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DIFFERENTIATION AND INTEGRATION
IN HIGHER DIMENSION

Introduction. For our discussion of differentiation and integration in higher
dimension, for notational simplicity we first confine ourselves to the case of
two real variables. For a real-valued function f(x,y) of many real variables
x,y, to perform differentiation we can always keep one variable fixed and
regard the function as a function of only the remaining variable. In that case
the derivatives we obtain are partial derivatives
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without introducing any new theory. The geometric interpretation of the
derivative in the one variable case as using a polynomial of degree at most 1
to approximate the function to an order higher than the first can be extended
to the case of many variables. We are going to define the differentiation in the
many variable case by using this geometric interpretation of derivative. After
we introduce this definition of differentiation, we will do two results about
it. One is to relate this differentiation to partial differentiation. Another is
to discuss the question of commutativity of partial differentiation.

For differentiation in many variables, in the special case of a complex-
valued function w = f(z) of a complex variable z = = + iy the definition of
a derivative as the limit of the difference quotient

1 F) = £

z—cC Zz — C

can be used to define the complex derivative f'(c) of w = f(z) at z = ¢. The
existence of f’(c) will be shown to be equivalent to the total differentiability
of the real part u(x, y) and the imaginary part v(x,y) of f as functions of two
real variables and a system of two equations involving the partial derivatives
of u(z,y) and v(z,y) with respect to z and y evaluated at z = ¢ which are
known as the Cauchy-Riemann equations.
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For integration involving functions of many variables, we can also fix all
the variables except one and consider integration with respect to the remain-
ing variable without introducing any new theory. To handle integration in
all the variables altogether, we will go through again the route of the Rie-
mann sum, the upper sum, the lower sum, the upper integral, and the lower
integral with the modification that the domain of integration will be approx-
imated by sandwiching between two unions of closed parallelepiped defined
by partitions of intervals on coordinate axes. This definition of integral for
all the variables at the same time will be related to the result obtained by
integrating with respect to one variable at a time by Fubini’s theorem.

Finally the higher-dimensional analogue of the Fundamental Theorem of
Calculus will be Stokes’s theorem.

Differentiability in Many Variables. Let a < b and ¢ < b be real numbers
and let f(x,y) be a function on (a,b) X (¢,d). Let (&,1) € (a,b) X (¢,d).

Definition of Total Differentiability. The function f (z,y) is said to be totally
differentiable at (&,n) if there exists a polynomial Az + By + C of degree < 1
with real coefficients in the variables x, y such that for any ¢ > 0 there exists
some ¢ > 0 with the property that

f(zy) —(Alz = +Bly—n) + f(En)
V@ =0+ -

<e€

for

0< \/(x—§)2+(y—77)2 < 4.
In other words, total differentiability of f (x,y) at (£,n) means approxima-
bility of f (x,y) at (§,n) by a real polynomial of degree < 1 in z,y to an
order higher than the first. Total differentiability of f (x,y) is also known
simply as differentiability. The qualifier “total” is added to distinguish it
from partial differentiability when it is necessary to avoid ambiguity.

Specialization to Yield Partial Derivatives. When we specialize to the case
of y = b, we conclude from

f(z,y) = (Alx = &)+ Bly —n) + f(§,n))
V@ =97+ (y—n)’

<é€
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for

0<\/x— (y — 77) <0
that

<€

f@,h) = (A=) + (&)
=8

for 0 < |x —&| < 6. This implies that %(5 ,m) = A. Likewise the specializa-
tion to the case of x = a yields %(5 ,m) = B. Thus the differentiability of
f(z,y) at (§,n) as a function of two real variables implies the existence of the
two partial derivatives %(f ,m) and g—;(f ,n). The converse is not true. The
existence of both partial derivatives %(5 ,m) and g—i(ﬁ ,m) even for all points
(&,m) € (a,b) x (¢,d) does not even imply the continuity of the function

at a points of (a,b) x (¢,d). An example for this statement is given in the
homework assignment.

Total Differentiability from Continuous Partial Derwatives On the other
hand, when both partial derivatives —(S n) and 9L ({ n) are continuous for

all points (£,7) € (a,b) X (¢, d), the function f(z, y) is totally differentiable
at every point of (a,b) X (¢,d). The continuity of % and g—i at (£,7n) means
that for any € > 0 there exists some ¢ > 0 such that

(*)  |Dif(z,y) = Dif(Em)| <e for 0<+/(z—&)>2+(y—n)? <0

Now choose arbitrarily x,y such that

0<(z—€)2+(y—n)? <o

First consider the case x > £ and y > . We write

flx,y) — f(&m) = flz,y) — f(z,n) + flz,n) — f(En).

By applying the Mean-Value Theorem to the function f(z,n)— f(&,n) of the
variable z on the interval [, 2|, we conclude that there exists some o € (£, x)
such that

f(x’n) - f(fﬂ?) - le(o-777)(x - 6)

By applying the Mean-Value Theorem to the function f(z,y)— f(x,n) of the
variable y on the interval [n, y|, we conclude that there exists some 7 € (1, y)
such that

f(x,y) = f(z,n) = Daf (x,7)(y — ).



Math 55b (Spring 2012) Yum-Tong Siu 4

We obtain

[, y) = f(&n) = Dif(o,n)(x — &) + Daf (2, 7)(y —n)
= Dif(&n)(x = &)+ Daf(o,m)(y —n)
+ (D1f(o,m) = D1f(€,m)) (x = &) + (Dof (x,7) — Daf(0,m)) (y — )

or

flx,y) = (f(&n) + Dif(o,n)(x — &) + Daf (2, 7)(y — 1))
= (D1f(o,n) — D1f(§,n)) (x = &) + (Da2f (z,7) — Daf(o,m)) (y — 1)

By (%)
|Dif(o,n) — Dif(§,m)l <e and [Dif(z,7) — Dif(§n)] <e.
Thus

[f (@, y) = (F(&n) + Dif(o,n)(x = &) + Daf(x, 7)(y —n))| <elw—&l+ely —nl,

which implies that

fla,y) = (f(&n) + Diflo,n) (@ — &) + Daf(2,7)(y — 1))
Vi =82+ y—n)
The other three cases of x < &,y >0, 2 > Ly < n, v < £,y < n and

the cases when z = £ or y = n can be handled analogously to enable us to
conclude that

flz,y) = (f(€n) + Dif(o,n)(x — &)+ Daf(z,7)(y —n))
V(=824 (y—n)?

for 0 < \/(x—&2+ (y—n)2 < d. We can now conclude that f(x,y) is
differentiable at (£,n) as a function of two real variables z, y.

< 2e.

< 2

Complex Derivative. Let ¢ be a complex number and R > 0. Let w = f(z)
be a complex-valued function of a complex variable z on |z — ¢| < R. The
function f(z) is said to be complez differentiable with complex derivative
f'(c) at z = c if foe very € > 0 there exists ¢ > 0 such that

f(z) = f(o)

zZ—C

—fo)] <e
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for 0 < |[z—¢| <. Let ¢ = a+ib and z = = + iy. We write f(2) also
as f(x,y) and let u(x,y) be the real part of f(z,y) and let v(z,y) be the
imaginary part of f(z,y). Specializing to the special case y = b, we obtain

‘f — f(a,b)

r—a

= f'(c)

for 0 < | —a| < §, because z — ¢ = © — a when y = b. This means that
9(c) = f'(c). Here SL(c) means 2%(a,b) + i2%(a,b). Specializing to the

Oz oz
special case x = a, we obtain
b)
for 0 < |y —b| < 6, because z — ¢ = i(y — b) when x = a. This means that
%g—i( c) = f'(c). Here g—i(c) means g—Z(a b) + ig—;‘(a,b). Since both %(C) and
l%( ) are both equal to f’(c), we have the equation
8f laf

which is known as the Cauchy-Riemann equation. Taking the real and imag-
inary parts of both sides, we obtain

5:(a0) = 5i(a, )

(2)

ae(a,b) = —34(a, ),

which is another form of the Cauchy-Riemann equation.

Let
f(z) = f(c)

zZ—C

Ei(z) = = f'(c).

We can rewrite it as
f(z) = f(e) + f'(c)(z — ¢) + E(2),
where F(z) = E1(z)(z — ¢). The statement that

f(z) = f(o)

zZ—C

—fo)] <e
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for 0 < |z —¢| < 6 can be reformulated as |Ey(z)| < € for 0 < |z —¢| < 6.
This means that

f(z) = f(e) + fi(e)(z — ) + E(2),

with )%‘ <efor0< |z—¢| <d. Let A be the real part of f'(c¢) and B be
the imaginary part of f’(c). Taking the real parts of both sides of

f(z) = f() + fi(e)(z — ) + E(2),
we get
u(z,y) = u(a,b) + A(x —a) — B(y — b) + Re E(2)

Re E(z)
lz—c|

with ’
at (z,y) = (a,b) as a function of two real variables x,y. Likewise, taking the
real parts of both sides of

f(z) = f(e) + fi(e)(z — ) + E(2),

< efor 0 < |z — ¢| < ¢. This means that u(z,y) is differentiable

we get
v(x,y) =u(a,b) + B(xr —a) + C(y — b) + Im E(z)

Im E(z)
lz—c|

with

at (x,y) = (a,b) as a function of two real variables z, y.

< efor0 < |z —¢| < 4. This means that v(z,y) is differentiable

To summarize, we have the following statement.

If the complex derivative f’(c) of the complex-valued function w = f(z) of
a complex variable z exists at the point z = ¢, then (i) the real part u(z,y)
and the imaginary part v(z,y) of f(z) are differentiable at (z,y) = (a,b) as
functions of two real variables z,y and (ii) the Cauchy-Riemann equation ()
or its equivalent form (f) is satisfied.

The converse of this statement is also true. Suppose (i) the real part
u(z,y) and the imaginary part v(z,y) of f(z) are differentiable at (z,y) =
(a,b) as functions of two real variables z,y and (ii) the Cauchy-Riemann
equation (1) or its equivalent form () is satisfied. We are going to prove that
1'(c) exists. Since the real part u(z,y) and the imaginary part v(z,y) of f(2)
are differentiable at (z,y) = (a,b) as functions of two real variables z,y, it
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follows that

o) = u(ab) + GHa b - 0)+ Gl by - b+ B,
vley) = vla.b) + 5@ b)e - ) + 5 (@b - ) + Elw),
with A
limM =0 and limM =0.
z—=c 2 —C z—=c 2 — C
Let A = 2%(a,b) and B = 2(a,b). From the Cauchy-Riemann equation ()

it follows that A = g—z(a, b) and B = — g—;(a, b). After we multiply the second
equation of

by ¢ and adding it to the first equation, we obtain

~
A ~

f(z)=flc)+(A+iB)(x —a)+ (=B +1A)(y — b) + E(z,y) + iE(x,y),

which is the same as

~
A ~

f(z)=f(e)+ (A+iB)(z —¢) + E(x,y) + iE(z,y).

From

lim E(z,y) +iE(x,y)

z—cC Z — C

=0,

it follows that

lim (M —(A+ zB)) _ i Bl@) iB(y) 0,

Z—C

z—c z—c z—C

which means that f’(c) exists.

We would like to give two interpretations of the Cauchy-Riemann equa-
tion. The first one concerns the definition of differentiability as approx-
imability by polynomial of degree < 1. For complex differentiability the
approximation is by a polynomial f(c) + f'(¢)(z — ¢) of degree < 1 in a
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complex variable z. The differentiability of u(x,y) and v(z,y) at (z,y) =

(a,b) means by polynomials u(a,b) + 2(a,b)(z — a) + g—Z(a,b)(y —b) and
v(a,b) + 2(a,b)(z — a) + g—Z(a, b)(y — b) of degree < 1 in the two real vari-

ables respectively. Putting together these two approximation we have the
approximation of u(z,y) + tw(x,y) by the polynomial

v

(u(a,b) + iv(a, b))—i—(%(a, b) + i%(a, b)> (:c—a)—i-(g—;t(a, b) + iay (a, b)) (y—b)

of degree < 1 in the two real variables x,y with complex coefficients. To
go from the differentiability of u(z,y) and v(x,y) at (z,y) = (a,b) to the
complex differentiability of f(z) at z = ¢, what is needed to say that the
polynomial

0 0 0 0
(ulast) + ol )+ Gra.t) + i) ) (e-a)+ (Gl + 15 (@) b

of degree < 1 in the two real variables x,y with complex coefficients is a
polynomial of degree < 1 in the complex variable z = x + 7y. This means
that we need the identidy

ou Ov 1 [/0u 0v
%(a, b) + Z%(CL, b) = ; (a—y(a, b) + za—y(a, b)> .

Its real and imaginary parts give precisely the Cauchy-Riemann equation (f).

Another interpretation of the Cauchy-Riemann equation is the condition
for a R-linear transformation 7' of the 2-dimensional R-vector space R? to
itself to be a C-linear transformation of the 1-dimensional C-vector space C

to itself. Let
0 —1
=1 %)

which as the R-linear transformation of the 2-dimensional R-vector space R?
to itself satisfies J? = I, and can serve as the scalar multiplication by i to
make R? a vector space over C. Let

(2 3)

Then T commutes with J if and only if A = D and C' = — B, because

()06
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=) e n)=(F )

gr(a,0) 5i(a,b)

and

When

T —

gr(a,b) (a,b)

the Cauchy-Riemann equation (f) is precisely the condition for the R-linear
transformation T of the 2-dimensional R-vector space R? to itself to be a
C-linear transformation of the 1-dimensional C-vector space C to itself. The
reason for this interpretation is that for a polynomial of degree < 1 in the
two real variables x,y with complex coefficients to be a polynomial of degree
< 1 in the complex variable z = x + 1y the obstruction is the homogeneous
linear part which can be interpreted as defining a linear transformation of
vector spaces.

TO BE CONTINUED ...



