with a construction of
the Haar measure on an arbitrary compact group in subchapter 3.1. Then, we review
important notions from the representation theory of groups in subchapter 3.2, culminating
in subchapter 3.3 with a proof of the Peter-Weyl theorem. Finally, we end the chapter
with an overview of the classification of irreducible representations by highest weight for
complex semisimple Lie algebras and connected compact Lie groups. We also state the
Weyl character and Weyl dimension formulae.

We close with original results related to G-invariant SK models in Chapter 4. In
subchapter 4.1, we discuss a spectral approach towards proving superconcentration for
G-invariant SK models, where G is a connected compact Lie group, by analogy with
the Gaussian case. In short, Peter-Weyl expansions replace Hermite expansions, while
we formulate analogs to the improved Gaussian Poincaré inequality (Theorem 2.30) and
Gaussian integration by parts (Lemma 2.15) via the quadratic Casimir operator on G. The
main results of this subchapter are equation (4.15) and Lemma 4.4. This is followed by
subchapter 4.2, where we discuss the quadratic Casimir operator in more detail. Finally, we
conclude in subchapter 4.3 by applying the framework of subchapter 4.1 to the orthogonally
invariant case. We make progress towards a proof of Conjecture 1.14, reducing the problem
to bounding iterated Laplacians of the free energy in expectation (Theorem 4.12).

Following the main chapters, we include a short appendix of additional proofs absent
in the main body of the thesis. Section (A) focuses on technical measure theoretic results,
while section (B) is dedicated to filling in the details of certain approximation arguments
used in Chapter 2. All other omitted proofs are in section (C). The final section (D) is
simply a link to the GitHub repository containing all relevant code.
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1 Spin Glasses and the SK Model

Although the concept of a spin glass originates in statistical mechanics, a plethora of
applications to neuroscience, machine learning, and mathematics, among other disciplines,
has sparked significant independent interest. One of the most influential examples of a spin
glass is the Sherrington-Kirkpatrick (SK) model, originally introduced in 1975 by physicists
David Sherrington and Scott Kirkpatrick [SK75]. In this chapter, we hope to describe the
basic setting of a spin glass, examine what is already known about these models, and finally
introduce a variant of the SK model that will be the main focus of this thesis.

1.1 The Setup

No discussion of spin glasses is complete without mention of the original context. In the
1920s, physicist Wilhelm Lenz and his student Ernst Ising introduced a mathematical model
of ferromagnetism, namely the 1-dimensional case of the famous Ising model. Over the
following decades, several generalizations of the original Ising model have been proposed
and studied, including a class of models known as spin glasses. We will begin with the
general setup that unifies many of these Ising-like models. Much of this material (from
different perspectives) can be found in the first chapter of David Tong’s notes on statistical
field theory [Tonl7] and Michel Talagrand’s Mean Field Models for Spin Glasses [Talll].

Consider a collection of particles, each of which takes on one of two polar opposite states,
represented as +1 or —1. This state is referred to as the particle’s Ising spin, or simply its
spin. The particles are arranged in a graph, often a lattice, where the vertices are called
sites and the edges bonds. The set of sites will be denoted A, and the spin at each site
i € A will be denoted o; € {£1}. We can combine these spins into a vector o € {£1}*
representing the spin configuration of the entire system. Of course, the use of “spin” comes
from particle physics. While we are primarily motivated by magnetic behavior, where an
electron’s magnetic moment (a vector quantity) rather than simply its spin (a discrete
quantity) is most relevant, modeling only spin will be enough for air density, graphical
models in machine learning, etc. There are models, vector spin glasses, that deal with
“vector spins” rather than binary spins, but we will not concern ourselves with these.

For any two sites 7,j € A, there is a real-valued interaction J;;, which we can store in
a symmetric A X A matrix J, the disorder matrix. In the absence of an external field, we
approximate the total energy of the system as a sum of the energies resulting from each
pairwise interaction of particles. More generally, one could model interactions of three or
more particles at a time, as well as an external field causing an additional interaction h;
at each site i € A. However, we will restrict our attention to a closed system (no external
field) with only pairwise interactions. We refer to this setup as a 0-field 2-spin model with
disorder J, or simply a spin model. Note that we do not need to specify A, since this can
be recovered as the row or column index set for the matrix J. The total energy of a spin
model, as a function of the spin configuration o, is given by the Hamiltonian

7‘[(0’) = — Z Ji]’O’Z'O'j =-olJo. (11)
1,JEA



A physical system always favors the lowest possible energy state, so that spin
configurations minimizing the Hamiltonian are most desirable in equilibrium. It is
therefore natural to interpret each interaction coefficient J;; as a “signed weight” for the
bond between two sites ,j € A. The magnitude |J;;| corresponds to the strength of this
interaction—its relative energy contribution. Meanwhile, since a more positive value of
Jijo;oj will lower the total energy, the sign of J;; encodes the preferred spin alignment
among the particles at sites ¢ and j. In particular, if o; = o, then we say that these spins
are parallel. Otherwise, they are antiparallel. The situation is summarized in Figure 1.

Sign of J;; Favored Alignment Terminology
Jij >0 Parallel Ferromagnetic
Jij =0 N.A. No interaction
Jij <0 Antiparallel Antiferromagnetic

Figure 1: Spin alignment among sites ¢ and j.

The terminology “ferromagnetic” and “antiferromagnetic” comes from the study of
ferromagnetism, where it has been observed that materials such as iron (Latin ferrum)
exhibit parallel alignment of electrons: all molecular magnetic dipoles point in the same
direction. Alloys with this property are often called ferromagnets. In the context of a spin
model, this means each J;; is nonnegative.

If J;; = 0 for a pair 4, j € A, the particles at sites ¢ and j are said to be non-interacting.
For simplicity, we view the graph of particles as fully-connected, with edge weights described
by the disorder matrix J. Alternatively, we can account for non-interacting particles by only
connecting interacting sites with edges, and then the sum in the Hamiltonian indexes over
the edges of this graph. In the standard Ising model, for instance, only local interactions are
allowed, so that most entries in the disorder matrix are zero. We also frequently disallow
interactions between a particle and itself, which corresponds to setting diag(J) = 0. Then
the graph of particles is simple, i.e., there are no graph loops.

Example 1.1 [Nearest Neighbor Interactions]. In many cases, the particles in a spin
model are assumed to lie in a d-dimensional lattice, with only neighboring lattice
sites interacting. If two sites 7,5 € A are distinct neighbors, we write (ij), so the
Hamiltonian becomes

H(O’) = — Z JijO'iO'j. (1.2)
(i)

Then we only have to define J;; when (ij). If this lattice is infinite, say the standard
lattice Z% in R?, then the above sum is infinite. In order to avoid concerns about
convergence, it is common to restrict our attention to a parallelepiped with N¢ sites,
where N is taken to be sufficiently large (i.e., we take N — o0).



There is one final parameter of significance for any spin model, namely the inverse
temperature § > 0. Large values of § correspond to small temperatures, in which case we
are said to be in a low temperature regime. Conversely, values of 8 close to 0 represent
high temperatures. We would like to model our expectation that lower temperatures favor
a more orderly system. This intuition is captured by the Gibbs measure (also referred to as
the Boltzmann distribution by physicists).

The Gibbs measure p associated to a spin model with disorder J and inverse temperature
(B is a discrete probability measure on the hypercube {:I:l}A of spin configurations. We
interpret p(o) as the probability that a random system representative of the associated
model has spin configuration o at equilibrium.

Definition 1.2 [Gibbs Measure]. Consider a spin model with disorder J and inverse
temperature 3. The associated Gibbs measure p on {£1}* is defined by the PMF

p(o) x e @), (1.3)

The normalization constant for this measure is called the partition function Zg, which
has sparked much independent investigation. Note that

oe{£1}A

(1.4)

Since = +— e P is a decreasing positive function on R, the Gibbs measure places
more probability mass on spin configurations which minimize the Hamiltonian. The effect
of the exponential transformation is to exaggerate the discrepancy between the highest
probability spin configuration and the other possible configurations. As g — oo, the
Gibbs measure p approaches a uniform measure on the minimizer(s) o of H(o). In other
words, as the temperature drops, the system is more likely to be in its most orderly (i.e.,
energy-minimizing) spin configuration at equilibrium. As the temperature increases, so too
does the probability of observing a suboptimal spin configuration at equilibrium.

Example 1.3 [Standard Ising Model]. The standard d-dimensional Ising model (with
no external field) is a 0-field 2-spin model on a d-dimensional lattice with only nearest
neighbor interactions. Moreover, the disorder J is deterministic, and for simplicity,
we assume that all nonzero entries J;; for (ij) are equal to a fixed constant J. The
Hamiltonian is

H(o) = —JZO'iO'j. (1.5)

(3)

Again, to avoid infinite sums, we may restrict our attention to a finite, arbitrarily large
portion of the lattice. If the constant J is positive, then this models a ferromagnet,
so that the parallel configurations {+1}* and {—1}* are most favorable.



A spin glass, unlike the standard Ising model, is characterized by random disorder. In
other words, the disorder matrix J is now a random variable. The associated Gibbs measure
is therefore a random measure. Accordingly, rather than modeling systems in which all
or a dominating majority of the bonds are (anti)ferromagnetic, in a spin glass we often
prescribe a symmetric distribution for each nonzero J;;, leading to relatively equal amounts
of ferromagnetic and antiferromagnetic interactions. This creates significant disorder such
that the interactions are called frustrated—see Figure 2. In low temperature regimes, the
magnetic disorder of a spin glass is reminiscent of the positional disorder in materials like
window glass, which is the origin of the term “spin glass.” For a spin glass, one often refers
to the low temperature regime as the glassy phase. From now on, by a spin glass we shall
simply mean a 0-field 2-spin model with random disorder matrix.

Ferromagnet Spin Glass
—r N

e e N
— = = — N = A

Nt
— = = — — ™~ I —

Figure 2: Parallel vs. frustrated magnetic moments at low temperatures.

Spin glasses have several applications outside the realm of statistical physics. In
neuroscience, spin glasses are well-equipped to model biological neural networks, where
the particles represent neurons and the Ising spin indicates whether or not a given neuron
is activated. Analogously, spin glasses can also model artificial neural networks, making
them relevant in machine learning and computer science. The most famous example is the
Hopfield network, a recurrent neural network that functions as associative memory. This
network is actually a spin glass, and the case of random initialization corresponds with the
famous SK model (to be introduced shortly).

Example 1.4 [Edwards-Anderson (EA) Model]. The EA model is a spin glass with
many similarities to the standard Ising model. In particular, the particles are
arranged in a d-dimensional (partial) lattice with only nearest neighbor interactions.
However, these interactions are random. Most commonly, the random variables J;;
for (ij) are i.i.d. Gaussian with mean J,, and variance J2. We call this the standard
or Gaussian EA model. If J, = 0, then the disorder is symmetric about 0. In
dimensions greater than 2, we observe a transition into a glassy phase when the
inverse temperature [3 surpasses a critical threshold, an instance of phase transition.
This critical temperature may be approximated by Monte Carlo simulation, but
an exact solution is evasive. Even a mathematically rigorous proof that the EA
model exhibits “glassy” behavior is relatively recent, with the first such proof, due
to Chatterjee, only surfacing in 2023 [Cha23].



Both the standard Ising model and the EA model forbid long range interactions, creating
a spatial correlation structure that complicates the mathematical analysis. However, the
situation becomes much more tractable once the locality constraint is discarded. So long
as we maintain random frustrated interactions, controlled by the disorder matrix, we can
obtain macroscopic “glassy” behavior similar to the EA model. In effect, we replace every
local interaction with a global mean interaction. If we properly scale the strength of these
mean fields with the number N of sites, taking N — oo is a good approximation to the EA
model as the lattice dimension d tends to infinity. This is because in high dimensions, all
pairwise Euclidean distances become large and relatively similar, so that a complete graph
is a reasonable approximation to the lattice. Physicists often call d — oo the mean field
limit. Of course, in natural settings where the lattice is spatial, only dimensions d < 3 are
realistic. Nonetheless, the mean field limit is a useful approximation even in low dimensions.
Importantly, we still observe a glassy phase at low temperatures, so the term “spin glass”
remains appropriate. This brings us to (arguably) the most important spin glass model.

Definition 1.5 [Sherrington-Kirkpatrick (SK) Model]. Let N be a positive integer.
The N-dimensional Gaussian SK model is a spin glass with N x IV disorder matrix .J
such that diag(.J) is deterministically 0 and (J;;)1<i<j<n are i.i.d. normal with mean
0 and variance C/N, where C' > 0 is independent of N. Since J is symmetric, this
completely specifies its distribution. The Hamiltonian is

HN(O') =-2 Z Jijaiaj- (16)
1<i<j<N

The scale factor C' is dimensionless and hence insignificant for the limit, so we often
take C' = 1/4 in order to rewrite

HN(O') = _\/1N Zgijgidj, (1'7)

1<j

where (gij)i<; is a vector of i.i.d. standard Gaussians. Slightly more generally, we
could fix an arbitrary (preferably symmetric) Borel measure p on R with mean 0 and
variance C'/N, in which case the disorder J is defined as a random N x N matrix
where N

diag(J) =0 and (Jij)icj gk L (1.8)
We will refer to this spin glass as the standard SK Model associated to p. As before,
the constant C' is unimportant, and one often takes C' = 1/a.

The SK model is in some sense the “prototypical” spin glass, for it occurs as a (suitably
interpreted) limit of many natural classes of spin glasses. Precise formulations of this
heuristic can be found in [DMS17] and [Panl18], with algorithmic variants in [EMS23] and
[Jon+23]. Amazingly, the equilibrium solution of the Gaussian SK model was discovered by
Giorgio Parisi in 1979 via a technique known as the replica method [Par79]. Various tools
were developed and employed over the following decades to mathematically verify Parisi’s



formula, the most notable of which is the so-called cavity method. Finally, in 2006, Michel
Talagrand presented the first rigorous proof valid for all § > 0 [Tal06], building on previous
work by Francesco Guerra [Gue03]. By “equilibrium solution,” we mean an explicit formula,
the Parisi formula, for the limit of the quenched Gibbs free energy of the system, divided by
N, as N — co. The free energy is a key quantity in statistical mechanics that represents a
system’s equilibrium state based on energy and entropy calculations. The term “quenched”
just means that we do not allow our disorder (the randomness of J) to evolve over time.
One often says that the disorder is frozen in the quenched setting.

Definition 1.6 [Free Energy|. For a spin glass with disorder J and inverse
temperature 3, the quenched Gibbs free energy, or simply the free energy, is

Fj = —~E[log 2] :—lE[log( > P, (1.9)
B B oc{£1}A

where Z3 is the partition function (see Definition 1.2).

If we remove the expectation in Definition 1.6, we're left with a o (.J)-measurable random
variable (i.e., a measurable function of the random matrix J). Somewhat confusingly, both
this random variable and its expectation are often referred to as the free energy. The
expected value is conventional in physics, but we will switch perspective momentarily.

1.2 Gaussian Disorder

We begin this subchapter by slightly tweaking some previous definitions to accord with
mathematical rather than physical convention. This just amounts to removing irrelevant
signs and, as discussed at the end of the previous subchapter, dropping the expectation in
Definition 1.6. From now on, we work only with Definition 1.7.

Definition 1.7 [(Mathematician’s) Hamiltonian and Free Energy]. For a spin glass
with disorder J and inverse temperature [, we redefine the Hamiltonian and free
energy as
1
H(o)=0TJo and Fp= —log( Z em‘(”)>. (1.10)
B oe{£1}A

With this new convention, the Hamilton associated to the N-dimensional Gaussian SK
model in Definition 1.5 can be written
1
Hy(o)=—== Y  9ijoioj, (1.11)
N 1<i<j<N
where (gi;)i<; is a collection of i.i.d. standard Gaussians. A fundamental quantity of interest,
then, is the associated free energy Fiy g, which is a random variable by our new convention
(note the added subscript to indicate dependence on the dimension N).

10



As noted in the previous subchapter, it has been shown that the limit limy_,o E[Fn g|/N
exists and is finite, and moreover, we have an explicit (albeit convoluted) formula for this
limit, the Parisi formula. In particular, we have the asymptotic result

E[Fng] = ©5(N), (1.12)
which is to say that for any 3 > 0, there exist constants cg and Cg such that
cgN < E[Fyg] < CgN (1.13)

for sufficiently large N. However, a full asymptotic picture is incomplete until we understand
the limiting behavior of the variance Var(F g). As a first approximation, tools from the
theory of concentration of measure, taken up in Chapter 2, show us that

Var(FN”B) = Oﬁ(N) (1.14)

This is already enough to conclude that for fixed 8 > 0, the fluctuations of the free energy
Fy g are at most on the order of VN, while the expectation grows linearly with N. This
is an example of concentration—in high dimensions, the free energy is closely concentrated
around its mean. However, from both simulations and experimental observations, even the
upper bound O(N) on the variance appears potentially too conservative. In Figure 3 we
provide a plot of Var(Fy g)/N simulated for 1 < N < 20 and 8 € {0.1,1,10}. Even for
relatively small values of IV, so that the computation of Fy g is tractable without Monte
Carlo approximations, these graphs suggest an upper bound og(/N) might be available.
Many physicists even expect a bound like Og(1), according to Chatterjee in his comments
following [Chal4, Theorem 1.6].

=01
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Figure 3: Var(Fy g)/N vs. N for different .

It is in precisely this setting that Sourav Chatterjee’s theory of superconcentration
becomes relevant. Chatterjee dedicates an entire chapter to the Gaussian SK model in his
2014 monograph, outlining what he calls the spectral method for superconcentration; using
this technique, he arrives at the following theorem [Chal4, Theorem 6.3].

11



Theorem 1.8 [Chatterjee]. Let Fy g be the free energy for the N-dimensional
Gaussian SK model. Then for each 3 > 0, there exists a constant Cjg such that

CgN loglog N

F <
Var( N,ﬁ) S logN

(1.15)

Note that loglog N/log N — 0 as N — oo, albeit extremely slowly. As a result, we
obtain the following important corollary, which is a significant improvement over (1.14).

Corollary 1.9. For the N-dimensional Gaussian SK model, we have

Var(Fy g) = 0g(N). (1.16)

Our main result is motivated in large part by Chatterjee’s proof of Theorem 1.8.
Accordingly, we devote the next chapter to developing this proof strategy in a way that
highlights the latent symmetry of the problem. For clarity, we will simplify Chatterjee’s
argument, arriving only at Corollary 1.9 (sufficient for our purposes) rather than
Theorem 1.8 or an even sharper bound also due to Chatterjee [Cha09, Theorem 1.5].

1.3 Orthogonally Invariant Disorder

The main goal of this thesis is to understand a class of spin glasses whose disorder is
uniformly random with respect to some fixed geometric structure. The geometry is
controlled by a compact (Hausdorff) group G, and the uniform randomness is attained by
sampling from the Haar measure on G (constructed in subchapter 3.1). Formally,

Definition 1.10 [G-Invariant SK Model]. Let N be a positive integer and G a
compact group acting continuously on the space SympyR of symmetric N x N
matrices. Fix a matrix A € SymyR. The N-dimensional G-invariant SK model
with structure A and inverse temperature g is a spin glass with disorder

J ~ Haar(G) - A. (1.17)

By (1.17) we mean that J has the distribution of g - A, where g ~ Haar(G), so that J
is in the most natural sense uniformly sampled on the G-orbit of A. Such a distribution is
often referred to as an orbital measure on the group G.

Definition 1.11. [Orthogonally Invariant SK Model] Let N be a positive integer.
Then we call an Opy-invariant SK model with structure A, where A is a diagonal
matrix and Opx acts on SymyR by conjugation O - A := OTAO, an orthogonally
invariant SK model.

12



Remark 1.12. This is equivalently an SO y-invariant SK model with structure A
(with SOp acting by conjugation) because f(O) ~ Haar(SOp) if O ~ Haar(Oy),
where f : Oy — SOy maps A — A if detA = 1 and A — diag(—1,1,...,1)A
otherwise. But certainly OTAO = f(O)TAf(O), so the distribution of the disorder
doesn’t change. Working with the connected group SOy rather than Oy can be more
convenient, as we will see in Chapter 3.

By the spectral theorem, any symmetric N x N matrix is diagonalizable with respect to
an orthonormal basis of eigenvectors, all of whose eigenvalues are real. Thus, an orthogonally
invariant SK model is one for which the disorder has fixed eigenvalues and uniformly random
eigenvectors. Our main objective is to establish superconcentration for the free energy of an
orthogonally invariant spin glass. The more general framework of G-invariant SK models
provides a natural source for extensions, which we’ll revisit in Chapter 4. Of course, in
order to study these asymptotics, we need to specify a sequence of structure matrices
(AN)n>1. Therefore, we ask: what conditions on (Ay) lead to a superconcentration result
like Var(Fvg) = og(IN)? To do this, we compare with the Gaussian SK model, where we
know superconcentration holds. This is motivated by the following relationship between
Haar(Oy) and the Gaussian distribution.

Theorem 1.13. Let G be an N x N matrix with i.i.d. standard Gaussian entries.
Then G is almost surely invertible, and if we use Gram-Schmidt to write G = QR
for @ € On and R upper-triangular, then @) ~ Haar(Oy).

Proof. See the Appendix (C). O

Theorem 1.13 makes precise the heuristic that a standardized Gaussian matrix inherits
randomness from two sources: random eigenvalues and uniformly random eigenvectors.
Intuitively, an orthogonally invariant SK model should superconcentrate even better than
the Gaussian SK model, so long as Ay grows no worse than the typical spectrum of the
disorder matrix in the Gaussian case. After all, an orthogonally invariant disorder consists
solely of random eigenvectors, with deterministic eigenvalues.

If we let G be as in Theorem 1.13, then this isn’t quite the disorder matrix J of the
Gaussian SK model. Up to a constant independent of IV, however, we can realize the disorder
J as the matrix Ay = (G+GT)/v/2N with its diagonal set to 0. Ignoring discrepancies with
the diagonal, the matrix Ay follows a famous distribution: the N-dimensional Gaussian
orthogonal ensemble GOE(N). Note that the strictly upper triangular entries of Ay arei.i.d.
N(0,1/n), the diagonal entries are i.i.d. N'(0,2/n) and independent of the upper triangular
ones, and the lower triangular entries are chosen to make Ay symmetric. Conveniently, the
asymptotic spectrum of a GOE(N) matrix is well-known. Given a random A € Sym y(R)

with eigenvalues \1(A),...,An(A), the spectral density is the random measure
1N
fA =D Oxi(a)- (1.18)
N
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Wigner’s famous semicircular law states that the spectral density of a GOE(N) matrix
converges (in a suitable sense) to the semicircular distribution on [—2,2] as N — oo. This
is the distribution whose PDF f(z) is proportional to a semicircle of radius 2, i.e.,

flx) = %\/4 — 22 forxz € [-2,2]. (1.19)

See Figure 4 for a visualization of this semicircular law, where we simulate a random
matrix A from GOE(1000) and plot a histogram of its eigenvalues against the PDF f(x).
Note how the histogram, which represents the spectral density p4 of A, closely approximates
the semicircular density function f(x).

\
[
[
]

— f(x) = .

A\
/]

3 2 1 0 1 2 3
Figure 4: Spectrum of a matrix A ~ GOE(1000) (simulated with Python).

Accordingly, we should impose a condition on Ax mimicking the behavior of the
semicircular density. Namely, we require that the entries of Ay be uniformly bounded,
ie, [[An|| = O(1). We now examine by simulation whether or not this is a reasonable
condition for superconcentration. First, we can use Theorem 1.13 to sample from the Haar
measure on Opy; one simply generates the matrix G, performs Gram-Schmidt to obtain a
QR decomposition, and then extracts ). (Since most computer algebra systems do not
compute QR by Gram-Schmidt for numerical stability reasons, we may need to tweak @ if
it is obtained via a different algorithm.) For each N and a fixed § > 0 and Ay, we can use
this technique to sample 1000 values from Fv g and take the sample variance.

For 5 € {0.1,1,10} we desire a plot of the sample variance, divided by N, against N,
much as we did in Figure 3. To account for different possible values of Ay, for each N we
sample 100 Ay with diagonal entries chosen uniformly and independently from the interval
[—1,1] (so that supy [[An|| < 1), and for each Ay we apply this procedure to obtain a
separate sample variance. For each N and S, we choose to plot the maximum of these
sample variances (divided by N). Overall, this algorithm is O(2"), so we will have to
restrict ourselves to sufficiently small N, say 1 < N < 15. We plot the resulting graphs in
Figure 5. Indeed, our intuition that the variance should be og(/V) appears reasonable if we
compare with Figure 3. We are therefore led to the following conjecture.
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Conjecture 1.14. [Main] Fix g > 0. Let (Ay) be a sequence of real N x N diagonal
matrices with ||An| = Opg(1). Then if Fy g is the free energy of an N-dimensional
orthogonally invariant SK model with structure Ay, we have

Var(Fng) = 0g(N). (1.20)
T T

=
~
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N N N

Figure 5: Var(Fy g)/N vs. N in the orthogonally invariant case.

Conjecture 1.14 is the motivation for this thesis, and we present progress towards a
proof in Chapter 4. This is, of course, completely analogous to Corollary 1.9. However, for
a full comparison with the Gaussian SK model, we should also investigate the expectation
of Fy g in the orthogonally invariant case. Assume the setup of Conjecture 1.14. We claim
that E[Fv g] = Og(NV), and conjecture that also E[Fi g] = Qg(N), so the expectation, as in
the Gaussian case, is ©g(/N). The upper bound follows readily from the following theorem,
which also implies, as a preliminary naive upper bound, that Var(Fy g) = Og(N?).

Theorem 1.15. Let Fyg be the free energy of an IN-dimensional orthogonally
invariant SK model with structure A, viewed as a function Oy — R. Then for

all O € Oy, we have

log 2
Fyns(0)— N g

< N|A|. (1.21)

Proof. Let o € {+1}". First we bound the Hamiltonian Hx (o). Since O is orthogonal
and ||o|*> = N, we have

Hn (o) =1(00)TA(Oa)| < [Al[lOa|* = [[A]llo|* = NA]l (1.22)

Since 2 +— €77 is an increasing function of z € R, from (1.22) we deduce that the partition
function Zg can be bounded

9N e~ NBIAIl < Z5 < oN NBIA| (1.23)

Taking the logarithm of (1.23) and dividing by 8 implies (1.21), as desired. O
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Now, as for the lower bound on the expectation, we run simulations identical to those
for the variance, expect with the sample mean of Fyy g, as opposed to the sample variance
divided by N, plotted against N. The graphs are displayed in Figure 6. It appears that the
expectation does in fact grow linearly with N, motivating the following conjecture (which
we do not attempt to make progress towards proving).

Conjecture 1.16. Let Fiy g be as in Conjecture 1.14. Then E[Fy 5] = O3(N).

) 10 15 5 10 15 b} 10 15

Figure 6: E[F g] vs. N in the orthogonally invariant case.

Assuming Conjecture 1.16, we deduce that the asymptotics of an orthogonally invariant
SK model mirror those of the Gaussian SK model. While the expectation of Fiy g grows like
N, the fluctuations grow much slower than even v/N, so that the free energy concentrates
very tightly. In Chapter 4, we will also demonstrate that the upper bound on Var(Fy g)
given by classical concentration theory is Og(/N), so that the concentration implies by
Conjecture 1.14 is indeed an example of superconcentration.

We end this chapter by noting that recent results on orthogonally invariant spin glasses
at high temperatures can be found in [BS15], [FLS22], and [FW24]. In the low temperature
regime, very little is known. This motivates proving superconcentration for all 8 > 0, since
other basic properties of the model are not understood.
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2 Superconcentration for the Gaussian SK Model

2.1 Concentration of Measure

It is no understatement that one of the most foundational and significant phenomena in
all of high-dimensional probability is concentration of measure. Interestingly, this behavior
was first observed by geometers studying the closely related problem of isoperimetry. Let
(X, d) be a metric space with Borel probability measure p. Geometrically, we view u as a
density, so that p(A) represents the fraction of the mass of X' contained in A. For ¢ > 0 we
define the e-fattening of a nonempty Borel set A C X as

A ={re X |d(z,A) <e}. (2.1)

Intuitively, A® is the Borel set obtained by stretching out the boundary/perimeter of A by
a distance ¢ in all directions. Note that A° is a closed set, for it is the preimage of [0,] C R
under the continuous (in fact 1-Lipschitz) map x — d(x, A).

Heuristically, we say that p exhibits concentration or isoperimetry when the following
holds: if a subset of X already contains at least half of the mass, then an arbitrarily small
fattening of the set is enough to cover most of the mass. Formally, u satisfies an isoperimetric
inequality whenever there exist positive universal constants C' and o2 such that

2

H(AT) > 1 - Cexp(— (2.2)

2?)
for all € > 0 and Borel sets A such that p(A) > 1/2.

Example 2.1 [Spherical Isoperimetry]. In the early 20th century, Paul Lévy
uncovered the first example of what one might retroactively dub isoperimetry. Let S™
be the unit n-dimensional sphere embedded in R**!, and ¢, the standard geodesic
probability measure on S™ from Riemannian geometry. This is the measure which
agrees with our intuitive notion of “surface area,” normalized so that 0,(S™) = 1.
Lévy was interested in regions of the sphere with minimal “perimeter” for fixed surface
area, determining that these regions are precisely spherical caps, i.e., regions of the
form

ple, R) ={y € §" | ||z —yll < R} (2:3)

for x € S™ and R > 0 (here || - || is Euclidean distance in R"1): see Figure 7. More
precisely, if A is any Borel subset of S™ with 0,,(A4) = o,(p(z, R)), then for all ¢ > 0,

on(A%) = on(p(z, R)). (2.4)

From this fact (which may be deduced from the Brunn-Minkowski Theorem), one
can derive the spherical isoperimetric inequality: there exist universal C' > 0 and
¢ > 0 such that

0n(A%) > 1 — Cexp(—cne?) (2.5)

for all dimensions n and all Borel sets A C 8™ with 0,(A) > 1/2 [Led01, Section 2].
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Figure 7: A spherical cap p(x, R) (shaded gray).

The theory of concentration of measure, as we understand it today, can be traced back
to the work of Vitali Milman in the 1970s. The key idea comes from the following functional
reformulation of isoperimetry. Recall that a median of a real-valued function f : X — R is
any m € R such that pu({f > m}) > 1/2 and u({f < m}) > 1/2. Such an m always exists,
although it may not be unique. We denote the set of medians of f as med(f).

Theorem 2.2 [Functional Isoperimetry]. Let (X, d) be a metric space with Borel
probability measure p. Then p satisfies the isoperimetric inequality (2.2) if and only
if for all 1-Lipschitz f : X — R, m € med(f), and € > 0, we have

2
u{f —m>e}) < Cexp(—5). (2.6)

Proof. See the Appendix (C). O

Importantly, if (X, d,, pn) is a sequence of metric measure spaces, and an isoperimetric
inequality holds for each measure p, with respect to a wuniversal constant C (i.e.,
independent of n) and 02 = O(n~!), then the sequence (X,,dyn, it,) is said to form a
normal Lévy family. We view n as a dimension proxy, so that intuitively a normal Lévy
family is one such that concentration around the median becomes even more pronounced
as the dimension increases.

Example 2.3 [Spherical Isoperimetry (Revisited)]. Returning to Example 2.1, notice
that (S™, || - ||, o) is a normal Lévy family. This implies a potentially surprising fact
about the geometry of high-dimensional spheres. If H C S™ is a high-dimensional
hemisphere, so that o, (H) = 1/2, then 0, (H¢) ~ 1 for £ ~ 0. Consequently, if we fix
any equator on a high-dimensional sphere, then most of the sphere’s surface area lies
“near” the equator. This is purely a high-dimensional phenomenon—see Figure 8.
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Density o, (E°) e=0.5 e =0.05 e = 0.005
n=2 0.484123 0.0499844 0.00499998

n =20 0.977574 0.17483 0.0176183

n = 200 ~1 0.520088 0.0563019

n = 2000 ~1 0.97468 0.176916

n = 20000 ~ 1 ~ 1 0.520496

n = 200000 ~1 ~ 1 0.974653

Figure 8: Surface density of S™ within an equatorial band E¢, where
E is an equator (computed with Wolfram Mathematica 14.1).

In many cases, it is more convenient to work with the mean of a random variable rather
than its median, and these two quantities will of course be similar when concentration is
present, so for probabilists the most common sort of concentration inequalities are those of
the form

P(f(X) —E[f(X)] =z ¢) < Be, (2.7)

where X is a random vector of arbitrarily large dimension, f is a measurable, real-valued
function that is often implicitly defined (so as to be difficult to work with directly), and
B. is some bound which decays very quickly with €. (2.7) is an example of a one-sided
tail bound. We can of course consider bounds in the other direction, bounding instead the
probability that f(X) < E[X] — ¢, or even two-sided tail bounds of the form

P([f(X) —E[f(X)]| = &) < Be. (2.8)

Given tail bounds in both directions, we can always apply the union bound to obtain a
two-sided tail bound.

Example 2.4 [Exponential Tail Bound]. The most useful tail bounds, in connection
with isoperimetry, have the form B. = Cexp(—ce?), where C and c are positive
constants. Such a bound is called an ezponential tail bound. This tells us that
the tails of f(X) are no “fatter” than those of a Gaussian. Countless concentration
inequalities, such as the famous Azuma-Hoeffding and McDiarmid inequalities, are
exponential tail bounds. The spherical concentration inequality (2.5) is another
example. Using the Gaussian Poincaré inequality in the following subchapter, along
with another trick called Gaussian interpolation, one may derive a useful exponential
tail bound for Lipschitz functions of i.i.d. Gaussians [BLM13, Theorem 5.6].

In high-dimensional probability, we care especially about tail bounds in some suitably
defined infinite dimensional limit. For example, perhaps we have a sequence of Borel
measurable functions f, : R® — R and random vectors X,, € R", in which case our tail
bounds B. are actually dependent on n. The dependence of this bound on n is crucial.
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If B. does not depend on n at all and is in that sense universal or dimensionless, we can
justifiably say that X, concentrates tightly around its expectation in high dimensions. Such
universal bounds are rare in practice, but so long as the decay of B, with € overpowers the
dependence on the dimension n, we remain in the realm of high-dimensional concentration.

Tail bounds give a lot of information about the deviation of a random variable from its
mean, but in many cases an understanding of the “average” deviation, namely the variance,
suffices for illustrating concentration phenomena. An invaluable variance bound in the
theory of concentration is the Efron-Stein inequality, which we now state and prove.

Theorem 2.5 [Efron-Stein|. Let X, ..., A, be measurable spaces, and X1,..., X,
independent random variables with X; valued in &;. Let X = (X1,...,X,,) and X' =
(X{,...,X]) an independent copy of X. For any measurable f: X; x --- x X, = R
with f(X) € L?, define the variance proxy

vp =y E[Var(f(X)|X )], (2.9)
=1

where X _; is the random vector X with the ith entry removed. Then we have
Var(f(X)) < vy = ZE (XN =D EI(F(X) - F(XD)3], (2.10)

where X is X with its ith entry replaced by the independent copy X/, and ()4
denotes the positive/negative part of a real number.

Proof. The standard proof of this inequality makes use of a so-called martingale-difference
sequence. Namely, for each integer 0 < ¢ < n we define

E[f(X)] =E[f(X)|X1,.... Xi], (2.11)

so that in particular Eq[f(X)] = E[f(X)] and E,[f(X)] = f(X). If we define the differences
A; = Ei[f(Z)] — Ei—1[f(Z)] for 1 < i < n, note that we have the telescoping sum

f(X) = E[f(X)] :ZAZ" (2.12)

The key point is that the (4A;) form a martingale-difference sequence with respect to the
standard filtration on X. This is to say that each A; is o(Xj,..., X;)-measurable, has
expectation 0, and satisfies E;[A;] = 0 for all 4 < j. In particular, for i < j we have

so that Var(f(X)) = 31, E[A?]. So far, we have not used the independence assumption.
The key observation is that by independence, E;[E[f(X)|X_;]] = E;—1[f(X)], so

A; = E[f(X)] - E1[f(X)] = E[f(X) — ELF(X)[X_]]. (2.14)
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By conditional Jensen’s inequality, A? < E;[(f(X) — E[f(X)|X_;])?], yielding

Var(F(X)) = S E[AZ] < S E[(F(X) — ELF(X)| X)) = vy, (2.15)
=1

i=1
This gives the inequality in (2.10). The first equality follows from a conditional variant of

the basic identity Var(X) = JE[(X — Y)?] for i.i.d. L? random variables X and Y. The

second equality in (2.10) is a simple symmetrization argument based on the fact that

i d i
(F(X) = FXD))4 = (F(X) = F(XD))- (2.16)
because f(X) and f(X®) are i.i.d. O
One of the most useful corollaries of Theorem 2.5 applies to functions with the so-called
bounded difference property. The guiding principle is that we should expect concentration

of a function of several random variables whenever these random variables do not depend
much on each other and the function doesn’t depend too much on any individual input.

Definition 2.6. Let A7,..., X, besetsand f: X} x--- x X, — R a function. Then

if there exist real numbers ¢q,...,¢c, > 0 such that for all z1 € X4,...,z, € &, and
all 1 <17 <n,
sup |f(z1,. Tiye vy Tn) — fF(@T1, s Thy -y 20)| < i, (2.17)
IQGX,‘
we say that f satisfies the bounded difference property with parameters ci,...,c,.

Corollary 2.7 [Bounded Difference Inequality]. Let Xj,..., X, be measurable
spaces, where X = & x - -- x &}, is given the product o-algebra. If X = (X1,...,X,,)
is a random variable valued in X with independent entries, and f : X — R has the
bounded difference property with parameters cy, ..., c,, then
1 n
Var(f(X)) < ZZC? (2.18)

=1

Proof. By the independence and bounded difference assumptions, for each 1 < i < n the
random variable Var(f(X)|X_;) can be expressed in the form v;(X_;), where for any possible
input €_; € X1 X -+- X Xj—1 X Xjp1 X -+ - X Xy, vi(x_;) is the variance of a random variable
whose support has diameter at most ¢;. Therefore |v;| < ¢?/4, so that (2.18) follows from
Efron-Stein, as desired. O

Our bounded difference inequality is merely a variance bound, but with extra work
one can obtain an exponential tail bound for functions satisfying the bounded difference

property. This result is known as McDiarmid’s inequality, mentioned in Example 2.4.
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We end this subchapter with two applications of Theorem 2.5 and Corollary 2.7. Both
of these examples are meant to illustrate the power of concentration theory for studying
implicitly defined functions of random variables.

Example 2.8 [Bin Packing]. Suppose that a delivery company receives n boxes,
each of whose weight W; (in pounds) is independently drawn from some unknown
distribution supported on [0,1]. We do not necessarily assume that Wy,..., W, are
all drawn from the same distribution. The delivery company can pack as many boxes
as they want into a bin, so long as the total weight in the bin does not exceed 1 pound.
Then a quantity of interest to the delivery company is the minimum number B of
bins required to pack the n boxes. Clearly we can write B = f(Wq,...,W,) for a
suitable measurable function f : [0, 1]" — Z>¢. Amazingly, one can derive the bound

Var(B) < (2.19)

~ 3

from Corollary 2.7 without any assumptions on the distributions of W;. The key point
is that while a nice, closed-form expression for f is evasive, we can still deduce that
f satisfies the bounded difference property with parameters ¢; = 1 for all 1 <i < n.

As an illustration of Example 2.8, we simulate Var(B) vs. n, as well was the theoretical
upper bound n/4, in the case where W; ~ Beta(i,1) for 1 < i < n independently. We do
this for all 1 < n < 20. See Figure 9 below.

I I I
5/ e Var(B) 2
— n/4
4, |
SN |
S of .
1, |
e ® ©° o © © 00 90 g % 0 g 00
OfF o |
| | | |

\ \ \ \ \ \
10 12 14 16 18 20
n

Figure 9: Var(B) vs. n, where W; ~ Beta(i, 1).
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Our final example is an application of concentration of measure in random matrix theory
(RMT). Of considerable interest in RMT is the spectrum of a random matrix. Using only
Efron-Stein, we can deduce a powerful universal result about the largest eigenvalue of a
symmetric random matrix with uniformly bounded, independent entries.
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Example 2.9 [Largest Eigenvalue]. Let A be a random n X n symmetric matrix
with entries A;; € [—1,1], where (A;j)1<i<j<n are independent. Then the largest
eigenvalue Z = Apax(A), which is also the spectral norm when A is positive
semidefinite, has variance bounded by 4. Notably, this is independent of n. To
show this, write

Z = sup uTAu = vTAv, (2.20)

uesSn—1

where v is a unit vector at which this supremum is achieved. Let (A;j)lgigjgn be an
independent copy of (A;;)i<i<j<n. For each 1 <i < j < n, we define a new matrix
A(9) as the random symmetric matrix obtained from A by replacing the (i, j)th (and
(j,i)th) entry with Aj;. Then if Z;; := Amax (A7), certainly Zi; > vT Ay, so

Z — Zj; < vT Av — vTABDy = 20,0;(Ai; — Aly) < 4o (2.21)
for i # j. If i = j, we similarly get the bound Z — Z/, < 2v?. Hence

16v}071(Z > Zj;) it i < j,

s N (2.22)
wil(Z > Z),) if i = j.

(Z-Zj)% < {

By symmetry, P(Z > szj) < 1/2 for all i < j. Now, note that Apax is a measurable
(in fact Lipschitz) function on the space of n x n symmetric matrices, which we can
represent by their n(n + 1)/2 upper triangular entries. Writing Z = f((Ai;)i<;) in
this way, by Efron-Stein and the fact that v is a unit vector we get
1 n n 2
Var(2) < Y El(Z - Zj)] < 5 (Z i+ 16v§v§) <4(Yv?) =4 (223)
i<j i=1 i<j i=1
As in Example 2.8, it’s worth pointing out that in Example 2.9, no assumptions are
made on the entries of A aside from their support and independence. In particular, they
need not even follow the same distribution. Of course, nothing is special about the support
[—1,1]; we could have just as easily obtained a similar result by replacing [—1, 1] with any
other bounded interval. The same is true in Example 2.8, where one could work with W;
supported on [0, M] and a maximum total weight of M pounds per bin for any M > 0.

2.2 The Gaussian Poincaré Inequality

Having established the basics of concentration theory in the previous subchapter, we hone
our focus on a tool which is invaluable in proving concentration inequalities for functions of
Gaussian random variables. We will denote the multivariate normal distribution with mean
p and covariance matrix X by M (u, ¥). Recall that V' (p, ) is the continuous distribution
on RN with PDF

o) = (2)]1th}"_, exp {—;(az — )T (e — u)} . (2.24)
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Theorem 2.10 [Gaussian Poincaré Inequality]. Let Z ~ N (0, Iy) and f € C*(R").
Then if f(Z) has finite variance,

Var(f(Z)) <E[IVf(2)|?, (2.25)

where || - || denotes the Euclidean norm of the 1 x N random vector V f(Z).

Theorem 2.10 is one of many so-called Poincaré inequalities. There are several ways to
arrive at (2.25), such as a clever CLT argument paired with Efron-Stein [BLM13, Theorem
3.20]. However, for our purposes, it will be most convenient to provide a spectral proof.

We will assume basic familiarity with Hilbert spaces, content which can be learned
from, e.g., [Rud87, Chapter 4]. In particular, recall that for any (positive) measure u
on a measurable space (X,Y), the space L?(u) consisting of square integrable functions
f: X = R, defined up to equality almost everywhere, is a (real) Hilbert space with respect
to the inner product

(f9)u = /X fgdp. (2.26)

A Hilbert basis for a Hilbert space H is a set of nonzero orthogonal vectors in H whose
span is dense in H. The space H is separable if and only if it has a countable Hilbert
basis. We shall call a measure space (X,X, u) separable if its underlying Hilbert space
L?(p) is separable. For example, if ¥ is countably generated and pu is o-finite, then L?(p)
is separable (A.1). This holds when pu is a o-finite Borel measure on a second-countable
topological space, for instance (A.2). We denote the norm induced by (—,—), as || - |-
Then if vy is the distribution N'(0,Ixy) on RY, we can restate Theorem 2.10 in slightly
different language. The finite expectation condition is f € L!(v), while (2.25) becomes

112~ ([ £a) < [ 19012 (227)

This change of perspective is useful because L?(yy) comes with a convenient Hilbert basis,
the set of Hermite polynomials, which we now introduce. To begin, we restrict our attention
to the 1-dimensional case N = 1, writing v := 71 (so that vy = v®V).

Definition 2.11 [Hermite Polynomial]. The kth Hermite polynomial for k € Z> is

k
Hy(z) = (—1)’6@%2/2%@—@2/2. (2.28)

We can compute Hy = 1, Hy(r) = z, Hy(x) = 2% — 1, and so on. Notice that each Hj, is
a monic polynomial of degree k. This follows easily from an important recurrence relation
for the Hermite polynomials, which is also a useful computational tool.
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Lemma 2.12 [Hermite Recurrence]. If £ > 0, then we have the recurrence relation

Hisn(s) = oHi(z) — Hj(a). (2.29)
Proof. Let kK > 0. Then by the product rule,

d e
Hj(z) = (_1)k% <ex2/2 e 2/2> = xHy(x) — Hyy1(2). (2.30)

Rearranging yields (2.29). O
Corollary 2.13. For each k > 0, Hi(x) is a monic polynomial of degree k.

Proof. This follows easily by induction on k. The base case k = 0 is trivial, as Hy = 1. For
the inductive step, just use (2.29). O

Example 2.14. Using Lemma 2.12, we can more efficiently determine the first
several Hermite polynomials. Starting from Hg = 1, we can recursively compute

Hi(z)=2-1-0=uz, (2.31)
Hy(z)=z-z—-1=2%-1, (2.32)
Hs(z) =z (2 —1) — 2z = 23 — 3z, (2.33)
Hy(z) =z - (23 — 32) — 322 — 3) = z* — 622 + 3, (2.34)

and so forth.

Since all moments of v are finite (in fact, its moment generating function exists
everywhere), each Hermite polynomial is in L?(v). Before we show in Theorem 2.20 that
the Hermite polynomials form a Hilbert basis for the space L?(7y), we first state and prove
a lemma which demonstrates the beauty of these polynomials. This lemma will also be
used to prove Theorem 2.20 and, eventually, the Gaussian Poincaré Inequality.

Lemma 2.15 [Gaussian Integration by Parts]. Let f : R — R be differentiable.
Then for any k > 1, we have

(£, Hi)y = {f's Hi-1), (2.35)

so long as both sides of (2.35) are defined and finite.

Remark 2.16. The case k = 1 is often referred to as Stein’s lemma.
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Proof. Let f be differentiable such that fHj; and f'Hy_; are in L'(v) for some k > 1.
Applying integration by parts yields

-
(f, Hy,)- W /f e 12 dx (2.36)
(_l)k dk —ac2 2| dk ' —a:2 2
= e [ e 7] / 7)o do (2.37)
€_m2/2 [ee]

= (@) Hilw) = i_oo (', Hi) (2.38)

= ([, Hg—1)~- (2.39)

The final line (2.39) follows because fHj, € L*(v) implies limy_+o0 f(2)Hy(z)e *"/2 = 0,
which completes the proof. O

Remark 2.17. It is not true that the existence of the left-hand side is equivalent to
that of the right-hand side in (2.35), so we really do need to assume both sides exist
and are finite. Consider, for example, f(z) = zsin(e®”) and k = 1.

Corollary 2.18. Let £ > 0 and f : R — R k-times differentiable with f©H,_, €
LY(y) for all 0 < £ < k. Then

(f, Hi)y = (f®), Hy), / F® (2) dy(a (2.40)

Proof. This follows immediately from Lemma 2.15 by induction on k. 0

Remark 2.19. The condition fOH,_, € L'(v) for all 0 < ¢ < k appears unwieldy,
so we note a stronger, sufficient condition that is easier to verify. Namely, it is
sufficient that f(©) L?(v) for all 0 < ¢ < k. For this, it is further sufficient that f
is C* and supported on a set of finite Lebesgue measure (e.g., compact support).

Theorem 2.20. Hermite polynomials form a Hilbert basis for L?(y).

Proof. First we verify that (Hy)g>o is orthogonal. If 0 < ¢ < k, then by Corollary 2.18,

(Hy,, Hy)~ f/H/‘f) ) dvy(z /0d7 (2.41)

since Hy is a polynomial of degree ¢ < k. Note that the conditions of Corollary 2.18 are
satisfied because all derivatives of Hy, being polynomials, are in L?(7) (cf. Remark 2.19).
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Each Hj, is, of course, nonzero, but (Hy)i>0 is not orthonormal. For this reason, it is useful
to compute (Hy, Hi)~. Accordingly, for any k£ > 0, note that

H’gk) =k = <Hk,Hk>’y :/k!d’}/:k!, (2.42)

because Hy is a monic degree k polynomial.

It remains to prove that the span of (Hg)g>o is dense in L?*(v). By Corollary 2.13,
span({Hy | k > 0}) = Rz], (2.43)

so we just need to show that R[z] is dense in L?(v). By [Rud87, Theorem 4.18(i)], it suffices
to prove that if f € L?(y) satisfies (f,p), = 0 for all polynomials p € R[z], then f is 0
almost everywhere [y]. To that end, suppose f € R[z]t, so that in particular (f,2"), = 0
for all n > 0. There are many ways to reach the desired conclusion about f, the most
common of which is via a digression on Hermite functions, but we opt instead for a “quick
and dirty” proof using the Fourier Inversion Theorem.

Consider the complex function F': C — C defined by

F) = [ e f(a) d(a) = jﬁ [ @ aa, (2.44)

Fixing z € C, note that for any nonnegative integer N, we have

N n
Z (Zl’) f($)6_w2/2

|
n—0 n:

N n

—Zx I —Zx Z||x

< If@le 2 30 B <l (2.05)
n=0 ’

The right-hand side of (2.45) is integrable, since by Cauchy-Schwarz
(F1, e <N f Iy lle )y < oo (2.46)

Therefore, by the dominated convergence theorem, we can swap a summation and integral
to obtain

1 o 2" — (2™
F() = / ZB (@) dy(x) = nz:‘f) Tl =, (2.47)
This shows that F' is a well-defined entire function on C, and in fact it is identically 0.
In particular, F' = 0 on the imaginary axis, which shows that the Fourier transform of
f (:E)e_‘CQ/ 2 is identically 0. By a standard corollary of the Fourier Inversion Theorem
[Rud87, Theorem 9.12], the function f(z)e *"/2, and hence also f, must be 0 almost
everywhere, with respect to the Lebesgue measure A. Since v < A, f =0 a.e. [y]. O

We now drop the assumption that N = 1 and generalize the Hermite polynomials to
arbitrary dimensions N. We can then state and prove higher dimensional generalizations
of Lemma 2.15 and Corollary 2.18. We will denote the set Z>¢ by Z, and refer to vectors
in Z_]\J as N-dimensional multi-indices.
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Given a multi-index k = (ki, ks, ...,kx) € ZY, we denote by |k| := k1 + --- + ky the
order of k, and by k! :=k;!---kn! the factorial of k. If f : RNV — R is a function, the kth
partial of f is

(2.48)

Definition 2.21 [General Hermite Polynomial]. The kth N-dimensional Hermite
polynomial for a multi-index k = (k1, ko, ..., kn) € Z¥ is

Hk(a:) = Hkl (;Ul)HkQ (xg) cee HkN (:L'N) (249)

Note that this is the tensor product Hy := ®1<;<nHj,.

Remark 2.22. By Corollary 2.13, each Hg(x) is a monic degree k polynomial in n
variables. By this we mean to say that the leading monomial in Hy(x) with respect
to any monomial ordering on R[xz1,...,zy] is ¥ := :U]fl . -m]fVN. By (2.42),

(Hi, Hi )~y = K. (2.50)
Viewing Z_]\J as a subset of the vector space R, we can add two multi-indices to obtain
another multi-index, and if k < £, meaning that k; < ¢; for all 1 < i < N, then £ — k is also
a multi-index. For 1 < ¢ < N, the i¢th standard basis vector e; € RY is a multi-index as

well. Then 0'f := 9% f is the ith partial derivative of f. With this language, we are ready
to state and prove the following multivariable generalization of Lemma 2.15.

Lemma 2.23 [Multivariable Gaussian Integration by Parts]. Let f : RV — R be
such that the ith partial o f exists. Then for any 1 < ¢ < N and k > e;, we have

<f7 Hk)'YN = <aif’ Hk*ei>'7N7 (2'51)

so long as both sides of (2.51) are defined and finite.

Proof. Since vy = v®V, integration with respect to vy can be expressed as N nested
integrals with respect to v, by Fubini’s Theorem. Integrating f Hy, first with respect to the
ith coordinate and applying Lemma 2.15 yields (2.51). O

Corollary 2.24. Let k € Zf, and suppose f : RY — R has the property that d¢f
exists and is in L?(yy) for all £ < k. Then

(f, Hi)yy = (0 f, Ho) / 0" f(x) dn (). (2.52)
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Remark 2.25. Of course, in view of Corollary 2.18 the stated condition on f is
strictly stronger than necessary, but it is sufficient for our purposes. Often, we can
approximate f by compactly supported smooth functions.

We are just about ready to prove Theorem 2.10 by verifying (2.27), although we will
first need to establish that the N-dimensional Hermite polynomials form a Hilbert basis
for L?(yy) in arbitrary dimensions N. Since vy = y®V, this follows readily from (2.49),
Theorem 2.20, and a standard indicator argument using Dynkin’s 7-A theorem. We therefore
declare the following theorem.

Theorem 2.26. For any positive integer N, the set of N-dimensional Hermite
polynomials is a Hilbert basis for L?(yy).

In view of Theorem 2.26, we can express any f € L%(yy) in terms of its Hermite
coefficients ag, = (f, Hg)~y as

TN

=3 %Hk (2.53)

N
kezy

The k! factors are the correct normalization constants, by (2.50). If f is smooth and all
of its partials lie in L?(yy), then ay is simply the integral of O f with respect to vy, by
Corollary 2.24. In this case, (2.27) is a result of Parseval’s identity applied to both f and
its first-order partials 9’ f. Concretely,

2 ‘_ (JO*fdw)* _ S~ 5~ (SO0 fdw)?
1912, = ([ £ aw) _kEZNz_{O} sy L UG e

The inequality in (2.54) is not an equality because some of the higher partial derivative
terms are overcounted. In subchapter 2.4, we will obtain a better bound by more
carefully accounting for this overcounting. For proving Theorem 2.10, however, (2.54) is
sufficient—by the trivial inequality £! < (€ + e;)! we get

2 & o fdyn): XL
Iy = (f ram) <3 5 LETLE0— S s, e

i=1 gez)y

Note that the right-hand side of (2.55) is simply [ ||V f||? dyx, yielding (2.27).

For general f € C'(R™) N L%(yn), we can deduce (2.27) by approximating f with
suitable compactly supported smooth functions. There are a few ways to do this. An
elegant, modern approach would be via the Ornstein-Uhlenbeck semigroup, which is the
framework Chatterjee opts for [Chal4, Chapter 2.2]. However, one can also accomplish this
with basic tools of functional analysis, such as bump functions, mollifiers, and convolution.
We take the latter approach. First, note that both (2.25) and (2.27) are trivial if the
first-order partials of f are not in L?(yy), so we may assume that d'f € L2(yy) for all
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1 <4 < N. The idea is to first reduce to the case where f is smooth via convolution with
smooth mollifiers, and then further reduce to the case where f has compact support via
an appropriate cutoff function argument. We leave the details to the Appendix (B) and
consider Theorem 2.10 proved.

Finally, we complete this subchapter with a proof of (1.14). Recall that the
N-dimensional Gaussian SK model at inverse temperature 8 has Hamiltonian H (o) given
by (1.11). The disorder is controlled by an upper triangular array of N(N — 1)/2 i.i.d.
standard Gaussians G = (gij)1§i<j§ N, in which case we can view Fl g as a measurable

function
N(N-1)

Fng:R SR (2.56)

Let py g and Zx g be the associated Gibbs measure and partition function, as defined in
Definition 1.2. For a function f(o,G), we use the notation

Yoefznyy f(o, G)efHn()
ZUE{:EI}N eﬁHN(U) ’

In other words, (-) denotes the average with respect to o ~ py, conditional on the disorder.
We call this operation the Gibbs average.

(f) = Epy 5[ f(0,G)|G] = (2.57)

Lemma 2.27. Let Fy g be as in (2.56), with input variables denoted (g;j)i<; (in
this context, the g;; are not random variables—we define the free energy by plugging
ii.d. Gaussians into these input slots). Then Fi g is C 1 with partials

O0Fn g 1
= = T;05). 2.58
B = 7y loe) (258)
Proof. This is a standard computation. We have
P — M) = —— N gy HN (), (2.59)
99i5  BZNp celInV 9gij VNZy 3 et
We simply notice that the right-hand side of (2.59) is ﬁ(aiaj). O

By Lemma 2.27, the partials of Fiy 3 must be bounded in absolute value by 1/ VN, since
0;0; is bounded in absolute value by 1. Combining this with the mean value inequality, we
can show Var(Fy g) < oo, and then by Theorem 2.10 we get

N(N-1) N-1 1
F < = —N. 2.

Var(Fy ) <~ < (2.60)
This implies (1.14) with the constant Cg = 1/2 for all # > 0. From here, there are two
natural directions in which to head. On the one hand, from a simple variance bound like
the Gaussian Poincaré inequality, one can develop useful exponential tail bounds [BLM13,
Theorem 5.6]. On the other hand, we demonstrated in Chapter 1 that (1.14) is a loose
bound, a perfect segue into superconcentration.
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2.3 An Introduction to Superconcentration

We finally arrive at Chatterjee’s recent theory of superconcentration, as detailed in his
monograph [Chal4]. Roughly, if the order of fluctuations of a stochastic process is less
than the upper bounded predicted by classical concentration of measure, we say that
the process superconcentrates. A more precise definition, using the unifying framework
of Markov semigroups, can be found in [Chal4, Definition 3.1], but we will not need this
level of abstraction. It’s worth noting, however, that much of the next subchapter could be
phrased in that language, specifically in terms of the famous Ornstein-Uhlenbeck (OU)
semigroup. Even the Efron-Stein inequality can be viewed as a result concerning the
independent flips semigroup [Chal4, Theorem 7.1]. Regardless, Chatterjee’s monograph
is not an introduction to semigroup analysis, but rather is dedicated to illustrating several
examples of superconcentration as well as cataloging techniques for proving such results.
Since the next subchapter is dedicated to one long, detailed proof showcasing one of these
techniques, we will omit proofs in this subchapter. We aim to demonstrate by two diverse
examples that superconcentration is not a phenomenon unique to spin glasses.

We begin, as Chatterjee does, with a discussion of First-Passage Percolation (FPP).
The general setup is as follows. Let I' = (V, E) be a graph, and associate to each edge
e € E a nonnegative random variable w, representing the time it takes for a particle to
travel along the edge e. Given a path 7w on I', i.e., a collection of consecutive incident edges
€1,...,en in E, we define the passage time along 7, denoted T'(7), as the sum of all passage
times we, for each edge in 7. Then the first-passage time between two vertices v,w € V
is the minimum passage time 7T'(v,w) among all paths 7 from v to w. Denoting the set of
such paths as II(v, w), this means

T(v,w) := WeliTr(llf) » T(m). (2.61)

See Figure 10 for a visualization of FPP on a finite graph; the fastest path is colored blue.

2

10 1
3

Figure 10: An example of FPP with T'(v, w) = 5.

The most common instance of FPP, introduced in 1965 by Hammersley and Welsh
[HW65], occurs when I is a full d-dimensional lattice Z¢, with all neighboring sites connected
by an edge. We also assume that (we)ecp are i.i.d. for simplicity. Given a point = € R% and
an integer n € Z, we write [nx] for the site i € Z¢ which minimizes the Euclidean distance
|li — nx|. If there are multiple such sites, we choose the one which is lexicographically
minimal. Then if T,,(z) := T'(0, [nz]), it turns out that the limit 7,(x)/n as n — oo exists
and is deterministic. In particular, T,,(z) = ©(n). A proof using Kingman’s subadditive
ergodic theorem can be found in [Kes86].
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Set T;, = Ty, (e1), where e; is the unit vector (1,0,...,0) € R% Since 1993, it has been
known that Var(T,,) = O(n) [Kes93]. In other words, we have a standard concentration
phenomenon, where T, is roughly on the order of n with fluctuations on the order of \/n.
However, in certain cases, we have superconcentration Var(7,) = o(n). One instance of this

is the Benjamini-Kalai-Schramm (BKS) theorem [BKS03].

Theorem 2.28 [BKS]. Suppose that the edge weights we are i.i.d. Bernoulli, and
that d > 2. Then there exists a constant C' > 0, depending on P(w, = 1) and d but
not on n, such that

Cn
< .
Var(T,,) < g1t

(2.62)

Remark 2.29. Chatterjee proves a nice variant of the BKS theorem in Chapter 5
of his superconcentration monograph [Chal4, Theorem 1.1].

Discussion of superconcentration in the context of Gaussian polymer models and
extremal Gaussian fields can also be found in [Chal4]. Rather than detail these examples,
we refer the interested reader to Chatterjee’s exposition and instead introduce another
instance of the superconcentration phenomenon—in fact, an entire class of seemingly
unrelated instances, the Kardar-Parisi-Zhang (KPZ) class. What unites all of these models
is that, while the classical theory predicts fluctuations on the order O(nl/ 2), in reality
fluctuations are (provably or by simulation) on the order n'/3. We focus here on one model
from this proposed “universality” class, which comes from RMT.

Recall from subchapter 1.3 the distribution GOE(n). In the n — oo limit, we saw that
the spectra of such matrices follow the semicircle law, but what if we specialize to only
the largest eigenvalue? Intuitively, this behavior is somewhat akin to an SK model at 0
temperature. It is not difficult to show that the top eigenvalue is a Lipschitz function of the
matrix, which we can leverage with the Gaussian Poincaré inequality to prove a variance
bound O(n). But one can do much more. Amazingly, the entire limiting distribution, along
with a CLT towards this law, can be determined by careful analysis. This limiting CDF
is often denoted Fi, belonging to the Tracy-Widom (TW) family. If A4, ~ GOE(n), and
Amax(A) denotes the top eigenvalue of a matrix A, then we have the CLT

lim P(n?/3(Amax(An) — 2) < s) = Fi(s) for all s € R. (2.63)
From this CLT we glean that A\pax(Ay) concentrates around 2, as predicted by Wigner’s
semicircular law, and that the fluctuations of the top eigenvalue behave like n=2/3. Under
appropriate renormalization, considering nA,, rather than A, so that the expectation of its
top eigenvalue is ©(n) rather than ©(1), these fluctuations are n'/3. Unfortunately, a closed
formula for F} is unavailable, but there are many nice functional expressions relating F} to
the solution of a clean second-order differential equation, the Painlevé II ODE [TW09]. In
Figure 11 below, we attempt to illustrate the CLT (2.63).
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Figure 11: Empirical CDFs for n?/3(Amax(A,) — 2) where n = 10, 100, 1000, which
converge to the TW distribution Fj.

2.4 The Spectral Method and the Gaussian SK Model

The goal of this final subchapter is to demonstrate one of Chatterjee’s techniques for
deriving superconcentration results, which he refers to as the spectral method, by proving
superconcentration for the Gaussian SK Model, as promised in subchapter 1.2. The main
idea of the “spectral method” is to obtain improved Poincaré inequalities that, in cases of
sufficient symmetry, lead to better order bounds than the traditional theory provides. In
our case, we observe a basic (Z/2)-symmetry in the Gaussian SK model, which shows that
several Hermite coefficients become 0 (a sort of “evenness” reduction, to be made precise).
Combined with an “improved” Gaussian Poincaré inequality that allows us to leverage this
special extra knowledge about the Hermite coefficients, at least when they are of sufficiently
small order, and better bound the higher order terms, we are led to superconcentration.
We begin with a rephrasing of [Chal4, Equation 6.3].

Theorem 2.30 [Improved Gaussian Poincaré Inequality]. Let N and M be positive
integers, and suppose f € CM(RY) is such that 9% f € L?(yy) for all |k| < M. Then

EnllVAR, 5 (Eqy [05F])? (2.64)

Vary, (f) < i L2

0<|k|<M

Proof. As in the proof of the standard Gaussian Poincaré Inequality, it suffices to prove
that (2.64) holds for any f € C°(RY), and then we can extend to more general f by a
standard approximation argument. Thus, we restrict ourselves to the compactly supported
smooth case and once again relegate the general case to the Appendix (B).
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Let f € C®(RY). First, we apply Parseval’s identity to write

k 2 k 2
Var, (f) = Y W—F > W, (2.65)
0<|k|<M ' |k|>M :

so that it suffices to bound

s EnlO)? _EnlIVIP]

R (2.66)

|k|=>M

The idea behind (2.66) is similar to (2.55), except this time we are more conservative about
overcounting. Let |k| > M. Then we can rewrite 9% f as 90" f for a multi-index ¢ in ny
distinct ways, where ng is the number of nonzero entries in k. If we let ny denote the set
of indices 1 < i < N for which k; # 0 (so that |nk| = nyg), then

M Zz ny Vi 1
k!Q_HE k2*ZH _Zm. (2.67)

JENE V] ieng Llieng ] i€nyg

Dividing by M and applying to (2.66), we conclude

E., [0 f] N E,. [09'f)* E.. [IVfI?
3 (ka[mf Z (WNLV /1) < WN% fH]_ (2.68)

\k|>M ' i=1 |¢|>M—1

This completes the proof. O

As aresult of Theorem 2.30 and the bound ||V Fy s||* < N/2 obtained from Lemma 2.27,
for any positive integer M we can write

(Eypy [0°Fngl)? N
Var,, (Fng) < Y NW + 53 (2.69)
0<|k|<M

In order to obtain superconcentration, we aim to show

E,, [0FFx 4])?
3 (Ey N[w ws) — Ou(1). (2.70)

0<|k|<M

Then, we can establish Var,, (Fn,)/N — 0 by first taking M — oo and then N — ooc.

Given a positive integer N, let K denote the complete graph with N vertices. Identify
the vertex set as [N] := {1,2,..., N} and the edge set as Ey := {(i,j) € [N]? | i < j}. A
weighted subgraph of K is a nonzero integer weighting on each of the edges, or equivalently
a multi-index k € ZEN. The total weight of k is the sum of all weights, i.e., |k|. The degree
of a vertex i € [N], denoted degy(i) or simply deg(i) if k is understood, is the sum of all
weights among edges incident to i. Notice that

N
Zdegk(i) = 2|k|. (2.71)
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A weighted subgraph is called even if the degree of every vertex is even. Otherwise, it
is called odd. We have the following combinatorial lemma.

Lemma 2.31. Let M be a positive integer. Then there exists a positive constant
Cyr such that, for any positive integer N, there are at most CyyNM even weighted
subgraphs of Ky with total weight M.

Proof. Suppose that k is an even weighted subgraph of K such that |k| = M. Let p be the
total number of vertices i € [N] with deg (i) # 0. For all such i, we must have deg(i) > 2
by the evenness of k. Hence, it follows from (2.71) that 2p < 2M, so p < M. In particular,
if M < N then k is an embedding of a weighted subgraph of Kj; with total weight M into
Kp. The number of distinct graph embeddings Ky <— Ky is

[Hom(K s, Ky)| = GZ) < NM. (2.72)

Letting Cjy be the number of weighted subgraphs of Kj; with total weight M, which
is a constant independent of N, it follows that there are at most CjyN™ even weighted
subgraphs of Ky with total weight M, whenever M < N.

If M > N, then any weighted subgraph of Ky with total weight M can be mapped
to a unique weighted subgraph of Kj;, also with total weight M, via any fixed embedding
Ky < K. Therefore the number of even k € ZEN with |k| = M is bounded above by
Cyr. Since 1 < NM | the upper bound CypyNM is valid for all N. O

Remark 2.32. As shown in the proof of Lemma 2.31, we can take Cj; to be the
total number of k € ZEM such that |k| = M. By a standard combinatorial argument,

Car = (M + 5\224) B 1) = O(M*M). (2.73)

We glean from Lemma 2.31 that among all weighted subgraphs of K with fixed total
weight M, the portion of even subgraphs is small. Indeed, the number of subgraphs with

total weight M is
N J—
(M + ](\;) 1) = O(N?M), (2.74)

which is of a larger order than O(NM). A key indication of superconcentration is the
following, which shows that a majority of the Hermite coefficients of Fy g are in fact 0.

Lemma 2.33. Let N be a positive integer, 8 > 0, and k an odd weighted subgraph
of K. Then
Eqp,, [0 Fy gl = 0. (2.75)
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Proof. The crux of this proof is noticing and leveraging a latent symmetry in the model.
For each a € {£1}", define the gauge transformation

N(N—1) N(N—1)

To :R7 2 =Rz (gij)icj > (iigij)i<- (2.76)

By the symmetry of 7, if G = (gij)1<i<j<n is the disorder of the N-dimensional Gaussian
SK model, i.e., an upper triangular array of i.i.d. standard Gaussians, then

Th(G) LG forall a € {£1}V. (2.77)

Moreover, Fyy g = Fy g o T, for all a, as can be seen by reindexing the summation in the
partition function according to o — o © a, where (o © a); := 0;q;.

For each 1 <i < N, let a® € {£1}" be the flip which is —1 in the ith coordinate and
+1 elsewhere. Then by the chain rule and a simple counting argument, if k € ZEN is such
that degg(7) is odd, then

*Fnp =0 (FnpoTaw) = —(0"Fnp) o Tow. (2.78)

Combining (2.77) and (2.78), we deduce
oy [0°Fn gl = By [(0%Fng) 0 Tow) = —E[0* Fiv 4], (2.79)
which implies (2.75). O
In order to deduce superconcentration from (2.69), we still need to bound the nonzero

Hermite coefficients. We do this by naively bounding the partials 9% Fyy 5 for |k| < M. The
key tool is the following lemma.

Lemma 2.34. Let N be a positive integer and recall from (2.57) the Gibbs average
notation (-) induced by the disorder of the N-dimensional Gaussian SK model at
inverse temperature 3. Let f: {£1}V — R. Then forall 1 <i < j < N,
0
agij

B
(@) = = (i (@) = (o) {F(@)). (2.80)

Proof. Throughout, all variables o are assumed to index over the hypercube {£1}"" unless
stated otherwise. By the quotient rule, the desired derivative may be written

2N Zg J0ioi (@) (53 f(o)e M) (9log Zs (2.81)
Z]2V,,6’ ZNﬁ 8gij ’

where have used that d(log g(x))/dz = g(z)~! - dg/dx for any positive function g to rewrite
the second summand. Canceling the Zy g terms, the first summand in (2.81) is easily seen to
be (3/vV/N){0;0;f(a)). The second summand is a product of two terms, the first of which is
(f(o)). The other term in this product is (8/v/N){c;a;) by recalling that Fiy 5 = % log Zn g
and applying Lemma 2.27. Altogether, we conclude (2.80) from (2.81). O
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Equipped with Lemma 2.34, we can obtain the desired bounds on the partials of Fiy g,
encoded in the following result.

Lemma 2.35. There exists a sequence of positive numbers by, bo, b3, ... such that
for all positive integers N, nonzero multi-indices k € Zf , and 8 > 0, we have

k|1

k
106l < byl iz

(2.82)

Proof. Let £>° denote the infinite-dimensional real vector space of functions s : Z~g — R
with finite support, i.e., finite real-valued sequences. We call s € £*° natural if its image is
a subset of Z>g. Consider the linear endomorphism L : £>° — ¢°° defined by

L(f)(n) :=nf(n)+ (n—-1)f(n - 1), (2.83)

where the second summand is omitted if n = 1. Note that L maps natural sequences to
natural sequences. Given a natural sequence s € £*°, we say that a function F' is of type s
if for each n € Zs, there exist s(n) functions f, 1), - -, fn,s(n) defined on the hypercube
{£1}" and taking values in [—1,1] such that

oo s(n)

F=Y" 11 fam(o)). (2.84)

n=1m=1

Note that the sum in (2.84) is actually finite, since s has finite support. It follows readily
from the product rule, induction, and Lemma 2.34 that if F' is a function of type s € £*°,
for any 1 <i < j < N the partial 0F/0g; ; is B/v/'N times a function of type L(s).

Let s; be the natural sequence such that s;(1) = 1 and si1(n) = 0 for all n > 1. Then
the partials of Fy g can be written as 1/v/N times a function of type s, by Lemma 2.27.
Letting sj, := L°*~D(s1), so that so = L(s1), s3 = L(s2), etc., it follows by induction that
for any nonzero multi-index k, we can write

k|—1
k
8 FN76 = WGN’B’IC’ (285)

where Gy g 1 is a function of type s)g. Then if we define the sequence by, := 37, 5 sg(n) < oo
for all positive integers k, we conclude (2.82) from (2.85). O

Remark 2.36. The first several values of b, are by = 1, by = 2, b = 6, by = 26,
bs = 150, and bg = 1082. See OEIS A000629 for a connection with a famous necklace
counting problem. The sequence b, grows rapidly, but for our purposes, all that
matters is that the sequence does not depend on N.
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We are finally in the homestretch. Combining Lemma 2.31, Lemma 2.33, Lemma 2.35,
and the basic bound k! < |k|!, we conclude that for any positive integer M,

(Eqp, [0 Fi g])? b3, P2 O3, 82M 2

M
> k12 S OuNT- e T T Me (2:86)
\k|=M
_ _~M-1 2 92m—2/, 12
Let Ay g =0and Ay g => =1 Cmb;, 8 /m!* for M € Z~,. Then by (2.86),
(B, [0%Fi 5])°
I — e < Aprp = Op(1). (2.87)

0<|k|<M

Dividing both sides of (2.69) by N and taking M — oo followed by N — oo, we conclude
that Vary, (Fy g) = 0g(N).

More precisely, combining (2.87) with (2.69) yields

Vary, (Fng)  Aug 1
i : — 2.
N N + 2M (2.88)

for all positive integers M. Thus, if € > 0, then fixing any positive integer M > 1/e, for all
N > 2Ap /e we have Var(Fy g)/N < e. This proves Corollary 1.9. In order to obtain the
slightly stronger Theorem 1.8, one can more carefully choose M in the above argument by
paying closer attention to the growth rate of Ay 3.
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3 Matrix Coefficients and the Peter-Weyl Theorem

As we have seen, one of the key tools in proving superconcentration for the Gaussian SK
model was a convenient choice of Hilbert basis for L?(yy)—the Hermite polynomials. Given
a compact group G equipped with its standard Haar probability measure u, the most natural
Hilbert basis for L?(u) is a set of matriz coefficients, made precise by the famous Peter- Weyl
Theorem. The goal of this chapter, motivated by the study of G-invariant SK models, is to
rigorously develop this general setup for compact groups. We assume basic familiarity with
Lie groups and smooth manifolds, at the level of [Leel3]. Some knowledge of representation
theory is also important, although we will do our best to redevelop this theory from scratch,
at least initially. [FH91] and [Kna86] are suggested references.

3.1 Construction of the Haar Measure

Let G be a group. Denote the multiplication map (g, h) — gh by m : G x G — G and the
inversion map g — ¢~ ' by i : G — G. If G is given a topology making m and i continuous
(where G x G is endowed with the product topology), then we say that G is a topological
group. If G is also given a smooth structure making m and ¢ smooth, it is a Lie group.
In other words, a topological group is a group object in the category of topological spaces,
while a Lie group is a group object in the category of smooth manifolds. We assume that
all smooth manifolds are Hausdorff and second-countable.

Every suitably nice topological group comes equipped with a natural measure, the Haar
measure. In particular, every locally compact Hausdorff group (including all Lie groups) has
both a left-invariant and right-invariant Haar measure, unique up to a scalar multiple. For
example, the Lebesgue measure on (R", +) is both a left and right Haar measure. In general,
the left and right Haar measures need not coincide, but when they do we call the group
unimodular. Importantly, all compact Hausdorff groups are unimodular. As a convention,
by compact group we mean a topological group that is both compact and Hausdorff. In this
subchapter, we will carefully construct the Haar measure on an arbitrary compact group.
In the special case that GG is a compact Lie group, one can do this by choosing an invariant
density. However, there is a nice story in the more general setting of compact groups, based
loosely on the law of large numbers, that we instead opt to detail. Much of our exposition
takes inspiration from lecture notes due to [Mil].

Fix a topological group G. A Borel measure p on G is said to be right-invariant (resp.
left-invariant) if right (resp. left) multiplication by any element of G preserves p. If p is
both right and left-invariant, it is called bi-invariant. A Borel measure u is a right (resp.
left) Haar measure if it is right (resp. left)-invariant, locally finite (finite on compacts),
outer reqular (u(B) = inf{u(U) | B C U open} for Borel B), and tight/inner regular
(w(U) = sup{u(K) | U 2 K compact} for open U). We refer to a Borel measure satisfying
the latter three regularity conditions as Riesz. On a Polish space, such as a Lie group, every
finite Borel measure is Riesz [Gaa, Chapter 2]. First-countable compact groups are always
Polish by the Birkhoff-Kakutani theorem [MZ55, Section 1.22]. It’s clear that if p is a right
(resp. left) Haar measure, so is cu for ¢ > 0. We aim to prove:
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Theorem 3.1 [Haar’s Theorem (Compact)]. Let G be a compact group. Then
there exists a unique right and a unique left Haar measure on G normalized so
that u(G) = 1. Furthermore, these two measures agree. One calls this common
bi-invariant measure the Haar probability measure on G.

Fix a compact group G, and let C'(G) denote the Banach space of continuous functions

G — C equipped with the supremum norm |¢|| := supgeq |¢(g)|- Note that G acts on
C(G) both on the left and on the right by defining
(9-9)(h) :=p(g™h) and (¢-g)(h) :=p(hg™), (3.1)

and moreover these actions commute. From this we obtain a natural C[G]-bimodule
structure on C(G), where C[G] is the group algebra of G over C. For each g € G, we denote
by ey the corresponding element of C[G]. Then given a finite sequence a = (ai,...,ay) of
elements in G, we can definite the right (resp. left) average of a function ¢ € C(G) with
respect to a by

1 n 1 n
a-p:i= (Ze%)-go and go-a:zgp-(ZeaZ). (3.2)
s =

We obtain commuting linear endomorphisms p, and ¢ of C'(G) by defining pa(p) == ¢ - a
and lp(p) := b - . For a fixed ¢ € C(G), we let R, be the set of right averages ¢ - a of
¢ as a ranges over all finite sequences, and similarly the set of left averages is denoted L.
Intuitively, the law of large numbers suggests that if y is a bi-invariant probability measure
on G, then the constant function equal to [ ¢ du should lie in both R, and L. In fact, we
will show that for any ¢ € C(G), there is always a unique constant function lying in either
pr or f@, and moreover this constant function lies in both closures.

Lemma 3.2. Let ¢ € C(G). Then there exists a unique constant function lying in
either R, or L, and this constant function is an element of both spaces.

For the moment, suppose that we have proven Lemma 3.2. Then we can define a function
p: C(G) — C such that u(p) is the unique constant ¢ € C for which g — c¢ lies in Ry,
(or equivalently LTO) If we can further show that u is a positive linear functional, by the
Riesz-Markov-Kakutani representation theorem [Rud87, Theorem 2.14] we will obtain an
induced measure p on G for which u(¢) = [@du (¢ € C(G)). This measure turns out to
be a bi-invariant probability measure on G, and any Riesz probability measure v on G that
is either right or left-invariant is easily seen to equal . We will more carefully justify these
details, beginning with a proof of Lemma 3.2.

First, for a function f : G — C and a subset A C G we can define the right (resp. left)
oscillation of f on A, denoted wr(f, A) (resp. wr(f, A)), by

wrlf;A) = sup |f(g) = J(h)] and wi(f, A):= sup |f(g) = f(h)] (3:3)
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In the case that A = G, these two numbers are both equal to

w(f) = sup |f(g) = f(h)], (3.4)

g,heG

called the (total) oscillation of f. Note that w(p) < 2||¢|| < oo if ¢ € C(G), and for
any B C A we have wr(f, B) < wgr(f,A) and wi(f, B) < wr(f,A). It’s also evident that
wg(+, A) and wg (-, A) are seminorms on C(G), for each A C G.

The motivation for defining right and left oscillation is essentially two-fold. On the one
hand, the total oscillation w(f) gives us a way of quantifying how much a given f: G — C
deviates from being a constant function. Indeed, w(f) = 0 if and only if f is constant. On
the other hand, the language of oscillation on a neighborhood of the identity element e € G
allows us to formulate a satisfactory definition of uniform continuity on G.

Definition 3.3. Let f : G — C. Then we say that f is right (resp. left) uniformly
continuous if
iI(}wa(f, U)=0 (resp. ir(}wa(f, U)=0), (3.5)

where U ranges over all neighborhoods of the identity e € G.

We know that every continuous function on a compact subset of R™ is uniformly
continuous, so it is reasonable to expect that every ¢ € C(G) is (both right and left)
uniformly continuous. Conveniently, this happens to be the case.

Lemma 3.4. Let ¢ € C(G). Then ¢ is both right and left uniformly continuous.

Proof. 1t suffices to prove that ¢ is right uniformly continuous, for otherwise we can consider
the group G°PP whose underlying space is G but with reversed multiplication g -opp h := hg.
In particular, note that for any A C G and f : G — C we have wr(f, A) = wgr(f°PP, A)
and vice versa, where f°PP is the same as f but with the underlying group G°PP. It is then
clear from Definition 3.3 that the left uniform continuity of ¢ on G is equivalent to the right
uniform continuity of ¢ on G°PP.

Now fix ¢ € C(G) and € > 0. We need to construct a neighborhood U of the identity
e € G for which wr(p,U) <e. Let

Vei={(g.h) € G| lo(g) — p(h™'g)| < e}, (3.6)

which is evidently an open subset of G x G containing G x {e}. By compactness, we can
find a neighborhood U > e with G x U C V.. Then if gh~! € U, we have

lo(g) — e(h)| = lo(g) — w((gh™ ") g)l < e (3.7)

because (g,gh™1) € G x U C V.. This implies that wgr(p,U) < ¢, completing the proof. [
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Next, we examine how the supremum norm and oscillation behave with respect to taking
right and left averages. Both the standard right and left actions of G on C(G) are easily
seen to be isometric (i.e., all elements act by isometries with respect to || - ||), so clearly
lle - al|l < ¢l and ||a - ¢|| < ||¢| for all ¢ € C(G) and finite sequences a. In other words,
the linear endomorphisms p, and ¢, are continuous, with operator norm at worst 1.

As for oscillation, fix a subset A C G and a function f : G — C. If gy € G, then note
that gh™" = (995 ) (hgy ")~ and g~ *h = (gy9) (g 'h) for all g,h € G, so that by a
simple change of variables wr(f g0, A) = wr(f, A) and wr(go- f, A) = wr(f, A). Using that
wr(-, A) and wr (-, A) are both seminorms, for all ¢ € C(G) finite sequences a we see that

wr(p-a,A) <wp(p,A) and wr(a-p, A) <wr(p, A) (3.8)

Lemma 3.5. Let ¢ € C(G). Then R, and L, are relatively compact in C(G).

Proof. By Arzela-Ascoli, it suffices to prove that R, and L, are both pointwise bounded
and equicontinuous. If ¢ € R, UL, then ||7|| < ||¢||, which proves pointwise boundedness.
As for equicontinuity, we make a stronger claim: R, is right uniformly equicontinuous and
L, is left uniformly equicontinuous. By this we mean that for any ¢ > 0, we can find a
neighborhood U > e such that wr(¢,U) < € and wr(0,U) < € for all y € Ry, and 6 € L,,.
Both claims are immediate by Lemma 3.4 and (3.8). O

Lemma 3.6. Let ¢ € C(G) be nonconstant. Then there exists a finite sequence a
in G such that w(y - a) < w(p). Similarly, there exists b for which w(b - ¢) < w(yp).

Proof. 1t suffices to prove this for right averages, since as in the proof of Lemma 3.4 we
can otherwise replace G with G°PP. Indeed, replacing G with G°PP flips the left and right
actions of C[G] on C(G), so that left averages become right averages and vice versa. In
particular, w(b - ¢) = w(p°PP - b) for any finite sequence b.

Now let ¢ € C(G) be nonconstant, so w(y) > 0. Choose any 0 < ¢ < w(y) and let
U= (pfl(Ba/z(go(e)), where B,(z) is the open ball of radius r centered at z in C. By
continuity, U is a neighborhood of the identity e € G, and since the right translates of U
cover GG, by compactness we can find a finite sequence a = (aq,...,a,) in G such that the
open sets U; = Ua; cover G (1 < i <n). Let g,h € G be arbitrary, and choose indices i, j
for which g € U; and h € U;. Let o be the permutation of {1,2,...,n} swapping ¢ and j
and leaving all other indices fixed. Then

(6~ a)la) (- @) ()| < Hloloa") — olhar )|+ = 3 lolga") — elhazi)l (39
ki
<%+";1m@, (3.10)

where the second inequality uses that ga; ', haj_1 € U and that |p(g1) — ¢(92)| < w(p) for
all g1,92 € G. In particular, w(¢-a) < (e + (n — 1w(p))/n < w(p), as desired. O
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Note that the total oscillation w : C(G) — R is continuous, since

w(p) —w(@)| <w(p—¢) <2[lp =9 forall ,¢ € C(G). (3.11)

Then by Lemma 3.5, w must achieve its minimum on both R, and L. Note also that R,

is closed under right averages and L, is closed under left averages, since if a = (a1, ..., an)
and b= (by,...,by) are finite sequences in G, then

(p-a)-b=¢-c and a-(b-p)=c-p (3.12)

for a finite sequence e¢. In particular, we can take ¢ to be the sequence of nm elements,
indexed by pairs of positive integers (i, j) with ¢ < n and j < m, given by ¢; ; = a;b;. We
are finally equipped to prove Lemma 3.2.

Proof. (Lemma 3.2) First we claim that R, and £, both contain constant functions. As
usual, it suffices to prove this for R, since we can otherwise consider G°PP, as L, = R ov.

Let ¢ € Ry, be such that w(¢) is the minimum of w on R,. Suppose, for the sake of
contradiction, that ¢ is not constant. By Lemma 3.6, we can find a for which w(¢ - a) <
w(1)). But by the continuity of p, and the invariance of R, under right averaging,

pa(T‘Tp) - pa(R@) - T‘TP (3'13)

In particular, ¢ - @ € R, which contradicts the minimality of w(1)).

It remains to verify uniqueness. To that end, suppose that ¢ and d are constant functions
such that ¢ € R, and d € L,. We wish to show ¢ = d. Let € > 0. Then we can find sequences
a and b for which

lo-a—c| < % and [|b- ¢ —d|| < g (3.14)
Note that constant functions are invariant under both right and left averaging, so that
€
Ib-p-a—cl=]b-p-a=b-cl|=]b-(v-a-cf=lp-a-cl<g, (3.15)

and analogously ||b- ¢ - a — d|| < €/2. Therefore by the triangle inequality,
[e—dl| <fle=b-p-al+[b-¢-a—d]<e. (3.16)

Taking € — 0, we conclude that ¢ = d, as desired. O

Now we can let u : C(G) — C be the function described in the discussion following the
statement of Lemma 3.2. We claim that u is a positive linear functional. Invariance under
scalar multiplication is clear, since for all « € C, ¢ € C(G), and finite sequences a we have
(ap) - a = a(p - a); this implies that Rae = aRy, so in particular Rq, = aR,. Next we
verify additivity. Let ¢,9 € C(G), so that we wish to prove

Cu(@)+u(w) = Culp) T Cuw) € Rory, (3.17)
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where ¢, is the constant map on G valued a € C. To this end, fix € > 0. Choose finite
sequences @ and b with [[p-a — ¢l < /2 and ||t - b — ¢yl < /2. If ¢ is as in (3.12),

€
lp-e=cup)ll = ¢ a—cup) bl < llp-a—cupll <3 (3.18)
and similarly [[1) - ¢ — ¢,(y)|| < €/2. Thus, by the triangle inequality,
1o+ 1) - e = (cuip) + cu)ll < Ml - e = eyl +1¥ - € = e ll <e. (3.19)

It remains to prove positivity. Since [0,00) is a closed subset of C, the set C1(G) of
continuous maps G — [0, 00) is closed in C'(G) (as uniform convergence implies pointwise
convergence). If ¢ € C4(G), it is clear that R, C C4(G), and therefore

Cup) € Ry € O4(G) = C4(G). (3.20)

Hence u(p) > 0, which proves our claim that p is a positive linear functional. Note that
(1) = 1, where 1 € C(G) is shorthand for the constant function ¢;. Therefore, by the
Riesz-Markov-Kakutani representation theorem, p arises from a Riesz probability measure
on G, which we also denote by p.

Proof. (Theorem 3.1) We first claim that p is bi-invariant, and hence both a right and
left Haar probability measure on G. Let ¢ € G and g € G. Then for any finite sequence
a=(ay,...,ay,), we have

(p-g9)-a=¢-(ga) and a-(g-¢)=(ag)- ¢, (3.21)
where ga = (gay,...,ga,) and ag = (a19,...,a,g). In particular,

Rypg SRy =R(pg)g-1 € Rpg = Rypyg=Roy, (3.22)
and similarly L4, = L,. Thus p(e - g) = u(ep) = u(g - ¢). Letting Ry and L, denote right
and left multiplication by g on G, this means that the probability measures i, (Ry)«u, and
(Lg)« e all agree as functionals on C(G). Since R, and Ly are both homeomorphisms of G,
it’s evident that (Ry)«u and (Lg).p inherit the regularity properties of p so as to ensure
that the uniqueness portion of the Riesz-Markov-Kakutani representation theorem applies.

In particular, all three measures u, (Rg)«t, and (Lg)«p agree, proving bi-invariance.

Now we handle uniqueness. Suppose that v is a right Haar probability measure on G.
Certainly [¢-adv = [@dv for all ¢ € C(G) and finite sequences a. Of course, the linear
operator ¢ — [ dv is continuous (of operator norm at worst 1) as a map C(G) — C, and
so being constant on R, it must also be constant on its closure. Therefore

ple) = [ nteydv = [ v (3.23)

Then by the uniqueness portion of Riesz-Markov-Kakutani, we conclude v = pu. An
analogous proof allows us to reach the same conclusion if v is instead assumed to be a
left Haar probability measure on G. O
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We have already seen how the Haar measure on Oy relates to the Gaussian distribution
and Gram-Schmidt in Theorem 1.13. We can also devise quite explicit descriptions of the
Haar measure for other compact groups.

Example 3.7 [Finite Groups|. Any finite group G is in particular a compact Lie
group, and the Haar probability measure is simply the uniform measure on the set
G, i.e., the counting measure on G divided by its cardinality |G]|.

Example 3.8 [Circle Group]. Let T denote the circle group, that is the unit circle
S C C equipped with (complex) multiplication. This is a compact Lie group and
hence has a bi-invariant probability measure u. Consider the measurable bijection
f:[0,1) — T sending 6 ~ > Then p = f.\, where X is the Lebesgue measure
restricted to [0,1). In other words, x is uniform in the angular coordinate 6.

We end this subchapter with two general results about the Haar measure.

Lemma 3.9. Let G be a compact group with Haar probability measure p. Then
w(U) > 0 for every nonempty open subset U C G.

Proof. Let U be an arbitrary nonempty open subset of G. By compactness, we can find
Ji,---,9n € G such that Ugy,...,Ug, cover G. Hence

n

1= 4(G) < 3 u(Ug) = nu(U) = - < (U, (3.24)
=1

Thus p(U) > 0, as desired. O

Lemma 3.10. Let G be a compact group with Haar probability measure u, and let
i : G — G be the inversion map i(g) = ¢g~!. Then i, = p.

Proof. Since i is a homeomorphism, i,y is a Riesz probability measure on GG. Thus, it
suffices to show [ ¢ - gdi.u = [@dip for all ¢ € C(G) and g € G. But this is immediate
by the observation that (¢ -g)oi = g~ (poi), combined with the bi-invariance of . [

3.2 Linear Representations

Given a compact group G with Haar probability measure u, we write LP(G) := LP(u) for
each 0 < p < oo. Since p is a probability measure, || - ||, < || - || whenever p < ¢. The goal
of the next two subchapters is to develop a useful setting for Fourier analysis on a compact
Lie group G, such as Oy or SOy, by constructing a convenient Hilbert basis for L?(G).
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The Peter-Weyl theorem answers this question in terms of the representation theory of G.
Thus, we devote this subchapter to recalling basic notions from representation theory.

Let G be a group and k a base field. A left (resp. right) (linear) representation of
G, or G-rep for short, is a left (resp. right) action of G on a k-vector space V', called the
representation space, by linear maps. In other words, a G-rep is a group homomorphism
p: G — GL(V), where GL(V) is the group of linear automorphisms of V. Unless otherwise
specified, all of our representations will be left by default. As an abuse of notation, we may
denote a G-rep merely by its associated representation space V, with the corresponding
action left implicit. The dimension of this representation is just dim V', allowing for a
notion of finite-dimensional (FD) and infinite-dimensional G-reps. Associated to every FD
G-rep p : G — GL(V) is its character xy : G — k defined as the composition tr o p, where
tr : End(V') — k is the trace operator. If p(g) = idy, notice xy(g) = dim V.

Example 3.11 [Trivial Representation]. For every group G and vector space V, we
have the trivial representation on V, where each g € G acts as the identity on V. Such
a representation is referred to as a trivial G-rep, while the trivial G-rep is reserved
for the 1-dimensional trivial representation of G' on k.

A subspace W C V of a G-rep is called G-invariant, or simply invariant if G is implied,
whenever G-W C W. Then V naturally restricts to a G-rep on W, called a subrepresentation
of V. Arbitrary intersections and sums of invariant subspaces are invariant. G-reps over
k form a category G-Rep; whose morphisms are the G-equivariant linear maps V. — W,
also called G-linear. Notice that the character is invariant under G-isomorphism. The set
of G-linear maps V' — W is denoted Homg(V, W). Importantly, given ¢ € Homg(V, W),
the spaces ker ¢ and im ¢ are subrepresentations of V and W, respectively. If U C W is
invariant, the preimage ¢ =1 (U) C V is also invariant.

Standard operations on vector spaces, such as direct sums, tensor products, Hom-spaces,
quotients, and duals give rise to operations on representations. We assume familiarity
with these operations on representations, which are detailed in, e.g., [FH91]. If V and
W are G-reps, we equip V@& W, V@ W, Hom(V,W), V/W, and V* with their induced
representations by default. Writing V¢ for the invariant subspace of vectors v € V fixed
by all g € G, notice Homg(V, W) = Hom(V, W) is a subrepresentation of Hom(V, W). If
p: G — GL(V) is a G-rep and ¢ : H — G is a group homomorphism, then p o ¢ is an
H-rep on V, called the restriction of p along ¢. In particular, this applies whenever H is a
subgroup of G with ¢ the inclusion map. A G-rep V is called irreducible if it contains no
nontrivial invariant subspaces (i.e., W C V is invariant only if W = {0} or W = V) and is
otherwise called reducible. It is common to abbreviate “irreducible representation” as irrep.

Lemma 3.12 [Schur’s Lemmal. Let ¢ : V' — W be a G-linear map over a field k,
with V irreducible. Then either ¢ = 0 or ¢ is injective. If W is also irreducible and
© is injective, then ¢ is an isomorphism. If k is algebraically closed and V = W is
finite-dimensional, then ¢ = X - idy for some X € k.
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Proof. Since ker ¢ is a subrepresentation of V', and V is irreducible, either kerp = V' (so
that ¢ = 0) or ker ¢ = {0} (so that ¢ is injective). If W is also irreducible and ¢ # 0, then
since im ¢ is invariant necessarily im ¢ = W, making ¢ an isomorphism. Finally, suppose
that V = W is FD and k is algebraically closed. Then ¢ has an eigenvalue A € k, and its
eigenspace F) is a nonzero invariant subspace of V. Hence Ey =V, s0 ¢ = A -idy. ]

Corollary 3.13. If V and W are FD G-reps over an algebraically closed field k, then
dim Homg(V, W) is 1 when V = W as G-reps and 0 otherwise.

Corollary 3.14. If G is abelian and k is algebraically closed, then every G-irrep
over k is 1-dimensional.

Proof. Let p: G — GL(V) be irreducible. For each g € G, p(g) : V' — V is G-linear because

p(g9)(hv) = p(gh)v = p(hg)v = hp(g)(v). (3.25)

By Schur’s lemma, p(g) is a scalar multiple of the identity. But then every line in V is
invariant, so by irreducibility dimV = 1. O

If G is a group, we write Zy(G) for the isomorphism classes of FD G-irreps over k.
Note that Zx(G) can actually be realized as a set, for if V and W are isomorphic vector
spaces, any G-rep on V is isomorphic to one on W, in which case any n-dimensional G-rep
is isomorphic to a G-rep on k™. For an isomorphism class 7 of G-irreps, let W be a fixed
representative of w. In many cases, a representation can be decomposed as a direct sum
of irreps, and then the representation is said to be semisimple. The decomposition of any
semisimple FD G-rep into irreps is unique, in the following sense.

Theorem 3.15. Let V be a semisimple FD G-rep, and suppose V =U; & --- & U,
and V =U| @ --- @ U/, are two decompositions into irreps. Then n = m, and there
exists a permutation o € S,, such that U; = Uc’r(i) as G-reps for all i < n.

The proof of Theorem 3.15 is an application of Schur’s lemma. Given a G-rep V and
an isomorphism class m of G-irreps, we define the w-isotype V; of V as the sum of all
subrepresentations of V' lying in the class 7 (i.e., isomorphic to W;). By Schur’s lemma,
this is the sum of all images of W, under G-linear maps W, — V. Notably, V; is itself an
invariant subspace of V', and in fact, it can be realized as the image of the G-linear map

O, Wy @ Homg(W,, V) =V, w® g o(w). (3.26)

Suppose now that V is semisimple. Then V is certainly the span of its isotypes. Suppose
further that V' is FD and fix an irreducible decomposition V.= U; & --- & U,. The key
insight is that, for each m € Zy(G), the m-isotype V; is the sum of all U; for which U; € .
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Since the isotypes of V' are canonical (independent of an irreducible decomposition), for each
7 € I(G) we can define a, := dim V. / dim W, so that there are precisely a, irreps U; € .
This immediately implies Theorem 3.15. Indeed, we get a canonical, finitely supported
multiplicity map a : I,(G) — Z>o by defining 7 — a,, and then

V= @ V== § wie. (3.27)

Ly (G) ﬂ'EIk(G)

The internal direct sum in (3.27) is called the isotypic decomposition of V. Each a, is
referred to as the multiplicity of w in the semisimple G-rep V. If k is algebraically closed,
then by Schur’s lemma a, = dim Homg (W, V).

Proof. (Theorem 3.15) Let I, = {i € [n] | U; € w}. By the preceding discussion, it suffices
to prove that Vi = ®;cr U;. By definition U; C V. for each i € I, so that @;c5, U; C V.
Conversely, suppose that U € 7 is a subrepresentation of V and fix ¢ ¢ I;. Then the
composition pro¢: U — U; of ¢ : U < V and the projection map pr: V' — U; (with respect
to the direct sum V =U; @ --- ® U,) is 0 by Schur’s lemma. Hence U C @1, U;. But the
span of all such U is V, so that altogether V; = @1 U;. ]

More generally, if V' is a possibly infinite-dimensional semisimple G-rep and V' = ®;<1U;
is an irreducible decomposition, our proof of Theorem 3.15 can still be used to conclude that
the direct sum of U; in a fixed isomorphism class of G-reps is equal to the corresponding
isotype of V. In that case, we again obtain an isotypic decomposition of V. We can also
restrict our attention to the invariant subspace Vg, of V formed by the union of all FD
invariant subspaces. This is the set of finite type vectors in V. For every m € Z;(G), the
m-isotype Vi of V is also the m-isotype of Vg, and the function @ in (3.26) maps into Vgy,.
Then the &, induce a G-linear map

®: P (Wr®Homa(Wr,V)) = Vin. (3.28)
WEIk(G)

A notion very closely related to semisimplicity is complete reducibility. A representation
V is called completely reducible if given any invariant subspace W of V| there exists an
invariant complement W', i.e., V.= W @& W'. Many authors make no distinction between
semisimplicity and complete reducibility, as they are ultimately equivalent (assuming the
Axiom of Choice for the infinite-dimensional case).

Lemma 3.16. Fix a base field k. Let G be a group and V a G-rep. Then V is
semisimple if and only if it is completely reducible.

Proof. See the Appendix (C). O
Since intersections of invariant subspaces are invariant, every subrepresentation W of a

completely reducible G-rep V is completely reducible. Indeed, for U C W invariant, if U’
is an invariant complement to U in V, then U’ NW is an invariant complement to U in W.
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If V is a real or complex G-rep equipped with a G-invariant inner product (—,—),
meaning that G acts on V' by orthogonal /unitary maps, then V' is completely reducible. In
fact, if W is an invariant subspace of V, then W+ is also invariant. When V is FD, this
means that a decomposition into orthogonal irreps is possible. We say that a group G is
completely reducible (over a field k) if every FD G-rep (over k) is completely reducible.

Lemma 3.17. Let G be completely reducible over an algebraically closed field k& and
V a G-rep over k. Assume that the isotypes of Vg, are FD. Then for every 7 € Zy(G),
the map @, in (3.26) is an isomorphism onto V. Moreover, V is semisimple with
isotypic decomposition Vi, = @rez, (6)Var, 50 that @ in (3.28) is an isomorphism.

Proof. Let m € Ir(G). We already know that ®, is G-linear and maps onto V;. By
complete reducibility and finite-dimensionality, we can decompose V, as a direct sum of
G-irreps, and the multiplicity a, = Homg (W, V) because k is algebraically closed. But
evidently Homg(W;, V) = Homg (W, Vi), so that dim(W, @ Homg(W;,V)) = a; dim W.
Hence by the rank-nullity theorem, ®, must be an isomorphism and V, = W% By
complete reducibility and the definition of V4,, ® must be surjective. It suffices to prove
that Vx NV = {0} for 7 # 7’ € Z}(G). Indeed, the multiplicity of any G-irrep in the
decomposition of the FD subrepresentation V; N V,» must be 0, as desired. O

Remark 3.18. The condition that the m-isotype V; is FD for every 7 € Z;.(G) holds,
for example, whenever dim Homg (W;:, V') < co. Under the conditions of Lemma 3.17,
an analog to Theorem 3.15 also holds: given two irreducible decompositions Vg, =
®icrU; and Vg, = @jGJU]’-, there is a bijection o : I — J such that U; = U(;(i) as
G-reps for all i € I (an easy verification).

If G is a topological group, we can also consider continuous representations, meaning
that the representation space V is a real/complex topological vector space (TVS) and
that the action G x V' — V is continuous. By convention, we shall assume every TVS
is Hausdorff, so that any FD real/complex vector space has a unique vector topology.
All subrepresentations of a continuous representation are continuous with respect to
the subspace topology. When V is FD, a continuous G-rep is equivalently a continuous
homomorphism G — GL(V). If V and W are FD continuous G-reps, so are VW, VW,
Hom(V, W), V/W, and V*. Restrictions of continuous representations along continuous
homomorphisms are also continuous.

When G is a Lie group and V is FD, GL(V) is a Lie group, and continuous G-reps on
V' are automatically Lie group homomorphisms. From now on, if G is a topological group,
then we assume G-reps are continuous unless stated otherwise. We redefine Homg(V, W),
Zr(G), and Z¢(G) in the continuous case accordingly. Effectively, we work in the category
G-CRep,, of continuous G-reps over k € {R,C}, whose morphisms are continuous G-linear
maps, rather than the larger category G-Rep,, defined previously.
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Example 3.19 [Standard Representation]|. Let G be a matriz (Lie) group, i.e., a Lie
subgroup of GL(V'), where V is an FD TVS. Then the action G O V by A-v = Av is
called the defining or standard representation of G. This is a continuous action (and
hence also smooth).

Checking that a given G-rep V is continuous can be a hassle directly. Two necessary
conditions are that GG acts on V by continuous linear operators, and that for every v € V
the map G — V, g — ¢ - v is continuous. It turns out that when G is a compact group and
V' is a Banach space, these two conditions are together sufficient. This observation makes
verifying the continuity of a G-rep much more tractable.

Theorem 3.20. Let V be a, not necessarily continuous, representation of a compact
group G on a Banach space V' by continuous operators. Then if g — g-v is continuous
as a map G — V for each v € V, the representation of G on V is continuous. For
right representations, this is also true if we replace g - v by v - g.

Proof. It suffices to prove this for left representations. An analogous proof applies in the
right case, or we can note that inversion i(g) = g~ yields a bijection between left and right
G-actions G — Perm(S) on an arbitrary set S (where Perm(S) is the permutation group
of S) by precomposing with i. This bijection also respects continuity of G-actions, since ¢
is a homeomorphism of G with itself.

Let V be a (left, not necessarily continuous) representation of a compact group G on
a Banach space. Then the family of linear maps {p(g9) | ¢ € G} C End(V') has bounded
orbits, so by the Banach-Steinhaus theorem there exists M > 0 such that ||g - v|| < M]|v||
for all ¢ € G—see the discussion following Theorem 2.6 in [Rud91]. Let ¢ > 0, and fix
(g,v) € G x V. Choose a neighborhood U > g such that h € U implies ||g-v—h-v|| <eg/2.
Then if (w, h) € Bejop(v) x U, we have

lg-v—h-w]|<l|g-v—"h-v[+][h-v—h-w| (3.29)
<|lg-v—"h-v|]|+ M|v—w|<e. (3.30)
This proves that the action G x V' — V is continuous, as desired. O

In general, if G is a topological group and V is a normed space, then a representation p
of G on V is dubbed isometric whenever p(g) is isometric for all g € G. In the case that V' is
a pre-Hilbert space, this is equivalent to requiring each p(g) be unitary by the polarization
identity, in which case the representation is called unitary. When G is a compact group,
the space L?(G) is a Hilbert space with the usual inner product

(Fi, f2) = /G f1(9)Fa(g) dg. (3.31)

Here dg denotes integration with respect to the Haar probability measure on G, a convention
which we will employ from this point on.
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The standard right and left isometric representations of G on C(G), which we call p and
¢, respectively, extend to representations on L?(G), also denoted p and £. By the invariance
of the Haar measure, p and /£ are unitary representations on L?(G). Technically, we have not
yet verified that p and £ on C(G) and L?(G) are continuous, although we know each p(g)
and ¢(g) is continuous (g € G). By Theorem 3.20, a necessary condition for the continuity
of p and / is the continuity of g+ ¢g- f and g + f-g as maps G — C(G) (resp. G — L*(G))
for each f € C(G) (resp. f € L?(@)). In the C(G) case,

lg- f=h-fl=If = (g7"h) - f] (3.32)

for all g, h € G, so that the left uniform continuity of f implies the continuity of g — ¢ - f.
Similarly, the map g + f - g is continuous. We can then extend to the L?(G) case by using
that C(G) continuously embeds as a dense subspace of L?(G) [Rud87, Theorem 3.14].

A key fact about compact groups G (including all finite groups) is that every FD
real/complex G-rep can be endowed with a G-invariant inner product. In particular, every
compact group is completely reducible over R and C, and every FD complex G-rep is
unitarizable, being isomorphic to a continuous homomorphism G — Uy, where N is the
dimension of the representation and Uy is the unitary group in N dimensions. This will be
our first example of a Haar “averaging” argument, also referred to as Weyl’s unitary trick.

Theorem 3.21. Let V be a real or complex FD representation of a compact group
G. Then there exists a G-invariant inner product on V.

Proof. Let p be the Haar probability measure on G, and fix any inner product (—,—) on
V. Since V is an FD TVS, this inner product is compatible with the topology of V. Then
for v,w € V, the map g — (g - v, g - w) is continuous, and we can define

(w.wi = [ (g-v.g-w)dulg) (33
One easily verifies that (—, —)g defines a G-invariant inner product on V. Effectively, we
have “averaged” an arbitrary inner product into a G-invariant one. ]

3.3 The Peter-Weyl Theorem

In order to state any version of the Peter-Weyl Theorem, we need to discuss the space (in
fact algebra) of matriz coefficients associated to a compact group G. Sometimes, these are
called representative functions (hence the notation R(G)). As with subchapter 3.1, we base
much of this discussion on notes due to [Mil].

Definition 3.22 [Matrix Coefficients]. For a compact group G, the set R(G) C C(G)
of matriz coefficients consists of all ¢ : G — C which can be expressed in the form
©(g) = (a, g - v) for some v € V and a € V*, where V is an FD complex G-rep.
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Remark 3.23. Since all FD representations of a topological group are assumed
continuous (unless stated otherwise), and every linear functional on an FD TVS is
automatically continuous, each ¢ € R(G) is indeed continuous.

Note that C(G) forms a Banach algebra when equipped with pointwise multiplication
of operators. For each ¢ € C(G), we also have the functions ¢ and ¢ in C(G) given by
?(9) == ¢(g) and $(g) := p(g~1) for all g € G. The operations ¢ — @ and ¢ +— ¢ define
isometric involutions C(G) — C(G), referred to as conjugation and inversion, respectively.
A subset S C C(G) is called conjugation (resp. inversion) invariant if ¢ € S implies that
@ € S (resp. € S). We can similarly define isometric involutions of LP(G) in this way.

Theorem 3.24. R(G) is a conjugation and inversion invariant (unital) subalgebra
of C(G).

Proof. Taking V = k to be the trivial G-rep, v = 1, and « = idy, we get 1 € R(G). Let
v, € R(G) and ¢ € C(G). Let V and W be FD complex G-reps for which

©(g9) = {(a,g-v) and Y(g) = (8,9 -w) forall ge G, (3.34)

where v € V, w € W, a € V* and € W* are fixed. Note (cp)(g) = (ca, g - v), so that
cp € R(G). The functionals o and 3 induce v € (V & W)* such that y(a+b) = a(a) + B(b)
for a € V and b € W, in which case

(e+1¥)(9) = (1,9 (v,w)). (3.35)

Thus ¢ + ¢ € R(G). Similarly, p¢ € R(G) because we have an induced 6 € (V ® W)* such
that 6(a ® b) = a(a)B(b) for alla € V and b € W, so

() (g) = (6,9 - (v @ w)). (3.36)

Having demonstrated that R(G) is a subalgebra of C'(G), it remains to verify closure
under conjugation and inversion. Let ¢, V', v, and « be as before. For inversion invariance,
we consider the evaluation map ev, € V** defined by ev,(w) = w(v), so that

-v) = (evy, g - a) (3.37)

implies ¢ € R(G). As for conjugation invariance, we consider the conjugate representation
V of V. As a vector space, V is the same underlying real TVS as V, but multiplication
by ¢ is ¢ - v := —iv, where omission of the - denotes scalar multiplication in V. Notice
End(V) = End(V), so that we naturally obtain a G-rep on V from any G-rep on V. Now
a(v) := a(v) is an element of V", and then

¢(g) = (a,g - v). (3.38)

Hence ¢ € R(G), which completes the proof. O
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Corollary 3.25. R(G) is equivalently the set of “right” matrix coefficients, i.e.,
functions ¢ : G — C of the form ¢(g) = (a,v - g) for some v € V and a € V*, with
V an FD right complex G-rep. In other words, R(G) = R(G°PP).

Proof. Since R(G) is inversion invariant by Theorem 3.24, this is clear from Definition 3.22
and the correspondence between left and right representations (discussed at the beginning
of the proof of Theorem 3.20). Note that R(G°PP) is precisely the set of “right” matrix
coefficients, since left G-reps correspond with right G°PP-reps and vice versa. O

Another, very useful, characterization of R(G) is as follows. Recall the definition of Vg,
in the previous subchapter, and of the standard representations p and ¢ on C(QG).

Lemma 3.26. Let G be a compact group. Then R(G) = C(G)gn, where C(G) is
equipped with either p or £.

Proof. To differentiate C(G)g, with respect to p and ¢, we refer to functions in the former
space as right-finite, and those in the latter space as left-finite. We will show

¢ left-finite = ¢ € R(G) = ¢ right-finite.
The proof will then be complete upon replacing G by G°PP and applying Corollary 3.25.

First we prove that left-finite functions are matrix coefficients. To that end, let ¢ be
left-finite on G. Suppose that V' C C(G) is an FD invariant subspace with respect to ¢
which contains ¢. The evaluation map ev, : C(G) — C mapping ¢ — 1(e) is linear and
hence restricts to a linear functional a on V. Then simply note that ¢(g) = (a, g7 - ¢).
The latter function lies in R(G) by inversion invariance.

It remains to show that matrix coefficients are right-finite. Let ¢ € R(G), written
o(g) = (a,g-v) for a G-rep V, v € V, and a € V*. We can associate to every w € V a
function T, € C(G) defined by Ty, (9) = («, g-w). These fit into a linear map 7' : V- — C(G),
w +— Ty. Note that ¢ = T'(v) € im T, and im T is FD because V is FD. But T'(w) - g =
T(g~'-w), so that im T is invariant with respect to p. Hence ¢ is right-finite. O

Assuming that dim Homg(W;, C(G)) < oo for all m € Z¢(G), we can apply Lemma 3.17
to obtain an isotypic decomposition of R(G). In fact, we claim that Homg (W, C(G)) = W
(as vector spaces, not G-reps), yielding linear isomorphisms

RG) =2 P W,eaW;)= & End(W;). (3.39)
el (G) T€le(G)

Furthermore, composing with the involution ¢ — ¢ gives R(G) = ©recz.(q)Rr(G), where
R:(G) = End(W;) is the space of matrix coefficients with respect to W, i.e., functions
g — (o, g-w) for w € W and a € W}. This latter observation will be clear once we specify
the isomorphism ¥, : W* — Homg(W;, C(G)).
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Lemma 3.27. Let G be a compact group and 7 € Z¢(G). For every aw € W, define
U (a): Wy — C(G) by ¥, (a)(w)(g) = (a,g! - w). Then

V. W: — Homg(Wr,C(G)), a— V(a) (3.40)

is an isomorphism of vector spaces.

Proof. Certainly each U, («) is linear. Given w € W, g,h € G, we have

Ur(a)(g-w)(h) = (@, (h™"g) - w) = Ur(a)(w) (97 h) = (9~ Vn(a)(w))(h), (3.41)

which verifies ¥, (a)(g-w) = g - ¥(a)(w). This ensures that ¥, («) € Homg (W, C(G)).
The linearity of ¥, is clear. For injectivity, note that if a # 0, then a(w) # 0 for some
w e W, so ¥ (a)(w)(e) = a(w) # 0. Finally, we need to demonstrate surjectivity. Given
T € Homg(Wr,C(G)), we can define a € W by a(w) = T(w)(e). Forw e W, g € G,

Ur(a)(w)(g) =T(g~" - w)(e) = (g7 - T(w))(e) = T(w)(g). (3.42)

Thus T' = ¥, («), which completes the proof. O

In light of Lemma 3.27, we see that R(G) is semisimple, and every W appears with
multiplicity dr := dimW;. The decomposition R(G) = ©rez.(q)Ra(G) allows us to
construct a basis for R(G) as follows: for each m € Z¢(G), fix a basis ef,...,e] of Wx.
Then if we define

mij(g) = ((ef)", g €j) forgeG, (3.43)
where 1 < 7,5 < dj, the set of all m;; as 7 ranges over Z¢(G) is a basis for R(G). Choose
ef,...,ej_to be orthonormal with respect to a fixed G-invariant inner product (—, —)r on
W, so that

Tij(9) = (€], 9 €])r- (3.44)

Then for each g € G, the m;;(g) are coefficients of a dr x dr unitary matrix. Ultimately,
we will use the Peter-Weyl theorem to deduce that the 7;; form a Hilbert basis for L?(G).
This is precisely the “convenient” Hilbert basis mentioned at the beginning of this chapter.
Most of the difficulty lies in demonstrating that R(G) is dense in L?(G), which will be one
aspect of the Peter-Weyl theorem. However, at this point, we can deduce that the m;; are
orthogonal and compute the normalization constants needed to make this set orthonormal.
The following theorem is often referred to as the Schur orthogonality relations.

Theorem 3.28 [Schur Orthogonality Relations]. If 7,7’ € Z¢(G) are distinct, then
Rﬂ(G) 1 Rﬂ/(G) If1 < il,jl,ig,jg < dﬂ-, then

<7ri1j1 ) 7ri2j2> = d,

o4



Proof. First we let 7,7’ € Z¢(G), each equipped with a G-invariant inner product as in the
preceding discussion. Fix w € W, and w’ € W,s. Then consider the map ¢ : W, — W
given by

ov) = [ 7@ Trlghw, s dg = [ 7 (g)u/ (v, m(g)uw)r do, (3.46)

where integration on W is done component-wise (with respect to any basis). Now ¢ is
certainly linear, and if A € G, then the change of variables g — hg yields

p(r(h)v) = /W’(g)w’ﬁ(h)v, m(g)w)x dg = 7' (h)p(v). (3.47)

Hence ¢ is G-linear. Now if a € W} and o € W, are represented by v € W and v’ € Wy,
respectively, with respect to the relevant inner products, then we get

/<o/, 7' (g)w') (e, T(g)w) dg = /W(g)w', V) (m(g)w, v)r dg = (p(v), V)7 (3.48)

If m # 7/, then by Schur’s lemma ¢ = 0, so (3.48) implies that R;(G) L R (G).

If 7 = 7/, then we can find A € C (possibly dependent on 7, w, and w’) for which ¢ is
multiplication by A. Then choosing v, w, v’ w’ to be basis vectors, from (3.48) we deduce

<7Ti1j1777i2j2> = <90(€?1)?e?2>7r = )‘5i1i2‘ (3‘49)

In particular, this inner product is 0 whenever i; # i5. By either slightly tweaking ¢ or
replacing 7 by its dual representation, we can also deduce that m;,;, L m;,;, whenever
J1 # ja2. If i1 = i9 and j; = j2, then we just need to show that A = 1/d.

Fix 1 < j < dg, and let ¢;, A; be the instances of ¢, A corresponding to w = w' = e €
Wi. Then for each 1 < i < d, taking v = v’ = €[ in (3.48) gives

/ Imij (9)|* dg = A;. (3.50)

If we sum over all 1 < i < dy, then because 3, |m;;(g9)[> = 1 for all g € G, we get 1 = d\;.
Therefore A\; = 1/d,, which completes the proof. ]

Corollary 3.29. Let G be a compact group, and let V' and W be two G-irreps with
corresponding characters xy and ypw. Then

1 ifvV=w,

] (3.51)
0 otherwise.

We are now ready to state the Peter-Weyl theorem. This is somewhat analogous to the
Weierstrass theorem for C([a, b]), which also declares that an “algebraically defined” subset
of continuous functions on a compact space (i.e., polynomials on [a, b]) is dense. Actually,
we will make use of the Stone-Weierstrass theorem to deduce the C(G) case from the L?(G)
case, although one could also first prove the C(G) case and then extend to L?(G) by density.
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Theorem 3.30 [Peter-Weyl]. Let G be a compact group. Then R(G) is dense in
both (C(G), || - II) and (L*(G), || - [l2)-

Corollary 3.31. Let G be a compact group, and define the matrix coefficients m;;
as in (3.44). Then the set of 7;;, indexed by 7 € Zc(G) and 1 < 4, j < d, is a Hilbert
basis for L?(G). An orthonormal Hilbert basis is given by v/dm;.

Our main tool for proving Peter-Weyl is the notion of convolution on a compact group
G. This is analogous to convolution on R™ as defined in the Appendix (B). In fact, both
are instances of a more general construction that works on any locally compact Hausdorff
group (so that the Haar measure exists).

Definition 3.32 [Convolution on G]. Let G be a compact group. Then if ¢ € C(G)
and f € L'(G), we define the convolution ¢ * f on G as the function

(px ) = [e)n- Plgydh = [ fW)@- W)@ dn.  (352)

As with convolution on R™, we expect ¢ * f to inherit the “best properties” from ¢. For
instance, ¢ * f inherits continuity, which we now verify.

Lemma 3.33. Let ¢ € C(G) and f € L'(G). Then ¢ * f € C(G).

Proof. Let g1,g92 € G. Then we have

(@ f)(g1) = (0 f)(g2)] < / [F(W)le(gih™) — (g2 )| dh (3.53)
< |\ fllisup p(g1h™") — p(gah ™) (3.54)
heG

= fliwr(e: {9195 '})- (3.55)

In particular, for every neighborhood U of the identity we have
wr(p* f,U) = sup |(¢*[f)(g1) — (¢ * f)(g2)] < [[fl1wr(p, U). (3.56)

919, €U

Because ¢ is right uniformly continuous, so is ¢ * f. O

If ¢ € C(G), by Lemma 3.33 we obtain a linear operator T, : L'(G) — C(G) via
T,(f) = ¢ * f. Notice that || T,(f)| < [l¢llllfll1, so T, is continuous with operator norm
at worst [¢||. In fact, T, is compact: if B is the closed unit ball in L'(G), then T,,(B)
is uniformly bounded because T, is bounded, and equicontinuity is clear by (3.56), so
Arzela-Ascoli implies that T,,(B) is relatively compact.

96



Precomposing and postcomposing 7T}, with the continuous linear embeddings L*(G) —
LY(G) and C(G) < L*(G) yields a compact operator L?(G) — L?(G), which we also refer
to as Ty, (and this will be the implied meaning of T, from now on, unless stated otherwise).
As an endomorphism of the Hilbert space L?(G), we would like to study the adjoint of Tp.
Define an isometric involution of C(G) (or LP(G)) with itself via f — f*, where

fri= f:j% = f*(g9) = f(g7!) forall g€ G. (3.57)

This leads us to an important lemma.

Lemma 3.34. Let ¢ € C(G). Then the adjoint T of Tj, is Ty«

Proof. Fix f1, fo € L?>(G). Then by Fubini’s theorem,

Tofif) = [ [ nheeh R dhdg= [ [ el Rlg)dgdn.  (359)

If we pull out fi(h) from the first integral, we see that (Ti, f1, f2) = (f1,v), where

n = [ B@eloh ) dg = [ el dg= [ Rl (hg ™ dg.  (359)
Therefore ¢ = Tip«(f2), so that T;; = T+, as desired. O

The last thing that we note is that 7, commutes with p on L*(G). Indeed, for any
0 € C(G), f € L*(G), and g,k € G we have

Tb(f’~k)(9)==m/“¢(h)f(h_l(gk‘l))dhf (Tpf)(gk™) = (Tpf - k)(9)- (3.60)

Therefore each T}, is p-invariant, so in particular it takes FD p-invariant subspaces of L?(G)
(and hence of C(G)) to FD p-invariant subspaces. Since the image of T, is contained in
C(G), this means that R(G) is invariant under T;, by Lemma 3.26. We are now in a position
to prove the L?(G) case of the Peter-Weyl theorem.

Proof. (Theorem 3.30, L?(G) case) It suffices to prove that R(G)* = {0} inside of L?(G).
Fix ¢ € C(G), and consider the positive semidefinite self-adjoint operator

S =TT = TpTpe. (3.61)

on L?(G). Then S, maps into C(G), preserves R(G), and by self-adjointness also preserves
R(G)*. In particular, S, restricts to a compact self-adjoint operator on R(G)™*, which is a
closed subspace of L?(G) and hence a Hilbert space in its own right. If S| (gL is nonzero,
it must have a nonzero eigenvalue A with nonzero eigenspace F). Now, f € FE) implies
that f = A"15,(f) € C(G), and dim E) < oo because S, is compact, so we are led to the
contradiction Fy C R(G) N R(G)* = {0}.
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Fix f € R(G)*. Then S,f =0, 50 Ty« f = 0. As Ty« f € C(G), it is not just 0 a.e. but
everywhere, in particular at the identity e € G. Thus

(foo) = [ e dh = [ f)e* () dh =Ty fle) = (3.62)
As ¢ € C(G) was arbitrary, we conclude that f L C(G). Since C(G) is dense in L?*(G),
this means f = 0. Hence R(G)* = {0}. O

Since R(G) is a unital *-subalgebra of C(G) by Theorem 3.24, the density of R(G) in
C(Q) will follow from the Stone-Weierstrass theorem if R(G) separates points. Indeed, we
can prove this using the L?(G) case of the Peter-Weyl theorem, which have just proven.

Lemma 3.35. Let G be a compact group. Then R(G) separates points.

Proof. Let g # e. Since G is compact and Hausdorff, it is normal. Choosing a neighborhood
U > e such that UNUg~ ! = @, we can apply Urysohn’s lemma to find ¢ € C(G) for which
¢l =0 and go]ﬁg_l = 1. Then

Hso‘g—cpH%Z/U\so(hg’l)—sO(h)\Zdhz/Udh>0, (3.63)

by Lemma 3.9. In particular, p(g) is not the identity on L?(G), so by the L?(G) case of
Peter-Weyl, p(g) cannot be the identity on R(G). This holds for all g # e. Now let g1 # go.
Then gy 'ga # e, so we can find ¢ € R(G) for which

gl te = 09 Fog (3.64)
Choose h € G such that p(hg1) # p(hg2). Then h™! - p € R(G) separates g1 and gs. O

Using that C(G) is dense in LP(G) for all 1 < p < oo, one can also deduce from the
C(G) case of the Peter-Weyl theorem that R(G) is dense in (LP(G), || - ||p). Again, we stress
that as far as our exposition goes, this does not provide a proof of the L?(G) case, since we
used that in order to prove the C'(G) case.

We end this subchapter with an application of Peter-Weyl to the study of class functions.
If G is a group, then a class function on G is a function f : G — C which is constant on
conjugacy classes. That is, for all g,h € G we have f(hgh™') = f(g). For instance, if
V is an FD complex G-rep, then its character yy is a class function on G. The space of
continuous class functions on G will be denoted Clp,55(G) C C(G), and similarly we write
LP.(G) C LP(GQ) (where a class function is understood in an a.e. sense, i.e., for almost

every g € G we have f(hgh™') = f(g) for all h € G). Using the Haar averaging trick, we
can “average” a function on G over conjugacy classes in order to obtain a class function.

More formally, we construct a linear operator

A LNG) = LNG), A(f)(g) = / Flhgh™) dh. (3.65)
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If1 <p<ooand f: G— C is measurable, note first that by Tonelli’s theorem and the
invariance of the Haar measure, we have

[ [1smgnhrandg = [ [1smgnhrdgan= [ [1s@)rdgan =i (366

In particular, if f € LP(G), then h +— f(hgh™!) is in LP(G) for a.e. ¢ € G. This ensures
that A(f) is well-defined in (3.65). If we further apply Jensen’s inequality, then

14N < [ [ 15thgh )P dhdg = 11715, (3.67)

so that A restricts to a 1-Lipschitz map LP(G) — LP(G). In particular, A(f) € L}(G) for
all f € L'(G). Observe as well that for every g, h € G,

A (hgh™) = [ flhhgh™ k) dk = [ F(RR)g(h) ™) dk = A(P)()  (3.68)

upon the change of variables kh — k. And certainly A(f) = f for all class functions f.
Therefore A projects LP(G) onto LY (G). In particular, L? _ (G) is closed in LP(G), for

it is the kernel of the continuous linear map id» () — A. If we define Rejass(G) := A(R(G)),
then Reass(G) is dense in LY, (G) for every 1 < p < co by Peter-Weyl.

class

Lemma 3.36. Let G be a compact group. Then Rcj.s(G) = span{x | m € Zc(G)},
where Y, denotes the character of the irrep W,. Each x, is called an irreducible
character of G.

Proof. See the Appendix (C). O

Since the irreducible characters of GG span a dense subspace of LglaSS(G), which inherits

a Hilbert space structure as a closed subspace of L?(G), from Corollary 3.29 we deduce

Corollary 3.37. If G is a compact group, then the irreducible characters of G form
an orthonormal Hilbert basis for L%, (G).

class

Corollary 3.38. If GG is a first-countable compact group, then Z¢(G) is countable.
This applies to all compact Lie groups.

Proof. By the Birkhoftf-Kakutani theorem, every first-countable compact group is Polish and
therefore second-countable [MZ55, Section 1.22], so L?(G) is separable by Theorems A.1
and A.2. Hence L2, (G) is also separable. By Corollary 3.37, Z¢(G) must be countable.
Of course, if G is a compact Lie group, we already know it is second-countable. O
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It’s also true that A continuously projects C(G) onto Celass(G), s0 that Rejass(G) is dense
in Cepass(G). Assuming A maps continuous functions to continuous functions, certainly A
is 1-Lipschitz as a map C(G) — Celass(G), for if ¢ € C(G) and g € G then

[A(p)(9)] < /\w(hgh’l)!dh < el = 1A < llell (3.69)

Justifying that A(p) € C(G) for all ¢ € C(G) is a bit subtle, however. If ¢ > 0 and A C G,
then for all g;g5 1'¢ A we have

[A(p)(g1) — A(p)(g92)] < / lp(hgih ™) — o(hgah )| dh < wr(e, B), (3.70)

where B = UpcghAh™!. By right uniform continuity we can find a neighborhood U of the
identity e for which wgr(p,U) < e. Assuming that we can find a neighborhood e € V. C U
such that hVh~=! C U for all h € G, we are done. A topological group with the property
that e contains a local basis of conjugation invariant neighborhoods is called SIN (small
invariant neighborhood). Indeed, every compact group is SIN.

Theorem 3.39. Every compact group G is SIN.

Proof. See [GM67, Theorem 2.2]. O

When G is finite, every function f : G — C is smooth, continuous, L?(G), and whatnot.
We can identify L?(G) with the vector space C[G], equipped with the inner product

(f1, f2) = Z filg (3.71)
gEG
The subspace L, (G) is just the set of all class functions f : G — C, whose dimension is the

class number of G. If Cg denotes the set of conjugacy classes of G, then (L%, (G), (=, —))
is naturally isomorphic to C[C¢|, equipped with the inner product
C [
(hr Ple = Y0 19 AR, (372)

ceCq | |

Corollary 3.37 tells us that |Z¢(G)| is also the class number of G. In particular, there are
only finitely many FD complex G-irreps up to isomorphism. Moreover, we can classify these
irreps via the character table: the columns of this table are the conjugacy classes ¢ € Cg,
the rows are the isomorphism classes 7 € Z¢(G), and the (7, c)th entry is x(c). With
respect to the inner product (3.72), the rows of the character table are orthonormal.

Notice that xpgw = xv + xw and xuew = Xxuxw for any two FD G-reps U and W.

In particular, if V is an FD complex G-rep, and the multiplicity of 7 in V is ar, we have

XV = Y. ArXnr, SO that up to isomorphism, V is completely determined by its character xy .

One can, for example, apply this to the regular (permutation) representation of G on C|[G]
to deduce that

IGl= > (dimWy) Zd2 (3.73)

mn€lc(G)
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3.4 Irreps of Connected Compact Lie Groups

With the Peter-Weyl theorem at our disposal, we have essentially reduced Fourier analysis
on a compact group G to the classification of FD complex G-irreps. What can we say
about Z¢(G)? Or the dimensions of G-irreps? Their characters? These are all important
questions if we hope to extract information from our orthonormal basis of matrix coefficients,
necessary for Chapter 4. In order to obtain a satisfying answer to these questions, we
specialize to connected compact Lie groups. There is a very long and detailed story behind
this classification, which we lack the time or space to do justice, but beautiful answers to all
of our questions nonetheless exist. The most important results are the theorem of highest
weight and Weyl’s integral, character, and dimension formulae. In this subchapter, we
outline the classification by highest weight for both complex semisimple Lie algebras and
connected compact Lie groups, along with Weyl’s character and dimension formulae. Many
proofs and details will be omitted, so we recommend [Hall5] and [Kna86] as references.

Fix a Lie group G. We begin by recalling some notions from the theory of Lie groups, all
of which can be found in [Leel3]. A Lie subgroup H of G is a subgroup of G with a smooth
structure making H into both an immersed submanifold of G and a Lie group. Importantly,
every embedded Lie subgroup of G is closed, and conversely, by Cartan’s closed subgroup
theorem every closed subgroup H of G can be given a unique smooth structure such that
H becomes an embedded Lie subgroup of G. All Lie subgroups of G are weakly embedded,
so that if ¢ : G — G’ is a homomorphism of Lie groups with image contained in a Lie
subgroup of H’, then the restriction ¢ : G — H' is smooth.

If N is closed normal subgroup of G, then by the quotient manifold theorem, the group
G/N can be given a unique smooth structure such that the quotient map ¢ : G — G/N
becomes a homomorphism of Lie groups. More generally, if H is a closed subgroup of
G then the set of (left or right) cosets G/H carries a unique smooth structure for which
the projection m : G — G/H is a principal H-bundle, which is important in the study
of homogeneous spaces. Because the kernel of any Lie group homomorphism is a closed
normal subgroup of the domain, the first isomorphism theorem for groups has an analog in
the category of Lie groups: if ¢ : G — G’ is a surjective Lie group homomorphism, then
one has an isomorphism of Lie groups G/ ker(p) = G'.

Given a covering map 7 : G — G of connected spaces, where e € G is the identity of
the Lie group G, for every é € m !(e) there is a unique Lie group structure on G with
respect to which € is the identity and m is a Lie group homomorphism. In particular, every
connected Lie group G has a unique (up to isomorphism) universal covering group, i.e., a
simply connected Lie group G covering G. Regardless of whether G is connected, we can
consider the connected component G, of G which contains the identity, called the identity
component of G. Since G is locally path connected, its connected and path components
agree. The set mo(G) of all components of G is readily equipped with a group structure
for which G, is the identity. When studying an arbitrary Lie group G, we can sometimes
reduce to the connected case by restricting our attention to G,., and even further to the
simply connected case by passing to the universal covering group G of Ge.

61



Example 3.40 [O,,, SO, and Spin(n)]. The orthogonal group O,, is a compact Lie
group with two connected components, based on the determinant £1. The identity
component of O, is the connected compact Lie group SO,. If n = 1, then SO; is
the trivial group, which is connected. If n = 2, then SOs is isomorphic to the circle
group T, which has fundamental group Z and universal cover R. If n > 3, then
7m1(S0y) = Z/2. Therefore, the universal cover of SO,, is a compact double cover
when n > 3, referred to as the spin group Spin(n).

Associated to every Lie group G is its Lie algebra g = Lie(G), the space of left-invariant
vector fields on G. g is a subalgebra of (X(G),[—,—]), the Lie algebra of all vector fields
on G equipped with the Lie bracket. By evaluation at the identity e € GG, we obtain an
isomorphism g = T.G, where T.G is the tangent space to G at e. In particular, dimg =
dim G. Every homomorphism ¢ : G — G’ of Lie groups induces a homomorphism of their
corresponding Lie algebras ¢ : g — ¢’ in a functorial manner, where ¢ is identified with the
differential dy, : T.G — TG’ at the identity. Importantly, the diagram

g —— ¢
epr{ J{exp (374)

G 2 &

commutes, where exp : g — G is the exponential map [Leel3, Chapter 20]. If H is a Lie
subgroup of G, then the inclusion ¢ : H — G gives rise to an embedding of Lie algebras
i : h <= g. This allows us to view h as a subalgebra of g, so by (3.74) exp : h — H becomes
a restriction of exp : g — G.

Example 3.41 [Matrix Groups|. Let V be an FD vector space over k € {R, C}. Then
the Lie group GL(V) is an open subset of the vector space End(V'), allowing us to
identify the corresponding Lie algebra gl(V') with End(V'). Under this identification,
the Lie bracket is simply the commutator of linear operators, while the exponential
map exp : GL(V) — gl(V) is the usual exponential map on Banach algebras, coming

from the Taylor series
A A2 A3
e e (3.75)
If G is a Lie subgroup of GL(V') (i.e., a matrix group), we also view g as a subalgebra
of End(V'). Of course, when V' = k", we write GL,k and gl, (k) rather than GL(k")

or gl(k™) and view linear operators as n X n matrices in M,k = End (k™).

One can show, using the Peter-Weyl theorem, that every compact Lie group is
isomorphic to a matrix group, for example because Lie groups have “no small subgroups”
[Mil, Theorem 4.3.2]. In Chapter 4 we will be most interested in O,,, SO,, and Spin(n),
whose common Lie algebra is so,,. As a subalgebra of M,,R, we can realize so,, as the space
of skew-symmetric n X n matrices, equipped with the commutator Lie bracket.
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There are many important correspondences between a Lie group and its Lie algebra,
which we summarize with the following theorem.

Theorem 3.42. Let G be a Lie group with g = Lie(G). Then every subalgebra
h C g is the Lie algebra of a unique connected Lie subgroup of G. If G is connected,
then under this correspondence (connected) normal subgroups correspond to ideals.

Proof. See [Leel3, Theorem 19.26] and [Leel3, Theorem 20.28]. O

We already see from Theorem 3.42 that working with only connected Lie groups can
simplify the picture. When it comes to studying representations of Lie groups, there are
other reasons for restricting our attention to connected, or even simply connected, groups.
For instance, by differentiation, we know how to pass from Lie group homomorphisms
¢ : G — G’ to Lie algebra homomorphisms ¢ : g — g/, but when can this be reversed?
In other words, when can we “integrate” a Lie algebra homomorphism ¢ : g — g’ to a Lie
group homomorphism with ¢ as its differential?

Theorem 3.43. Let G and G’ be Lie groups with corresponding Lie algebras g and
¢, and let ¢ : g — g’ be a Lie algebra homomorphism. Then if G is connected, there
can be at most one ¢ : G — G’ whose differential is ¢. If G is also simply connected,
such a homomorphism ¢ exists.

Proof. See [Fre, Lecture 7] for a beautiful proof using the Frobenius theorem for foliations
and the Maurer-Cartan equation. O

Corollary 3.44. If G and G’ are simply connected Lie groups with isomorphic Lie
algebras, then G = G

Given a real or complex FD representation of a Lie group G on a vector space V', which
is equivalently a Lie group homomorphism p : G — GL(V'), we can differentiate to obtain a
real Lie algebra homomorphism p : g — gl(V). If V is a complex representation, then we can
complezify p to obtain a complex homomorphism g€ — gl(V), where g© := gogr C = gD ig,
by mapping £ + in — p(§) + ip(n). This leads us to a general definition.

Definition 3.45. Let g be a Lie algebra over a field k. Then a representation of g
over k, also called a g-rep, is a homomorphism p : g — gl(V) of Lie algebras, where V'
is a k-vector space, the representation space. We can likewise form a category g-Rep,,
of g-reps. As before, gl(V') is just the associative algebra End(V') equipped with the
commutator as its Lie bracket.
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Remark 3.46. As with representations of groups, we may also abuse notation and
refer to V, rather than p, as the g-rep.

Definition 3.45 allows us to say that a real representation of a Lie group G on an FD
vector space V induces a real representation of its Lie algebra g on V. Similarly, a complex
G-rep on V induces a complex gC-rep on V. If G is simply connected, then both of these
correspondences are bijective by Theorem 3.43, with functorial inverse. Many definitions
and results about representations of groups in subchapter 3.2 have analogs in the Lie algebra
setting. For instance, we say that a subspace W C V of a g-rep V is invariant whenever
g-W C W, which also leads to notions of subrepresentations and (ir)reducibility for g-reps.
Differentiation preserves invariant subspaces, so if p is an FD G-irrep, p is a g-irrep. If G is
connected, then the converse is also true.

Lemma 3.47. Let p : G — GL(V) be a real/complex FD G-rep, where G is a
connected Lie group. Then W C V is p-invariant if and only if it is p-invariant. In
particular, p is irreducible if and only if p is irreducible.

Proof. We do this for the real case (and the complex case follows readily). Let g = Lie(G).
It suffices to prove that p-invariance implies p-invariance, so let W C V be p-invariant. By
[Leel3, Propositions 7.14(c), 20.8(f)], we need only show that p(ef)w € W for all £ € g and
w € W. Note

p(eHw = e’ Oy = i 'O(j)nw (3.76)
n=0 :

by (3.74) and Example 3.41. Since p(§)"w € W for all n > 0, this completes the proof. [J

Let G be a simply connected Lie group with g = Lie(G). If we write Zc(g©) for the set
of isomorphism classes of FD gC-reps, then there is a natural bijection between Zc(G) and
Zc(g®) (and likewise between Zg(G) and Zr(g)). Therefore, we can classify the complex
irreps of any simply connected Lie group by classifying the irreps of its complexified Lie
algebra. If G is not simply connected but connected, then we can pass to the universal
covering group G, and Lie(é) >~ g. Any G-rep can be restricted to a G-rep along the cover
G — G, and this restricted representation is irreducible if and only if the original G-rep
is (since the covering map is surjective). However, there may be some G-reps which do
not arise in this way, although those that do are the restriction of a unique G-rep. Thus,
one approach to classifying the FD irreps of a connected Lie group G is to first classify
those of g€, hence G, and then to specify which of these irreps actually descend to G-irreps.
Importantly, if g€, or equivalently g, is semisimple (as a Lie algebra), we call G semisimple,
and the gC-irreps can be classified via the theorem of highest weight. If furthermore G is
compact, then the highest weights corresponding to G-irreps are the analytically integral
ones. For a general connected compact Lie group G, both g = Lie(G) and g© are reductive,
meaning they split into abelian and semisimple parts, but an analogous theorem of highest
weight still holds. All relevant terminology in this paragraph will be defined shortly.
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The classification picture on both a Lie group and its (complexified) Lie algebra
revolves around studying the natural adjoint representation. For a Lie group G, this is
a representation on g = Lie(G) induced by conjugation: for each g € G, we define the
conjugation map ADy : G — G by h — ghg™!, and then Ad, = ADg © g — g is its
differential. As a result, we obtain a G-rep on g

Ad: G — GL(g), g+ Ad,. (3.77)

Differentiating leads to a g-rep ad : g — gl(g), which can also be complexified into a g€-rep
on g€. One can show by direct computation that ad¢(n) = [£,7]. Hence, more generally,
for any Lie algebra g over a field k we define the adjoint representation

That ad is a representation follows from the Jacobi identity.

Example 3.48 [Matrix Groups|. If G C GL(V) is a matrix group, then upon
identifying g = Lie(G) as a subalgebra of matrices, the adjoint representation of
G on g is simply conjugation, i.e., Ads(B) = ABA™L.

We now briefly describe classification by highest weight for irreps of an FD complex
semisimple Lie algebra g, before moving on to the case of a connected compact Lie group.
Familiarity with the classical theory of root systems, as detailed in [Hall5, Chapter 8], will
be assumed. To begin, fix a Cartan subalgebra (CSA) h C g—that is, a maximal abelian
subalgebra of g such that ad() is diagonalizable for every £ € h. It is a classical result that
g has a CSA, all of which are conjugate by an automorphism of g. In particular, dim b,
called the rank of g, is independent of . For a g-rep p: g — gl(V), a functional X\ € h* is
said to be a weight of V when the corresponding weight space

Va={veV|pEv=AxEw foral ¢ebh} (3.79)

is nonzero. In other words, weights are simultaneous eigenvalues for the operators p(§),
¢ € b, while weight spaces are simultaneous eigenspaces. The nonzero weights of the
adjoint representation are called roots, the set of which we denote ®. It is immediate from
the definition of a CSA that we obtain a simultaneous eigendecomposition

g=00® (@ ga)- (3.80)

acd

One can show that gg = b, that dim g, = 1 for all a € ®, and that ® forms a root system for
E = spanp (®) with respect to the inner product induced by the Killing form. The Killing
form is the ad-invariant symmetric bilinear form x(&,n) = tr(ad(§) o ad(n)) on g, which is
nondegenerate by Cartan’s criterion. Hence, x induces an isomorphism h = h* carrying
—k to a (real) inner product (—,—) on E. One can show that weights of FD g-reps lie in £
and are in fact integral with respect to ® [Hall5, Proposition 9.2]. Fixing a base A for ®,
or equivalently a set of positive roots ®T, this allows us to say that a weight \ of a g-rep is
highest whenever it is higher than all other weights (with respect to A).
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Theorem 3.49 [Theorem of Highest Weight|. Let g, h, ®, A, and (F,(—,—)) be as
in the previous discussion. Then

1. Every FD g-irrep has a (unique) highest weight, and this highest weight is
necessarily dominant integral.

2. Two FD g-irreps with the same highest weight are isomorphic.

3. Every dominant integral element of F is the highest weight of some FD g-irrep.

Proof. See [Hall5, Theorems 9.4, 9.5]. The most difficult statement to prove is (3), which
usually involves the construction of Verma modules. O

Parameterizing FD g-irreps by their highest weight allows us to study these irreps in
light of the rich geometry of root systems. (All irreducible root systems may be classified in
terms of their Dynkin diagrams [Hall5, Theorem 8.49].) The Weyl character formula, which
we state shortly, is a prime example of root geometry translating into algebraic information.
For an FD g-irrep @, the character x, : h — C of 7, by analogy with the character of a
Lie group representation, is defined as x.(¢) = tr(e™©) for all & € h. In particular, x(0)
is the dimension of 7. Recall that the Weyl vector § € E is half of the sum of the positive
roots. Also, the Weyl group W acts orthogonally on F, so the determinant e(w) of w € W,
viewed as an action on E, is always £1.

Theorem 3.50 [Weyl Character Formula]. Assume the same setup as Theorem 3.49.

Let W be the Weyl group, ¢ the Weyl vector, and define e(w) € {£1} for each w € W

as in the preceding paragraph. Then if 7 is an FD g-rep with highest weight A,

S yew £()e )9
Y wew E(w)elw oL

Here (—, —) denotes the dual pairing (i.e., evaluation) h* x h — C.

Xx(§) = for all £ € b. (3.81)

Proof. See [Hallb, Theorem 10.14]. O

Corollary 3.51 [Weyl Dimension Formula]. Assuming the setup of Theorem 3.50,

we have
Ha€<1>+ (A + 57 a)
Ha€<1>+ (67 a)

(3.82)

dim7t =

Proof. See [Hall5, Theorem 10.18]. Basically, one applies the Weyl Character formula to
¢ = 0 and plays around with determinants. O
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The classification on a connected compact group G is similar. One chooses a mazimal
torus T C G, and then the complexified Lie algebra t€ of t = Lie(T) is a CSA of ¢©. If G is
semisimple, then we can apply Theorem 3.49 to classify all g®-FD irreps, but to account for
the irreps of the universal cover which may not descend, statement (3) in Theorem 3.49 has
to be refined slightly: those dominant integral weights which correspond to FD G-irreps are
precisely the analytically integral ones. These are the weights in (t€)* whose restriction to
t lies in a special lattice called the character lattice A C t* of T. When G is not semisimple,
we have to be a bit more careful to account for the center, but since we will only make
use of this classification for the semisimple Lie groups SO,, (n > 3) in Chapter 4, we defer
to [Hall5, Chapters 11-12] for a full discussion. The relevant theorem is [Hall5, Theorem
12.6]. We will end this chapter with an overview of maximal tori and character lattices,
which is enough to understand our definition of “analytically integral.” That will complete
the classification of G-irreps, at least in the semisimple case, modeled off of Theorem 3.49.

To motivate maximal tori, recall that our ultimate goal is to obtain a useful
parameterization of the countable set Z¢(G) for G a (connected) compact Lie group. As
a general fact, if k is an algebraically closed field and G is any group, then n-dimensional
G-irreps are in bijection with homomorphisms G — GL,k. Indeed, we already know that
all n-dimensional G-reps are isomorphic to G-reps on k", but by Schur’s lemma, any two
isomorphic G-reps on a fixed FD vector space V must be identical (since an isomorphism
between them is necessarily of the form A -idy for some A # 0). Therefore, if G is abelian,
then G-irreps are in bijection with homomorphisms G — GLj(k) = k* by Corollary 3.14. In
particular, irreps of abelian groups over algebraically closed fields are uniquely determined
by their character. When k£ = C and G is a topological group, the same results hold,
so long as we append “continuous” appropriately. If G is a compact group, then by the
extreme value theorem one may deduce that all continuous homomorphisms G — C* have
image lying in S'. Thus, for a compact abelian group G (not necessarily a Lie group),
there is a natural bijection between Z¢(G) and the Pontryagin dual G = Hom(G,T), which
is the group (under pointwise multiplication) of continuous homomorphisms G — T. Here
T denotes the circle group, as in Example 3.8.

Theorem 3.52. Let G be a connected abelian Lie group. Then G is isomorphic to
the product of an FD real vector space and a torus (a finite product T x --- x T of
circle groups). In particular, if G is compact, then it is isomorphic to a torus.

Proof. Let g = Lie(G). Since G is abelian, exp : g — G is a homomorphism by, e.g., [Leel3,
Corollary 20.11]. Because G is connected and exp(g) is a subgroup of G containing a
neighborhood of the identity, exp must be surjective [Leel3, Propositions 7.14(c), 20.8(f)].
Thus, by the first isomorphism theorem for Lie groups, we have G = g/ker(exp). Now
ker(exp) is 0-dimensional since dim g = dim G, so as a discrete subgroup of the vector space
g, it must be a lattice. If &1,...,&, is a basis for this lattice, we can complete it to a basis
&1, ..., &, of g, inducing an isomorphism G = T" x R" . O
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In light of Theorem 3.52, we refer to any connected compact abelian Lie group 7T as a
torus group. A maximal torus of a compact Lie group G is a torus subgroup 7" C G such
that, if 7" is another torus group and T' C 7" C G, then T = T’. Every maximal torus
turns out to be maximal abelian: if A is an abelian Lie subgroup of G and T'C A C G,
then 7' = A. It follows that t* is a CSA of g*, where t = Lie(T), by Theorem 3.42 and
the result that a connected Lie group is abelian if and only if its Lie algebra is abelian (the
latter of which can be deduced from the Baker-Campbell-Hausdorff formula).

The idea behind studying maximal tori is that one can classify irreps of a torus quite
naturally via its associated character lattice. If G is a connected compact Lie group, we can
find a maximal torus, study the irreducible decomposition of the adjoint G-rep restricted
to T, and bootstrap our way up from there. While a massive oversimplification, this is
one approach to arrive at the theorem of highest weight for connected compact Lie groups
without stepping too far into algebraic territory (as we did by first stating the classification
for complex semisimple Lie algebras).

Example 3.53 [Unitary Group]. Let U, be the connected compact Lie group of
n X n unitary matrices. Then U, has rank n, with a natural maximal torus given by
the set of diagonal matrices diag(z1,...,2y), where z; € T for all 1 < i < n.

Theorem 3.54 [Torus Theorem]. Let G be a connected compact Lie group. Then
every point of G lies in some maximal torus. Moreover, all maximal tori are conjugate
and hence of the same dimension (which we call the rank of G).

Proof. See [Hall5, Theorem 11.9] and [Kna86, Corollary 4.35]. O

Corollary 3.55. Let G be a connected compact Lie group. Then the exponential
map exp : Lie(G) — G is surjective.

Proof. We argued in the proof of Theorem 3.52 that the exponential map on every
connected abelian group (hence every torus) is surjective. Thus, this follows immediately
from Theorem 3.54. ]

It remains to classify the irreps of an arbitrary torus group and define its associated
character lattice. To that end, we fix a torus T of dimension r, so that there is an
isomorphism 7' = T". Since Z¢(T') = = (T)r, we simply need to compute the Pontryagin
dual of the circle. Now, for every integer n, the map z — 2" from C* to C* restricts to a
continuous homomorphism T — T, yielding an injective homomorphism Z < T. If we can
show that this homomorphism is actually surjective, and hence an isomorphism, we will

obtain a parameterization Z" <> Zc(T).

68



Theorem 3.56. Every ¢ € T is of the form o(z) = 2" for some n € Z.

Proof. Viewing T as a submanifold of C identifies Lie(T) with ¢R such that the exponential
map exp : iR — T is just iz — €. Since ¢ : iR — iR is linear, we can write ¢(iz) = c - iz
for some ¢ € R. But then we need e“® = (@) for all z € R, by (3.74). In particular,

eci(ac+27r) _ (p(ei(aﬂ—&-Qﬂ')) — (p(em) = — ceZ. (383)

Hence, p(e®) = ()", where n = ¢ € Z. Since exp is surjective onto T, this means that
o(z) = 2" for all z € T, as desired. O

Using Theorem 3.56 to parameterize Zc(7T) by Z" is not exactly natural, since an
isomorphism 7" = T" depends on a choice of basis for the integral lattice 11 := ker(exp) C t.
Observe, however, that II induces a dual lattice A C t* with respect to the pairing txt* — R,
where A is the set of functionals which are integral on II. The dual lattice A is called
the character lattice. Identifying R = iR via x — 2mwix allows us to view the derivative
¢ : t — iR as a functional in the dual t*, in which case (3.74) implies e2™?(&) = p(ef) for
all £ € t. In particular, if £ € II then cp(§) € Z, so that ¢ — ¢ maps 7' — A. By identifying

this map with the isomorphism Z" — (T)", we see that T — A is also an isomorphism. In
other words, differentiation naturally identifies T with the character lattice A.
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4 Superconcentration in the Orthogonally Invariant Case

In this final chapter, we outline progress towards proving our main Conjecture 1.14, using
tools developed in the previous chapters. Ultimately, in Theorem 4.12 we reduce the
conjecture to a much simpler, albeit computationally intensive, problem of bounding the
expected smoothness of the free energy. To formulate this, we take a short expository
digression in subchapter 4.2 to discuss the quadratic Casimir operator. Subchapters 4.1
and 4.3, on the other hand, reflect original research.

4.1 The Spectral Method for G-invariant SK Models

Inspired by Chatterjee’s spectral approach to superconcentration, demonstrated for the
Gaussian SK model in Chapter 2, we begin with a general framework for applying this
method to G-invariant SK models. To that end, we fix a compact group G. Carrying our
conventions over from Chapter 3, we let Zc(G) denote the set of (isomorphism classes of)
complex FD G-irreps, and we fix a representative W, for each class © € Z¢(G). We also
let d. be the dimension of Wy, equip W, with a G-invariant inner product (—, —)r, fix
an orthonormal basis e, ..., eg of Wy with respect to this inner product, and define the
matrix coefficients 7;; as in equation (3.44). Then the Peter-Weyl theorem tells us that the
set of all \/d,m;; forms an orthonormal Hilbert basis for L*(G).

Let N be a positive integer, A € Symy(R), and g > 0. Let J be the disorder of the
G-invariant SK model with structure A and inverse temperature 3, and view the free energy
Fy g, abbreviated F, as a function G — R. In other words,

1

5 log Z P9 where H(o)(g9) =oT(g- Ao (4.1)

oe{£1}N

F(g) =

Then F € C(G) C L*(G), so by Parseval’s identity we can write

2
(4.2)

dr
IFIZ= > de )

TI'GI(C (G) 27.]:1

[ Flomit)dg
G

Of course, we are interested in the variance of I with respect to the Haar probability
measure on G, which is Var(F) = ||F||3 — (/ F(g) dg)?. Notice that the ([ F(g)dg)? term
corresponds to the summand in (4.2) which arises from the trivial G-irrep, so that

dr
Var(F) = Z dr Z |afj]2, (4.3)
r€TX(G)  hi=1

where Z7* (G) is the set of nontrivial classes in Z¢(G) and af; = (F, m;j).

Recalling the (Z/2)-symmetry of the Gaussian SK model that allowed us to eliminate
“odd” terms in the Hermite expansion of Var,, (Fi g), we look for similar simplifications of
(4.3) in cases of sufficient symmetry. More precisely, suppose that H is a discrete abelian
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subgroup of G for which F is left or right H-invariant, in the sense that h - F = F (resp.
F-h=F) for all h € H. For instance, this is the case if each Hamiltonian H (o) is left
(resp. right) H-invariant. Because H is abelian, we can simultaneously diagonalize Wy
with respect to the commuting unitary operators {m(h) | h € H}. The set of simultaneous
eigenspaces, which includes the subspace Wf of W, fixed by H, is orthogonal, so we can
assume each el is a simultaneous eigenvector, and more that W = span(ef, ... , €0 ),
where d := dim W . We claim that a; = 0 if either 7 > di or j > dfl. "

Indeed, for such i, j, there must exist h, ' € H and A\, X' # 1 for which h-ef = AeT and
K3 7
(h')™!- €T = XNeT. Then for all g € G,

(h-mij)(g) = (€], hlg. ef)r=(h-e,g-€)r = el g- el )r = - mi;i(9). (4.4)
Likewise, because m is unitary, for all ¢ € G we have
(mij - h')(g) = (el g(W) - ef)n = N(eT g - €])m = N - mi(9). (4.5)

Thus, if F is left H-invariant, then af; = (F,m;;) = (h-F, h-m;;) = Aa]; implies that af; = 0.
Similarly, if F" is right H-invariant, we have aj; = N a7, so again a; = 0. Essentially, we
can restrict our attention to W rather than all of W, for each m € Zc(G), as far as (4.3)
is concerned. This leads to the following analog of Lemma 2.33.

Lemma 4.1. Let H be a discrete abelian subgroup of G for which F' is left or right
H-invariant, and choose €7, ..., ez as in the previous discussion. Then

dff
Var(F)= Y dr > laf|* (4.6)

rerX (@) =l

In addition to the symmetry argument underpinning Lemma 2.33, there were two other
tools that allowed us to control the variance of the Gaussian free energy in subchapter 2.4:
the improved Gaussian Poincaré inequality (Theorem 2.30) and Gaussian integration by
parts (Lemma 2.15). In order to avoid the formalization of Markov semigroups, we arrived at
Theorem 2.30 by more direct means than Chatterjee, for whom Theorem 2.30 is a corollary
of a general improved Poincaré inequality [Chal4d, Theorem 6.2].

Broadly, given a probability measure of interest p on a space X, the key idea is that
our “convenient” Hilbert basis for L?(u) is also an eigenbasis for a self-adjoint differential
operator on X, the generator of an associated Markov semigroup. For the N-dimensional
standard Gaussian measure vy on RY, the generator is Lf(x) = Af(x) —z - Vf(x), where
A is the Laplacian. For the Haar measure on a connected compact Lie group G, the relevant
generator is negative the quadratic Casimir operator Q2 : C*°(G) — C°°(G) with respect to
some Ad-invariant inner product B on g = Lie(G). Algebraically, €2 is a central element of
the universal enveloping algebra U(g). Geometrically, € is negative the Laplace-Beltrami
operator with respect to the bi-invariant Riemannian metric on G obtained by translating
B. We will formally define €2 in subchapter 4.2, but for now, it’s enough to note its relevant
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properties: complex conjugation invariance (2 f= Qf), self-adjointness with respect to the
L%(@) inner product, and diagonalizability over the matrix coefficients m;;. The Casimir
eigenvalue A of each matrix coefficient 7;; is nonnegative, 0 only for the trivial G-irrep,
and dependent solely on 7 (which justifies the notation ;).

The self-adjointness of the Laplace-Beltrami operator is an analog of integration by
parts on a compact Riemannian manifold. Accordingly, we can attempt to bound the af;
coefficients by iterating the self-adjointness of €2 several times and exploiting the smoothness
of F, much like we did with Gaussian integration by parts in subchapter 2.4. Explicitly, for
each m € I (G) and 1 < 4,j < dr, we note that

,
O
T
)\ﬂ'

a¥ = <F, > = )\;T<F, QTTFZ'j> = )\;T<QTF, 7Tz‘j>. (47)

In particular, by Jensen’s inequality and the unitarity of m we can bound

dr dr dr dn 2
S 3 Il = Y3 | [ @) (9 dg (4.8)
i=1j=1 1= 1] 1
<3S [ F@) PP (19)
=1 j=1
— AN / 07 F(g)[2 dg. (4.10)

In the setting of Lemma 4.1, we can replace d, with dZ in the first upper limit of each
double sum, and d in (4.10) also becomes dX. Because F is real-valued and  is complex
conjugation invariant, Q" F is also real-valued, so [Q"F|? = (Q"F)2.

Finally, we use Q to formulate an improved Poincaré inequality on a connected compact
Lie group G. For smooth functions f1, fo € C*®°(G), the Dirichlet energy E(f1, f2) of fi and
f2 is defined to be E(f1, f2) := (f1,Q2f2). The proof of the following theorem is adapted
from Chatterjee’s proof of [Chal4, Theorem 6.2].

Theorem 4.2 [Improved Poincaré on G|. Let G be a connected compact Lie group
with quadratic Casimir operator §2 associated to an Ad-invariant inner product B on
g = Lie(G). Fix f € C*°(G). Then for every ¢ > 0,

Var(f) < > dr Z laf;|* + ) (4.11)

0<>\ <t i,j=1

where af; = (f,m;;) and the “0 < Ay < £” subscript means that we sum over all
m € Zc(G) with corresponding Casimir eigenvalue 0 < Ay < ¢. The upper limit of
summation d, can be replaced with d2 whenever H is a discrete abelian subgroup
of G for which f is left or right H-invariant.
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Proof. The Peter-Weyl expansion of f is f = Zdﬂa%mj, where the sum is over all 7 €
Ze(C) and 1 <14, j, < d,. Hence

Of =) Aedrafimyg = E(f, f) =D Ardrlaj|*. (4.12)
Denoting the trivial G-irrep by 1, by Parseval’s identity we have
1
Var(f) = Z dﬂ\a?j|2 = Z dﬂ\a?j\Q + 7 Z ﬁdﬂlagjp, (4.13)
m#£1 0<Ar </t A >l

since Ar = 0 if and only if 7 = 1. The desired inequality (4.11) follows from (4.13) and the
simple bound

S td|al P < Y Andalal? < E(F, f) (4.14)
An>l A >4

This completes the proof. O

Remark 4.3. If V is the gradient on G with respect to the Riemannian metric
induced by B, then E(f, f) = E[||Vf]|]?] for all f € C*®(G), where for a vector field
X we write || X||? := B(X, X). We will see this concretely in subchapter 4.2.

Assume the setup of Lemma 4.1, where G is also a connected Lie group with quadratic
Casimir operator 2 associated to some B. Then applying (4.10) and (4.11) to (4.6) yields
dodll | E[IVE|)

A2 14

Var(F) <E[(Q"F)*] Y
0< A<t

(4.15)

for all » > 0 and £ > 0. Given ¢ > 0, we let ny denote the number of 7 € Z¢(G) for which
0 < Ar < £. Also let A be the infimum of A, among 7 € ZX(G) and Dy (resp. D) the
supremum of d, (resp. dX) among 7 € Z¢(G) with A, < £. Then by (4.15),

Lemma 4.4. For all » > 0 and ¢ > 0, we have

IVE]?]

E
Var(F) < ngDyDENSE[(Q"F)?] + [ R (4.16)

We can always choose H to be the trivial subgroup of G, in which case DX = D,.

For fixed inverse temperature 5 > 0, suppose that in each dimension N > 1 we have
a connected compact Lie group G acting smoothly on SymyR, a structure matrix Ay €
Symy (R), and associated free energy Fy € C°(G). If we wish to control the asymptotic
variance Var(Fy ), by Lemma 4.4 we are reduced to considering the asymptotic behavior of
the quantities ng, Dy, Ao, E[(2"Fy)?], and E[||VFy||?]. When Fy has additional symmetry
with respect to a discrete abelian subgroup Hy of G, in the sense of Lemma 4.1, we can
further refine our variance bound in terms of Df N, While the presence of H y-symmetry may
not improve the asymptotics on Var(Fy ), it does at least suggest that a superconcentration
result for Fiy may hold, by analogy with the Gaussian SK model.
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4.2 The Quadratic Casimir Operator

This subchapter is dedicated to constructing the quadratic Casimir operator 2 and verifying
the properties discussed in the previous subchapter. We begin with the universal enveloping
algebra U(g) of a Lie algebra g over k. Recall that every associative k-algebra A is a Lie
algebra over k, with Lie bracket given by the commutator [z,y] = zy — yx, so it makes
sense to discuss Lie algebra homomorphisms 7 : g — A, i.e., k-linear maps for which
w([&,n]) = 7(&)m(n)—7(n)w(€). The universal enveloping algebra U(g) is a unital associative
k-algebra, equipped with a Lie algebra homomorphism h : g — U, that satisfies a universal
property: for every unital associative k-algebra A and Lie algebra homomorphism 7 : g — A,
there exists a unique unital k-linear ring homomorphism 7 : U(g) — A such that

g——— A

|
U(g)

commutes. By the universal property, it’s clear that U(g) is unique up to isomorphism. For
existence, we can construct U(g) as a quotient of the tensor algebra T'(g) by the two-sided
ideal I generated by éE®@n—n®&—1[£,n] (§,m € g), and define h to be the composition of the
embedding g < T'(g) with the quotient map T(g) — T'(g)/I. Importantly, h is injective,
and hence an embedding, so that g can be viewed as a subalgebra of U(g). In this sense,
every Lie bracket is really a commutator in disguise. That h is injective follows from the
powerful Poincaré-Birkhoff-Witt (PBW) theorem.

Theorem 4.5 [PBW]. Let g be a Lie algebra with totally ordered basis (£, <). Let
h :g — U(g) be the canonical map into the universal enveloping algebra of g. Then
the set of h(&1)h(&2) - h(&,) € U(g), as & < & < --- < &, range over all (possibly
empty) finite nondecreasing sequences in Z, is a basis for U(g). By convention, we
associate 1 to the empty sequence.

Proof. See [Hall5, Section 9.4] for a proof in the FD case. The generalization to infinite
dimensions goes through with essentially no modifications. O

Remark 4.6. By the well ordering theorem, every vector space has a basis, and
this basis can be well ordered (hence totally ordered). Thus, even when g is infinite
dimensional, we can still conclude that h : g — U(g) is injective. Of course, we don’t
need the axiom of choice for this when dim g < oco.

Suppose that V' is a k-vector space and p : g — gl(V') is a representation on V. Then
by the universal property of U(g), the representation p extends to a unique unital k-linear
ring map U(g) — gl(V'), where gl(V') is viewed as the associative algebra End(V').

74



The universal enveloping algebra has many applications, including the construction
of Verma modules in the proof of Theorem 3.49, (3). In our case, we define Q as an
element of U(g). Suppose that g is a real n-dimensional Lie algebra equipped with an
ad-invariant inner product B. By ad-invariance, we mean that for all (,&,n € g, one has
B(ad¢&,n) + B(§,ad¢n) = 0. For instance, if g is semisimple then we can take B = —&,
where £ is the Killing form. We define the quadratic Casimir operator Q@ € U(g) with
respect to B as

Q= —En:gf, (4.17)
=1

where &1,...,&, is an orthonormal basis for (g,B). By [Hall5, Proposition 10.5], Q is
well-defined (independent of the choice of orthonormal basis) and central in U(g).

If G is a Lie group with g = Lie(G) and B is an ad-invariant inner product on g
(which exists if, e.g., G is compact), then we still have to realize 2 as a differential operator
on GG. Since g consists of vector fields on G, we can view each £ € g as a first order
differential operator £ : C°°(G) — C*°(G), which induces a representation of g on C*°(G).
This representation extends to a unital R-linear ring map U(g) — Endr(C*°(G)), which
is how we can view elements of U(g) as operators C*°(G) — C*°(G). However, in the
previous subchapter we viewed C*°(G) as the space of complex-valued smooth functions
on G (without comment, as it was demanded by the context), whereas in the present
case C°(G) represents only real-valued functions. To avoid this ambiguity, we shall write
C*(G,R) for the latter space. Then any R-linear map D : C*°(G,R) — C*°(G,R), such
as the quadratic Casimir operator (), can be uniquely extended to a complex conjugation
invariant C-linear map C*°(G) — C*°(G) via u + iv — Du + iDv for u,v € C*(G,R). In
this way, Q2 becomes a complex conjugation invariant operator on C*°(G).

Fix an n-dimensional compact Lie group G. Then by Theorem 3.21, we can chose an
Ad-invariant inner product B on g = Lie(G), which is also ad-invariant by differentiation
and the Leibniz rule. Let &;,...,&, be an orthonormal basis for g with respect to B, and
let € be the corresponding quadratic Casimir operator. Let p : G — V be an FD complex
representation, and suppose that ¢ € C®°(G) is a matrix coefficient associated to p. In
other words, for some v € V, o € V* we can write ¢(g) = (a, p(g)v) for all g € G (where
(—, —) is the duality pairing). Note that for all £ € g, we have

d d .

Ep(g) = - | {onplge’)v) = (o plg) | p(e)v) = (@ p(9)(€)v) (4.18)
t=0 t=0

by commuting the various linear operators with differentiation. In particular, £y is the

matrix coefficient associated to p with p(€§)v € V and a € V*. From (4.18), we deduce

Qp(g) = (a, p(g9)p(Q2)v) (4.19)

under the extension of p to U(g). Thus, if p(Q2) = A, -idy for some constant \,, necessarily
Qe = Ayp. We claim that p(Q) is p-linear, so when p is irreducible (and hence p is
irreducible), such a A, exists by Schur’s lemma—in particular, every matrix coefficient 7;;
is an eigenvector for {2, with corresponding Casimir eigenvalue A, dependent solely on «
and not 4, j. That p(Q2) is p-linear follows from the centrality of (2.
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Lemma 4.7. Let g be a Lie algebra over an algebraically closed field k, and let
h : g — U(g) be the canonical embedding of g into its universal enveloping algebra.
Then if p: g — gl(V) is a g-irrep and w € U(g) is central, p(w) : V. — V is p-linear.

Proof. Let £ € g. Because w is central, we have {éw — w& = 0 inside of U(g). Applying p
yields p(€)p(w) = p(w)p(§). Since £ was arbitrary, p(w) is p-linear. O

Remark 4.8. In the preceding discussion, we were ambiguous about when p should
be viewed as a real g-rep or a complex gC-rep. Fortunately, the details work
themselves out because U(g®) = U(g)®. This isomorphism comes from complexifying
the map U(g) — U(g®) induced by g — g — U(g®).

If 7 € Z¢(G), we should be able to compute A, based on the associated highest weight
and root system. Indeed, such a formula exists, assuming our choice of B is compatible
with the inner product on the root system (®, E, (—, —)).

Theorem 4.9. Let G be a compact connected semisimple Lie group, and choose
Q) to be the quadratic Casimir operator with respect to the inner product B = —k,
where £ is the Killing form on g. With respect to the CSA € coming from a maximal
torus, let (®, F, (—,—)) be the associated root system, with Weyl vector §. Then if
7 is a complex G-irrep with highest weight A, we have

Ar=(A+8A+08)—(6,6) = (MA+20)=AA)+ > (A a). (4.20)

acdt

Moreover, Ay > 0, with equality only when A = 0, i.e., when 7 is trivial.

Proof. See [Hallb, Proposition 10.6]. O

It remains to verify that ) is self-adjoint and elaborate on Remark 4.3. If we extend B
by translation to a bi-invariant Riemannian metric on G, then {2 corresponds to negative the
Laplace-Beltrami operator A, and one has £(f, g) = E[B(V f, Vg)] by classical Riemannian
geometry (since A is the divergence of V). In particular, the symmetry of B implies that
& is symmetric, which in turn implies that  is self-adjoint. However, we can sidestep
Riemannian geometry and deduce the self-adjointness of ) from a more concrete statement
of “integration by parts” on the Lie group G.

Lemma 4.10 [Integration by Parts on G|. Let G be a compact Lie group, fi, fo €
C>(G), and ¢ € g. Then
(€f1, f2) = =(f1,€/2)- (4.21)

76



Proof. By complex conjugation invariance, it’s enough to assume that fi, fo are real valued
and prove [(£f1)fa = — [ f1(£f2). The trick is to consider the two functions

Rt = [ filge) ooy and Falt) = [ filg)falge’®) dg (422

on R. By the invariance of the Haar measure, notice F;(t) = Fy(—t) for all ¢ € R. Hence

[€mr=Fo) = -0 = [ fich). (423

where swapping a derivative and integral is justified by the mean value inequality and
dominated convergence, since G is compact and fi, fo are C*. 0

Corollary 4.11. ) is self-adjoint.

Proof. Clear because by two applications of Lemma 4.10, we have (¢2f1, f2) = (f1, &2 f2) for
all f1, fo € COO(G) and £ € g. [

4.3 Reduction to Bounding Iterated Laplacians

We conclude by applying our work in subchapter 4.1 to an orthogonally invariant SK model.
Throughout, we fix § > 0 and a sequence (Ay) of real N x N diagonal matrices with
|An]| = O(1). Let Fn g be the free energy of the N-dimensional orthogonally invariant SK
model with inverse temperature 5 and structure Ay, viewed as a Haar random variable on
the connected compact Lie group SOp. Observe that Fiy g is both right and left invariant
with respect to the discrete abelian subgroup Hy < SOp of diagonal sign matrices. That
is, Hy consists of diagonal N x N matrices with entries lying in {£1}, an even number
of which are —1. This parallels the “evenness” symmetry in the Gaussian case, which
further suggests superconcentration of Fy g, although it is not yet clear how to leverage
this symmetry in resolving Conjecture 1.14 (we will ultimately bound away DfN < Dy).

Let N > 1, M > 1. Then applying Lemma 4.4 with £ = NM for each r > 0 yields

E[||[VEn s

NM ’

Var(FN”g) < PN,MLN,,B,T + (4.24)
where Py = nNMDNMDﬁ]]‘\’/[ and Lyg, = )\EZT]E[(Q’"FNWB)Q]. By analogy with our
proof of Corollary 1.9, we conceive of a strategy to prove Var(Fi g) = og(N). First, we
show E[||VEy s]/?] = Os(N?), so for every € > 0 we may choose M large enough that

Var(FN 5) PN M €
L —Lngr+= (N>1,7>0). 4.2
) M S (N2 12 0) (4.25)
It then suffices to prove the existence of > 0 and Ny > 1 for which N > Ny implies
Py yLngy/N < e/2. With this in mind, our next goal is to demonstrate that for fixed

M, the quantity Py s grows at worst polynomially in IV, i.e., there exists a polynomial
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pv € Rz] such that Py < py(N) for all N. Finally, superconcentration of Fi g is
reduced to showing that r > 0 may always be chosen to ensure Ly g, offsets polynomial
growth of any order. In other words, for every k& > 1, we want to find » > 0 such that
Lyg, = Oﬁ(N_k). By demonstrating A\g = N — 1 for N > 3, we deduce:

Theorem 4.12. Suppose that for every positive integer k, there exists » > 0 such
that E[(Q"Fy )% = Og(N?"=F). Then Var(Fy ) = og(N).

Our goal now is to justify the steps outlined in the previous paragraph, thereby proving
Theorem 4.12. We will restrict our attention to N > 3 so that SOy is semisimple. Recall
that son = Lie(SOy) consists of N x N skew-symmetric matrices, where the Killing form
is K(X,Y) = (N — 2)tr(XY). Rescale so that B(X,Y) = —3tr(XY) = 3tr(XTY) is half
the Frobenius metric on MyR, in which case Theorem 4.9 still holds if we appropriately
rescale the root system inner product. Letting E;; denote the N x N matrix with (7, j)th
entry equal to 1 and all other entries equal to 0, the set {X;; = E;; — Ej; |1 <i<j < N}
is an orthonormal basis for (soyn, B). Letting n = |N/2], we take the standard maximal
torus T'C SOy consisting of block-diagonal matrices diag(A, ..., A,, A’), where A; € SO,
for 1 <i <nand A’ is either empty (the unique 0 x 0 matrix) or the 1 x 1 matrix A" = (1),
depending on the parity of N. In particular, SOy has rank n and the subalgebra t = Lie(T')
has basis X192, X34, X56, ..., Xon—12,. If N is even, then the corresponding root system is
D,,, while if N is odd, the root system is B,. With respect to our rescaling of the inner
product, the longest roots have length /2 (see [Kna86, Examples 7.7.2, 7.7.3]), so we can
identify t* =2 R™ and consult [Kna86, Appendix C.1] to label the SO y-irreps.

Figure 12: Dynkin diagrams for B, and D,

By studying the root system associated to SOy, we can use Theorem 4.9 and the Weyl
dimension formula to upper bound Py s polynomially in N and show A\g = N — 1. Then,
we compute derivatives of Fjy g in exponential coordinates, which we can bound in Haar
expectation using the tools of Weingarten calculus [CSO6]. The latter calculations are quite
messy, but since we hope to present the details in a future paper, we omit them in this thesis
for brevity. The idea, however, is simple: although there is no 1/N factor in the orthogonally
invariant Hamiltonian, which prevents us from directly proving analogs to Lemma 2.35, we
can formulate these analogs in expectation. At present, this appears to be a promising
approach to dealing with E[(Q"Fy 5)?] and resolving Conjecture 1.14. Fortunately, in the
case of the Dirichlet energy, we can deduce the desired bound Og(N?) without invoking
these more complicated tools. In fact, Tobias and I have independently proven that we can
uniformly bound ||[VFy g||> < 4N?2||Ax||>. T present my proof of this fact.
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Lemma 4.13. For any 3 > 0, we have |[VFy s||? < 4N?||An]>.

Proof. Write F' = Fy g. Then with respect to B we have 0 = —3~, Xin and

IVFIP = Y (XiF)> (4.26)
1<i<j<N

Now a straightforward calculation shows that, for each 1 <i < j < N,
XijF = 2<O'TJXZ']'0'>7 (427)

where (—) denotes the Gibbs average. It follows then from Jensen’s inequality that

IVEIP < 4) (0T IXij0)?) = 4<Z(UTJXija>2>. (4.28)

Fix o € {£1}" and let T;j = X;j0 = 0je; — 0;e; for each i < j. Then because J = JT,

Z(O’TJXUO')Q = Z(JU)TTZ-]-TZ-TJ»JU =(Jo)T [Z TijTiTJ}JU. (4.29)
1<j 1<j 1<j

By direct computation, 7,7, =

i = Ei + Ejj — 0i0; (Eij + Ej;). Summing over all i < j leads
to two terms, namely >3, . (Fi; + Ejj) = (N — 1)y and 3, _; 0:05(Eij + Ej;) = oo™ — Iy,

whose difference is >, j TZ‘jTi} = NIy — ooT. Therefore

(Jo) [ 77} Jo = N|Jol|? — (o7 Jo)? < N|Jo| . (4.30)

1<J
But as ||J|| = ||An]|| and || = VN, we have |Jo||?> < N||Ax|? Putting everything
together gives the desired inequality |V Fy g||* < 4N2||An|%. O

We return to the problem of computing Ao and bounding Py . Suppose that an
irrep ™ € Zc(SOy) corresponds to a dominant analytically integral element A\ € R™ with
coordinates A = A\e; + -+ M\en. Then each \; € Z and Ay > Ao > --- > \,. The \;
are also nonnegative, except possibly A, when N is even. However, by Hy-invariance, af;
vanish when A, < 0. This detail is irrelevant asymptotically, but for simplicity it allows us
to view A as a Young diagram of length at most n. By [Kna86, Appendix C.1], we compute

Ar and d; using Theorem 4.9 and the Weyl dimension formula, respectively. For one,
n
Ar =3 Ai(Ai+ N = 20). (4.31)
i=1
From this formula we see immediately that A, > N — 1 if 7 # 1, which is achieved when

A = e1. This weight is in fact analytically integral, corresponding to the complexification
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of the standard representation SOx O RY, so A\g = N — 1. Combined with Lemma 4.13,
this is already sufficient for deducing the temperature independent bound

AN? AN ]2
Var(F < 4.32
ar(Fvp) < —— (4.32)
which is O(NN) under our assumption ||Ayx| = O(1). This is at least a reassuring sanity

check—certainly a necessary condition for superconcentration is concentration. Next we
claim that, for fixed M > 1, the maximum number of rows and columns among Young
diagrams representing m with A\ < NM is Ops(1). In particular, nya = Opr(1).

Lemma 4.14. Given N > 3, M > 1, suppose that \; < NM for some irrep 7 with
corresponding A\ € R™. Then \; < max(2, M), and the length ¢ of A (the number of
nonzero \;) is at most (N — VN2 —4MN)/2 = Op(1) when N > 4M.

Proof. Certainly \j(A\1+N —2) < NM. If A\; > max(2, M), then A\jy(A\+N —2) > NM, so
we must have A\; < max(2, M). As for £, notice that /(N —¢) = 325, (1 4+ N — 2i) < NM,
so by the quadratic formula, either

N+ /N2 —-4MN N —+/N?2 - 4MN
> or < .

¢ 2 2

(4.33)

Necessarily ¢ < n < N/2, removing the first option if N is sufficiently large (N > 4M). As
N — oo, note that (N — N2 —4MN)/2 — M. O

Finally, we bound the dimension d,. If N is odd, then d; = v, where

oy o . AN i N — A — i
pr = T2 and = [ QHEMENZIZD A HI 20 gy
i=1 -t 1<i<j<n (N — 1= ])(J - Z)

+
w2

w2,

If N is even, the formula is the same except with the p, term absent, i.e., dr = vy.

Lemma 4.15. Let M be a positive integer. Then there exists a polynomial p € Rz]
such that d; < p(N) for all N > 3 and 7 with A\, < NM.

Proof. Restricting our attention to A representing m with A\; < NM, it suffices to prove
that both u, and v, grow at worst polynomially in N. We begin with u, (and N odd).
Since \; < Ap for all ¢ and all multiplicands are 1 when ¢ > £,

¢ s A l
uw=H<NZi+1)§<N1€+1> < (20 + 1) (4.35)

i=1 \'2

2

But A; and ¢ are both Oj(1), so we conclude that p, is Opr(1).
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It remains to bound v,. We can groups the factors in this product based on whether
j < /lorj>/{ In the first case, we get the term

Ni+A+N—i—j)N—XNj+j—1
1<i<j<e (N —i—3)(7—1)
where each multiplicand may be bounded by (2A; + 1)(A1 + 1) = Ops(1). Since there are
0(£—1)/2 = Ops(1) multiplicands in total, this term is Opz(1). In the second case, we note
that A\ =0 if £ > £, so the term of interest is

L
Qi NV =i = it — ) m M AN 1) - 1)
1§i§1;£j§n (N —i—35)(j—1) = (j];[+1 ) ) . (4.37)

Since £ = Op(1), it’s enough to polynomially bound the parenthesized product in equation
(4.37). But this product is equal to

(N=n—C—1)I(N+A —O)n+ X —1)!

(N=Dln—OUN —n+\ —2)n+ =D (4.38)
If N is even, then N = 2n and the above quantity simplifies to
m—L—=D!'2n+ M — Ol (n+ X —1)! _ (n+X —1)2n+ A — 0)! . (4.39)
Cn—D!n-=0'n+M =2l +¢-1)! (n—=0)2n—-1!(A\ +¢-1)!
If N is odd, then N = 2n 4 1 and we obtain instead
m=02n+14+ X —O)l(n+ X —1)! _ Cn+14+X =0 (4.40)

@n)l(n—On+ - DA +£— D o)A +L— 1)

Asymptotically we can ignore (n+ X\ —1)/(n—4¢) — 1 in (4.39), since A and ¢ are Ops(1),
and for both (4.39) and (4.40) we can bound away (A; +¢ —1)! > 1. Thus, we just need to
examine the behavior of

— /) A
(2n+ A — 0)! and 2n+14+ XM\ 6).' (4.41)
(2n —1)! (2n)!
Since A\; — £ = Oy;(1), both of these quotients behave like NOm (1), O

By Lemma 4.15, Dyps grows at worst polynomially in V. As DJ{,I]X/[ < Dy and
nyy = O (1), we conclude that Py s also grows at worst polynomially in N. Combined
with Lemma 4.13 and the fact that A\g = N — 1, this completes the proof of Theorem 4.12.
Of course, bounding away Dﬁ%/[ < Dy seems potentially nonoptimal because we do not
take advantage of the Hy-symmetry, as remarked at the beginning of this subchapter. Even
bounding away the d, and dZ~ terms by Dy and Dﬁ%/[ may be nonoptimal. Regardless,
without incorporating these tighter bounds, we have reduced Conjecture 1.14 to average
smoothness bounds on the free energy via Theorem 4.12.
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5 Appendix

Here we include several auxiliary proofs that were felt relatively disconnected from the main
ideas of the thesis, but which are nonetheless important. There were more results that I
had originally wished to include in section A but unfortunately did not have time to detail,
so I recommend [Kal21] as a general reference for further reading.

A Measure and Probability Theory

Theorem A.1. Let (X, X, 1) be a countably generated o-finite measure space. Then
the normed space LP(u) is separable for all 1 < p < oc.

Proof. Assume that p is finite, for the o-finite case can be deduced easily from the finite
case. Recall that a countably generated measurable space is one such that ¥ = o(A),
where A C X is countable. Since the algebra generated by a countable family of sets is
countable (just take all finite unions of finite intersections), we may as well assume that 4
is an algebra. Working over R, we consider the set

S = spang({L1 | 4 € A}),

where [4 denotes the indicator function of A. In other words, S is the set of all finite
rational-coefficient linear combinations of indicators on sets of A (if we were working over
C, we could replace Q with the number field Q(i) of Gaussian rationals). Let S, denote
those functions in S which have p-finite support. Then S, is countable, and we claim that
S,, is dense in LP(p) for all 1 < p < co. Since Q is dense in R and simple functions with
p-finite support are dense in LP(p) [Rud87, Theorem 3.13], it suffices to prove that

B:={B e X |Ve >0, there exists A € A with u(AAB) < ¢} (A1)
is the entirety of ¥. Here A denotes the symmetric difference, so that |14 — | = Isap.

Now, certainly A C B C ¥, so because A is a m-system such that o(A) = X, it suffices
by Dynkin’s w-A theorem to prove that B is a A-system. Notice &, X € A C B. The identity
ANAB = A°A B¢, along with the fact that A is closed under complements, proves that B is

closed under complements. Finally, let B1, Ba,... be a countable family of disjoint sets in
B, and set B = UB,,. If ¢ > 0, for each n > 1 we can choose A,, € A for which
€

Since p is finite, we can choose N > 1 large enough so that u(U,~nBy) < /2. Then if we
let A= UnSNAn € A, BSN = UngNBn; and Bsy = U,>nB;,, we have

N
AAB € (AABan) U Bon € Boy U (| 4nABy). (A.3)
n=1
It follows readily that u(AAB) < u(UpsnBy) + XN | (A, AB,) < e. O
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Theorem A.2. Let (X, 7) be a second-countable topological space. Then the Borel
o-algebra B(X) is countably generated.

Proof. Let A be a countable basis for 7. Let A C ¥ C B(X), where ¥ is a o-algebra. Then
>} contains all countable unions of sets in A. But since A is a basis for 7, every open set is
a union of sets in A, and as A is countable, any such union may be considered countable.
It follows that 7 C ¥ C B(X), so by definition, ¥ = B(X). Hence B(X) = o(A), which
proves that B(X) is countably generated. O

B Smooth Approximation by Convolution

Our goal is to make precise and justify the approximation arguments in the proofs of
Theorem 2.10 and Theorem 2.30. In both cases, we have already proven the theorem if
f € C*(RY) is a compactly supported smooth function on RY. For general f, we desire to
find a sequence of f, € C2°(RY) which converges to f in a suitable manner.

First we consider Theorem 2.10. By assumption, f € C*(R™) N L?(yy), and thus it
suffices to prove

2 N
918, < ([ £am) + 101y (B.1)
i=1
where || - ||5y is the norm on L%(yy). We can assume the first order partials of f lie

in L?(yy), for otherwise the inequality is trivial. Since (B.1) is known to hold with f
compactly supported and smooth, we just need to construct f,, € C°(RY) so that f, and
O f, converge in L?(yy) to f and 9'f, respectively (1 <i < N).

Similarly, we can reduce Theorem 2.30 to the claim that, for f € CM(RY) with 0¥ f €
L%(yy) for all |k| < M, one can find f,, € C°(RY) such that 9% f,, — OFf in L?(yy) for
all |k| < M. The desired claim for Theorem 2.10 is then the special case where M = 1.
Therefore, Theorem 2.10 and Theorem 2.30 reduce to the following.

Theorem B.1. Let f € CM(RN) such that 9¥f € L?(yy) for all |k| < M. Then
there exist f,, € C°(RY) such that for all |[k| < M, 9% f,, — 0%f in L?(yn).

Slightly more generally, we can consider the Gaussian Sobolev space WP(yy) for each
p > 1, which is the Banach space of measurable f : RY — C such that 0¥ f exists weakly
in LP(~yy) for all |k| < M, equipped with the norm

sy == D2 0% Fllp- (B.2)

|k|<M

Then the space C°(RY) is dense in WP(RY). We will not concern ourselves with the
abstraction of weak derivatives, but the argument we provide to prove Theorem B.1 is
readily adapted to prove the more general claim that C2°(RY) is dense in WP (yy).
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Let Li (RY) denote the space of functions f : RV — C such that f|x € L'(K) for all
compact subsets K C RY. We recall the following definition:

Definition B.2 [Convolution]. Let f € C.(RY) and g € L{ (RY). The convolution
f*gof fand g is

(9@ = [ f@=v9w)dy= [ @y dy. (B3)

Note that f € C.(RY) and g € L{ (RY) ensure that f g is a well-defined, since

L@ =gl dy < 1] 9(y)] dy < ox. (B.4)
RN z—supp(f)
In fact, f * g is continuous. To see this, let ¢ > 0 and z € RY. Since f € C.(RY),

in particular f is uniformly continuous, so we can find § > 0 such that |h| < § implies
|f(z+h)— f(2)] <e/(lglli +1) for all z € RN, Thus, if |h| < §, then

(Frg)a+n) = (Fr9@) < [ (fa—y+h)—fa=ylswld  (B5)

< d||gll SaM <e. (B.6)

lglly +1
The heuristic is that f % g inherits the “best” properties from f. We have just seen that
continuity is one such property, but it turns out that smoothness is inherited as well.

Theorem B.3. Let f € CM(RY) and g € LL (RY). Then f*g € CM(RY), and for
each |k| < M we have

O (fxg)=0"fxg. (B.7)

Proof. Tt suffices to do this when M = 1. The general claim follows by induction on M.
Thus, suppose that f € C}H(RY), g € LL (RV), and 1 <4 < N. Let e; be the ith standard

loc
basis vector of RV. Let ¢, be a sequence of nonzero real numbers with ¢, — 0. Then

(f *9)(x +tnei) = (f xg)(x) :/f(fﬂ—ertnei) —flz—y)
tn tn

9(y) dy. (B.8)

Assuming that we can justify the application of dominated convergence to the integral on
the right-hand side of (B.8), we deduce that 9(f x g) = 0°f * g.

Note that by the mean value inequality applied to f, we have
[l —y+tnei) — flo -
ln

where A, = {y e RY | f(z —y + tnei) # 0, f(x —y) #0}. If T'> 0 is such that [t,| < T
for all n, then A, , C (x —suppf) + Br(0), which is compact, so that the right-hand side
of (B.9) is integrable. Hence, dominated convergence is justified. O

y>g<y>| < 119 Flloclg @)1y € An), (B.9)
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Given an arbitrary function g € L{ _(R"), we can construct a family of smooth functions
(ge)e>0 that approximate g by defining g. = . * g, where (¢¢)e>0 is a family of smooth
density functions that “approximate the identity,” i.e., the ¢ distribution at 0, as ¢ — 0.
Namely, we shall want each ¢, to be smooth, supported on the closed ball B.(0) of radius
e centered at 0, bounded between 0 and 1, and integrating to 1. Such functions are often
called mollifiers. A function ¢ which satisfies the previous definition in the case ¢ = 1 is
a standard mollifier, and from it we can construct a sequence of mollifiers (), called the
standard mollifiers associated to ¢, by defining

pe(x) = Nop(a/e). (B.10)

As an example, from smooth bump functions one can construct radially symmetric standard

mollifiers, such as ,
o(z) oc I(|z| < 1)e~ /0121, (B.11)

The proportionality constant is chosen to ensure [(z)dzr = 1. We now make precise
the claim that g. is a very good approximation to g when (¢.) is a sequence of mollifiers
associated to a standard mollifier ¢.

Theorem B.4. Let () be a sequence of mollifiers in N dimensions associated to
a standard mollifier ¢. Then if 1 < p < oo and g € LP(RY), the sequence of smooth
functions g. := ¢, * g converges to g in LP(RY) as ¢ — 0.

Proof. For each € > 0, let p. denote the probability measure on R defined such that
dpe(z) = pe(x) dx. Note that

0:2) = 9(a) = [ gl = 1) = 9(a) dpc(y). (B.12)

Thus, by Jensen’s inequality and Tonelli’s theorem we can write

lg- = gllp = [ lg-(a) ~ g(@)"do < [ hly) dp-(). (B.13)

where h(y) := [|g(x —y) — g(z)[P de. We claim that h(y) — 0 as y — 0. Because p. is
supported on [—¢, €], this implies [ h(y) du-(y) — 0 as e — 0.

It remains to justify our claim that lim,,oh(y) = 0. If g € C.(RY), this follows
readily from dominated convergence. More generally, one uses the density of C.(RY) in
LP(RN). Since we will only apply Theorem B.4 in the case that g is compactly supported
and continuous, the details are left to the reader. ]

We are finally in a position to prove Theorem B.1. Let f € CM(R™) be as in the theorem
statement. While we do not need to work with the entire Sobolev space W™M:2(yy), we can
still define the (possibly unbounded) norm || - ||z as in (B.2) on CM(RY). Then if X is
the normed space of functions f € CM(RY) where ||f||p2 < oo, equipped with || - ||as2,
Theorem B.1 is reduced to proving that C2°(R”) is dense in X. The proof is divided into
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two steps. Let Y := CM(RY) be equipped with the norm || - ||as2, which is a subspace of
X. We first use Theorem B.3 and Theorem B.4 to prove that C>°(RY) is dense in Y, and
then we show, by a standard cutoff argument, that Y is dense in X.

Our first order of business is to prove that C>°(RY) is dense in Y, so let f € Y. Fixing
a standard mollifier ¢ with associated (¢ ), this ensures that each f. := p.x f = f*x . isa
compactly supported (clear from Definition B.2) smooth function, that Theorem B.3 applies
to fe with (. in place of g, and that Theorem B.4 applies to the partials of f. with the
partials of f replacing g. More precisely, for each |k| < M we get 0%f. = . * 0% f, and
thus OFf. — OF f in L2(RY) as ¢ — 0. By dominated convergence, as dyy(z) = 1 (x) dx for
a bounded function ) (z), this implies that 9% f. — 0% f also in L?(yn), so f. — fin Y.

It remains to verify that Y is dense in X. We accomplish this using a sequence of smooth
cutoff functions. Namely, we can find a constant A > 0 and a sequence of smooth functions
0 < xn < 1on R for which x,, is 1 on B, (0), 0 outside B,,11(0), and [[0%xy||oo < A for all
|k| < M. Much like with mollifiers, we can define radially symmetric x,, starting from just
a particular choice of y = x1 in 1 dimension by setting

Xn(z) = x(max{|z| — n +1,0}). (B.14)

Let f € X and define f,, = fx,, for all positive integers n. Then f, € Y, and for all |k| < M
we note that 0% f, = 9% f for |x| <n and 9% f, = 0 for |x| > n + 1. Hence

0= 0 FIE = [ -0 [ o fPdw. (Ba5)
n<|z|<n+1 |z|>n+1

The right summand approaches 0 as n — oo by the dominated convergence theorem, since
Ok f € L?(yn). For the left summand, we can use the generalized Leibniz rule to write

Ff—Ff= % (’“)afxna’“—‘f, (B.16)
0<<k £

where the binomial coefficients are defined as usual, but with the factorial convention for
multi-indices. By the triangle inequality, (B.16) allows us to bound

|08 fr = OFFl < A" Y 10574, (B.17)

0<L<k

where A’ is equal to A times the maximum of the binomial coefficients. Then we can use
the Minkowski inequality along with dominated convergence to show that also

lim / 0% £, — 9% F[2 dyy = O, (B.18)
n<lz|<n+1

n—oo

so ||0F f, — kaH%N — 0. Thus f, — f in X, as desired.

C Omitted Proofs

The proofs in this section are of results which have already been stated in the body of the
thesis, so we do not bother restating the theorems/lemmas.
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Proof. (Theorem 1.13) First we claim that G is almost surely invertible. It suffices to prove
that the set of singular matrices has Lebesgue measure 0 inside MyR, for G is a continuous
random variable. The set of singular matrices is the vanishing locus of the determinant, a
nonzero polynomial in N? variables. We claim more generally that for any positive integer
n and every nonzero p € R[xy, ..., z,], the vanishing locus V(p) of p has measure 0.

We prove our claim by induction on n. If n = 1, then since every nonzero p € R[z| has
finitely many roots, the set V(p) is finite and in particular of measure 0. Now suppose our
claim holds for some positive integer n, and let p € R[z1,. .., %y, Tnt+1] be nonzero. For each
x € R", let p, € R[z1] denote the polynomial p,(x1) := p(x1, ). There are finitely many
polynomials qo, g1, . . .,qq € R[z1,...,x,] for which p,(z1) = % ¢i(z)x?, so that p, = 0 if
and only if ¢;(z) = 0 for all i < d. In particular,

Ei={z € R" | p, = 0} = N V(a:) (C.1)

has measure 0 in R™ by the induction hypothesis. Hence by Tonelli’s theorem and the
already proven base case, we have

At1(V(P) = [ A(V(pz)) dAn(z) = /n_E A (V(pz)) dAn(z) =0, (C.2)

R’ﬂ
where \; is the Lebesgue measure on R*. This proves our claim.

Now, define a Borel measurable function f : MyR — Oy by letting f(A) be the matrix
obtained by applying Gram-Schmidt to the columns of A if A € GLyR, and otherwise
f(A) = I. We wish to show that f(G) ~ Haar(Oy). The distribution of f(G) is a Borel
probability measure on the Polish space Oy, and hence it is automatically a Riesz measure.
It is thus sufficient to prove that this distribution is left-invariant, or equivalently O f(G) ~
f(Q) for every O € On. Write g1, ...,gn for the columns of G, which are independently
distributed AN(0, Ix). Then the columns of OG are Ogy,...,0Ogy, and O ~ OG. Hence
f(G) ~ f(OG), so it suffices to prove that f(OA) = Of(A) for all A € GLyR. Intuitively,
a basis for RY determines a complete flag, and Gram-Schmidt constructs an orthonormal
basis preserving this flag in an “oriented” fashion, which commutes with rotations.

Let ai,...,an be a basis for RV, and suppose that by, ..., by is the basis resulting from
applying Gram-Schmidt to a,...,an. Let c1,...,cy be the basis resulting from applying
Gram-Schmidt to Oay,...,Oay. By induction on ¢ we will demonstrate that Ob; = ¢; for
all 1 < ¢ < N. For the base case i = 1, just note that

aq Oaq
Obl =0 ( ) = =C1. (C3)
laxll/ [[Oa4]]

Now suppose that the claim holds for all j < i, where 2 <4 < N. Then

Obi —0 ( a; — Ej<i<aivbj>bj ) O ]<1<0ai70bj>0bj (04)
llai = 32j<ifai; bj)b; | HOaz 2 j<i(Oai, Ob;)Ob; ||
O = 3yeitOt i)y _ (C.5)
||Oal ]<l<0aivcj>cj”
O
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Proof. (Theorem 2.2) First suppose that u satisfies the isoperimetric inequality (2.2). Let
f be a 1-Lipschitz function on X', m € med(f), and A = {f < m}. Then p(A) > 1/2, and
so for every € > 0,

(X — A%) < Cexp(—e?/20?%). (C.6)
Now fix € > 0. Suppose that € X is such that f(x) — m >e. Then if y € A, we have
fy)sm<flx)—e = flx) - fly) 2e (C.7)

Because f is 1-Lipschitz, d(z,y) > |f(z)— f(y)| > f(z)—f(y) > e, 50 {f —m > e} C X — A°
for every § < €. In particular,

p(f —m>e) < p(X — A%) < Cexp(—3%/207) (C.8)

for all 0 < e. Letting § — £, we obtain (2.6).

Conversely, suppose that (2.6) holds for all 1-Lipschitz f, medians m, and € > 0. Let
A C X be measurable such that p(A) > 1/2. Consider the function f : X — R defined by
f(z) =d(xz,A). Thus {f < e} = A® for every € > 0. First we claim that f is 1-Lipschitz.
Let n > 0. Then we can find z € A such that d(y, z) < d(y, A) +n. Also d(z, A) < d(z, 2)
because z € A, so

d(xz, A) —d(y, A) < d(z,z) —d(y,z) +n < d(z,y) + 7 (C.9)

by the triangle inequality. Letting n — 0%, we get f(z) — f(y) < d(x,y). Swapping = and
y gives f(y) — f(x) < d(x,y), so |f(x) — f(y)| < d(z,y). This verifies that f is 1-Lipschitz.

Now let € > 0. By (2.6), for all m € med(f) we have
u(f —m<e)>u(f —m<e)>1—Cexp(—e?/20%). (C.10)

Since {f < 0} and {f > 0} are both supersets of A, and u(A) > 1/2, it follows that
0 € med(f), so we can take m = 0 in (C.10). Moreover, notice that {f < e} = A® by
definition. Therefore we obtain the isoperimetric inequality (2.2). O

Proof. (Lemma 3.16) First suppose that V is semisimple, and let V' = @;c;U; be a
decomposition into G-irreps. If W C V is invariant, then for each ¢ € I the intersection
W N Uj is either all of U; (so that U; € W) or 0. This implies W = @®;c;U;, where
J={iel|U; CW}, and we can take W' = ®;c;_;U;. Hence V is completely reducible.

Conversely, suppose that V is completely reducible. If V is FD, we can proceed by
induction. When V is irreducible, certainly V is semisimple. Otherwise, we can split
V =W @ W', where W and W’ are proper invariant subspaces of V. If both W and W’
are irreducible, then we are done. Otherwise, we further split W and W’ as needed. This
process eventually terminates for dimensional reasons. If V' is infinite-dimensional, the same
argument works, but we need some form of transfinite induction, such as Zorn’s lemma. [
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Proof. (Lemma 3.36) Let p : G — GL(V) be a G-irrep with character xy, and for v € V
and a € V* define the matrix coefficient p(g) = (o, g - v). It suffices to show that A(p)
is a scalar multiple of xy. The pair (v,«) corresponds to an endomorphism 7' : V. — V
by T(w) = a(w)v, and notice p(g) = tr(T o p(g)). We can average T' to obtain another
endomorphism

AT):V =V, w>—>/(g~T)(w)dg. (C.11)

Here G acts as usual on End(V) 2V @ V* by g- T = p(g) o T o p(g)~!. Invariance implies
that A(T) is G-linear, so A(T') = A - idy for some A € C by Schur’s lemma. Hence

A@N9) = [ pthgh ) dh = [ (T o plhgh™ ) dh = [w((h-T)op(g)dn  (C12)
—tr ([T dnoplo)) = Mex(ol9)) = Mev (o). (©13)

O]

D Supplementary Code
All simulations done for this thesis are original, as are the Mathematica calculations detailed

in Table 8. I thank my friend and colleague Lev Kruglyak for his assistance. Below is a link
to a GitHub repository containing the relevant code, for completeness and reproducibility:

https://github.com/ajlamotta/Senior-Thesis.
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