SERRE WEIGHTS FOR MOD p HILBERT MODULAR FORMS:
THE TOTALLY RAMIFIED CASE

TOBY GEE AND DAVID SAVITT

ABSTRACT. We study the possible weights of an irreducible 2-dimensional
modular mod p representation of Gal(F/F), where F is a totally real field
which is totally ramified at p. In most cases we determine the precise list of
possible weights; in the remaining cases we determine the possible weights up
to a short and explicit list of exceptions.
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1. INTRODUCTION

Let p be a prime number. The study of the possible weights of a mod p modular
Galois representation was initiated by Serre in his famous paper [Ser87]. This
proposed a concrete conjecture (“the weight part of Serre’s conjecture”) relating
the weights to the restriction of the Galois representation to an inertia subgroup
at p. This conjecture was resolved (at least for p > 2) by work of Coleman-Voloch,
Edixhoven and Gross (see [Edi92]).

More recently the analogous questions for Hilbert modular forms have been a
focus of much investigation, beginning with the seminal paper [BDJ08]. Let F be a
totally real field with absolute Galois group Ggr. Then to any irreducible modular
representation

0:Gp — GLQ(FP)

there is associated a set of weights W (p), the set of weights in which 5 is modular
(see section 2 for the definitions of weights and of what it means for p to be modular
of a certain weight). Under the assumption that p is unramified in F the paper
[BDJO08] associated to p a set of weights W7 (p), and conjectured that W7 (p) =
W (p). Many cases of this conjecture were proved in [Gee06b].
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The set W’ (p) depends only on the restrictions of 5 to inertia subgroups at places
dividing p. In the case that these restrictions are tamely ramified, the conjecture
is completely explicit, while in the general case the set depends on some rather
delicate questions involving extensions of crystalline characters.

Schein [Sch08a] has proposed a generalisation of the conjecture of [BDJ08] in
the tame case, removing the restriction that p be unramified in . Not much is
currently known about this conjecture; [Sch08a] proves some results towards the
implication W (p) C W*(p), but very little is known about the harder converse
implication in the case that p is ramified. It is clear that the techniques of [Gee06b]
will not on their own extend to the general case, as they rely on combinatorial
results which are false if p ramifies.

In this paper, we prove most cases of the conjecture of [Sch08a] in the case that p
is totally ramified in F'. Our techniques do not depend on the fact that there is
only a single prime of F' above p, and they would extend to the case where every
prime of F' above p has residue field F,, (or in combination with the techniques
of [Gee06b], to the case where every prime of F' above p is either unramified or
totally ramified). We have restricted to the case that p is totally ramified in order
to simplify the exposition.

We assume throughout that p is odd, and that ﬁ\GF( ) is irreducible. We make
a mild additional assumption if p = 5. All of these restrictions are imposed by
our use of the modularity lifting theorems of [KisO7b] (or rather, by their use in
[GeeO6al). Let (p) = p® in O, where e = [F' : Q]. Under these assumptions, we are
able to prove that if plg,, is irreducible, then W (p) = W (p). If plg,, is a sum of
two characters, then we show that W () C W”(p), and that equality holds if e > p.
If e < p— 1 then we prove that the weights in W7 (5) all occur except that we miss
between zero and four weights; under the extra hypothesis that p has an ordinary
modular lift, we can usually (but not quite always) treat these exceptions as well.

We establish that W (p) C W*(p) by a computation using Breuil modules with
descent data, in the same style as analogous computations in the literature; we
have to use a few tricks in boundary cases, but these arguments are more or less
standard.

For the harder converse, our techniques are roughly a combination of those of
[Gee06Db] and an argument due to Kevin Buzzard, which uses a technique known
as “weight cycling”. This argument was first written up in section 5 of [Tay06] in
the case that p splits completely in F'. The argument essentially depends only on
the residue field of primes dividing p, and thus applies equally well in our totally
ramified setting. It is the use of this argument that entails our restriction to the
totally ramified case, rather than permitting arbitrary ramification. The idea of
combining these two approaches is, as far as we know, completely new.

As in [Gee06b], the plan is to construct modular lifts of p which are potentially
Barsotti-Tate of specific type, using the techniques of Khare-Wintenberger, as ex-
plained in [Gee06a]. These techniques reduce the construction of such lifts to the
purely local problem of exhibiting a single potentially Barsotti-Tate lift of p|g P of
the appropriate type. In the case that p|g 18 irreducible, writing down such a
lift is rather non-trivial; in fact, as far as we are aware, no-one has written down
such a lift in any case in which e > 1. We accomplish this by means of an explicit
construction of a corresponding strongly divisible module.
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The immediate consequence of the existence of these lifts is that p is modular of
one of two weights, the constituents of a certain principal series representation. In
[Gee06b] we were able to conclude that only one of these two weights was actually
possible, but in the totally ramified case p is frequently modular of both of these
weights, so no such argument is possible. It is at this point that we employ weight
cycling. Crucially, we can frequently ensure that our lift is non-ordinary, and when
this holds weight cycling ensures that p is modular of both weights. The cases
where we cannot guarantee a non-ordinary lift are certain of those for which p|q -
is reducible and e < p, which is why our results are slightly weaker in this case.

We note that our methods should also be applicable in the non-tame case, and
should give similar results, subject to the appropriate local calculations. For explicit
conjectures in this case (“explicit” in the sense of [BDJO08], i.e., in terms of certain
crystalline extensions) see the forthcoming [GS].

We now detail the outline of the paper. In section 2 we give our initial definitions
and notation. In particular, we introduce spaces of algebraic modular forms on
definite quaternion algebras, and we explain what it means for p to be modular
of a specific weight. Note that we work throughout with these spaces of forms,
rather than their analogues for indefinite quaternion algebras as used in [Sch08a] or
[BDJO08]. While our results do not immediately go over to their setting, our proofs
do; both the results on the existence of Barsotti-Tate lifts of specified type and the
weight cycling argument are available in that case (for the latter, see [Sch08b]).

In section 3 we explain which tame lifts we will need to consider, and the rela-
tionship between the existence of modular lifts of specified types and the property
of being modular of a certain weight. This amounts to recalling certain concrete
instances of the local Langlands correspondence for GLy and local-global compati-
bility. All of this material is completely standard.

We give an exposition of the weight cycling result in section 4, adapted to the sit-
uation at hand. In particular, we combine weight cycling with the results of earlier
sections to give a result establishing that p is modular of a particular weight pro-
vided that it has a modular lift which is potentially Barsotti-Tate lift of a particular
type and is non-ordinary.

Having done this, we now need some concrete results on the existence of (local)
potential Barsotti-Tate representations of particular type that lift p|q P We warm
up for these calculations by establishing (in the tame case) the inclusion W(p) C
W?(p) in section 5. This uses a calculation with Breuil modules. In section 6.1
we produce the required lifts in the case that plg,, is reducible. This case is
relatively straightforward, as we are able to use reducible lifts. The irreducible case
is considerably more challenging, and is completed in sections 6.2 and 6.3, where we
explicitly construct the lifts by writing down the corresponding strongly divisible
modules.

Finally, in section 7 we combine these results with the lifting techniques of
[GeeO6a] and some combinatorial arguments to prove the main theorems.

2. NOTATION AND ASSUMPTIONS

_ Let p be an odd prime. Fix an algebraic closure Q of Q, an algebraic closure
Q, of Qp, and an embedding Q — Q,. We will consider all finite extensions of Q

(respectively Q,) to be contained in Q (respectively @p). If K is such an extension,
we let G denote its absolute Galois group Gal(K/K). Let F be a totally real
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field in which p is totally ramified, say (p) = p°. Choose a uniformiser 7, € p.
Let p : Gr — GL3(F,) be a continuous Galois representation. Assume from now
on that ﬁ|Gp(<p) is absolutely irreducible. If p = 5 and the projective image of p
is isomorphic to PGLy(F5), assume further that [F(¢5) : F] = 4. We normalise
the isomorphisms of local class field theory so that a uniformiser corresponds to a
geometric Frobenius element.

We wish to discuss the Serre weights of p. We choose to work with totally
definite quaternion algebras. We recall the basic definitions and results that we
need, adapted to the particular case where F' is totally ramified at p.

Let D be a quaternion algebra with center ' which is ramified at all infinite places
of F' and at a set ¥ of finite places, which does not contain p. Fix a maximal order
Op of D and for each finite place v ¢ ¥ fix an isomorphism (Op), — Ma(OF, ).
For any finite place v let m, denote a uniformiser of F,.

Let U =[], U, C (D®F A;)X be a compact open subgroup, with each U, C
(Op)x. Furthermore, assume that U, = (Op); for all v € ¥.

Take A a topological Zy-algebra. Fix a continuous representation o : U, —
Aut(W,) with W, a finite free A-module. We regard o as a representation of U
in the obvious way (that is, we let U, act trivially if v 1 p). Fix also a character
Y FX\(A};)X — A* such that for any place v of F, J|Umo§ is multiplication by

1~1. Then we can think of W, as a U(Aé)x—module by letting (A{,)X act via L.
Let S, (U, A) denote the set of continuous functions

I+ DX\(D ®p AL — W,
such that for all g € (D ®p Aé)x we have
f(gu) = o(u) "' f(g) for all u € U,

f(g2) = ¥(2) f(g) for all z € (AL)*.
We can write (D ®p A{,)X = HieIDXtiU(A{;)X for some finite index set I and
some t; € (D ®p A{;)X. Then we have
S (U, A) s e W R0 D10/
o, 9 K3 g 9
the isomorphism being given by the direct sum of the maps f +— f(¢;). From now
on we make the following assumption:

Forallt € (D®p Aé)x the group (U(Af;)X Nt~ 'D*t)/F* = 1.

One can always replace U by a subgroup (satisfying the above assumptions, and
without changing U,) for which this holds (cf. section 3.1.1 of [Kis07a]). Under
this assumption S, (U, A) is a finite projective A-module, and the functor W, —
Sou(U, A) is exact in W,.

We now define some Hecke algebras. Let S be a set of finite places containing
%, p, and the primes of F' such that U, # (Op)x. Let ’]I“é?i“’ = A[T,, Sy]vgs be the
commutative polynomial ring in the formal variables T;,, S,,. Consider the left action
of (D®p A?)X on W,-valued functions on (D ®p A?)X given by (gf)(2) = f(zg).
Then we make S, (U, A) a T‘éf‘jxv—module by letting S, act via the double coset
U( W 7?11 )U and T, via U ( s ?)U . These are independent of the choices of m,. We
will write Ty (U, A) or Ty (U) for the image of ']I“éf‘i" in End S, (U, A).
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Note that if ¢ is trivial, then we may also define Hecke operators at p. We let
Ur, be the Hecke operator given by the double coset U (78’ ?)U and let V;  be
given by U((l) 7& )U . Note that these may depend on the choice of .

Let m be a maximal ideal of Tgflj“’. We say that m is in the support of (o, )
if Soy(U, A)m # 0. Now let O be the ring of integers in @p, with residue field
F = Fp, and suppose that A = O in the above discussion, and that o has open
kernel. Consider a maximal ideal m C 'H‘g“(‘g" which is induced by a maximal ideal of
Ty, (U, O). Then there is a semisimple Galois representation g, : Gr — GLo(IF)
associated to m which is characterised up to equivalence by the property that if
v & S then p gy, is unramified, and if Frob, is an arithmetic Frobenius at v then
the trace of p,, (Frob,) is the image of T, in F.

We are now in a position to define what it means for a representation to be mod-
ular of some weight. Let F} have ring of integers OF,, and let o be an irreducible
F-representation of GL2(F,), so o is isomorphic to oy, = det” ® Sym" F? for
some 0 <m < p—1,0<n <p-—1. Throughout the paper we allow m,n to vary
over these ranges. We also denote by o the representation of GL2(OF, ) induced by
the surjection Op, — F).

Definition 2.1. We say that p is modular of weight o if for some D, S, U, ¥, and
m as above, with U, = GL2(OF, ), we have S, 4(U,F)n # 0 and p,, = p.

Assume from now on that p is modular of some weight, and fix D, S, U, ¥, m
as in the definition. Write W(p) for the set of weights o for which 5 is modular of
weight o.

One can gain information about the weights associated to a particular Galois
representation by considering lifts to characteristic zero. The key is the following
basic lemma.

Lemma 2.2. Let ¢ : F*X\(Ap)* — O* be a continuous character, and write 1)
for the composite of 1 with the projection O* — F*. Fix a representation o of
U, on a finite free O-module Wy, and an irreducible representation o' of U, on
a finite free F-module W,/. Suppose that we have J|Uva;U = ¢71|Um0§v and

JI‘UUﬂ(D;v =1 1‘Um(9;v'

Let wm be a mazimal ideal of T&y .

Suppose that Wy occurs as a Uy-module subquotient of Wo := W, @ F. If m is
in the support of (o/,%)), then m is in the support of (o,1).

Conversely, if m is in the support of (0,%), then m is in the support of (o’,))

for some irreducible Uy-module subgquotient Wy of We.

Proof. The first part is proved just as in Lemma 3.1.4 of [Kis07b], and the second
part follows from Proposition 1.2.3 of [AS86a]. O

3. TAME LIFTS

We recall some group-theoretic results from section 3 of [CDT99]. First, recall
the irreducible finite-dimensional representations of GLy(F,) over @p. Once one
fixes an embedding F,» — M>(IF,), any such representation is equivalent to one in
the following list:

e For any character x : F} — @: , the representation x o det.
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e For any x : F) — @;, the representation sp, = sp ®(x o det), where sp is
the representation of GLa(F,,) on the space of functions P*(F,) — Q, with
average value zero.

e For any pair x1 # x2: F — @;, the representation

I(x1,x2) = Ind 207 (a1 @ x2),

where B(F,) is the Borel subgroup of upper-triangular matrices in GLo(F,),
and x1 ® X2 is the character

( g Z ) — xi(a)xa(d).

e For any character x : IF;Z — @: with x # xP, the cuspidal representation
O(x) characterised by
GLa(F,)

X
]Fp2

O(x) ®sp = Ind

We now recall the reductions mod p of these representations. Let oy, , be the
irreducible Fp-representation det™ ® Sym" F?, with0 <m <p—1,0<n <p-—1.
Then we have:

Lemma 3.1. Let L be a finite free O-module with an action of GLy(F,) such that
V=L®o @p 1s irreducible. Let a denote the Teichmiiller lift of a.

(1) If V = x odet with x(a) =a™, then Lo F = gy, 0.

(2) If V = sp, with x(a) =a™, then L®o F = 0y p—1.

(3) If V= I(x1, x2) with x;(a) = a™ for distinct m; € Z/(p—1)Z, then L&oF
has two Jordan-Hélder subquotients: 0y, (mi—mo} ONA Oy fmo—m,} Where
0<{m}<p—1and{m}=m modp—1.

(4) If V = O(x) with x(c) = &+t where 1 < i < p and j € Z/(p — 1)Z,
then L ®o IF has two Jordan-Holder subquotients: 014j,—2 and 0i1jp—1—;-
Both occur unless i = p (when only the first occurs), or i = 1 (when only
the second one occurs), and in either of these cases L @ F =2 Oltjp—2 -

Proof. This is Lemma 3.1.1 of [CDT99]. O

In what follows, we will sometimes consider the above representations as repre-
sentations of GL2(OF,) via the natural projection map.

‘We now recall some definitions relating to potentially semistable lifts of particular
type. We use the conventions of [Sav05].

Definition 3.2. Let 7 be an inertial type. We say that a lift p of 5|Gpp is poten-
tially Barsotti-Tate (respectively potentially semistable) of type 7 if p is potentially
Barsotti-Tate (respectively potentially semistable with all Hodge-Tate weights equal
to 0 or 1), has determinant a finite order character of order prime to p times the
cyclotomic character, and the corresponding Weil-Deligne representation, when re-
stricted to [ Fp» 18 isomorphic to 7.

Note that (at least in the potentially semistable case) this terminology is not
standard, but it will be convenient in this paper.

Definition 3.3. We say that a representation p : Gr, — GL2(Q,) is ordinary if
Pl Ir, 1s an extension of a finite order character by a finite order character times the
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cyclotomic character. We say that a representation p : Gp — GL2(Q,) is ordinary
if plGp, is ordinary.

We now need some special cases of the inertial local Langlands correspondence
of Henniart (see the appendix to [BMO02]). If x; # x2 : F\ — O%, let 7, y, be
the inertial type x1 © x2 (considered as a representation of Ir, via local class field
theory). Then we let (7, y,) be a representation on a finite O-module given by
taking a lattice in I(x1,x2). If x : Ff — O%, we let 7, = x @ X, and o(7y) be
x o det.

If x : IF;2 — O with x # x?, we let 7, \» = x ® xP (again, regarded as a repre-
sentation of I, via local class field theory), and we let o(7, ,») be a representation
on a finite O-module given by taking a lattice in ©(x).

The following result then follows from Lemma 2.2, the Jacquet-Langlands cor-
respondence, the precise form of the local Langlands correspondence for tame rep-
resentations (¢f. Lemma 4.2.4 of [CDT99]), and the compatibility of the local
and global Langlands correspondences at places dividing p (see [Kis08]). (See the
beginning of section 5 for the definition of the fundamental character w.)

Lemma 3.4. Fiz a type T as above (i.e., T = Ty, y,, Ty, OF Ty v ). Suppose that p
is modular of weight o, and that o is a GLo(F,)-module subquotient of o(7) @0 F.
Then p lifts to a modular Galois representation which is potentially Barsotti- Tate
of type T at p. Similarly, if p is modular of weight o, p—1, then p lifts to a modular
Galois representation which is potentially semistable of type @™ & ™. Conversely,
if p lifts to a modular Galois representation which is potentially Barsotti-Tate of
type T at p, then p is modular of weight o for some GLy(F,)-module subquotient o
of o(1) ®0 F.

4. WEIGHT CYCLING

We now explain the weight cycling argument due to Kevin Buzzard which proves
modularity in an additional weight in the non-ordinary case. There is an exposition
of this argument in section 5 of [Tay06] in the case that p splits completely in F,
and the argument goes over essentially unchanged in our setting. Since our notation
and assumptions differ from those of [Tay06], we give a proof here.

Suppose that A is a field and that o denotes the dual of o. Then (cf. the
discussion on page 742 of [Tay06], recalling that by assumption we have (U(Af,)X N
t=1DXt)/F* =1forallt € (D ®Fp Aé)x) there is a perfect pairing

<', > : SUVQL(U, A) X Savwal(U, A) — A
given by

(f. f2) =D _(fi(te), falts)

K3

where
(D @p AL =[] D*t:U(AL)*

and the pairing between f;(¢;) and fa(t;) is the usual pairing between a representa-
tion and its dual. A standard calculation shows that under this pairing the adjoint
of S, is S; 1, the adjoint of T} is T,,S; !, and when it is defined the adjoint of U,
is Vi, Sy L
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Let
Uo =[]V x I
vip
where I, is the Iwahori subgroup of GL3(OF,) consisting of matrices which are
upper-triangular modulo p, and let

U =[[Usx 1y
otp

where Ig is the subgroup of I, whose entries are congruent to ((”j ’{)modulo p. Let
o = 1, the trivial representation, so that the operators U, and V;, are defined on
S1,4(Ur,A) and Sy -1 (Uy, A) for any O-algebra A. Let

0" (g a) —d

an F*-character of the standard Borel subgroup B(F,) of GLy(F,). Then there is
a natural embedding

Ssn . (Uo, F) — S1,4(Ur,F)

which is equivariant for the actions of Tgf‘]FiV, and the image of Ssn (U, F) is stable
under the actions of Uz, and V; . We use this action as the definition of Ur, and
pr on Sgnﬁw(Ug,IF).

There is also a natural isomorphism

Ssn.(Uo, F) = Stnacsny,e (U, F)

where Ind(6™) is obtained as the induction from B(F,) to GLy(F,) of 6. We can
think of this induction as being the functions

0 : GLy(F,) — F
with the property that for all b € B(F,), g € GL2(F,),
0(bg) = 6" (b)6(g)-
The action of GL2(F,) is by
(90)(z) = 0(zg).
This isomorphism identifies f € Ssn y(Up, F) with F' € Spng(sny,y (U, F) where
flx) = F(z)(1)
and
F(z)(9) = f(zg™").

Now, we have a short exact sequence
0— 00, — Ind(6™) = opp—1-n — 0
of GLy(F,)-modules and thus a short exact sequence
a B
0— Sﬂo,m?/)(Uv F) - SInd(&"),!/)(Ua IF) - Un,p—l—n,w(Uv F) —0
and, localising at m, a short exact sequence
0— Stfo,n,w(U7 F)m < Slnd(J")Jﬁ(Ua F)m ﬁ) o'n,pflfTMw(U’ F)m — 0.

Proposition 4.1. If n < p —1 and Sy, (U, F)n = 0 then the map V;, :
Stad(sm),0 (U, F)m — Stnd(sn),e (U, F)m is an isomorphism.
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Proof. Under the assumption that Sy, , ¢(U,F)n = 0, we have an isomorphism

B
Stnd(m) (U F)m = So, 1 o (U, F.
We claim that there is an injection
K So-7l,p717n7w(U, F)m — SInd((s”),w(Ua F)m

such that ko 8 = V. This would clearly establish the result. Of course, it is
enough to construct an injection

K San,p,l,n,w(U7 ]F) - SInd(J”),w(Ua IF)

which commutes with the action of ']I‘gf}}", and satisfies ko 3 = V.
As explained above, we identify St,q(sn),y(U,F) with Ssn 4 (Up,F). First, note

that (cf. the proof of Lemma 5.1 of [Tay06] or Theorem 3.4(a) of [AS86b]) the map
ﬁ : 55”’,¢(UO’ F) - G'n,pflfn;w(U’ IF)

is given by

B = D flg-u(s,t) (X —sy)PiTm,

(s:t)EPI(F,)

Here we are regarding elements of o, ,_1_, as homogeneous polynomials of degree
p—1—nin variables X, Y in the usual way, and u(s,t) € GL2(Op, ) is any matrix

congruent to
* %
s t

K So‘n’pilin7w(U7 ]F) — S5n7¢(U0,F)

modulo p.
Then the map

is defined by
£(f)(g) = f(g7)(1,0)

1 0
v = <O ﬂp) € GLy(F}).

where

It is easy to check that this is well-defined and equivariant for the action of ’]I“gf‘ﬁ",
and it is obviously injective. It remains to check that ko 3 =V .
For each s € F), we let § denote a lift of s to Op,. Then we have the familiar

decomposition
1 0 1 0
Yo (O 7Tp> vo=11 (5% Wp) Yo

s€F,

and we can take
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Then we have
(ko B)(f)(g) = (B)(g7)(1,0)
= Y flgyeuls, Tt
(s:t)€PL(F)p)

= > flgv-uls,1)™

sel,

" (slen =)

sel,

= (Va, /)(9)-
O
Proposition 4.2. If S5, | (U, F)n = 0 then the map Uy, : Syy o0 (U, F)n —

So0.0,0 (U, F)w is an isomorphism.

Proof. Under the assumption that Sy, _, (U, F)m = 0, we have an isomorphism

8
Stad(1),¢(Us F)m = Soy 0,0 (U, F).
We claim that there is an injection
K : SUO,O,lZJ(U) F) — SInd(l),w(Uz F)
which commutes with the action of ']I‘gﬁ}", and satisfies ok = U, .
As above, we identify Sinq(1),,(U,F) with S1 4 (Uo,F). Again, the map
B Slﬂl)(UO’F) - SUo,oﬂb(UvF)
is given by

BN =D, flg-ulst)™).
(s:t)EP (Fp)
Then the map
K Sgoymw(U, F) — Sl,w(Uo,F)
is defined by
&(f)(9) = f(g7)

= (é 7?) € GLy(F).

P
It is easy to check that this is well-defined, equivariant for the action of TR, and
it is obviously injective. It remains to check that ko § = U,

Again, we may take
10
U(S, 1) - (g 1) 9

u(1,0) = ((1) é) .

Recall that we have the standard decompositon

(5 o- 11 (3 D e

s€F, s€F,

where

pe

and we take
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G 9-690

and if s # 0 then writing t = s~! we have

™ §\ (1 0 Ty 5

0 1) \t m)\~t (1-5)/m)"
Then we have

Bor)(Nlo)= D  flg-ulst)™y)

(s:t)€P (Fp)

=y (o(i )0 %)

self,

= (U, f)(9)-

Note that we have

O

Now, there is a maximal ideal m* of ’]I“gf‘]é" with the property that for each « ¢ S,
T,—a € mifand only if T, S, ! —a € m*, and S, — 3 € mif and only if S; ' -3 € m*.
Thus

ﬁm\/ = 5:1/1(1)
Then from the duality explained above between S5 and S,v -1, we obtain

Corollary 4.3. If n <p—1 and Ss, , »(U,F)n = 0 then the map
U‘n'p : SInd(é‘"),d)_l(Uv ]F):; - SInd(é‘")7w_1(Ua ]F)::m
is an isomorphism.

Proof. This follows at once from Proposition 4.1. O

Proposition 4.4. Suppose that 0 < n < p —1. If p has a lift to a modular
representation p : Gp — GL2(Q,) which is potentially Barsotti- Tate of type rilaaite
w™ and is not ordinary, then p is modular of weight oy, », and of weight o yn p—1—n.

Proof. We know from Lemma 3.4 that p is modular of weight at least one of
Om+np—1—n and 0p, . Suppose for the sake of contradiction (and without loss
of generality) that 5 is modular of weight 0,4, p—1-n but not weight o, ,,. Twist-
ing, we may without loss of generality assume that m = 0.

Take D, S, U, v and m as in section 2, chosen so that if n # 0 there is an
eigenform in Slnd(gn),w(U’ @p) corresponding to p, and if n = 0 there is such a form

in S1,4(U, @p). Note that by local-global compatibility and standard properties of
the local Langlands correspondence, the assumption that p is not ordinary shows
that Uy has a non-unit eigenvalue on Sy 5., (U, Q,) (respectively S1,4(U,Q,)).

Suppose first that n = p — 1. Then by Proposition 4.2, Uy, is an isomorphism
on S1,4(U,F); but this is a contradiction.

Suppose now that n < p — 1. Then by Corollary 4.3, Ur, is an isomorphism
on Styqs—ny,p-1 (U, F)y. Again, this is a contradiction, as by the above duality
there is an eigenform in Spq(5-—n),¢-1 (U, @p)]’; corresponding to the representation
pY(1). O
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5. NECESSARY CONDITIONS

Suppose that K is a finite extension of Q,, with residue field k. Let S, = {7 :
k— E,}. For each 7 € Sj, we define the fundamental character wg . corresponding
to 7 to be the composite

~

Ik OIX( kX T rF:,

where the first map is the isomorphism given by local class field theory, normalised
so that a uniformiser corresponds to geometric Frobenius. We will generally sup-
press the subscript K and write simply w,. If x is a character of Gi or Ik, we
denote its reduction mod p by X.

If K is totally ramified (e.g. if K = F}), we let w be the unique fundamental
character. Note that w*®/@) is the (restriction to Ix of the) mod p cyclotomic
character, e.g. by Lemma 6.2 below. Let 01, o2 denote the two embeddings of the
quadratic extension of k into Fp, and let wy,, w,, denote the two corresponding
fundamental characters of Ik .

If pla P semisimple, then we define a set of predicted weights for p as follows.

Definition 5.1. The set W7 (p) is the set of weights oy, ., such that there exists
1 < o < e with either pl, = witntagmte—T gy ymte—r minte o Plin, =
wm+n+;ﬂ @ wm-}-e—w'

Let W(p) be the set of weights o such that p is modular of weight o. Our aim
in this section is to prove that W (p) c W7 (p).

5.1. Breuil modules with descent data. Let k be a finite extension of F), let
Ko = W(k)[1/p], and let K be a finite Galois totally tamely ramified extension of
Ky, of degree ¢’. Assume that there is a uniformiser © of Ok such that = L,
where L is a subfield of Ky, and fix such a 7. Since K/L is tamely ramified, the
category of Breuil modules with coefficients and descent data is easy to describe
(see [Sav06]). Let kg be a finite extension of F),. The category BrModaq,z, consists
of quadruples (M, Fil' M, ¢1, {G}) where:

e M is a finitely generated (k ®r, kg)[u]/u€P-module, free over k[u]/u¢?.

o Fil' M is a (k ®r, kg)[u]/ufP-submodule of M containing u¢ M.
¢1 : Fil'M — M is kp-linear and ¢-semilinear (where ¢ : kfu]/u¢? —
E[u]/u€'? is the p-th power map) with image generating M as a (k ®F,
kg)[u] /u®P-module.
g : M — M are additive bijections for each g € Gal(K/L), preserving
Fil' M, commuting with the ¢-, and kg-actions, and satisfying §; o ga =
g1 0 g, for all gi,92 € Gal(K/L), and 1 is the identity. Furthermore, if
a € k®p, kg, m € M then g(au'm) = g(a)((g(r)/7)" @ D)u'g(m).

The category BrModqq, 1, is equivalent to the category of finite flat group schemes
over Ok together with a kg-action and descent data on the generic fibre from K
to L (this equivalence depends on 7).

We choose in this paper to adopt the conventions of [BM02] and [Sav05], rather
than those of [BCDTO1]; thus rather than working with the usual contravariant
equivalence of categories, we work with a covariant version of it, so that our formu-
lae for generic fibres will differ by duality and a twist from those following the con-
ventions of [BCDTO01]. To be precise, we obtain the associated G -representation
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(which we will refer to as the generic fibre) of an object of BrModgq,;, via the
functor Ts%,Z'

Let E be a finite extension of Q, with integers O, maximal ideal mg, and residue
field kg. Recall from [Sav05, Sec. 2] that the functor Dsfgz is an equivalence of
categories between the category of E-representations of GGy, which are semistable
when restricted to Gk and have Hodge-Tate weights in {0, 1}, and the category of
weakly admissible filtered (¢, N)-modules D with descent data and E-coefficients
such that Fil’(K @k, D) = K ®k, D and Fil*(K ®g, D) = 0.

Suppose that p is a representation in the source of D§72. Write S = Sk.0,
(notation and terminology in this paragraph are as in [Sav05, Sec. 4]). Then T} ,
is an equivalence of categories between strongly divisible modules M (with Og-
coefficients and descent data) in S @y DX 5(p) and Galois-stable Op-lattices
in p; and this equivalence is compatible with reduction mod mg, so that applying
Tk, to the object M/mgM of BrModaq,r yields a reduction mod p of p (see
[Sav05, Cor. 4.12, Prop 4.13]).

Let ¢ denote the residue field of L.

Lemma 5.2. Let Y : Gal(K/L) — kj; be a character, and for ¢ € ({ ®g, kp)™ let
M(¥X,c¢) denote the rank one Breuil module with kg-coefficients and descent data
from K to L with generator v and

Fi'M(Y,¢) = M(X,0),  ¢1(v) =cv,  Gv) = (L@ X(9))v
for g € Gal(K/L). Then T} ,(M(X,1)) = X, and T% 5(M(X, ¢)) is an unramified
twist of X.
Proof. Let x : Gal(K/L) — E* be the Teichmdiller lift of . For ¢ € (W({) @ Og)*

lifting ¢, define a weakly admissible filtered (¢, N )-module with descent data D(x;, ¢)
over Ko ®q, £/ with generator v,

iy N K ®g, D(x,0) ifi<1
Fil'(K D = 0
i'(K @1, D(x,2) {0 o

and
¢p(v) =pev, N=0, g-v=(12x(9)Vv.

Now there is a strongly divisible Og-module M(x, ¢) contained in S ®yy () D(x, ¢)
generated by v and satisfying

Fil' M(x,6) = M(x,6),  ¢1(v)=2év, G-v=(1®x(g)v.

In particular M(x, ¢)/meM(x,¢) = M(X,c). One checks (exactly as in [Sav05,
Ex. 2.14]) that D ,(x) = D(x, 1), and it is then standard that the representation
giving rise to D(y, ¢) is an unramified twist of x. The result now follows from the
discussion of the functor T , immediately before the statement of the lemma. [

5.2. Actual weights are predicted weights. In this section we make use of the
results of [Sav06] to prove results on the possible forms of Galois representations
which are modular of a specified weight. Suppose that p is modular of weight oy, ;,.
Then by Lemma 3.4, p|¢ r, has a potentially semistable lift of type omtr @ o™,

Lemma 5.3. If p is modular of weight oy, n, then det plr, = w2mtnte,
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Proof. As remarked above, ﬁ|Gp,, has a potentially semistable lift of type ™" &
, say p. It suffices to check that det P‘IFP = ew?™*", where € is the p-adic
cyclotomic character (recalling again that the reduction mod p of € is w®). This

follows at once from Definition 3.2 and the results of section B.2 of [CDT99]. O

&m

We begin by addressing the case when p|g Py is reducible.

Lemma 5.4. Suppose that p is modular of weight oy, 5, and that ﬁ|GF,, is reducible.

m-+n+x m-+te—x
— ~ w * _ ~ w *
Then IO‘IFP = 0 wmte—z or p|1FF = 0 wmtnte for some

1<z <e.

Proof. We consider first the case n = p — 1. By Lemma 3.4, E\GFp has a poten-
tially semistable lift of type @™ @ w™. If it is not potentially crystalline then it is
automatically ordinary, and the result follows immediately (with z = e). If this lift
is in fact potentially crystalline then without loss of generality we may twist and
suppose that m = 0, and thus that p has a crystalline lift of Hodge-Tate weights
0 and 1. Then plg,, is flat, and the result follows at once from Lemma 5.3 and
Theorem 3.4.3 of [Ray74].

For the remainder of the proof suppose that n < p—1. Let Ky be the unramified

quadratic extension of Fy, and let K = K((w) with w = ﬂ;/(p2_1). Let ko denote
the residue field of Ky, and if g € Gal(K/F,) define 7j(g) to be the image of g(w)/w
in kz.

By Lemma 3.4, p|g Fp has a lift to a potentially Barsotti-Tate representation of
type @yt HEm L pem 1ot and we may suppose this lift to be valued in Og
for E some finite extension of QQ, with residue field kg into which ky embeds, and
with uniformiser 7wg. The lift becomes Barsotti-Tate over K, and the 7wg-torsion
in the corresponding p-divisible group gives rise to a finite flat kg-module scheme
G over Ok with descent data to F},, with generic fibre ﬁ|GFp , such that the descent
data to Ko is wl ol @uwl w1 We claim that this implies the lemma.

P
Suppose that plc,, = (7’[(})1 Jz) Then by a scheme-theoretic closure argu-

ment, G must contain a finite flat subscheme G; with descent data which has generic
fibre ;. Twisting by a suitable power of w, we may assume m = 0. By Theorem
3.5 of [Sav06], we may write the Breuil module M corresponding to G; in the form

M = ((k2 ®r, kg)[u] /uP"=07) . w
Fil' M = u" M

¢1(u"w) = cw for some ¢ € (k @, kg)*
g(w) = (M(g)" ® 1)w for g € Gal(K/F}).

Here x,r are integers with x € [0,p?—1) and r € [0, e(p? —1)] satisfying k = p(k+7)
(mod p? — 1) or equivalently 7 = (p — 1)s (mod p? — 1). From the shape of the
descent data k must be congruent to one of n+1—por —1+p(n+1) (mod p?—1);
hence Kk =n +p? —por pn+ (p — 1).

In the first case we find r = (p — 1)(n + 2) (mod p? — 1), and therefore r =
(p—1)(n+2) +y(p* —1) for some 0 < y < e. One checks that there is a map f :
MWt ¢) — M mapping v — uP"/ P~ Dy where M(w™t¥*1! ¢) is as defined
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in Lemma 5.2. The kernel of this map does not contain any free ko[u]/u®® ~1-
submodules, and so by [Sav04, Prop 8.3] the map f induces an isomorphism on
generic fibres. By Lemma 5.2 we deduce that ¢1|7,, = "™ with o =y+1 € [1,¢].

In the second case we find r = (p — 1)(p —n — 1) (mod p? — 1), and therefore
r=(p-1)p-n-1)+y@p*—1) for some 0 < y < e. One checks that there
is a map M(wY,¢) — M mapping v — uP"/ (P~ As in the previous case this
map induces an isomorphism on generic fibres, and by Lemma 5.2 we deduce that
V1l1,, =w withz=e—y€[l,e]

Now in either of the two cases the result follows from Lemma 5.3. O

‘We now consider the irreducible case.

Lemma 5.5. Suppose that p is modular of weight oy, , and that ﬁ|GFp 18 irre-
ducible. Then plr,, = wg " wite™® @ wii e Wi for some 1 <z <e.

Proof. This may be proved in essentially the same way as Lemma 5.4. However, the
result follows easily from the results of [Sch08a]. Note that oy, , is a Jordan-Holder
factor of det™ ®@Ind(6™). Then in the case n # 0, p — 1 the result follows at once
from (the proof of) Proposition 3.3 of [Sch08a]; while Schein works in the case of
an indefinite quaternion algebra, his arguments are ultimately purely local, using
Raynaud’s classificiation of finite flat group schemes of type (p,...,p).

In the case n = 0 or p—1 a very similar but rather easier analysis applies. In this
case, by Lemma 3.4, p|la 7o has a potentially semistable lift of type @™ @w™. If it is
not potentially crystalline then it is automatically ordinary, a contradiction. Thus
the lift must in fact be potentially crystalline, and after twisting, one needs only
to consider the case m = 0, and one is reduced to determining the possible generic
fibres of finite flat group schemes over Fj,, which is immediate from Raynaud’s
analysis (Theorem 3.4.3 of [Ray74]), together with Lemma 5.3. O

Putting Lemma 5.4 and Lemma 5.5 together, we obtain the following.
Corollary 5.6. If ﬁ|GFp is semisimple, and p is modular of weight o, then o €
W (p).

Note that if e > p — 1 then W7(p) is precisely the set of weights o, , with
det plr,, = w?" "¢, so the result follows from Lemma 5.3 alone.

6. LOCAL LIFTS

If 7 is to be modular of weight o € W(p), then Lemma 3.4 entails that Pler,
must have a potentially Barsotti-Tate lift of some particular type or types. The
existence of certain of these local lifts will be a key ingredient in the proof that p
is indeed modular of weight 0. Our aim in this section is to produce these lifts.

6.1. The niveau 1 case. Let K be a finite extension of Q,, and let Sk denote
the set of embeddings 7: K — @p.

Definition 6.1. If p is a @p—valued crystalline representation of G and 7 € Sk
we say that the Hodge-Tate weights of p with respect to 7 are the i for which

977 (p) = g7 ((p @0, Bar) " g o, Kacr Qp) # 0,

counted with multiplicity dimgr*(p). We denote the multiset of Hodge-Tate
weights of p with respect to 7 by HT;(p); it has cardinality dim p.
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If 0 € Sk, we let @ be the induced element of S.

Lemma 6.2. Let A = {a;}res, be a set of positive integers. Then there is a
crystalline character af of Gi such that HTT(EK) =a, for all T € Sk, and €§ 18

unique up to unramified twist. Furthermore, €51, = [ cs, wb | where

b = Z Qg

cESKIO=T

Proof. This is straightforward, and we only sketch a proof; the full details will
appear in [GS]. The existence of €& is easy, as one has only to write down the
corresponding weakly admissible filtered module. Uniqueness up to unramified
twist is clear, because a crystalline character all of whose Hodge-Tate weights are 0
is automatically unramified. Finally, to compute the reduction modulo p, it suffices
to treat the case where all but one element of A is 0, and the remaining element is
1, as the general case then follows by taking a product of such characters. In this
case one can compute the reduction mod p by using strongly divisible modules and
Breuil modules, as in [Sav06]. O

Lemma 6.3. Suppose that

_ wmtnte 0
p|IFp = ( 0 m+e:r)

w

with 1 < x < e, and that ﬁ\GFp itself is decomposable (which is automatic if
wmEntT £ ymEe=t) - Then play, has a potentially Barsotti-Tate lift p of type
WMt O™, If x # e then there is a non-ordinary such lift; if x = e then there is a
non-ordinary such lift provided that n+e >p—1, unlesse <p—1andn=p—1.

Proof. Let A = {aT}Teng have exactly x elements equal to 1, and the remaining
e — x elements equal to 0. Let B = {1 — ar}res,,. Then by Lemma 6.2 we may

take p to be given by an unramified twist of cNum*”ai” plus an unramified twist of

&msgr‘ (with the unramified twists chosen so that this is indeed a lift of p). This

lift is ordinary precisely if one of ei" or 62‘” is an unramified twist of the cyclotomic

character, which occurs if and only if x = e.

Now suppose that = e. If e > p — 1, then because wP~! = 1 we may instead
take A to have exactly x — (p — 1) elements equal to 1, and the rest equal to 0,
and produce a non-ordinary lift with B and p defined as above. If e < p — 1 but
n+e>p—1, we take A to have exactly n+e — (p—1) elements equal to 1 and the
rest equal to zero. Set B = {1 —a;}res,, and take p to be given by an unramified

twist of ijsi" plus an unramified twist of (Dm*”ag". This is non-ordinary provided
that n # p — 1. O

6.2. The niveau 2 case: some strongly divisible modules. In the remainder
of the section we wish to prove the following.

Lemma 6.4. Suppose that plg,, is irreducible and plr,, = wyi™"Trwpte" @
wteT Tt for some 1 < x < e. Then PlGr, has a potentially Barsotti-Tate

lift of type @™ G w™.

We prepare for the proof of the Lemma 6.4 by constructing certain strongly
divisible modules.
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Let K be a totally ramified finite extension of @, with ramification index e
and residue field k, and fix a uniformiser 7w of K. Let Ky be the splitting field
of uP"~1 — 7, and write es = (p? — 1)e and ks respectively for the ramification
index and residue field of K5. Similarly write e; = (p — 1)e. Choose w € K3 a
uniformiser with @? ~! = 7. Let E(u) be an Eisenstein polynomial for @, and
write E(u) = u®? + pF(u), so that F(u) is a polynomial in u”’ =1 over W (k) whose
constant term is a unit.

If g € Gk write O2(g) = gw/w € pp2_1(K2) and write wy(g) for the image of
Wa(g) in ko. Set w = &g“ and w = wSH. These may all equally well be regarded as
functions on Gal(K»/K). Note that if o : kz < F, then in the notation of previous
sections we have w, = 0 ows|r,, . We will abuse notation and also write  for @|,,
the Teichmiiller lift of a fundamental character of level one of K.

Let E denote the coefficient field for our representations, with integer ring Og
and maximal ideal mg. Assume that E is ramified and that W (ks) embeds into
E. Let kg denote the residue field of FE, and assume without loss of generality
that kg is contained in F,. Write S = Sk, 0, (notation as in [Sav05, Sec. 4]).
Recall that ¢ : § — S is the W (ks)-semilinear, Og-linear map sending u +— uP.
The group Gal(Ksy/K) acts W (ks)-semilinearly on S via g - u = (&2(g9) ® 1)u. Set
c= %qi)(E(u)) € 5.

Theorem 6.5. Let 0 < j < e be an integer and set J = (p+ 1)j. There exists a

strongly divisible Og-module M = M with tame descent data from Ko to K and
generators g1, g2 such that M = M/mgM has the form

Fill M = (u”gy , u®™gy),
¢1(u'gy) = Go, ¢1(u?>""g,) =75,

~f— ~f—

9G1) =91, 9(92) =w"(9)72
for g € Gal(Ky/K), where n is the least nonnegative residue of j modulo p — 1.

Proof. Choose any x1,x2 € mg with x122 = p. Let M be the S-module generated
by g1, g2 and let Fil' M be the submodule of M generated by

hii=ulg1 + 192, ha = —x2F(u)g1 +u®"’go, (Fil'S)M.

We would like to define a map ¢ : M — M, semilinear with respect to ¢ on S, so
that ¢, = %¢|Fill A 1s well-defined and satisfies

(6.2.1) ¢1(u’ g1 + 7192) = g2
(6.2.2) ¢1 (=22 F (u)gr +u"7g3) = g1.

This entails ¢y (E(u)g1) = ¢1(u®2~7hy —x1hy) = uPe2=7) gy — 1 g1, suggesting that
we should define
¢(g1) = ¢ w2 gy —a1g1)
and similarly
$(g2) = ¢ (w2 (F(u))ga + uP’ g1).

Extending this map ¢-semilinearly to all of M, one checks that equations (6.2.1)
and (6.2.2) hold, so that ¢(Fil' M) is contained in pM and generates it over S.

Recall that each element of S can be written uniquely as Y,ori(u)E(u)'/i!

where each r; is a polynomial of degree less than es, and such an element lies in
Fil'S if and only if 79 = 0. We claim that each coset in Fil' M/(Fil'S)M has a
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representative ahy + bho with a,b polynomials of degree less than e — J and J
respectively. Indeed, given a coset Ah; + Bhy + (Fil'S)M with A, B € S, we can
alter the coset representative as follows: write B as the sum of a polynomial of
degree less than e; and an element of Fills , and absorb hy times the latter into
(FﬂlS)M; use the relation u”hy = F(u)gs — z2F(u)h; to eliminate the terms in B
of degree at least J (thus altering the coefficient of hy); write the new coefficient of
h1 as the sum of a polynomial of degree less than e; and an element of Fil'$, and
absorb the latter into (Fil'S)M; finally, use the relation u®>~7h; = E(u)g, + 21ho
to eliminate the terms of degree at least es — J in the coefficient of hi, noting
that in this last step one does not re-introduce terms of degree at least u” into the
coefficient of hs.

We are now ready check that if I is any ideal of O, then Fil'M N IM =
IFil’ M. We have seen that an arbitrary element m of Fil' M has the form m =
ahi + bho 4 5191 + S2g2 with s1, 89 € Fil'S and a, b polynomials of degree less than
eo — J and J respectively. Suppose such an element lies in IM. The coefficient
of gy for this element is zia + u®>~7b + s5. This must lie in IS; but because an
element Y, 7;(u)E(u)"/i! (with deg(r;) < e for all 7) lies in I.S if and only if all
the coefficents of the polynomials r; lie in W (ky) ® I, and because z1a, w2~ 7 b have
no terms in common of the same degree, it follows that that s, € I(Fil'S) and the
coefficients of b lie in W (ko) ® I. Then ahj + s1g; still lies in M, and now we can
see that s; € I(Fil'S) and the coefficients of a lie in W (ky) ® I. We conclude that
m € I(Fil' M), as desired.

Next we turn to descent data. If g € Gal(K1/K), set g(g1) = g1 and g(g2) =
@"(g)ge, and extend g to M semilinearly with respect to the usual action of g on S.
One sces that § preserves Fil' M (remember that F(u) is a polynomial in u?” ~! over
W (k)) and commutes with ¢. So, summarizing all our work so far, we have shown
that the tuple (M, Fil' M, ¢, {g}) satisfies all the axioms of a strongly divisible Q-
module with tame descent data [Sav05, Def. 4.1] other than the axioms involving
the monodromy operator N.

Ignoring the action of O and the descent data and regarding (M,FillM,qu)
simply as a strongly divisible Z,-module over Ko, it follows from [Bre00, Prop
5.1.3(1)] that there exists a unique W (ks) ® Z,-endomorphism N : M — M satis-
fying axioms (5)-(8) of [Sav05, Def. 4.1], except that we have axiom (5) only with
respect to s € Sk, 7, until we know that N commutes with the action Og. For the
latter, if z € O}, we observe that zN 271 satisfies the same list of axioms that de-
termines N uniquely, so z and N commute; since O} generates Op as a Z,-module
we conclude that N is an Og-endomorphism. To conclude that M (with its associ-
ated structures) is a strongly divisible Og-module, the only thing left is to confirm
the remainder of axiom (12), that N commutes with g for each g € Gal(K2/K);
for this, use the same argument as in the previous sentence, this time applied to
gNg .

That M = M /mgM has the desired form is obvious. O

Define p; = Tsfé (M), the potentially Barsotti-Tate Galois representation asso-
ciated to M;.

Proposition 6.6. The representation p; has inertial type O™ @ 1.
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Proof. Let D denote the filtered module with descent data associated to p;. We
recall from the proof of [Sav05, Lem. 3.13] that D is equal to the kernel of N on
W (k2)[1/p] @w (ky) M-

Write M = M;/uM; and equip M with the maps N and ¢ induced from M;
(so in particular N = 0 on M), as well as induced descent data §g. By [Bre97,
Prop. 6.2.1.1] the canonical map M; — M has a unique W (k2)[1/p]-linear section
s : M — M; preserving ¢ and N; then the same uniqueness argument as in the
last paragraph of the proof of Theorem 6.5 shows that s is an E-linear map and
that s preserves descent data.

Recalling that N = 0 on M, we see that D = im(s), so in particular D has a
W (k2)[1/p] ®q, E-basis vi,ve with v; = s(g;). Since s preserves descent data we
have §-v1 =v; and g - va = @™ (g)ve. The proposition follows. O

6.3. The niveau 2 case: conclusion of the proof. We will now compute p; =
T 5 (M;/mpM;), which by [Sav05, Prop 4.13] is the reduction mod p of p;. More
precisely we will compute ﬁj|GL where L is the unramified quadratic extension of
K contained in K.

As in Lemma 5.2 let X : Gal(K2/L) — kj be a character and let M(X) denote
the rank one Breuil module with kg-coefficients and descent data from K5 to L
with generator v and

FIM(X) = MX),  éiv)=v,  §lv) = 1@ X(9))
for g € Gal(K3/L). By Lemma 5.2 we have

(6.3.1) Tii (M) = x.

Let M? denote the Breuil module M; = M;/mgM; with its descent data
restricted to Gal(K3/L), so that TS%Q(m?) = T 5(M;)|g,. We abuse notation
and also let w, denote o ows|g, -

o). _ —2 )
Proposition 6.7. We have p;|a, = Tk o(M;) = wite g wite.

Proof. Let ey, €5, € ko ® kg denote the idempotents corresponding to the embed-
dings 01,09 : ks — kg, so that e,,(a®1) = e,,(1®0;(a)). Suppose {«, 5} = {1, 2}.
If one ignores descent data, one checks that there is a map fz : M(X) — ﬂj ob-
tained by sending

v uPU e, gy + up(pe—j)egﬁg}

In order that this map be compatible with descent data, one checks that it is
necessary and sufficient that e, (1®0%) = e, (W29 T ®1), ie., ¥ = wBUT = whte.

We therefore have a map
f@ fa: Mwi€) & M(wi ) — M;.

Note that ker(f1® f2) does not contain any free ko[u]/u¢2P-submodules (this amounts
to the fact that p(j + e) and p(pe — j) are both smaller than pes); by [Sav04, Prop
8.3] we deduce that f; @ fo induces an isomorphism on Galois representations, and
the proposition follows from (6.3.1). O

Finally we have the following.
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Proof of Lemma 6.4. Take K = F}, in the discussion of this and the previous sub-
section. Twisting by a suitable power of the (Teichmiiller lift of) a fundamental
character of level one, we may assume m = 0. Setting j =n+ (p — 1)(e — ), one
checks that wl ¢ = w2 we  and similarly for w/t¢. It follows from Proposition
6.7 that p is an unramified twist of p;. Therefore a suitable unramified twist of p;

will lift p, and since p; has type @™ © 1 we are done. O

Remark 6.8. The reader may find it unnatural that although p; becomes Barsotti-
Tate over K1 = K (7'/(=1), we instead work with a strongly divisible module over
K, for p; (because our method for computing p;|c, requires it). One can certainly
write down the strongly divisible module over K instead (just replace J and e; with
j and e; throughout the construction of M;), whose reduction mod p corresponds
to a group scheme G over Ok, with generic fibre descent data from K; to K. One
can then hope to show directly, by extending the methods of [BCDTO01, Sec. 5.4,
that G xo,, Or, (With generic fibre descent data from K5 to K) corresponds to
our ﬂj. However, this last step would require at least several extra pages of rather
technical work, so we prefer to proceed as above instead.

7. THE MAIN THEOREMS

We now prove the main results of this paper, by combining the techniques of
earlier sections with the lifting machinery of Khare-Wintenberger, as interpreted
by Kisin. In particular, we use the following result.

Theorem 7.1. Suppose that p > 2 and that p : Gp — GL2(F,) is modular. If
p = 5 and the projective image of p is isomorphic to PGLy(F5), assume further
that [F((p) : F] = 4.

e Suppose that ﬁ|GFF has a non-ordinary potentially Barsotti- Tate lift of type
QM @ O™, Then p has a modular lift which is potentially Barsotti- Tate
of type @™ O™ and non-ordinary.

e Suppose that p has an ordinary modular lift. Suppose also that ﬁ|GF,, has
a ordinary potentially Barsotti-Tate lift of type O™ & @™. Then p has
a modular lift which is potentially Barsotti-Tate of type &™T" & O™ and
ordinary.

Proof. This is a special case of Corollary 3.1.7 of [Gee(06a]. O

In combination with the local computations of section 6, this shows us that
if PlGp, is semisimple, and oy, € W*(p), then 5 has a modular lift which is
potentially Barsotti-Tate of type @™*" @ @". By Lemma 3.4, this means that p
is modular of weight oy, 5, OF Opyqn p—1—n. However, we can frequently guarantee
that this lift is non-ordinary, and the weight cycling techniques of section 4 then
give the following far more useful result.

Theorem 7.2. Suppose that p > 2 and that p : Gp — GLa(F,) is modular. If
p = 5 and the projective image of p is isomorphic to PGLa(F5), assume further
that [F(Cp) « F] = 4. If plG,, has a non-ordinary potentially Barsotti-Tate lift of
type @™t O™, 0 < n < p— 1, then p is modular both of weight oy, and of
weight Ormtn,p—1—n-
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Proof. By Theorem 7.1, there is a modular lift of p which is potentially Barsotti-
Tate of type @™t @& @™, and which is non-ordinary. The result follows from
Proposition 4.4. O

We now extract some consequences from this result. Suppose that plg,, Iis
semisimple. Then we have already proved that W (p), the set of weights o for
which 7 is modular of weight o, is contained in W*(p) (this is Corollary 5.6). We
can frequently deduce the converse implication, showing that if oy, ,, € W?(p) then
Omn € W(p). By Theorem 7.2 it suffices to be able to produce a non-ordinary
potentially Barsotti-Tate lift of PG, of type @™*" @ &™. In the majority of cases
we constructed such a lift in section 6, and we obtain the following result.

Corollary 7.3. Suppose that p > 2 and that p : Gp — GLa(F,) is modular. If
p = 5 and the projective image of p is isomorphic to PGLy(F5), assume further
that [F(Cp) : F| = 4. Suppose that plc,, is semisimple.

(1) If Play, is irreducible or e > p, then p is modular of weight o if and only
if o € W'(p).

(2) Ife <p—1, then p is modular of weight o if and only if o € W*(p) except
possibly if 0 = oy, and

_ -~ wm-i—n-i—e 0
p‘IFp = 0 wm

withn+e<p—1orn=p—1.

Proof. As already remarked, the “only if” direction is Corollary 5.6, and the “if”
direction follows at once from Theorem 7.2, Lemma 6.3, Lemma 6.4, and Definition
5.1. In part (2), the exceptional cases are precisely the ones where we were unable
to construct a non-ordinary lift in Lemma 6.3. O

Note that there are at most four exceptional cases in part (2) of Corollary 7.3:
there are two ways of ordering the diagonal characters, and each ordering will corre-
spond either to one or two values of n (if n Z 0 or n = 0 (mod p — 1) respectively).

In fact, if we assume in addition that p has an ordinary modular lift, then we
are able to dispose of most of these exceptional cases. This relies on something of
a combinatorial coincidence; it turns out that in most cases where o,,,, € W7 (p)
but plg,, has only ordinary lifts of type QM BO™ then opinp-1-n ¢ W' (D), s0
the combination of Theorem 7.1, Lemma 3.4 and Corollary 5.6 shows that in fact
Omn € W(p).

Corollary 7.4. Suppose that p > 2 and that p : Gp — GLQ(E,) is modular.
Suppose that e < p—1 and that ﬁ|GFF is semisimple and reducible. Suppose further
that p has an ordinary modular lift. If p = 5 and the projective image of p is
isomorphic to PGLa(F5), assume further that [F((p,) : F] = 4. Suppose that o, ., €
W¥(p). If n=p— 1, suppose that

_ wmte 0
p|IFp e ( 0 wm) :
Then p is modular of weight 0., p.

Proof. If plc r, Das anon-ordinary potentially Barsotti-Tate lift of type @™ " ®o™,
then by Corollary 7.3, p is modular of weight oy, 5.
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Suppose now that ﬁ|GFp does not have a non-ordinary potentially Barsotti-Tate
lift of type @™*" ® &™. By Lemma 6.3, we must have

_ N wm—i—n—i—e 0
p| Ip, = 0 wm ]

Furthermore, either n +e < p —1, or n = p — 1. The second case is precisely the
case excluded by the statement of this corollary.

Thus we must have n + e < p — 1. By Lemma 6.3, ﬁ|GFp has a potentially
Barsotti-Tate lift of type @™ ® @™, so that by the assumption that p has an
ordinary modular lift, Theorem 7.1, and Lemma 3.4, p is modular of weight oy, »,
OT Opyin,p—1—n- 1f 1 =0 then we may conclude further that p is modular of weight
Om,0- Assume for the sake of contradiction that p is not modular of weight oy, ,,
so we may now assume that n # 0, n+e < p—1, and opminp-1-n € W(p). In
particular, by Corollary 5.6 we have 0y, 1 p—1-n € W’(p), and we also know that
e <p—1 (because e < p—1—n < p—1). Now, examining the definition of W7 (p)
(Definition 5.1), we see that we must have

L fwmte 0
p|IFp = 0 pmtnte—z

for some 1 < x < e. Comparing with the expression above, we see that either
WMTT = ™ or WMTT = WMt re The first possibility requires z = 0 (mod p — 1),
a contradiction as 1 < x < e < p — 1. The second requires x = n + e (mod p — 1),
which is a contradiction because 1 < x < e <n-+e < p—1. The result follows. [
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