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Introduction.

I have taught the beginning graduate course in real variables and functional
analysis three times in the last five years, and this book is the result. The
course assumes that the student has seen the basics of real variable theory and
point set topology. The elements of the topology of metrics spaces are presented
(in the nature of a rapid review) in Chapter I.

The course itself consists of two parts: 1) measure theory and integration,
and 2) Hilbert space theory, especially the spectral theorem and its applications.

In Chapter IT I do the basics of Hilbert space theory, i.e. what I can do
without measure theory or the Lebesgue integral. The hero here (and perhaps
for the first half of the course) is the Riesz representation theorem. Included
is the spectral theorem for compact self-adjoint operators and applications of
this theorem to elliptic partial differential equations. The pde material follows
closely the treatment by Bers and Schecter in Partial Differential Fquations by
Bers, John and Schecter AMS (1964)

Chapter III is a rapid presentation of the basics about the Fourier transform.

Chapter IV is concerned with measure theory. The first part follows Caratheodory’s
classical presentation. The second part dealing with Hausdorff measure and di-
mension, Hutchinson’s theorem and fractals is taken in large part from the book
by Edgar, Measure theory, Topology, and Fractal Geometry Springer (1991).
This book contains many more details and beautiful examples and pictures.

Chapter V is a standard treatment of the Lebesgue integral.

Chapters VI, and VIII deal with abstract measure theory and integration.
These chapters basically follow the treatment by Loomis in his Abstract Har-
monic Analysis.

Chapter VII develops the theory of Wiener measure and Brownian motion
following a classical paper by Ed Nelson published in the Journal of Mathemat-
ical Physics in 1964. Then we study the idea of a generalized random process
as introduced by Gelfand and Vilenkin, but from a point of view taught to us
by Dan Stroock.

The rest of the book is devoted to the spectral theorem. We present three
proofs of this theorem. The first, which is currently the most popular, derives
the theorem from the Gelfand representation theorem for Banach algebras. This
is presented in Chapter IX (for bounded operators). In this chapter we again
follow Loomis rather closely.

In Chapter X we extend the proof to unbounded operators, following Loomis
and Reed and Simon Methods of Modern Mathematical Physics. Then we give
Lorch’s proof of the spectral theorem from his book Spectral Theory. This has
the flavor of complex analysis. The third proof due to Davies, presented at the
end of Chapter XII replaces complex analysis by almost complex analysis.

The remaining chapters can be considered as giving more specialized in-
formation about the spectral theorem and its applications. Chapter XI is de-
voted to one parameter semi-groups, and especially to Stone’s theorem about
the infinitesimal generator of one parameter groups of unitary transformations.
Chapter XII discusses some theorems which are of importance in applications of



the spectral theorem to quantum mechanics and quantum chemistry. Chapter
XIII is a brief introduction to the Lax-Phillips theory of scattering.
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Chapter 1

The topology of metric
spaces

1.1 Metric spaces

A metric for a set X is a function d from X x X to the non-negative real
numbers (which we dente by Rxg),

d:XXX—)RZO

such that for all z,y,z € X

L d(z,y) = d(y, v)

2. d(z,z) < d(z,y) + d(y, z)
3. d(z,z) =0

4. Tf d(z,y) = 0 then z = y.

The inequality in 2) is known as the triangle inequality since if X is the
plane and d the usual notion of distance, it says that the length of an edge of a
triangle is at most the sum of the lengths of the two other edges. (In the plane,
the inequality is strict unless the three points lie on a line.)

Condition 4) is in many ways inessential, and it is often convenient to drop
it, especially for the purposes of some proofs. For example, we might want to
consider the decimal expansions .49999... and .50000... as different, but as
having zero distance from one another. Or we might want to “identify” these
two decimal expansions as representing the same point.

A function d which satisfies only conditions 1) - 3) is called a pseudo-
metric.

A metric space is a pair (X, d) where X is a set and d is a metric on X.
Almost always, when d is understood, we engage in the abuse of language and
speak of “the metric space X”.

13



14 CHAPTER 1. THE TOPOLOGY OF METRIC SPACES

Similarly for the notion of a pseudo-metric space.

In like fashion, we call d(z,y) the distance between x and y, the function
d being understood.

If r is a positive number and x € X, the (open) ball of radius r about z is
defined to be the set of points at distance less than r from x and is denoted by
B, (z). In symbols,

Br(z) :={yl d(z,y) <r}.

If r and s are positive real numbers and if x and z are points of a pseudo-
metric space X, it is possible that B,(xz) N Bs(z) = . This will certainly be
the case if d(z, z) > r + s by virtue of the triangle inequality. Suppose that this
intersection is not empty and that

w € B(x) N Bg(z).

If y € X is such that d(y,w) < min[r — d(z,w),s — d(z,w)] then the triangle
inequality implies that y € B,(x) N Bs(z). Put another way, if we set ¢ :=
min[r — d(z,w), s — d(z,w)] then

Bi(w) C By(z) N By(z2).

Put still another way, this says that the intersection of two (open) balls is either
empty or is a union of open balls. So if we call a set in X open if either it
is empty, or is a union of open balls, we conclude that the intersection of any
finite number of open sets is open, as is the union of any number of open sets.
In technical language, we say that the open balls form a base for a topology
on X.

A map f: X — Y from one pseudo-metric space to another is called con-
tinuous if the inverse image under f of any open set in Y is an open set in
X. Since an open set is a union of balls, this amounts to the condition that
the inverse image of an open ball in Y is a union of open balls in X, or, to use
the familiar €, § language, that if f(z) = y then for every € > 0 there exists a
0 = 6(x,€) > 0 such that

f(Bs(@)) € B.(y).

Notice that in this definition § is allowed to depend both on z and on e. The
map is called uniformly continuous if we can choose the § independently of
x.

An even stronger condition on a map from one pseudo-metric space to an-
other is the Lipschitz condition. A map f: X — Y from a pseudo-metric
space (X,dx) to a pseudo-metric space (Y, dy) is called a Lipschitz map with
Lipschitz constant C' if

dy (f(x1), f(x2)) < Cdx(x1,22) Vo, 20 € X.

Clearly a Lipschitz map is uniformly continuous.
For example, suppose that A is a fixed subset of a pseudo-metric space X.
Define the function d(A4,-) from X to R by

d(A, x) := inf{d(z,w), we A}.
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The triangle inequality says that
d(z,w) < d(z,y) + d(y, w)

for all w, in particular for w € A, and hence taking lower bounds we conclude
that
d(A,z) < d(z,y) + d(4,y).

or

d(A,z) —d(A,y) < d(z,y).

Reversing the roles of = and y then gives

Using the standard metric on the real numbers where the distance between a
and b is |a — b| this last inequality says that d(A,-) is a Lipschitz map from X
to R with C' = 1.

A closed set is defined to be a set whose complement is open. Since the
inverse image of the complement of a set (under a map f) is the complement
of the inverse image, we conclude that the inverse image of a closed set under a
continuous map is again closed.

For example, the set consisting of a single point in R is closed. Since the
map d(A,-) is continuous, we conclude that the set

{z]d(A, z) = 0}

consisting of all points at zero distance from A is a closed set. It clearly is a
closed set which contains A. Suppose that S is some closed set containing A, and
y € S. Then there is some r > 0 such that B, (y) is contained in the complement
of S, which implies that d(y,w) > r for all w € S. Thus {z|d(4,z) =0} C S.
In short {x|d(A4,z) = 0} is a closed set containing A which is contained in all
closed sets containing A. This is the definition of the closure of a set, which is
denoted by A. We have proved that

A= {z|d(A z)=0}.

In particular, the closure of the one point set {x} consists of all points u such
that d(u,z) = 0.

Now the relation d(z,y) = 0 is an equivalence relation, call it R. (Transitiv-
ity being a consequence of the triangle inequality.) This then divides the space
X into equivalence classes, where each equivalence class is of the form {z}, the
closure of a one point set. If u € {z} and v € {y} then

d(u,v) < d(u, z) +d(z,y) + d(y, v) = d(z,y).
since x € {u} and y € {v} we obtain the reverse inequality, and so

d(u,v) = d(z,y).
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In other words, we may define the distance function on the quotient space X/R,
i.e. on the space of equivalence classes by

d(@,@) =d(u,v), ue€ m,v € @

and this does not depend on the choice of u and v. Axioms 1)-3) for a metric
space continue to hold, but now

d({z} {y}) = 0= {z} = {y}.

In other words, X/R is a metric space. Clearly the projection map x +— m is
an isometry of X onto X/R. (An isometry is a map which preserves distances.)
In particular it is continuous. It is also open.

In short, we have provided a canonical way of passing (via an isometry) from
a pseudo-metric space to a metric space by identifying points which are at zero
distance from one another.

A subset A of a pseudo-metric space X is called dense if its closure is the
whole space. From the above construction, the image A/R of A in the quotient
space X/R is again dense. We will use this fact in the next section in the
following form:

If f 1Y — X is an isometry of Y such that f(Y) is a dense set of X, then
f descends to a map F of Y onto a dense set in the metric space X/R.

1.2 Completeness and completion.

The usual notion of convergence and Cauchy sequence go over unchanged to
metric spaces or pseudo-metric spaces Y. A sequence {y,} is said to converge
to the point y if for every e > 0 there exists an N = N(e) such that

d(yn,y) <€ Vmn>N.

A sequence {y,} is said to be Cauchy if for any e > 0 there exists an N = N(e)
such that
A(Yn,Ym) <€ Y m,n > N.

The triangle inequality implies that every convergent sequence is Cauchy. But
not every Cauchy sequence is convergent. For example, we can have a sequence
of rational numbers which converge to an irrational number, as in the approxi-
mation to the square root of 2. So if we look at the set of rational numbers as a
metric space Q in its own right, not every Cauchy sequence of rational numbers
converges in Q. We must “complete” the rational numbers to obtain R, the set
of real numbers. We want to discuss this phenomenon in general.

So we say that a (pseudo-)metric space is complete if every Cauchy sequence
converges. The key result of this section is that we can always “complete” a
metric or pseudo-metric space. More precisely, we claim that
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Any metric (or pseudo-metric) space can be mapped by a one to one isometry
onto a dense subset of a complete metric (or pseudo-metric) space.

By the italicized statement of the preceding section, it is enough to prove
this for a pseudo-metric spaces X. Let X,., denote the set of Cauchy sequences
in X, and define the distance between the Cauchy sequences {z,} and {y,} to
be

d({zn}, {yn}) == nh—>r20 d(T, Yn)-

It is easy to check that d defines a pseudo-metric on Xy¢q. Let f: X — X,¢
be the map sending x to the sequence all of whose elements are x;

flx) = (x,z,z,2,--).

It is clear that f is one to one and is an isometry. The image is dense since by
definition

lm d(f(zn), {zn}) = 0.

Now since f(X) is dense in X4, it suffices to show that any Cauchy sequence
of points of the form f(xz,) converges to a limit. But such a sequence converges
to the element {x,}. QED

1.3 Normed vector spaces and Banach spaces.
Of special interest are vector spaces which have a metric which is compatible

with the vector space properties and which is complete: Let V' be a vector space
over the real or complex numbers. A norm is a real valued function

v o
on V which satisfies
1. |jv]| >0 and > 0 if v # 0,
2. ||lev] = |e]|jv]| for any real (or complex) number ¢, and

3 lv+w|| < |||+ |Jwl] ¥V v,we V.

Then d(v, w) := ||v—w]| is a metric on V', which satisfies d(v+u, w+u) = d(v, w)
for all v,w,u € V. The ball of radius r about the origin is then the set of all v
such that |Jv|| < r. A vector space equipped with a norm is called a normed
vector space and if it is complete relative to the metric it is called a Banach
space.

Our construction shows that any vector space with a norm can be completed
so that it becomes a Banach space.
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1.4 Compactness.

A topological space X is said to be compact if it has one (and hence the other)
of the following equivalent properties:

e Every open cover has a finite subcover. In more detail: if {U,} is a
collection of open sets with

XCU%

then there are finitely many aq, ..., a, such that

X CUg U UU,,.

o If F is a family of closed sets such that

N -o

FeF

then a finite intersection of the F’s are empty:

Fn---NF,=0.

1.5 Total Boundedness.

A metric space X is said to be totally bounded if for every ¢ > 0 there are
finitely many open balls of radius € which cover X.

Theorem 1.5.1 The following assertions are equivalent for a metric space:
1. X is compact.
2. Fvery sequence in X has a convergent subsequence.

3. X 1is totally bounded and complete.

Proof that 1. = 2. Let {y;} be a sequence of points in X. We first show that
there is a point = with the property for every ¢ > 0, the open ball of radius €
centered at = contains the points y; for infinitely many ¢. Suppose not. Then
for any z € X there is an € > 0 such that the ball B.(z) contains only finitely
many y;. Since z € B(z), the set of such balls covers X. By compactness,
finitely many of these balls cover X, and hence there are only finitely many 4,
a contradiction.

Now choose ¢; so that y;, is in the ball of radius % centered at x. Then
choose i3 > i1 so that y;, is in the ball of radius % centered at x and keep going.
We have constructed a subsequence so that the points y;, converge to . Thus

we have proved that 1. implies 2.
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Proof that 2. = 3. If {z;} is a Cauchy sequence in X, it has a convergent
subsequence by hypothesis, and the limit of this subsequence is (by the triangle
inequality) the limit of the original sequence. Hence X is complete. We must
show that it is totally bounded. Given € > 0, pick a point y; € X and let B.(y1)
be open ball of radius € about y1. If Be(y1) = X there is nothing further to
prove. If not, pick a point y2 € X — Bc(y1) and let B(y2) be the ball of radius e
about ya. If Bc(y1) U Bc(y2) = X there is nothing to prove. If not, pick a point
ys € X — (Be(y1) U Be(y2)) etc. This procedure can not continue indefinitely,
for then we will have constructed a sequence of points which are all at a mutual
distance > € from one another, and this sequence has no Cauchy subsequence.

Proof that 3. = 2. Let {z;} be a sequence of points in X which we relabel as
{21} Let By 1,..., B, 1 beafinite number of balls of radius 1 which cover X.
Our hypothesis 3. asserts that such a finite cover exists. Infinitely many of the j
must be such that the x; ; all lie in one of these balls. Relabel this subsequence
as {wz;}. Cover X by finitely many balls of radius £. There must be infinitely
many j such that all the x5 ; lie in one of the balls. Relabel this subsequence as
{z3;}. Continue. At the ith stage we have a subsequence {z; ;} of our original
sequence (in fact of the preceding subsequence in the construction) all of whose
points lie in a ball of radius 1/i. Now consider the “diagonal” subsequence

T11, £2,2,%3,3,----

All the points from x;; on lie in a fixed ball of radius 1/¢ so this is a Cauchy
sequence. Since X is assumed to be complete, this subsequence of our original
sequence is convergent.

We have shown that 2. and 3. are equivalent. The hard part of the proof
consists in showing that these two conditions imply 1. For this it is useful to
introduce some terminology:

1.6 Separability.

A metric space X is called separable if it has a countable subset {z;} of points
which are dense. For example R is separable because the rationals are countable
and dense. Similarly, R™ is separable because the points all of whose coordinates
are rational form a countable dense subset.

Proposition 1.6.1 Any subset Y of a separable metric space X is separable
(in the induced metric).

Proof. Let {z;} be a countable dense sequence in X. Consider the set of pairs
(j,n) such that
Bl/gn(xj) ny 7é 0.

For each such (j,n) let y;, be any point in this non-empty intersection. We
claim that the countable set of points y; ,, are dense in Y. Indeed, let y be any
point of Y. Let n be any positive integer. We can find a point z; such that
d(z;,y) < 1/2n since the x; are dense in X. But then d(y,y;,) < 1/n by the
triangle inequality. QED
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Proposition 1.6.2 Any totally bounded metric space X is separable.

Proof. For each n let {z1,,...,2:, n} be the centers of balls of radius 1/n
(finite in number) which cover X. Put all of these together into one sequence
which is clearly dense. QED

A base for the open sets in a topology on a space X is a collection B of open
set such that every open set of X is the union of sets of B

Proposition 1.6.3 A family B is a base for the topology on X if and only if
for every x € X and every open set U containing x there is a V € B such that
reVandV CU.

Proof. If B is a base, then U is a union of members of B one of which must
therefore contain x. Conversely, let U be an open subset of X. For each x € U
there is a V; C U belonging to . The union of these over all x € U is contained
in U and contains all the points of U, hence equals U. So B is a base. QED

1.7 Second Countability.

A topological space X is said to be second countable or to satisfy the second
axiom of countability if it has a base B which is (finite or ) countable.

Proposition 1.7.1 A metric space X is second countable if and only if it is
separable.

Proof. Suppose X is separable with a countable dense set {z;}. The open balls
of radius 1/n about the x; form a countable base: Indeed, if U is an open set
and z € U then take n sufficiently large so that By, (x) C U. Choose j so that
d(xj,z) < 1/n. Then V := By,(v;) satisfies x € V' C U so by Proposition
1.6.3 the set of balls B/, (x;) form a base and they constitute a countable set.
Conversely, let B be a countable base, and choose a point z; € U; for each
U; € B. If z is any point of X, the ball of radius € > 0 about z includes some
U; and hence contains x;. So the z; form a countable dense set. QED

Proposition 1.7.2 Lindelof’s theorem. Suppose that the topological space
X is second countable. Then every open cover has a countable subcover.

Let U be a cover, not necessarily countable, and let B be a countable base. Let
C C B consist of those open sets V belonging to B which are such that V- C U
where U € U. By Proposition 1.6.3 these form a (countable) cover. For each
V € C choose a Uy € U such that V' C Uy . Then the {Uy }y¢c form a countable
subset of U which is a cover. QED

1.8 Conclusion of the proof of Theorem 1.5.1.

Suppose that condition 2. and 3. of the theorem hold for the metric space
X. By Proposition 1.6.2, X is separable, and hence by Proposition 1.7.1, X is
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second countable. Hence by Proposition 1.7.2, every cover U has a countable
subcover. So we must prove that if Uy, Us, Us, ... is a sequence of open sets
which cover X, then X =U; UU;U---UU, for some finite integer m. Suppose
not. For each m choose x,, € X with x,, € Uy U---U U,,. By condition 2.
of Theorem 1.5.1, we may choose a subsequence of the {z;} which converge to
some point z. Since Uy U - - U U, is open, its complement is closed, and since
z; Uy U---U Uy, for j > m we conclude that « ¢ Uy U --- U U, for any m.
This says that the {U;} do not cover X, a contradiction. QED

Putting the pieces together, we see that a closed bounded subset of R™ is
compact. This is the famous Heine-Borel theorem. So Theorem 1.5.1 can be
considered as a far reaching generalization of the Heine-Borel theorem.

1.9 Dini’s lemma.

Let X be a metric space and let L denote the space of real valued continuous
functions of compact support. So f € L means that f is continuous, and the
closure of the set of all « for which |f(z)| > 0 is compact. Thus L is a real
vector space, and f € L = |f| € L. Thusif f € Land g € L then f+g¢g € L and
also max (f,g) = L(f +g-+|f —gl) € L and min (f,9) = 1(f+9—|f —g|) € L.

For a sequence of elements in L (or more generally in any space of real valued
functions) we write f,, | 0 to mean that the sequence of functions is monotone
decreasing, and at each x we have f,(z) — 0.

Theorem 1.9.1 Dini’s lemma. If f,, € L and f, | 0 then ||fu|lco — 0. In
other words, monotone decreasing convergence to 0 implies uniform convergence
to zero for elements of L.

Proof. Given € > 0, let C,, = {z|fn(x) > €}. Then the C, are compact,
Cy, D Cpyq and (), Cr = (. Hence a finite intersection is already empty, which
means that C,, = (} for some n. This means that ||f,||c < € for some n, and
hence, since the sequence is monotone decreasing, for all subsequent n. QED

1.10 The Lebesgue outer measure of an interval
is its length.

For any subset A C R we define its Lebesgue outer measure by
m*(A) = ianf(In) : I, are intervals with A C UI"‘ (1.1)

Here the length ¢(I) of any interval I = [a,b] is b — a with the same definition
for half open intervals (a,b] or [a,b), or open intervals. Of course if a = —o0
and b is finite or 400, or if a is finite and b = 400 the length is infinite. So the
infimum in (1.1) is taken over all covers of A by intervals. By the usual /2"
trick, i.e. by replacing each I; = [a;,b;] by (a; — €/27F1 b; + €/27F1) we may
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assume that the infimum is taken over open intervals. (Equally well, we could
use half open intervals of the form [a,b), for example.).

It is clear that if A C B then m*(A) < m*(B) since any cover of B by
intervals is a cover of A. Also, if Z is any set of measure zero, then m*(AUZ) =
m*(A). In particular, m*(Z) = 0 if Z has measure zero. Also, if A = [a,b] is an
interval, then we can cover it by itself, so

m*([a,b]) < b—a,

and hence the same is true for (a,b], [a,b), or (a,b). If the interval is infinite, it
clearly can not be covered by a set of intervals whose total length is finite, since
if we lined them up with end points touching they could not cover an infinite
interval. We still must prove that

m*(I) = ¢(I) (1.2)

if I is a finite interval. We may assume that I = [¢,d] is a closed interval by
what we have already said, and that the minimization in (1.1) is with respect
to a cover by open intervals. So what we must show is that if

[C, d} C U(Cbi, bl)

then

d*CS Z(bz 7(11‘).

We first apply Heine-Borel to replace the countable cover by a finite cover.
(This only decreases the right hand side of preceding inequality.) So let n be
the number of elements in the cover. We want to prove that if

n n
[e,d] C U(ai,bi) then d — ¢ < Z(bl —a;).
i=1 i=1
We shall do this by induction on n. If n =1 then a; < ¢ and b; > d so clearly
by —ay >d—c.

Suppose that n > 2 and we know the result for all covers (of all intervals
[c,d] ) with at most n — 1 intervals in the cover. If some interval (a;,b;) is
disjoint from [¢, d] we may eliminate it from the cover, and then we are in the
case of n — 1 intervals. So every (a;,b;) has non-empty intersection with [, d].
Among the the intervals (a;,b;) there will be one for which a; takes on the
minimum possible value. By relabeling, we may assume that this is (a1, b1).
Since ¢ is covered, we must have a; < ¢. If by > d then (a1, by) covers [c, d] and
there is nothing further to do. So assume b; < d. We must have b; > ¢ since
(a1,b1) N[c,d] # 0. Since by € [c,d], at least one of the intervals (a;,b;), i > 1
contains the point b;. By relabeling, we may assume that it is (as, b2). But now
we have a cover of [¢,d] by n — 1 intervals:

n

[e,d] C (a1,b2) U U(aiabi)'

1=3
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So by induction

n

d—CS (b2—01)+2(bi—ai).

=3

But by —a; < (b2 — CLQ) + (b1 — 0,1) since as < b;. QED

1.11 Zorn’s lemma and the axiom of choice.

In the first few sections we repeatedly used an argument which involved “choos-
ing” this or that element of a set. That we can do so is an axiom known as

The axiom of choice. If F is a function with domain D such that F(x)
is a non-empty set for every x € D, then there exists a function f with domain
D such that f(z) € F(x) for every x € D.

It has been proved by Godel that if mathematics is consistent without the
axiom of choice (a big “if”!) then mathematics remains consistent with the
axiom of choice added.

In fact, it will be convenient for us to take a slightly less intuitive axiom as
out starting point:

Zorn’s lemma. Every partially ordered set A has a mazximal linearly
ordered subset. If every linearly ordered subset of A has an upper bound, then
A contains a maximum element.

The second assertion is a consequence of the first. For let B be a maximum
linearly ordered subset of A, and z an upper bound for B. Then z is a maximum
element of A, for if y > x then we could add y to B to obtain a larger linearly
ordered set. Thus there is no element in A which is strictly larger than x which
is what we mean when we say that z is a maximum element.

Zorn’s lemma implies the axiom of choice.

Indeed, consider the set A of all functions g defined on subsets of D such
that g(z) € F(z). We will let dom(g) denote the domain of definition of g. The
set A is not empty, for if we pick a point zo € D and pick yo € F(zg), then
the function g whose domain consists of the single point xy and whose value
g(xo) = yo gives an element of A. Put a partial order on A by saying that
g = hif dom(g) C dom(h) and the restriction of h to dom g coincides with g.
A linearly ordered subset means that we have an increasing family of domains
X, with functions h defined consistently with respect to restriction. But this
means that there is a function g defined on the union of these domains, |JX
whose restriction to each X coincides with the corresponding h. This is clearly
an upper bound. So A has a maximal element f. If the domain of f were not
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all of D we could add a single point zy not in the domain of f and yo € F(z0)
contradicting the maximality of f. QED

1.12 The Baire category theorem.

Theorem 1.12.1 In a complete metric space any countable intersection of dense
open sets is dense.

Proof. Let X be the space, let B be an open ball in X, and let Oy, Os... be
a sequence of dense open sets. We must show that

Bn (O%) # 0.

Since O, is dense, BNO; # (), and is open. Thus BNO; contains the closure By
of some open ball B;. We may choose By (smaller if necessary) so that its radius
is < 1. Since By is open and O, is dense, B; NO5 contains the closure By of some
open ball Bs, of radius < %, and so on. Since X is complete, the intersection of
the decreasing sequence of closed balls we have constructed contains some point
x which belong both to B and to the intersection of all the O;. QED

A Baire space is defined as a topological space in which every countable
intersection of dense open sets is dense. Thus Baire’s theorem asserts that every
complete metric space is a Baire space. A set A in a topological space is called
nowhere dense if its closure contains no open set. Put another way, a set A is
nowhere dense if its complement A¢ contains an open dense set. A set S is said
to be of first category if it is a countable union of nowhere dense sets. Then
Baire’s category theorem can be reformulated as saying that the complement of
any set of first category in a complete metric space (or in any Baire space) is
dense. A property P of points of a Baire space is said to hold quasi - surely
or quasi-everywhere if it holds on an intersection of countably many dense
open sets. In other words, if the set where P does not hold is of first category.

1.13 Tychonoff’s theorem.

Let I be a set, serving as an “index set”. Suppose that for each o € I we are
given a non-empty topological space S,. The Cartesian product

S::HSa

acl

is defined as the collection of all functions x whose domain in I and such that
z(a) € S,. This space is not empty by the axiom of choice. We frequently write
Zo instead of z(a) and called z,, the “a coordinate of x”.
The map
fa:HSa—>Sa, T Ty

acl
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is called the projection of S onto S,. We put on S the weakest topology such
that all of these projections are continuous. So the open sets of S are generated
by the sets of the form

5 (Us) where U, C S, is open.

[e3

Theorem 1.13.1 [Tychonoff.] If all the S, are compact, then so is S =
Hae] Sa'

Proof. Let F be a family of closed subsets of S with the property that the
intersection of any finite collection of subsets from this family is not empty. We
must show that the intersection of all the elements of F is not empty. Using
Zorn, extend F to a maximal family Fy of (not necessarily closed) subsets of S
with the property that the intersection of any finite collection of elements of Fy
is not empty. For each «, the projection f,(Fo) has the property that there is
a point x, € S, which is in the closure of all the sets belonging to f,(Fo). Let
x € S be the point whose a-th coordinate is z,. We will show that x is in the
closure of every element of Fy which will complete the proof.

Let U be an open set containing x. By the definition of the product topology,
there are finitely many «; and open subsets U,, C S,, such that

ze () fa!(Ua)CU.
=1

So for each ¢ = 1,...,n, x4, € U,,. This means that U,, intersects every
set belonging to fo,(Fo). So f5!1(Ua,) intersects every set belonging to Fy and

hence must belong to Fy by maximality. Therefore,

n

() f2.!(Ua,) € Fo,

i=1

again by maximality. This says that U intersects every set of Fy. In other
words, any neighborhood of = intersects every set belonging to Fy, which is just
another way of saying = belongs to the closure of every set belonging to Fy.
QED

1.14 Urysohn’s lemma.

A topological space S is called normal if it is Hausdorff, and if for any pair
Fy, F, of closed sets with F; N Fy, = () there are disjoint open sets Uy, Us with
Fy C Uy and Fy C Us,. For example, suppose that S is Hausdorff and compact.
For each p € F; and q € F; there are neighborhoods O, of p and W, of ¢ with
Oy, N W, = 0. This is the Hausdorff axiom. A finite number of the W, cover
F, since it is compact. Let the intersection of the corresponding O, be called
U, and the union of the corresponding W, be called V},. Thus for each p € F}
we have found a neighborhood U, of p and an open set V}, containing F, with
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Up, NV, = (. Once again, finitely many of the U, cover F;. So the union U of
these and the intersection V' of the corresponding V,, give disjoint open sets U
containing F; and V containing F5. So any compact Hausdorff space is normal.

Theorem 1.14.1 [Urysohn’s lemma.] If Fy and Fy are disjoint closed sets
in a normal space S then there is a continuous real valued function f:S — R
such that 0 < f <1, f=0on Fy and f =1 on Fy.

Proof. Let
Vi = FY.

We can find an open set V% containing Fj and whose closure is contained in V7,
since we can choose V% disjoint from an open set containing Fj. So we have

Fy C Vi, Vchl.

Applying our normality assumption to the sets Fy and Vi we can find an open
- 2

set Vi with Fy C Vi and V% C V% . Similarly, we can find an open set V% with

‘7% C Vi and 7% C V4. So we have

FoCcVi, ViCVi, Vi CVs, Va CV; =Ff.
4 4 2 2 4 4

Continuing in this way, for each 0 < r < 1 where r is a dyadic rational, r = m/2F
we produce an open set V. with Fy C V. and V. C V; if r < s, including

V. C V4 = Ff. Define f as follows: Set f(x) = 1 for x € Fy. Otherwise, define
f(z) = inf{r|z € V,.}.
So f =0 on Fy.
If 0 < b <1, then f(z) < b means that z € V,. for some r < b. Thus
) =J v
r<b

This is a union of open sets, hence open. Similarly, f(z) > a means that there
is some r > a such that ¢ V,.. Thus

S ) = | J ),

also a union of open sets, hence open. So we have shown that

f7H0,0)) and  f7((a,1])

are open. Hence f~1((a,b)) is open. Since the intervals [0,b), (a,1] and (a,b)
form a basis for the open sets on the interval [0, 1], we see that the inverse image
of any open set under f is open, which says that f is continuous. QED

We will have several occasions to use this result.
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1.15 The Stone-Weierstrass theorem.

This is an important generalization of Weierstrass’s theorem which asserted that
the polynomials are dense in the space of continuous functions on any compact
interval, when we use the uniform topology. We shall have many uses for this
theorem.

An algebra A of (real valued) functions on a set S is said to separate points
if for any p,q € S, p # g there is an f € A with f(p) # f(q)-

Theorem 1.15.1 [Stone-Weierstrass.] Let S be a compact space and A an
algebra of continuous real valued functions on S which separates points. Then
the closure of A in the uniform topology is either the algebra of all continuous
functions on S, or is the algebra of all continuous functions on S which all
vanish at a single point, call it x.

We will give two different proofs of this important theorem. For our first proof,
we first state and prove some preliminary lemmas:

Lemma 1.15.1 An algebra A of bounded real valued functions on a set S which
is closed in the uniform topology is also closed under the lattice operations V and
A.

Proof. Since fVg=3(f+g+|f—g))and fAg=3(f+g—I|f —g]) we
must show that
feA =|fle A

Replacing f by f/||f|lcc we may assume that
Ifl <1

The Taylor series expansion about the point % for the function ¢ — (¢t + 62)%
converges uniformly on [0, 1]. So there exists, for any € > 0 there is a polynomial
P such that

|P(2®) — (22 + €2)7| <€ on [~1,1].

Let
Q:=P— P(0).
We have |P(0) — €| < € so
|P(0)| < 2e.
So Q(0) = 0 and
Q(a?) — (2 + %) 7] < 3e.
But
1
(22 + ¥z —|z| <e

for small €. So
|Q(2%) — |z| | <4e on [0,1].
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As @ does not contain a constant term, and A is an algebra, Q(f?) € A for any
f € A. Since we are assuming that |f| < 1 we have

Q(f*) €A, and [|Q(f*) = If] oo < 4e.

Since we are assuming that A is closed under || - ||ooc we conclude that |f| € A
completing the proof of the lemma.

Lemma 1.15.2 Let A be a set of real valued continuous functions on a compact
space S such that

fhgeA= fAhgeA and fVvge A

Then the closure of A in the uniform topology contains every continuous function
on S which can be approximated at every pair of points by a function belonging
to A.

Proof. Suppose that f is a continuous function on S which can be approxi-
mated at any pair of points by elements of A. So let p,q € S and € > 0, and let
fp,q.c € A be such that

|f(p) — fp,q,e(p)| <e |flg) — fp,q,e(Q)| <e

Let

Up,ge = {2 fpg.e(®) < f(x) + €}, Vipge = {2[fpg.e(x) > f(z) €}

Fix g and €. The sets Uy, 4, cover S as p varies. Hence a finite number cover S
since we are assuming that S is compact. We may take the minimum f, . of the
corresponding finite collection of f, ;.. The function f, . has the property that

fae(@) < f(z) +€

and
fae(x) > f(z) —€
for
T € ﬂ Vi.a,e
p

where the intersection is again over the same finite set of p’s. We have now
found a collection of functions f; . such that

fae < f+e

and f; > f—eonsome neighborhood V; . of g. We may choose a finite number
of g so that the V; . cover all of S. Taking the maximum of the corresponding
fq,c gives a function fe € Awith f —e< f < f+e¢, ie.

1f = felle <.
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Since we are assuming that A is closed in the uniform topology we conclude
that f € A, completing the proof of the lemma.

Proof of the Stone-Weierstrass theorem. Suppose first that for every
x € S there is a g € A with g(z) # 0. Let x # y and h € A with h(y) # 0.
Then we may choose real numbers ¢ and d so that f = cg + dh is such that

0# f(z) # fly) # 0.

Then for any real numbers a and b we may find constants A and B such that
Af(x) + Bf*(z) =a and Af(y) + Bf*(y) = b.

We can therefore approximate (in fact hit exactly on the nose) any function at
any two distinct points. We know that the closure of A is closed under VvV and
A by the first lemma. By the second lemma we conclude that the closure of A
is the algebra of all real valued continuous functions.

The second alternative is that there is a point, call it po, at which all f € A
vanish. We wish to show that the closure of A contains all continuous functions
vanishing at p... Let B be the algebra obtained from A by adding the constants.
Then B satisfies the hypotheses of the Stone-Weierstrass theorem and contains
functions which do not vanish at p,. so we can apply the preceding result. If
g is a continuous function vanishing at p., we may, for any € > 0 find an f € A
and a constant ¢ so that

lg = (F +)lloe < 5-

Evaluating at p.o gives |c| < €/2. So

g — fllo <e

QED
The reason for the apparently strange notation po, has to do with the notion
of the one point compactification of a locally compact space. A topological space
S is called locally compact if every point has a closed compact neighborhood.
We can make S compact by adding a single point. Indeed, let po, be a point
not belonging to S and set
Seo := 5 U Poo-

We put a topology on S, by taking as the open sets all the open sets of S
together with all sets of the form

O Ups

where O is an open set of S whose complement is compact. The space Sy is
compact, for if we have an open cover of S, at least one of the open sets in
this cover must be of the second type, hence its complement is compact, hence
covered by finitely many of the remaining sets. If S itself is compact, then
the empty set has compact complement, hence p,, has an open neighborhood
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disjoint from S, and all we have done is add a disconnected point to S. The
space S is called the one-point compactification of S. In applications of
the Stone-Weierstrass theorem, we shall frequently have to do with an algebra
of functions on a locally compact space consisting of functions which “vanish
at infinity” in the sense that for any € > 0 there is a compact set C' such that
|f| < € on the complement of C. We can think of these functions as being
defined on S, and all vanishing at p..
We now turn to a second proof of this important theorem.

1.16 Machado’s theorem.

Let M be a compact space and let Cx(M) denote the algebra of continuous
real valued functions on M. We let || - || = || - ||co denote the uniform norm on
Cr(M). More generally, for any closed set F' C M, we let

IfllF = sup |f(z)]
zEF

so |-l =1-llrm-

If A C Cr(M) is a collection of functions, we will say that a subset £ C M
is a level set (for A) if all the elements of A are constant on the set E. Also,
for any f € Cr(M) and any closed set F' C M, we let

ds(F) = int,[If gl

So d¢(F') measures how far f is from the elements of A on the set F. (I have
suppressed the dependence on A in this notation.) We can look for “small”
closed subsets which measure how far f is from A on all of M; that is we look
for closed sets with the property that

df(E) = df(M). (13)

Let F denote the collection of all non-empty closed subsets of M with this
property. Clearly M € F so this collection is not empty. We order F by the
reverse of inclusion: Fy} < Fy if F} D Fy. Let C be a totally ordered subset
of F. Since M is compact, the intersection of any nested family of non-empty
closed sets is again non-empty. We claim that the intersection of all the sets in
C belongs to F, i.e. satisfies (1.3). Indeed, since d¢(F) = ds(M) for any F € C
this means that for any g € A, the sets

{z € Fl[f(x) — g(x)| = d;((M))}

are non-empty. They are also closed and nested, and hence have a non-empty
intersection. So on the set
E=(F

FecC

we have

If = glle = df(M).
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So every chain has an upper bound, and hence by Zorn’s lemma, there exists a
maximum, i.e. there exists a non-empty closed subset E satisfying (1.3) which
has the property that no proper subset of E satisfies (1.3). We shall call such a
subset f-minimal.

Theorem 1.16.1 [Machado.] Suppose that A C Cr(M) is a subalgebra which
contains the constants and which is closed in the uniform topology. Then for
every [ € Cr(M) there exists an A level set satisfying(1.3). In fact, every
f-minimal set is an A level set.

Proof. Let E be an f-minimal set. Suppose it is not an A level set. This
means that there is some h € A which is not constant on A. Replacing h by
ah + ¢ where a and ¢ are constant, we may arrange that

minh =0 and maxh = 1.
zEE z€EE

Let
2 1
EO::{xEE|O§h(w)§§} and E1:{$€E|§§x§1}.

These are non-empty closed proper subsets of E, and hence the minimality of
E implies that there exist gg, g1 € A such that

1f—gollg, <dp(M) —e and ||f —gillg, <df(M) —e€
for some € > 0. Define
hn = (1- h”)Qn and Kk, := hngo + (1 — hy)gr.

Both h,, and k,, belong to A and 0 < h,, < 1 on E, with strict inequality on
EgNE;. At each x € Eg N Ey i we have

(@) = ko (2)] [hn (@) f(2) = hn(2)g0(2) + (1 = hn(2)) f(2) = (1 = hn ()91 ()]
< ha(@If = golllzone, + (L= ha)llf = a1l zonm:
< ha(@)If = golley + (L= n(2)1f = 9a1llE, < dj(M) e

We will now show that h,, — 1 on Ey \ F; and h,, — 0 on E; \ Ey. Indeed, on

Ey \ E; we have
1 n
h < | =
(5)

hn=(1_h")2"21—2"h”21—@) —1

SO

since the binomial formula gives an alternating sum with decreasing terms. On
the other hand,
ho(1+ 0™ =1-1*?" <1

or
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Now the binomial formula implies that for any integer k£ and any positive number
a we have ka < (1 +a)* or (1 +a)™% <1/(ka). So we have

1
onpn :

hy, <

On Ey \ E7 we have h™ > (%)n so there we have

By < (i) 0.

Thus k, — go uniformly on Fy \ Fy and k, — ¢1 uniformly on E; \ Ey. We
conclude that for n large enough

If = knlle < dp(M)
contradicting our assumption that d¢(E) = dy(M). QED

Corollary 1.16.1 [The Stone-Weierstrass Theorem.] If A is a uniformly
closed subalgebra of Cr (M) which contains the constants and separates points,
then A = Cr(M).

Proof. The only A-level sets are points. But since ||f — f(a)| .3 = 0, we
conclude that dy(M) =0, i.e. f € A for any f € Cr(M). QED

1.17 The Hahn-Banach theorem.

This says:

Theorem 1.17.1 [Hahn-Banach]. Let M be a subspace of a normed linear
space B, and let F be a bounded linear function on M. Then F can be extended
so as to be defined on all of B without increasing its norm.

Proof by Zorn. Suppose that we can prove

Proposition 1.17.1 Let M be a subspace of a normed linear space B, and let
F be a bounded linear function on on M. Lety € B,y & M. Then F can be
extended to M + {y} without changing its norm.

Then we could order the extensions of F' by inclusion, one extension being >
than another if it is defined on a larger space. The extension defined on the
union of any family of subspaces ordered by inclusion is again an extension, and
so is an upper bound. The proposition implies that a maximal extension must
be defined on the whole space, otherwise we can extend it further. So we must
prove the proposition.

I was careful in the statement not to specify whether our spaces are over the
real or complex numbers. Let us first assume that we are dealing with a real
vector space, and then deduce the complex case.
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We want to choose a value
a=F(y)
so that if we then define
F(z+)\y) := F(z) + \F(y) = F(z) + Aa, Yo € M,A€R

we do not increase the norm of F. If FF = 0 we take « = 0. If F # 0, we
may replace F' by F/||F||, extend and then multiply by ||F|| so without loss of
generality we may assume that |F|| = 1. We want to choose the extension to
have norm 1, which means that we want

|F(z) +Aa] < ||z + Ayl VeeMMeR.

If A = 0 this is true by hypothesis. If A # 0 divide this inequality by A and
replace (1/\)z by . We want

|F(z)+a|<|lz+y| VzeM.
We can write this as two separate conditions:
Fzo)+a<||za+y|| Voo e M and —F(z1)—a < |z1+y| Vo, € M.
Rewriting the second inequality this becomes
—F(1) — [y +yll € @ < —F(az) + lo + ]l

The question is whether such a choice is possible. In other words, is the supre-
mum of the left hand side (over all 1 € M) less than or equal to the infimum
of the right hand side (over all xo € M)? If the answer to this question is yes,
we may choose « to be any value between the sup of the left and the inf of the
right hand sides of the preceding inequality. So our question is: Is

) = Fle)| < flez +yll + lzr +yl V2,20 € M?

But 1 — 29 = (z1 + y) — (2 + y) and so using the fact that ||F|| = 1 and the
triangle inequality gives

[F(22) = F(z1)] < [lwe — 2| < oz + yll + lz1 + ]l

This completes the proof of the proposition, and hence of the Hahn-Banach
theorem over the real numbers.

We now deal with the complex case. If B is a complex normed vector
space, then it is also a real vector space, and the real and imaginary parts of a
complex linear function are real linear functions. In other words, we can write
any complex linear function F' as

F(z) = G(x) + iH(z)
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where G and H are real linear functions. The fact that F' is complex linear says
that F(iz) = iF(x) or
G(ix) = —H(z)

or

or

F(z) = G(x) — iG(iz).

The fact that ||F|| = 1 implies that |G| < 1. So we can adjoin the real one
dimensional space spanned by y to M and extend the real linear function to it,
keeping the norm < 1. Next adjoin the real one dimensional space spanned by
1y and extend G to it. We now have G extended to M & Cy with no increase
in norm. Try to define

F(z):= G(z) —iG(iz)

on M @ Cy. This map of M @& Cy — C is R-linear, and coincides with F on
M. We must check that it is complex linear and that its norm is < 1: To check
that it is complex linear it is enough to observe that

F(iz) = G(iz) —iG(—z) = i[G(z) —iG(iz)] = iF ().

To check the norm, we may, for any z, choose 6 so that ¢’ F(2) is real and is
non-negative. Then

|F(2)] = [F ()| = |[F(e"2)] = G(e2) < [le”2]| = |||

so [|F|| <1. QED

Suppose that M is a closed subspace of B and that y ¢ M. Let d denote
the distance of y to M, so that

d:= inf —z|l.
nf [y~ a

Suppose we start with the zero function on M, and extend it first to M @ y by
F(Ay —x) = Ad.
This is a linear function on M + {y} and its norm is < 1. Indeed

IAd] d d
Fll=sup77———=sup —=-=1.
IEl = s s = = 59 = ~

Let M9 be the set of all continuous linear functions on B which vanish on
M. Then, using the Hahn-Banach theorem we get

Proposition 1.17.2 Ify € B and y ¢ M where M is a closed linear subspace
of B, then there is an element F € M° with |[F|| <1 and F(y) # 0. In fact we
can arrange that F(y) = d where d is the distance from y to M.
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We have an embedding
B — B*™ x> 2™ where 2™ (F) := F(z).
The first part of the preceding proposition can be formulated as
(M) = M

if M is a closed subspace of B.
The map x — x** is clearly linear and

2" (F)] = |[F ()] < [ F[[]]=]
Taking the sup of |z**(F)|/||F|| shows that
[l < |

where the norm on the left is the norm on the space B**. On the other hand,
if we take M = {0} in the preceding proposition, we can find an F' € B* with
|IF']l =1 and F(x) = ||z|. For this F' we have |z**(F)| = ||z||. So

™[ = =[]
We have proved

Theorem 1.17.2 The map B — B** given above is a norm preserving injec-
tion.

1.18 The Uniform Boundedness Principle.

Theorem 1.18.1 Let B be a Banach space and {F,} be a sequence of elements
in B* such that for every fixed x € B the sequence of numbers {|F,(x)|} is
bounded. Then the sequence of norms {||F,||} is bounded.

Proof. The proof will be by a Baire category style argument. We will prove

Proposition 1.18.1 There exists some ball B = B(y,r),r > 0 about a point y
with ||y|| < 1 and a constant K such that |F,,(z)] < K for all z € B.

Proof that the proposition implies the theorem. For any z with ||z]] <1
we have

cu=2 (56 )

and r
I3 -yl <r

since ||z — y| < 2.

2K
Fa()] < | Falz =)l + 1Fa(y)l < == + K.
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So ol
[ Fnll < - + K

for all n proving the theorem from the proposition.

Proof of the proposition. If the proposition is false, we can find ny such that
|Fy, (z)| > 1 at some & € B(0,1) and hence in some ball of radius € < 1 about x.
Then we can find an ng with |F,,, ()| > 2 in some non-empty closed ball of radius
< % lying inside the first ball. Continuing inductively, we choose a subsequence
Ny and a family of nested non-empty balls B, with |F,  (z)| > m throughout
B,, and the radii of the balls tending to zero. Since B is complete, there is
a point  common to all these balls, and {|F,(x)|} is unbounded, contrary to
hypothesis. QED

We will have occasion to use this theorem in a “reversed form”. Recall
that we have the norm preserving injection B — B** sending x +— x™* where
z**(F) = F(z). Since B* is a Banach space (even if B is incomplete) we have

Corollary 1.18.1 If {z,} is a sequence of elements in a normed linear space
such that the numerical sequence {|F(x,)|} is bounded for each fized F € B*
then the sequence of norms {||xz,||} is bounded.



Chapter 2

Hilbert Spaces and
Compact operators.

2.1 Hilbert space.

2.1.1 Scalar products.

V' is a complex vector space. A rule assigning to every pair of vectors f,g € V
a complex number (f,g) is called a semi-scalar product if

1. (f,g) is linear in f when g is held fixed.

2. (g9, f) = (f,g). This implies that (f,g) is anti-linear in g when f is held
fixed. In other words. (f,ag+ bh) =a(f,g)+b(f,h). It also implies that

(f, f) is real.
3. (f,f)>0forall feV.
If 3. is replaced by the stronger condition
4. (f, f) > 0 for all non-zero f € V

then we say that (, ) is a scalar product.

Examples.

e V= C", so an element z of V is a column vector of complex numbers:

and (z,w) is given by
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o V consists of all continuous (complex valued) functions on the real line
which are periodic of period 27 and

(9) = 5= [ st

We will denote this space by C(T). Here the letter T stands for the one
dimensional torus, i.e. the circle. We are identifying functions which are
periodic with period 27 with functions which are defined on the circle
R/27Z.

e V consists of all doubly infinite sequences of complex numbers
a=...,a_2,a_-1,00,a1,02,...

which satisfy

Z |a;|? < oo.
(a, b) = Zazgz

All three are examples of scalar products.

Here

2.1.2 The Cauchy-Schwartz inequality.

This says that if ( , ) is a semi-scalar product then

((f,9)| < (f.)%(g.9)%. (2.1)

Proof. For any real number ¢ condition 3. above says that (f —tg, f —tg) > 0.
Expanding out gives

0<(f—tg. f—tg) = (f. f) —tl(f.9) + (9. )] + t*(9,9)-

Since (g, f) = (f, g), the coefficient of ¢ in the above expression is twice the real
part of (f,g). So the real quadratic form

Q(t) == (f. f) — 2Re(f, g)t + t*(g.9)

is nowhere negative. So it can not have distinct real roots, and hence by the
b? — 4ac rule we get

A(Re(f,9))* —4(f. f)(g.9) <0

(Re(f,9))* < (£, )(9,9)- (2.2)

This is useful and almost but not quite what we want. But we may apply this
inequality to h = g for any 6. Then (h,h) = (g, g). Choose 6 so that

(f.9) =re”
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where r = |(f, g)|. Then
(f.h) = (f.e’9) =" (f,9) =1(f.9)]
and the preceding inequality with g replaced by h gives

(£, 9P < (f,/)g.9)

and taking square roots gives (2.1).

2.1.3 The triangle inequality

For any semiscalar product define

11l == (f, £)*

so we can write the Cauchy-Schwartz inequality as

I(F. )l < [ fIHlgll-

The triangle inequality says that

I+ gl < IIF1+ lgll- (2.3)

Proof.

If + gl

(f+g,f+9)

(f, f) +2Re(f,9) + (9,9)

(fs )+ 2 fllllgll + (9.9) by (2.2)
12+ 207 1Mgll + llgll?

= (Il71 + 1lglh?.

Taking square roots gives the triangle inequality (2.3). Notice that
llefll = lelll £1] (2.4)
since (cf,cf) = ce(f, f) = |e[*|| fII*-

Suppose we try to define the distance between two elements of V' by
d(f,9) = = gll
Notice that then d(f, f) =0, d(f,g) = d(g, f) and for any three elements
d(f,h) < d(f,g) +d(g, h)

by virtue of the triangle inequality. The only trouble with this definition is that
we might have two distinct elements at zero distance, i.e. 0 =d(f,g) = || f —g|-
But this can not happen if (, ) is a scalar product, i.e. satisfies condition 4.

IA
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A complex vector space V endowed with a scalar product is called a pre-
Hilbert space.

Let V be a complex vector space and let || - || be a map which assigns to any
f € V a non-negative real || f|| number such that || f|| > 0 for all non-zero f. If
|l -] satisfies the triangle inequality (2.3) and equation (2.4) it is called a norm.
A vector space endowed with a norm is called a normed space. The pre-Hilbert
spaces can be characterized among all normed spaces by the parallelogram law
as we will discuss below.

Later on, we will have to weaken condition (2.4) in our general study. But
it is too complicated to give the general definition right now.

2.1.4 Hilbert and pre-Hilbert spaces.

The reason for the prefix “pre” is the following: The distance d defined above
has all the desired properties we might expect of a distance. In particular, we
can define the notions of “limit” and of a “Cauchy sequence” as is done for the
real numbers: If f, is a sequence of elements of V', and f € V we say that f is
the limit of the f, and write

lim fn:f7 or fn_’f

n—oo

if, for any positive number € there is an N = N(e) such that
d(fn, f) <e foralln> N.

If a sequence converges to some limit f, then this limit is unique, since any
limits must be at zero distance and hence equal.
We say that a sequence of elements is Cauchy if for any § > 0 there is an
K = K () such that
A(fms fr) <6 VY,m,n > K.

If the sequence f,, has a limit, then it is Cauchy - just choose K (§) = N(56)
and use the triangle inequality.

But it is quite possible that a Cauchy sequence has no limit. As an example
of this type of phenomenon, think of the rational numbers with |r — s| as the
distance. The whole point of introducing the real numbers is to guarantee that
every Cauchy sequence has a limit.

So we say that a pre-Hilbert space is a Hilbert space if it is “complete” in
the above sense - if every Cauchy sequence has a limit.

Since the complex numbers are complete (because the real numbers are),
it follows that C™ is complete, i.e. is a Hilbert space. Indeed, we can say
that any finite dimensional pre-Hilbert space is a Hilbert space because it is
isomorphic (as a pre-Hilbert space) to C™ for some n. (See below when we
discuss orthonormal bases.)

The trouble is in the infinite dimensional case, such as the space of continuous
periodic functions. This space is not complete. For example, let f,, be the
function which is equal to one on (—7 + %, —%), equal to zero on (%,77 - %)
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and extended linearly —% to % and from 7 — % tom+ % so as to be continuous
and then extended so as to be periodic.(Thus on the interval (7 — %, ™+ %) the
function is given by f,(z) = 2(x — (7 — £).) If m < n, the functions f,, and f,
agree outside two intervals of length 2 and on these intervals | f,,(z) — fn(2)] <
1. So || fm — fall* € 5= - 2/m showing that the sequence {f,} is Cauchy. But
the limit would have to equal one on (—m,0) and equal zero on (0,7) and so
be discontinuous at the origin and at 7. Thus the space of continuous periodic
functions is not a Hilbert space, only a pre-Hilbert space.

But just as we complete the rational numbers (by throwing in “ideal” el-
ements) to get the real numbers, we may similarly complete any pre-Hilbert
space to get a unique Hilbert space. See the section Completion in the chapter
on metric spaces for a general discussion of how to complete any metric space.
In particular, the completion of any normed vector space is a complete normed
vector space. A complete normed space is called a Banach space. The general
construction implies that any normed vector space can be completed to a Ba-
nach space. From the parallelogram law discussed below, it will follow that the
completion of a pre-Hilbert space is a Hilbert space.

The completion of the space of continuous periodic functions will be denoted

2.1.5 The Pythagorean theorem.
Let V be a pre-Hilbert space. We have

1f +gll* = IFI* + 2Re(f, 9) + llgl*-

So
If+gl? = 1£17+lgl?> & Re(f,9)=0. (2.5)

‘We make the definition

flg e (fig)=0

and say that f is perpendicular to g or that f is orthogonal to g. Notice that
this is a stronger condition than the condition for the Pythagorean theorem,
the right hand condition in (2.5). For example ||f +if[|? = 2|/ f||*> but (f,if) =

—i|| fII* # 0 if || f]| # 0.
If u; is some finite collection of mutually orthogonal vectors, then so are z;u;
where the z; are any complex numbers. So if

u = Z Z;U;
i
then by the Pythagorean theorem

lal® = L=l a1
A
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In particular, if the u; # 0, then © = 0 = z; = 0 for all 4. This shows that any
set of mutually orthogonal (non-zero) vectors is linearly independent.
Notice that the set of functions

em@

is an orthonormal set in the space of continuous periodic functions in that not
only are they mutually orthogonal, but each has norm one.

2.1.6 The theorem of Apollonius.
Adding the equations

If+9l> = [fII*+2Re (f.9) +lg]? (2.6)

If=gll> = IfII* = 2Re (f.9) + llg]I* (2.7)
gives

1f+ gl +1f = al* =2 (11> + llgl?) - (2.8)

This is known as the parallelogram law. It is the algebraic expression of the
theorem of Apollonius which asserts that the sum of the areas of the squares on
the sides of a parallelogram equals the sum of the areas of the squares on the
diagonals.

If we subtract (2.7) from (2.6

~~

we get

Re(f,g9) =7 (If + 9> = If = gl*) - (2.9)

Now (va g) = i(f?.g) and Re {Z(fhg)} = _Im(f’ g) SO

o~ =

SO
(fr9) = i (1f + gl = I = g +illf +igll* = illf —igll?) - (2.10)

If we now complete a pre-Hilbert space, the right hand side of this equation
is defined on the completion, and is a continuous function there. It therefore
follows that the scalar product extends to the completion, and, by continuity,
satisfies all the axioms for a scalar product, plus the completeness condition for
the associated norm. In other words, the completion of a pre-Hilbert space is a
Hilbert space.

2.1.7 The theorem of Jordan and von Neumann.

This is essentially a converse to the theorem of Apollonius. It says that if || - ||
is a norm on a (complex) vector space V which satisfies (2.8), then V is in fact
a pre-Hilbert space with | f||? = (f, f). If the theorem is true, then the scalar
product must be given by (2.10). So we must prove that if we take (2.10) as the
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definition, then all the axioms on a scalar product hold. The easiest axiom to
verify is

(ga.f) = (fvg)'

Indeed, the real part of the right hand side of (2.10) is unchanged under the

interchange of f and g (since g— f = —(f —g) and || — h|| = ||h|| for any h is one

of the properties of a norm). Also g+if =i(f —ig) and ||ih|| = ||| so the last

two terms on the right of (2.10) get interchanged, proving that (g, f) = (f, g).
It is just as easy to prove that

(if,9) =i(f,9)

Indeed replacing f by if sends ||f + ig||? into ||if +ig||* = || f + ¢* and sends
If + gll* into [[if + gl = i(f —ig)I* = |f — igll* = i(=illf —ig||*) so has the
effect of multiplying the sum of the first and fourth terms by i, and similarly
for the sum of the second and third terms on the right hand side of (2.10).

Now (2.10) implies (2.9). Suppose we replace f, g in (2.8) by f1 + g, f2 and
by fi — g, f2 and subtract the second equation from the first. We get

lfi+fot+glP=fi+fo—glP+fi—Ffot+gl?>=Ifi— fo—gl?

=2(lfr+91* = lfr - 9lI*)
In view of (2.9) we can write this as
Re (fi + f2.9) + Re (f1 — f2,9) = 2Re (f1.9). (2.11)

Now the right hand side of (2.9) vanishes when f = 0 since ||g|| = || — g||. So if
we take f1 = fo = f in (2.11) we get

Re (2f,9) = 2Re (f,9)-

We can thus write (2.11) as

Re (f1 + f2,9) + Re (f1 — f2,9) = Re (2f1,9).
In this equation make the substitutions

1

fi— %(fl +f2), far §(f1 — fa).

This yields
Re (fl + f27g) = Re (fl?g) + Re (f?vg)
Since it follows from (2.10) and (2.9) that

(f7g) = Re (fag)sze (Zfag)

we conclude that

(fi+ f2,9) = (f1,9) + (f2,9)-
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Taking f; = — fo shows that
(=f,9)=—(f.9)

Consider the collection C of complex numbers a which satisfy

(af,9) = a(f,9)
(for all f,g). We know from (f1 + f2,9) = (f1,9) + (f2,9) that
a,8eC=a+peC.
So C contains all integers. If 0 # 3 € C then

(f,9)=(B-1/8)f.g9)=p(1/8)f 9)

so 371 € C. Thus C contains all (complex) rational numbers. The theorem
will be proved if we can prove that (af, g) is continuous in . But the triangle
inequality

1f+ gl < IIf11+ gl

applied to f = fo,9 = f1 — fo implies that
Il < M1fr = fall + [ f2l

or
1fill = Il f2ll < I f2 = fall-
Interchanging the role of f; and fo gives

LAl =20l T < L = fal-

Therefore
| lef £gll = I1Bf £gll | < [[(a = B)f]]-

Since ||(aw — B)f|| — 0 as a — (3 this shows that the right hand side of (2.10)
when applied to af and g is a continuous function of aw. Thus C = C. We have
proved

Theorem 2.1.1 [P. Jordan and J. von Neumann] If V is a normed space
whose norm satisfies (2.8) then V is a pre-Hilbert space.

Notice that the condition (2.8) involves only two vectors at a time. So we
conclude as an immediate consequence of this theorem that

Corollary 2.1.1 A normed vector space is pre-Hilbert space if and only if every
two dimensional subspace is a Hilbert space in the induced norm.

Actually, a weaker version of this corollary, with two replaced by three had
been proved by Fréchet, Annals of Mathematics, July 1935, who raised the
problem of giving an abstract characterization of those norms on vector spaces
which come from scalar products. In the immediately following paper Jordan
and von Neumann proved the theorem above leading to the stronger corollary
that two dimensions suffice.
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2.1.8 Orthogonal projection.

We continue with the assumption that V is pre-Hilbert space. If A and B are
two subsets of V', we write A 1. Bifu € A and v € B = u L v, in other words
if every element of A is perpendicular to every element of B. Similarly, we will
write v L A if the element v is perpendicular to all elements of A. Finally, we
will write A+ for the set of all v which satisfy v L. A. Notice that AL is always
a linear subspace of V, for any A.

Now let M be a (linear) subspace of V. Let v be some element of V', not
necessarily belonging to M. We want to investigate the problem of finding a
w € M such that (v —w) L M. Of course, if v € M then the only choice is to
take w = v. So the interesting problem is when v ¢ M. Suppose that such a w
exists, and let « be any (other) point of M. Then by the Pythagorean theorem,

lv =2l = (v = w) + (w = 2)|* = [lv — w||* + [Jw — 2
since (v —w) L M and (w —x) € M. So
[o —w| <flv—z|

and this inequality is strict if  # w. In words: if we can find a w € M such
that (v — w) L M then w is the unique solution of the problem of finding the
point in M which is closest to v. Conversely, suppose we found a w € M which
has this minimization property, and let z be any element of M. Then for any
real number ¢ we have

lv = wll* < (v = w) + tal|* = v — w]|* + 2tRe (v — w, ) + ¢*||]|*.

Since the minimum of this quadratic polynomial in ¢ occurring on the right is
achieved at t = 0, we conclude (by differentiating with respect to ¢ and setting
t = 0, for example) that

Re (v —w,x) = 0.

By our usual trick of replacing by ez we conclude that
(v—w,z) =0.

Since this holds for all x € M, we conclude that (v —w) L M. So to find w we
search for the minimum of ||v — z||, z € M.

Now ||[v — z|| > 0 and is some finite number for any 2 € M. So there will be
some real number m such that m < |jv—z|| for z € M, and such that no strictly
larger real number will have this property. (m is known as the “greatest lower
bound” of the values ||[v — z||, € M.) So we can find a sequence of vectors
z, € M such that

[o =@ — m.

We claim that the x,, form a Cauchy sequence. Indeed,

lzi = 51* = lI(v = 2;) — (v = z)|”
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and by the parallelogram law this equals
2 (Il = ll* + llv — 2;01%) = |20 = (2 + z5)]1*.
Now the expression in parenthesis converges to 2m?. The last term on the right
is
1 2
—2(v = 5 (@i + 25)II°.
Since %(:vz +x;)€ M, we conclude that

120 — (2 + ;) ]|* > 4m?

SO

T; — T 2 < 4(m+€)? — 4m?
[ il

for ¢ and j large enough that ||v — z;|] < m + € and |jv — x;|| < m + €. This
proves that the sequence z,, is Cauchy.

Here is the crux of the matter: If M is complete, then we can conclude that
the x,, converge to a limit w which is then the unique element in M such that
(v—w) L M. It is at this point that completeness plays such an important role.

Put another way, we can say that if M is a subspace of V' which is complete
(under the scalar product ( , ) restricted to M) then we have the orthogonal
direct sum decomposition

V=MaoM,

which says that every element of V' can be uniquely decomposed into the sum
of an element of M and a vector perpendicular to M.

For example, if M is the one dimensional subspace consisting of all (complex)
multiples of a non-zero vector y, then M is complete, since C is complete. So
w exists. Since all elements of M are of the form ay, we can write w = ay for
some complex number a. Then (v — ay,y) =0 or

(v,y) = ally|]?

SO
(v,y)
[ly]I2

We call a the Fourier coeflicient of v with respect to y. Particularly useful is
the case where ||y|| = 1 and we can write

a=(v,y). (2.12)

Getting back to the general case, if V = M @ M~ holds, so that to every v
there corresponds a unique w € M satisfying (v — w) € M~ the map v +— w is
called orthogonal projection of V' onto M and will be denoted by ;.
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2.1.9 The Riesz representation theorem.
Let V and W be two complex vector spaces. A map
T:V-W

is called linear if

Tz + py) =XT(x) +pT(Y) Va,yeV, \ueC
and is called anti-linear if

Tz +py) = NT(x) +aT(Y) Vaz,yeV \puecC.
If £: V — C is a linear map, (also known as a linear function) then

ker £ := {z € V| {(z) =0}

has codimension one (unless £ = 0). Indeed, if

ly) #0

then
(x) =1 where z = ﬂy
and for any z € V,
2z —L(2)x € ker L.

If V' is a normed space and ¢ is continuous, then ker (¢) is a closed subspace.
The space of continuous linear functions is denoted by V*. It has its own norm
defined by

el == sup  [£(2)|/[l]-
z€V, ]| #0

Suppose that H is a pre-hilbert space. Then we have an antilinear map

¢:H— H*, (6(9)(f) = (f,9)-

The Cauchy-Schwartz inequality implies that

o)l < gl
and in fact

(9,9) = llgll®
shows that

o)l = llgll-

In particular the map ¢ is injective.
The Riesz representation theorem says that if H is a Hilbert space, then this
map is surjective:
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Theorem 2.1.2 Every continuous linear function on H is given by scalar prod-
uct by some element of H.

The proof is a consequence of the theorem about projections applied to
N :=ker {:

If ¢/ = 0 there is nothing to prove. If £ # 0 then N is a closed subspace of
codimension one. Choose v € N. Then there is an z € N with (v—xz) L N. Let

R T
Then
y Ll N
and
lyll = 1.
For any f € H,
[f = (fwyl Ly
S0
f=(fy)yeN
or
((f) = (f,)y),
so if we set
9=y
then
(f,9) = €(f)

for all f € H. QED

2.1.10 What is Ly(T)?

We have defined the space L?(T) to be the completion of the space C(T) under
the Ly norm || f|l2 = (f, f)2. In particular, every linear function on C(T) which
is continuous with respect to the this L, norm extends to a unique continuous
linear function on Ly(T). By the Riesz representation theorem we know that
every such continuous linear function is given by scalar product by an element of
Lo(T). Thus we may think of the elements of Lo(T) as being the linear functions
on C(T) which are continuous with respect to the Ly norm. An element of Ly (T)
should not be thought of as a function, but rather as a linear function on the
space of continuous functions relative to a special norm - the Ly norm.
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2.1.11 Projection onto a direct sum.

Suppose that the closed subspace M of a pre-Hilbert space is the orthogonal
direct sum of a finite number of subspaces

M= M,

meaning that the M; are mutually perpendicular and every element x of M can
be written as

szxi, x; € M;.

(The orthogonality guarantees that such a decomposition is unique.) Suppose
further that each M; is such that the projection mys, exists. Then 7y, exists

and
v (v) = Zﬂ'M,i(U). (2.13)

Proof. Clearly the right hand side belongs to M. We must show v— )" 7, (v)
is orthogonal to every element of M. For this it is enough to show that it is
orthogonal to each M since every element of M is a sum of elements of the M;.
So suppose x; € M;. But (mp,v,2;) =0if ¢ # j. So

(v = mar, (v),2;) = (v =7, (v),2;) =0

by the defining property of my;.

2.1.12 Projection onto a finite dimensional subspace.

We now will put the equations (2.12) and (2.13) together: Suppose that M is
a finite dimensional subspace with an orthonormal basis ¢;. This implies that
M is an orthogonal direct sum of the one dimensional spaces spanned by the ¢;
and hence ), exists and is given by

(V) = Zaiqbi where a; = (v, ¢;). (2.14)

2.1.13 Bessel’s inequality.

We now look at the infinite dimensional situation and suppose that we are given
an orthonormal sequence {¢;}$°. Any v € V has its Fourier coefficients

a; = (Uv ¢z)

relative to the members of this sequence. Bessel’s inequality asserts that
o0
D lail® < ol (2.15)
1

in particular the sum on the left converges.
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Proof. Let
vn =Y aidi,
i=1

so that v, is the projection of v onto the subspace spanned by the first n of the
¢;. In any event, (v — v,) L v, so by the Pythagorean Theorem

n
oIl = o = vall? + loall® = o = vall? + 3 Jasl?.
=1

This implies that
n
D lail® < flolf?
i=1

and letting n — oo shows that the series on the left of Bessel’s inequality
converges and that Bessel’s inequality holds.

2.1.14 Parseval’s equation.

Continuing the above argument, observe that
lo = vall® =0 & Y Jail® = Jlo]|*.

But ||v —v,||? — 0 if and only if |[v — v,|| — 0 which is the same as saying that
v, — v. But v, is the n-th partial sum of the series 3 a;¢;, and in the language
of series, we say that a series converges to a limit v and write Y a;¢; = v if and
only if the partial sums approach v. So

Y agi=v Z\ai|2:||v||2. (2.16)

In general, we will call the series ), a;¢; the Fourier series of v (relative
to the given orthonormal sequence) whether or not it converges to v. Thus
Parseval’s equality says that the Fourier series of v converges to v if and only if

> lail* = [|v]]*.

2.1.15 Orthonormal bases.

We still suppose that V is merely a pre-Hilbert space. We say that an orthonor-
mal sequence {¢;} is a basis of V if every element of V' is the sum of its Fourier
series. For example, one of our tasks will be to show that the exponentials
{einzloc form a basis of C(T).

If the orthonormal sequence ¢; is a basis, then any v can be approximated
as closely as we like by finite linear combinations of the ¢;, in fact by the partial
sums of its Fourier series. We say that the finite linear combinations of the ¢;
are dense in V. Conversely, suppose that the finite linear combinations of the
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¢; are dense in V. This means that for any v and any ¢ > 0 we can find an n
and a set of n complex numbers b; such that

o= bigill <.

But we know that v, is the closest vector to v among all the linear combinations
of the first n of the ¢;. so we must have

lv — v, <e.

But this says that the Fourier series of v converges to v, i.e. that the ¢; form
a basis. For example, we know from Fejer’s theorem that the exponentials e?*®
are dense in C(T). Hence we know that they form a basis of the pre-Hilbert
space C(T). We will give some alternative proofs of this fact below.

In the case that V is actually a Hilbert space, and not merely a pre-Hilbert
space, there is an alternative and very useful criterion for an orthonormal se-
quence to be a basis: Let M be the set of all limits of finite linear combinations of
the ¢;. Any Cauchy sequence in M converges (in V') since V' is a Hilbert space,
and this limit belongs to M since it is itself a limit of finite linear combinations
of the ¢; (by the diagonal argument for example). Thus V = M @& M=, and
the ¢; form a basis of M. So the ¢; form a basis of V if and only if M+ = {0}.
But this is the same as saying that no non-zero vector is orthogonal to all the
¢;. So we have proved

Proposition 2.1.1 In a Hilbert space, the orthonormal set {¢;} is a basis if
and only if mo non-zero vector is orthogonal to all the ¢;.

2.2 Self-adjoint transformations.

We continue to let V' denote a pre-Hilbert space. Let T be a linear transfor-
mation of V into itself. This means that for every v € V the vector Tv € V
is defined and that Tv depends linearly on v : T'(av + bw) = aTv + bTw for
any two vectors v and w and any two complex numbers a and b. We recall
from linear algebra that a non-zero vector v is called an eigenvector of 1" if Tv
is a scalar times v, in other words if Tv = Av where the number ) is called the
corresponding eigenvalue.

A linear transformation 7" on V is called symmetric if for any pair of
elements v and w of V we have

(Tv,w) = (v, Tw).

Notice that if v is an eigenvector of a symmetric transformation 7" with
eigenvalue A, then

Av,v) = (A, v) = (Tv,v) = (v, Tv) = (v, ) = A(v,v),

so A = \. In other words, all eigenvalues of a symmetric transformation are
real.
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We will let S = S(V') denote the “unit sphere” of V, i.e. S denotes the set
of all ¢ € V such that ||¢| = 1. A linear transformation T is called bounded
if ||T¢| is bounded as ¢ ranges over all of S. If T is bounded, we let

T := Toll.
17| glgg” ¢l

Then
1 To]| < || T][||v]l

for all v € V. A linear transformation on a finite dimensional space is automat-
ically bounded, but not so for an infinite dimensional space.
Also, for any linear transformation 7', we will let N(T') denote the kernel of
T, so
NT)={veV|Tv=0}

and R(T') denote the range of T', so
R(T) := {v|Jv =Tw for some w € V}.

Both N(T') and R(T) are linear subspaces of V.

For bounded transformations, the phrase “self-adjoint” is synonymous with
“symmetric”. Later on we will need to study non-bounded (not everywhere
defined) symmetric transformations, and then a rather subtle and important
distinction will be made between self-adjoint transformations and those which
are merely symmetric. But for the rest of this section we will only be con-
sidering bounded linear transformations, and so we will freely use the phrase
“self-adjoint”, and (usually) drop the adjective “bounded” since all our trans-
formations will be assumed to be bounded.

We denote the set of all (bounded) self-adjoint transformations by A, or by
A(V) if we need to make V' explicit.

2.2.1 Non-negative self-adjoint transformations.

If T is a self-adjoint transformation, then

(Tv,v) = (v,Tv) = (Tv,v)

so (Tw,v) is always a real number. More generally, for any pair of elements v
and w,
(Tv,w) = (Tw,v).

Since (Tw,w) depends linearly on v for fixed w, we see that the rule which
assigns to every pair of elements v and w the number (T, w) satisfies the first
two conditions in our definition of a semi-scalar product. Since (T'w,v) might
be negative, condition 3. of the definition need not be satisfied. This leads to
the following definition:

A self-adjoint transformation T is called non-negative if

(Tv,v) >0 YveVW
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So if T is a non-negative self-adjoint transformation, then the rule which
assigns to every pair of elements v and w the number (Tv,w) is a semi-scalar
product to which we may apply the Cauchy-Schwartz inequality and conclude
that

|(Tv,w)| < (Tv,v)? (Tw,w)?.

Now let us assume in addition that 7" is bounded with norm ||T'||. Let us take
w = Tv in the preceding inequality. We get

|Tv||? = |(Tw, Tv)| < (T, v)* (TTv, Tv)?.

Now apply the Cauchy-Schwartz inequality for the original scalar product to
the last factor on the right:

(TTw, Tv)z < [|TTo|z|[Tv|[> < T[> |[Tof[2[[Tv[|z = |[T][ITv],

where we have used the defining property of ||T'|| in the form | TTv|| < || T||||Tv]|.
Substituting this into the previous inequality we get

Lot
|IT0]|* < (Tw,0)2||T|Z | T].
If || Tv|| # 0 we may divide this inequality by ||Tv|| to obtain
ITell < IT)% (To,0)%. (2.17)
This inequality is clearly true if ||Tw|| = 0 and so holds in all cases.

We will make much use of this inequality. For example, it follows from (2.17)
that

(Tv,v) =0 = Tv=0. (2.18)

It also follows from (2.17) that if we have a sequence {v,} of vectors with
(Tvp, vy,) — 0 then ||Tv,|| — 0 and so

(Tvn,v,) =0 = Tov, — 0. (2.19)
Notice that if T'is a bounded self adjoint transformation, not necessarily non-

negative, then I — T is a non-negative self-adjoint transformation if r > |7
Indeed,

((rf =T)v,v) =r(v,v) = (Tw,v) = (r — | T])(v,v) = 0
since, by Cauchy-Schwartz,
(Tw,v) < |[(Tw, )] < | Tolllloll < 1T [ol* = [1T](v, v).

So we may apply the preceding results to rI — T.
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2.3 Compact self-adjoint transformations.

We say that the self-adjoint transformation 7' is compact if it has the following
property: Given any sequence of elements u,, € S, we can choose a subsequence
Up, such that the sequence T'u,,, converges to a limit in V.

Some remarks about this complicated looking definition: In case V is finite
dimensional, every linear transformation is bounded, hence the sequence Tu.,
lies in a bounded region of our finite dimensional space, and hence by the com-
pleteness property of the real (and hence complex) numbers, we can always find
such a convergent subsequence. So in finite dimensions every T is compact.
More generally, the same argument shows that if R(T") is finite dimensional and
T is bounded then T is compact. So the definition is of interest essentially in
the case when R(T) is infinite dimensional.

Also notice that if T' is compact, then T is bounded. Otherwise we could
find a sequence w,, of elements of S such that || Tu,|| > n and so no subsequence
Tu,, can converge.

We now come to the key result which we will use over and over again:

Theorem 2.3.1 Let T be a compact self-adjoint operator. Then R(T) has an
orthonormal basis {¢;} consisting of eigenvectors of T and if R(T) is infinite
dimensional then the corresponding sequence {r,} of eigenvalues converges to

0.

Proof. We know that T is bounded. If T = 0 there is nothing to prove. So
assume that T #£ 0 and let
mq = ||T|| > 0.

By the definition of ||T'|| we can find a sequence of vectors u, € S such that
ITu,|| — ||T|]. By the definition of compactness we can find a subsequence
of this sequence so that Tu,, — w for some w € V. On the other hand, the
transformation 72 is self-adjoint and bounded by ||T'||?. Hence ||T||2I — T? is
non-negative, and

(TP = T*)un, wn) = TN = | Tun| — 0.
So we know from (2.19) that
1T wn — T?u, — 0.
Passing to the subsequence we have T?u,,, = T(Tu,,) — Tw and so
T\, — Tw

or

Applying T to this we get
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or
T?w = miw.

Also |[w| = ||T|| = m1 # 0. So w # 0. So w is an eigenvector of T? with
eigenvalue m?. We have

0= (T? —mHw = (T +m)(T —m1)w.

If (T —mi)w = 0, then w is an eigenvector of T' with eigenvalue m; and we
normalize by setting

1
d)l = mw
Then ||¢1]] = 1 and
T =mi¢r.

If (T — my)w # 0 then y := (T — my)w is an eigenvector of T with eigenvalue
—my and again we normalize by setting

1
Iyl

So we have found a unit vector ¢y € R(T) which is an eigenvector of T with
eigenvalue r|1 = +m;.
Now let

¢

Vy = ¢
If (w, ¢1) = 0, then

(Tw, 1) = (w,Th1) = r1(w, 1) = 0.

In other words,
T(Va) C Va

and we can consider the linear transformation 7" restricted to V5 which is again
compact. If we let my denote the norm of the linear transformation 7" when
restricted to V5 then mo < m; and we can apply the preceding procedure to
find a unit eigenvector ¢o with eigenvalue £ms.

We proceed inductively, letting

Vn = {¢1a ceey Qz)n—l}L

and find an eigenvector ¢,, of T restricted to V,, with eigenvalue +m,, # 0 if the
restriction of T to V,, is not zero. So there are two alternatives:

e after some finite stage the restriction of T' to V;, is zero. In this case R(T')
is finite dimensional with orthonormal basis ¢1,..., ¢,—1. Or

e The process continues indefinitely so that at each stage the restriction of
T to V,, is not zero and we get an infinite sequence of eigenvectors and
eigenvalues r; with |r;| > |ri11].



56 CHAPTER 2. HILBERT SPACES AND COMPACT OPERATORS.

The first case is one of the alternatives in the theorem, so we need to look at
the second alternative.

We first prove that |r,| — 0. If not, there is some ¢ > 0 such that |r,| > ¢ for
all n (since the |r,| are decreasing). If i # j,then by the Pythagorean theorem
we have

IT¢s — Tojll* = llrsci — 751" = rillall® + 7310511
Since ||¢;|| = ||¢;] = 1 this gives
[T¢; — Tosl|> =y + 17 > 2%

Hence no subsequence of the T'¢; can converge, since all these vectors are at
least a distance cv/2 apart. This contradicts the compactness of T'.

To complete the proof of the theorem we must show that the ¢; form a basis
of R(T). So if w = Tv we must show that the Fourier series of w with respect
to the ¢; converges to w. We begin with the Fourier coefficients of v relative to
the ¢; which are given by

ap = (Ua ¢n)

Then the Fourier coefficients of w are given by
bi = (w,¢;) = (Tv,¢;) = (v, T¢i) = (v,7:9:) = ria;.
So

w— En:bi@ =Tv— zn:am@ =T(v— iai¢i)~
i=1 i=1 i=1

Now v — >, a;¢; is orthogonal to ¢1,...,d, and hence belongs to V,,41. So
n n
IT(w =" aido)]| < Irnsalll(v =Y aidh)|-
i=1 i=1
By the Pythagorean theorem,
n
(=Y @)l < [lvll.
i=1
Putting the two previous inequalities together we get

lo =D _bill = IT(v = > i) | < Irnsallvl] — 0.

i=1 i=1
This proves that the Fourier series of w converges to w concluding the proof of

the theorem.

The “converse” of the above result is easy. Here is a version: Suppose that
H is a Hilbert space with an orthonormal basis {¢;} consisting of eigenvectors
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of an operator T, so T¢; = \;¢;, and suppose that \; — 0 as i — oo. Then T
is compact. Indeed, for each j we can find an N = N(j) such that

1
[Ar| < 7 YV r > N(j).

We can then let H; denote the closed subspace spanned by all the eigenvectors
o, > N(j), so that
H=H;oH;

is an orthogonal decomposition and HJl is finite dimensional, in fact is spanned
the first N(j) eigenvectors of T'.

Now let {u;} be a sequence of vectors with ||u;]] < 1 say. We decompose
each element as

/ " / 1 "
u =u; Duy, u; € Hy, uy € Hy.

We can choose a subsequence so that u;k converges, because they all belong to
a finite dimensional space, and hence so does T'u;, since T' is bounded. We can
decompose every element of this subsequence into its Hy and Hy components,
and choose a subsequence so that the first component converges. Proceeding in
this way, and then using the Cantor diagonal trick of choosing the k-th term of
the k-th selected subsequence, we have found a subsequence such that for any
fixed j, the (now relabeled) subsequence, the HJl component of T'u; converges.
But the H; component of Tw; has norm less than 1/j, and so the sequence
converges by the triangle inequality.

2.4 Fourier’s Fourier series.

We want to apply the theorem about compact self-adjoint operators that we
proved in the preceding section to conclude that the functions e™™* form an
orthonormal basis of the space C(T). In fact, a direct proof of this fact is
elementary, using integration by parts. So we will pause to given this direct
proof. Then we will go back and give a (more complicated) proof of the same
fact using our theorem on compact operators. The reason for giving the more
complicated proof is that it extends to far more general situations.

2.4.1 Proof by integration by parts.

We have let C(T) denote the space of continuous functions on the real line which
are periodic with period 27r. We will let C*(T) denote the space of periodic
functions which have a continuous first derivative (necessarily periodic) and by
C?%(T) the space of periodic functions with two continuous derivatives. If f and
g both belong to C*(T) then integration by parts gives

1 ™ ™

1
— "gdr = —— 7d
o _ﬂfgx . _ng z
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since the boundary terms, which normally arise in the integration by parts
formula, cancel, due to the periodicity of f and g. If we take g = e /(in),n # 0
the integral on the right hand side of this equation is the Fourier coefficient:

1 (" ;
Cn =5 [W flx)e " de.

We thus obtain
11 [7

- 1 —inwd
2w J_ . izl *

Cp =

so, for n # 0,

A 1 ("
nl < — here A := — ! d
ol < 2 where A= 5 [ (7@)lda
is a constant independent of n (but depending on f).
If f € C%(T) we can take g(z) = —e™*/n? and integrate by parts twice. We
conclude that (for n # 0)

™

B 1
len| < 3 where B := o If" (z)|?

—T

is again independent of n. But this proves that the Fourier series of f,

§ Cn eznz

converges uniformly and absolutely for and f € C?(T). The limit of this series
is therefore some continuous periodic function. We must prove that this limit
equals f. So we must prove that at each point f

Y™ = f(y).

Replacing f(z) by f(x —y) it is enough to prove this formula for the case y = 0.
So we must prove that for any f € C?(T) we have

M

Write f(z) = (f(z) — f(0)) + f(0). The Fourier coefficients of any constant
function ¢ all vanish except for the ¢y term which equals ¢. So the above limit
is trivially true when f is a constant. Hence, in proving the above formula, it is
enough to prove it under the additional assumption that f(0) = 0, and we need
to prove that in this case

lim (c-y+c-ny1+--+ecu)—0.
N,M—00

The expression in parenthesis is
1 s

o - f@)gn,m(x)de
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where
gn (@) = e~ iNe o—iN-Dz | iMz _ ~iNz (1 et +ei(M+N);v> _

1 e MEN+Yz  —iNz _ i(M+1)z
e N : = , , ©#0
1—ew 1—ew
where we have used the formula for a geometric sum. By I’'Hopital’s rule, this
extends continuously to the value M + N + 1 for x = 0. Now f(0) = 0, and
since f has two continuous derivatives, the function

o) o S

T l—eiw

defined for z # 0 (or any multiple of 27) extends, by 'Hopital’s rule, to a func-
tion defined at all values, and which is continuously differentiable and periodic.
Hence the limit we are computing is

. 1 [~ ,
h(z)eN*d — 2—/ h(z)e "M+ gy
i

—T

1 T
2 J_,

and we know that each of these terms tends to zero.

We have thus proved that the Fourier series of any twice differentiable peri-
odic function converges uniformly and absolutely to that function. If we consider
the space C?(T) with our usual scalar product

s

()=~ [ rgde

2 J_,
then the functions e™® are dense in this space, since uniform convergence implies
convergence in the || | norm associated to (, ). So, on general principles, Bessel’s
inequality and Parseval’s equation hold.

It is not true in general that the Fourier series of a continuous function
converges uniformly to that function (or converges at all in the sense of uniform
convergence). However it is true that we do have convergence in the Ly norm,
i.e. the Hilbert space || || norm on C(T). To prove this, we need only prove that
the exponential functions e™® are dense, and since they are dense in C*(T), it is
enough to prove that C2(T) is dense in C(T). For this, let ¢ be a function defined
on the line with at least two continuous bounded derivatives with ¢(0) = 1 and
of total integral equal to one and which vanishes rapidly at infinity. A favorite
is the Gauss normal function

Equally well, we could take ¢ to be a function which actually vanishes outside
of some neighborhood of the origin. Let
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As t — 0 the function ¢; becomes more and more concentrated about the origin,
but still has total integral one. Hence, for any bounded continuous function f,
the function ¢; x f defined by

0o D)= [ " - p)buly)dy = / " J(w)éi(a — wdu.

satisfies ¢y * f — f uniformly on any finite interval. From the rightmost expres-
sion for ¢; x f above we see that ¢; x f has two continuous derivatives. From
the first expression we see that ¢;  f is periodic if f is. This proves that C?(T)
is dense in C(T). We have thus proved convergence in the Ly norm.

2.4.2 Relation to the operator %.

Each of the functions e™*is an eigenvector of the operator

_4d
Cdx

in that
D (ei"m) = ine'™™*.

So they are also eigenvalues of the operator D? with eigenvalues —n?. Also, on
the space of twice differentiable periodic functions the operator D? satisfies

(D1.9) = o [ F"@g@de = £/@)()

L @

—T 271' —r

21

by integration by parts. Since f’ and g are assumed to be periodic, the end
point terms cancel, and integration by parts once more shows that

(D*f,9) = (f.D*9) = —(f".4).

But of course D and certainly D? is not defined on C(T) since some of the func-
tions belonging to this space are not differentiable. Furthermore, the eigenvalues
of D? are tending to infinity rather than to zero. So somehow the operator D?
must be replaced with something like its inverse. In fact, we will work with the
inverse of D? — 1, but first some preliminaries.

We will let C?([—7, 7]) denote the functions defined on [—m.7] and twice dif-
ferentiable there, with continuous second derivatives up to the boundary. We
denote by C([—m,7]) the space of functions defined on [—7, 7| which are continu-
ous up to the boundary. We can regard C(T) as the subspace of C([—m, 7]) con-
sisting of those functions which satisfy the boundary conditions f(7) = f(—m)
(and then extended to the whole line by periodicity).

We regard C([—m,7]) as a pre-Hilbert space with the same scalar product
that we have been using:

1 (7 —
(f,9) =5 | [fl@)g(x)dz.

2 J_,
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If we can show that every element of C([—m,n]) is a sum of its Fourier series
(in the pre-Hilbert space sense) then the same will be true for C(T). So we will
work with C([—m,7]).

We can consider the operator D? — 1 as a linear map

D? —1:C*([~m,7]) — C([~,7]).

This map is surjective, meaning that given any continuous function g we can
find a twice differentiable function f satisfying the differential equation

f"=f=g

In fact we can find a whole two dimensional family of solutions because we can
add any solution of the homogeneous equation

h" —h=0

to f and still obtain a solution. We could write down an explicit solution for the
equation f” — f = g, but we will not need to. It is enough for us to know that
the solution exists, which follows from the general theory of ordinary differential
equations.

The general solution of the homogeneous equation is given by

h(z) = ae® + be™ ™.

Let
M c C*([~m, 7))

be the subspace consisting of those functions which satisfy the “periodic bound-
ary conditions”

f(m) = f(=m), f'(m) = f'(=m).

Given any f we can always find a solution of the homogeneous equation such
that f —h € M. Indeed, we need to choose the complex numbers a and b such
that if h is as given above, then

h(rm) = h(=m) = f(m) = f(=m), and B'(m) = B'(=m) = f'(7m) — f'(=7).

Collecting coefficients and denoting the right hand side of these equations by ¢
and d we get the linear equations

(e"—e ™) a—b)=c,(e"—e ") a+b)=d

which has a unique solution.
So there exists a unique operator

T:C([-m,7]) = M

with the property that
(D*~T)oT =1.
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We will prove that
T is self adjoint and compact. (2.20)

Once we will have proved this fact, then we know every element of M can
be expanded in terms of a series consisting of eigenvectors of T with non-zero
eigenvalues. But if

Tw = Aw

then

D2w:(D2—I)w—|—w:%[(D2—I)0T]w+w: (;\—kl)w.

So w must be an eigenvector of D?; it must satisfy

w’ = pw.

So if 4 = 0 then w = a constant is a solution. If u = 72 > 0 then w is
a linear combination of €™ and e~ and as we showed above, no non-zero
such combination can belong to M. If y = —r? then the solution is a linear
combination of €% and e and the above argument shows that r must be
such that €™ = e~ ¥ so r = n is an integer.

Thus (2.20) will show that the e are a basis of M, and a little more
work that we will do at the end will show that they are in fact also a basis of
C([—m,x]). But first let us work on (2.20).

It is easy to see that T is self adjoint. Indeed, let f = Tw and g = Tv so
that f and g are in M and

(u,Tv) = ([D* = 1]f,9) = ~(f'.g") = (£,9) = (f,[D* = 1]g) = (T'u,v)

—irz

where we have used integration by parts and the boundary conditions defining
M for the two middle equalities.

2.4.3 Garding’s inequality, special case.

We now turn to the compactness. We have already verified that for any f € M
we have

((D* =10f, /) = =(f". f) = (f. ).
Taking absolute values we get

117+ 1A% < (D% = 1] £, ). (2.21)

(We actually get equality here, the more general version of this that we will
develop later will be an inequality.)
Let u = [D? — 1]f and use the Cauchy-Schwartz inequality

([D? = 11f, /) = |(u, H)] < [Jullll £]
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on the right hand side of (2.21) to conclude that

£ < Nl £

or
LI < ll.
Use (2.21) again to conclude that

£ < Nl < Ml

by the preceding inequality. We have f = Tu, and let us now suppose that u
lies on the unit sphere i.e. that ||u|| = 1. Then we have proved that

Ifl <1, and [f[l <1. (2.22)

We wish to show that from any sequence of functions satisfying these two condi-
tions we can extract a subsequence which converges. Here convergence means,
of course, with respect to the norm given by

117 = 5= [ 1f@)Pe

In fact, we will prove something stronger: that given any sequence of functions
satisfying (2.22) we can find a subsequence which converges in the uniform norm

[flloo := max |f(z)].

z€[—m,m]

Notice that

1

171= (5 [ If(ar)Ide)% < (5 [ (A1wras) =111

so convergence in the uniform norm implies convergence in the norm we have
been using.
To prove our result, notice that for any 7 < a < b < 7 we have

/ab f(x)dx

where 1(, 4 is the function which is one on [a,b] and zero elsewhere. Apply
Cauchy-Schwartz to conclude that

AT L) < TFT I 1 al-

b
1£(b) — f(a)] = < / 1 (@)l = 27(|f'], Ljay)

But 1
= =Ib—al
2

” l[a,b]

and

A =1, <1
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We conclude that

£(6) = f(@) < (2m)3|b—al . (223)
In this inequality, let us take b to be a point where |f| takes on its maximum
value, so that |f(b)| = || f]lco- Let a be a point where |f| takes on its minimum

value. (If necessary interchange the role of a and b to arrange that a < b or
observe that the condition a < b was not needed in the above proof.) Then
(2.23) implies that

1/lloe — min |f] < (2m)%[b — a?.

But

L>|Ifll= (2177/_ f|2(a?)dx)2 > (;ﬂ/_ (minf|)2das)2 = min | f]

and |b—a| < 27 so
[ flloo <1+ 2m.

Thus the values of all the f € T[S] are all uniformly bounded - (they take values
in a circle of radius 1 4 27) and they are equicontinuous in that (2.23) holds.
This is enough to guarantee that out of every sequence of such f we can choose
a uniformly convergent subsequence.

(We recall how the proof of this goes: Since all the values of all the f are
bounded, at any point we can choose a subsequence so that the values of the
f at that point converge, and, by passing to a succession of subsequences (and
passing to a diagonal), we can arrange that this holds at any countable set of
points. In particular, we may choose say the rational points in [—7, 7]. Suppose
that f,, is this subsequence. We claim that (2.23) then implies that the f,, form
a Cauchy sequence in the uniform norm and hence converge in the uniform norm
to some continuous function. Indeed, for any e choose ¢ such that

1 1 ].
(2m)262 < 36

choose a finite number of rational points which are within ¢ distance of any
point of [—m, 7] and choose N sufficiently large that |f; — f;] < %e at each of
these points, . when ¢ and j are > N. Then at any x € [—m, 7]

[file) = fi(@)] < [filz) = fi(r)| + [f5(2) = f3(P)] + [fulr) = fi(r)| < e

since we can choose r such that that the first two and hence all of the three
terms is < %6)

2.5 The Heisenberg uncertainty principle.
In this section we show how the arguments leading to the Cauchy-Schwartz in-

equality give one of the most important discoveries of twentieth century physics,
the Heisenberg uncertainty principle.
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Let V be a pre-Hilbert space, and S denote the unit sphere in V. If ¢ and ¢
are two unit vectors (i.e. elements of S) their scalar product (¢, ) is a complex
number with 0 < [(¢,)|? < 1. In quantum mechanics, this number is taken as
a probability. Although in the “real world” V' is usually infinite dimensional,
we will warm up by considering the case where V is finite dimensional.

Given a ¢ € S and an orthonormal basis ¢1, ..., ¢, of V, we have

L=6l* = (¢, o1)* + -+ + (&, ¢l

The says that the various probabilities |(¢, ¢;)|? add up to one. We recall some
language from elementary probability theory: Suppose we have an experiment
resulting in a finite number of measured numerical outcomes \;, each with prob-
ability p; of occurring. Then the mean () is defined by

(A) :=Xp1 + -+ Aapa
and its variance (A\)?
(AN = (A = (N)*p1+ -+ (A = ()P
and an immediate computation shows that
(AN = (N%) = (V)2

The square root A\ of the variance is called the standard deviation. The vari-
ance (or the standard deviation) measures the “spread” of the possible values of
A. To understand its meaning we have Chebychev’s inequality which estimates
the probability that Ay can deviate from (\) by as much as rAX for any posi-
tive number r. Chebychev’s inequality says that this probability is < 1/72. In
symbols
1
Prob (JAx — (W] 2 rAN) < 5.

Indeed, the probability on the left is the sum of all the py such that [A; — (A)| >
rA. Denoting this sum by > we have

2
Zpk_z:pk TQAAg <

2

1
—Zp’“ﬂm - AA2Z BTl

all & all &

Replacing A\; by A; 4+ ¢ does not change the variance.

Now suppose that A is a self-adjoint operator on V', that the A; are the
eigenvalues of A with eigenvectors ¢; constituting an orthonormal basis, and
that the p; = |(¢, ¢;|* as above.

1. Show that (\) = (A¢,¢) and that (AN)? = (A%¢, ¢) — (Ad, ¢)%.
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We will write the expression (A¢, ) as (A)g, In quantum mechanics a unit
vector is called a state and a self-adjoint operator is called an observable
and the expression (A), is called the expectation of the observable A in the

state ¢. Similarly we denote ((A2¢,¢) — (A, $)2)"/* by AyA. Tt is called the
uncertainty of the observable A in the state ¢. Notice that
(ApA)? = (A~ (A))*)

where I denotes the identity operator. Indeed

(A= (A9, 9)I)* = A% — 2(A¢, ) A + (A0, 9)*1
SO
(A= (A)g)%)s = (A20,0) — 2(A)] +(4)] = (4%)y — (4).
When the state ¢ is fixed in the course of discussion, we will drop the sub-

script ¢ and write (A) and AA instead of (A), and AgA. For example, we
would write the previous result as

AA= (A= (A)D)?).
If A and B are operators we let [A, B] denote the commutator:
[A, B] := AB — BA.

Notice that [4, B] = —[B, A] and [I, B] = 0 for any B. So if A and B are
self adjoint, so is i[A, B] and replacing A by A — (A)I and B by B — (B)I does
not change AA, AB or i[A, B].

The uncertainty principle says that for any two observables A and B we

have
1

(AA)(AB) > 2|4, Bl) g
Proof. Set A := A— (A), Bj:= B — (B) so that
[A1, Bi] = [A, B].
Let
Y= A1¢ +ixB1¢.
Then

(¥,¥) = (AA)* — x(i[A, B]) + (AB)*.
Since (1,9) > 0 for all = this implies that (b*> < 4ac) that
(i[A, B])* < 4(AA)*(AB)?,

and taking square roots gives the result.

The purpose of the next few sections is to provide a vast generalization of
the results we obtained for the operator D?. We will prove the corresponding
results for any “elliptic” differential operator (definitions below).



2.6. THE SOBOLEV SPACES. 67

I plan to study differential operators acting on vector bundles over manifolds.
But it requires some effort to set things up, and I want to get to the key analytic
ideas which are essentially repeated applications of integration by parts. So I will
start with elliptic operators L acting on functions on the torus T = T", where
there are no boundary terms when we integrate by parts. Then an immediate
extension gives the result for elliptic operators on functions on manifolds, and
also for boundary value problems such as the Dirichlet problem.

The treatment here rather slavishly follows the treatment by Bers and Schechter
in Partial Differential Equations by Bers, John and Schechter AMS (1964).

2.6 The Sobolev Spaces.

Recall that T now stands for the n-dimensional torus. Let P = P(T) denote
the space of trigonometric polynomials. These are functions on the torus of the

form
u(z) = Z ape®

where

0= (l1,...,0,)

is an n-tuplet of integers and the sum is finite. For each integer t (positive, zero
or negative) we introduce the scalar product

(w,0) =Y (14 £-0) asy. (2.24)
14

For ¢ = 0 this is the scalar product

1

(u,v)p = W/Tu(x)v(x)dx

This differs by a factor of (27)~™ from the scalar product that is used by Bers
and Schecter. We will denote the norm corresponding to the scalar product

(5 )s by [ ]s-
If

0? ok
&= (g +* ap)
the operator (1 + A) satisfies
(1+A)u=>Y (14L-age™”

and so
(14 A)Yu,v)s = (u, (1 +A)'v)s = (u,v) 1t

and
11+ A ulls = fJullsror (2.25)
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We then get the “generalized Cauchy-Schwartz inequality”
|(U,U)S| S ||u||s+t||v||sft (226)

for any ¢, as a consequence of the usual Cauchy-Schwartz inequality. Indeed,

ST+0-0%ab = S (1+0-0F a1 +L-0)7T b
l l

(1+A)Fu, (1+A) T )
11+ A)F ol (1 + A)F ollo

= Nullssellvlls—

s+t

IN

The generalized Cauchy-Schwartz inequality reduces to the usual Cauchy-
Schwartz inequality when ¢ = 0.

Clearly we have
Hu”s < ||U||t if s <t.

If DP denotes a partial derivative,

then
DPy = Z(iﬁ)pageww .

In these equations we are using the following notations:

e If p=(p1,...,pn) is a vector with non-negative integer entries we set

pl==p1+ -+

o If £ =(&,...,&,) is a (row) vector we set

=8 &G8r

It is then clear that

[DPulle < [[ullt+p) (2.27)
and similarly
lu]ls < (constant depending on t) Z ||DPullg if t > 0. (2.28)
IpI<t

In particular,
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Proposition 2.6.1 The norms
u = lull;

t>0 and

w— Y [|DPullo

[p|<t

are equivalent.

We let H; denote the completion of the space P with respect to the norm
Il ll:- Each H; is a Hilbert space, and we have natural embeddings

Ht<_>Hs if s < t.
Equation (2.25) says that
(1+ A :H, o — H,

and is an isometry.
From the generalized Schwartz inequality we also have a natural pairing of
H; with H_; given by the extension of ( , )o, so

[(u, v)o] < flullellvl] . (2.29)

In fact, this pairing allows us to identify H_; with the space of continuous linear
functions on H;. Indeed, if ¢ is a continuous linear function on H; the Riesz
representation theorem tells us that there is a w € Hy such that ¢(u) = (u, w);.
Set

vi= (14 A)w.

Then
veH_,;
and
(u,v)0 = (u, (1 4+ A)Yw)y = (u,w); = ¢(u).
We record this fact as
H_, = (H,)". (2.30)
As an illustration of (2.30), observe that the series

d+e-0y

14

converges for
< n
s< ——.
2

This means that if define v by taking

ngl



70 CHAPTER 2. HILBERT SPACES AND COMPACT OPERATORS.

then v € H, for s < —%. If u is given by u(z) =, age® is any trigonometric

polynomial, then
(u,v)p = Zag = u(0).

So the natural pairing (2.29) allows us to extend the linear function sending
u — u(0) to all of H if t > &. We can now give v its “true name”: it is the
Dirac “delta function” ¢ (on the torus) where

(u,9)o = u(0).

Sod € H_; fort > 5, and the preceding equation is usually written symbolically

as
1

2m)n /ru(x)ﬁ(x)dx = u(0);

but the true mathematical interpretation is as given above.
We set

H, = ﬂHt, H = UHt.

The space Hy is just Lo(T), and we can think of the space H;, ¢t > 0
as consisting of those functions having “generalized Lo derivatives up to order
t”. Certainly a function of class C? belongs to H;. With a loss of degree of
differentiability the converse is true:

Lemma 2.6.1 [Sobolev.] Ifu e H; and
t> [%} +k+1

then u € C*(T) and

sup |DPu(z)| < const.||ul|; for |p| < k. (2.31)
zeT

By applying the lemma to DPu it is enough to prove the lemma for £ = 0. So
we assume that v € Hy with ¢ > [n/2] + 1. Then

(> Jael)? < (2(1 s é)t|a¢|2) S+ < o0,

since the series Y (1 + £ £)~* converges for ¢ > [n/2] + 1. So for this range of
t, the Fourier series for u converges absolutely and uniformly. The right hand
side of the above inequality gives the desired bound. QED

A distribution on T" is a linear function 7' on C°°(T"™) with the continuity
condition that

whenever
DP¢ — 0
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uniformly for each fixed p. If u € H_; we may define

<’U,7¢> = (¢7H)0
and since C*°(T) is dense in H; we may conclude

Lemma 2.6.2 H_; is the space of those distributions T which are continuous
in the || ||+ norm, i.e. which satisfy

loxlle =0 = (T,¢r) — 0.
We then obtain

Theorem 2.6.1 [Laurent Schwartz.] H_., is the space of all distributions.
In other words, any distribution belongs to H_; for some t.

Proof. Suppose that T is a distribution that does not belong to any H_;. This
means that for any & > 0 we can find a C'*° function ¢y with

1
ol < 7

and
(T, o) > 1.

But by Lemma 2.6.1 we know that ||¢g||x < % implies that DP¢y — 0 uniformly
for any fixed p contradicting the continuity property of 7. QED

Suppose that ¢ is a C*° function on T. Multiplication by ¢ is clearly a
bounded operator on Hy = Lo(T), and so it is also a bounded operator on
H;, ¢ > 0 since we can expand DP(¢u) by applications of Leibnitz’s rule.

For t = —s < 0 we know by the generalized Cauchy Schwartz inequality that

[ulle = sup | (v, pu)o|/||v]ls = sup [(u, pv)|/l|v]ls < [Jullel|vs/[[v]]s-
So in all cases we have
llpull+ < (const. depending on ¢ and t)||ul|+. (2.32)

Let
L= Z oy (z)DP

[p|<m

be a differential operator of degree m with C*° coefficients. Then it follows from
the above that
| Ll t—m < constant|u|¢ (2.33)

where the constant depends on L and ¢.

Lemma 2.6.3 [Rellich’s lemma.] If s < t the embedding Hy — H; is
compact.
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Proof. We must show that the image of the unit ball B of H; in H; can be
covered by finitely many balls of radius e. Choose N so large that

(1400002 < o

when ¢-¢ > N. Let Z; be the subspace of H; consisting of all u such that ay = 0
when ¢ - ¢ < N. This is a space of finite codimension, and hence the unit ball
of Zi* C H; can be covered by finitely many balls of radius 5. The space Zi+
consists of all u such that ay = 0 when £-¢ > N. The image of ZtJ- in Hg is the
orthogonal complement of the image of Z;. On the other hand, for u € BN Z
we have )
Jul? < (1 + M)~ lul < (5)
So the image of BN Z is contained in a ball of radius §. Every element of the
image of B can be written as a(n orthogonal) sum of an element in the image
of BNZ;+ and an element of BN Z; and so the image of B is covered by finitely

many balls of radius e. QED

2.7 Garding’s inequality.
Let x, a, and b be positive numbers. Then
2+ >1
because if x > 1 the first summand is > 1 and if # < 1 the second summand is
> 1. Setting = = €'/% A gives
1< eA® e b/ag?b

if e and A are positive. Suppose that t; > s > t; and weset a =t1—s, b =s—15
and A=1+/-/{. Then we get

(L4+0-0)° <e(l+0-0)h e 7t/ (=91 4 p. p)t
and therefore

lulls < ellulls, + e T2/ E=D |y, ift; >s>ty, €>0 (2.34)

for all u € Hy,. This elementary inequality will be the key to several arguments
in this section where we will combine (2.34) with integration by parts.

A differential operator L = lelém ap(2)DP with real coefficients and m
even is called elliptic if there is a constant ¢ > 0 such that

(=D)™2 3" ap(2)e? > c(&- ™2 (2.35)
[p|=m

In this inequality, the vector & is a “dummy variable”. (Its true invariant signif-
icance is that it is a covector, i.e. an element of the cotangent space at x.) The
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expression on the left of this inequality is called the symbol of the operator L.
It is a homogeneous polynomial of degree m in the variable £ whose coefficients
are functions of x. The symbol of L is sometimes written as o(L) or o(L)(x,¢).
Another way of expressing condition (2.35) is to say that there is a positive
constant ¢ such that

o(L)(xz,&) > ¢ for all z and £ such that £-£=1.

We will assume until further notice that the operator L is elliptic and that
m is a positive even integer.

Theorem 2.7.1 [Garding’s inequality.] For every u € C*(T) we have
(u, Lu)o > erl|ull?, 5 = callull (2.36)
where ¢1 and co are constants depending on L.

Remark. If u € H,,/3, then both sides of the inequality make sense, and we
can approximate u in the || |/, /2 norm by C* functions. So once we prove the
theorem, we conclude that it is also true for all elements of H,, /5.

We will prove the theorem in stages:

1. When L is constant coefficient and homogeneous.
2. When L is homogeneous and approximately constant.

3. When the L can have lower order terms but the homogeneous part of L
is approximately constant.

4. The general case.

Stage 1. L= Z‘p‘:m o, DP where the «, are constants. Then

(u, Lu)g

Zagew'x,z Z ap(i)P apet®

¢ [p|l=m 0

> cZ(f-E)m/2|a5|2 by (2.35)
/

= ST+ (0™ ag? — clful3

> Cllull?, 5 — clullo

where y
1+ rm/2

C=sup————.

w0 (L+ r)m/2

This takes care of stage 1.
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Stage 2. L = Lo+ Ly where Lo is as in stage 1 and Ly = }7,,_,,, Bp(2)D? and
max |G, ()] <,

where 7 sufficiently small. (How small will be determined very soon in the
course of the discussion.) We have

(u, Lou)o = ¢'|[ull}, ;o — cllullg

from stage 1.

We integrate (u, L1u)g by parts m/2 times. There are no boundary terms
since we are on the torus. In integrating by parts some of the derivatives will
hit the coefficients. Let us collect all the these terms as I5. The other terms we
collect as Iy, so

I = Z/bp'-ﬁ-p”Dplqu”ud.T
where |p'| = [p'| = m/2 and b, = £5,. We can estimate this sum by
11| < - const.||ull7,

and so will require that 7 - (const.) < ¢’.
The remaining terms give a sum of the form

b:}i/@wﬁmmm

where p’ <m/2,q¢' < m/2 so we have

|I5| < const.||u

3 llull g1
Now let us take
=0 y=2
§ = — — —
2 T2
in (2.34) which yields, for any € > 0,

 ta=0

lullp—1 < ellullg + ™2 ullo.

Substituting this into the above estimate for I gives

—m/2

|| <e- const.Hqun/Q +e const. |[w|, /2 |lullo-

For any positive numbers a, b and ¢ the inequality ((a—¢~1b)? > 0 implies that
2ab < (2a® + ¢~2b%. Taking (2 = €7 ! we can replace the second term on the
right in the preceding estimate for |I5| by

™1 const.||ul3
at the cost of enlarging the constant in front of ||u||2% We have thus established
that
|[11] < - (comst.)[[ull7,
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where the constant depends only on m, and

m

|| < e(cmast.)2||u||fn/2 + e ™ Leonst. ||u|?

where the constants depend on L; but € is at our disposal. So if n(const.); < ¢’
and we then choose € so that e(const.)y < ¢/ — 7 - (const.); we obtain Garding’s
inequality for this case.

Stage 3. L = Lo+ L1 + Ly where Ly and L, are as in stage 2, and Ly is a
lower order operator. Here we integrate by parts and argue as in stage 2.

Stage 4, the general case. Choose an open covering of T such that the
variation of each of the highest order coefficients in each open set is less than
the n of stage 1. (Recall that this choice of n depended only on m and the ¢
that entered into the definition of ellipticity.) Thus, if v is a smooth function
supported in one of the sets of our cover, the action of L on v is the same as
the action of an operator as in case 3) on v, and so we may apply Garding’s
inequality. Choose a finite subcover and a partition of unity {¢;} subordinate
to this cover. Write ¢; = 1? (where we choose the ¢ so that the 1 are smooth).
So Y ¢? =1. Now

(Wiu, L(vsu))o > " ||viull3, /5 — const.|[¢ul3

where ¢” is a positive constant depending only on ¢,n, and on the lower order
terms in L. We have

(u.Lulo = (3 wPu)Tude = 3w, Lvvuo + R

where R is an expression involving derivatives of the 1; and hence lower order
derivatives of u. These can be estimated as in case 2) above, and so we get

(u, Lu)g > " Z ||wiuH72n/2 — const.|Jul|? (2.37)

since [|vsullo < [[ullo. Now [[ul|,/2 is equivalent, as a norm, to 3> . [[DPullo
as we verified in the preceding section. Also -

S IDP@wllo =Y s DPullo + R’

where R’ involves terms differentiating the ¢ and so lower order derivatives of
u. Hence

D Il 2 = pos. const.|ull}, » — const.|lull3

by the integration by parts argument again. Hence by (2.37)
(u, Lu)o = ¢" Y [iull3, o — const.||ul§

> pos. const.||u||12ﬂ/2 — const.|Jul|2
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which is Garding’s inequality. QED

For the time being we will continue to study the case of the torus. But a
look ahead is in order. In this last step of the argument, where we applied the
partition of unity argument, we have really freed ourselves of the restriction of
being on the torus. Once we make the appropriate definitions, we will then
get Garding’s inequality for elliptic operators on manifolds. Furthermore, the
consequences we are about to draw from Garding’s inequality will be equally
valid in the more general setting.

2.8 Consequences of Garding’s inequality.

Proposition 2.8.1 For every integer t there is a constant c(t) = c¢(t,L) and a
positive number A = A(t, L) such that

lulle < e(@)[Lu+ Xulls—m (2.38)

when
A>A

for all smooth u, and hence for all u € Hy.

Proof. Let s be some non-negative integer. We will first prove (2.38) for
t =s+ 5. We have

[llell L+ Aulle—m = [lull ]| L + Aulls -z
= [lullel(t+ A)* Lu+ A1+ A)*u| s
> (u, (1 4+ A Lu+ M1+ A)°u)g

by the generalized Cauchy - Schwartz inequality (2.26).
The operator (1 + A)*L is elliptic of order m + 2s so (2.25) and Garding’s
inequality gives

(u, (14 A)*Lu + A1+ A)*u)o > erl|ull3ym — eaflullg + Allull3-
Since ||ul|s > ||ullo we can combine the two previous inequalities to get
lulle| Lu + Nulle—m = erllullf + (A = e2)[Jull3.

If A > ¢o we can drop the second term and divide by |Ju||; to obtain (2.38).

m _

We now prove the proposition for the case t = 5 — s by the same sort of
argument: We have

el Z + Xl = (114 A) ull g | L+ Ao

> (14 A)"%u, L1 + A (1 + A) " u+ Au)o.
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Now use the fact that L(1+ A)® is elliptic and Garding’s inequality to continue
the above inequalities as

> c1l|(1+ A) " ull3y o — all (1 4+ A) " ull§ + Aull2,

= ciflullf = eallull—2s + Allull®, > ex|lull?

if A > cp. Again we may then divide by ||ul|; to get the result. QED

The operator L + AI is a bounded operator from H; to H;_,, (for any ¢).
Suppose we fix ¢ and choose A so large that (2.38) holds. Then (2.38) says that
(L+AI) is invertible on its image, and bounded there with a bound independent
of A > A, and this image is a closed subspace of H;_,,.

Let us show that this image is all of H;_,, for A large enough. Suppose not,
which means that there is some w € H;_,,, with

(w, Lu + Aut)t—py, =0
for all u € H;. We can write this last equation as
(1 + A)"™w, Lu + Au) = 0.

Integration by parts gives the adjoint differential operator L* characterized
by
((bv L¢)(> = (L*(bv T/’)o
for all smooth functions ¢ and v, and by passing to the limit this holds for all
elements of H,. for r > m. The operator L* has the same leading term as L and
hence is elliptic. So let us choose A sufficiently large that (2.38) holds for L* as
well as for L. Now

0= ((14+A)""w, Lu+ )\u)o = (L* (14 A)""w + A1+ A) ", u)o

for all v € Hy which is dense in Hy so
L*(1+ A0+ A1+ A) " ™w =0
and hence (by (2.38)) (1 + A)"™w = 0 so w = 0. We have proved

Proposition 2.8.2 For every t and for A large enough (depending on t) the
operator L + A\ maps H; bijectively onto Hy_,, and (L + \)~! is bounded
independently of \.

As an immediate application we get the important
Theorem 2.8.1 If u is a distribution and Lu € Hy then u € Hyy,,.

Proof. Write f = Lu. By Schwartz’s theorem, we know that v € Hy, for some
k. So f+ Au € Hyin(k,s) for any A. Choosing A large enough, we conclude that
u = (L+X)"'f 4+ M) € Huyin(htm,sm)- I k+m < s+ m we can repeat
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the argument to conclude that u € Hyin(k42m,s+m)- We can keep going until
we conclude that v € Hyy.,,. QED

Notice as an immediate corollary that any solution of the homogeneous equa-
tion Lu = 0 is C°.

‘We now obtain a second important consequence of Proposition 2.8.2. Choose
A so large that the operators

(L+X)™' and (L*+AI)7!

exist as operators from Hy — H,,,. Follow these operators with the injection
tm : H,, — Hp and set

M=t o(L+N)" Y, M*:=1,0(L*+ M) .

Since ¢y, is compact (Rellich’s lemma) and the composite of a compact operator
with a bounded operator is compact, we conclude

Theorem 2.8.2 The operators M and M™* are compact.

Suppose that L = L*. (This is usually expressed by saying that L is “for-
mally self-adjoint”. More on this terminology will come later.) This implies
that M = M*. In other words, M is a compact self adjoint operator, and we
can apply Theorem 2.3.1 to conclude that eigenvectors of M form a basis of
R(M) and that the corresponding eigenvalues tend to zero. Prop 2.8.2 says
that R(M) is the same as ¢y, (H,,) which is dense in Hy = L2(T). We con-
clude that the eigenvectors of M form a basis of Ly(T). If Mu = ru then
u=(L+ M)Mu=rLu+ Aru so u is an eigenvector of L with eigenvalue

1—7rA

r
We conclude that the eigenvectors of L are a basis of Hy. We claim that
only finitely many of these eigenvalues of L can be negative. Indeed, since we
know that the eigenvalues r,, of M approach zero, the numerator in the above
expression is positive, for large enough n, and hence if there were infinitely
many negative eigenvalues ux, they would have to correspond to negative ry
and so these up — —oo. But taking sy = —py as the A in (2.38) in Prop. 2.8.1
we conclude that v = 0, if Lu = pgu if k is large enough, contradicting the
definition of an eigenvector. So all but a finite number of the r, are positive,
and these tend to zero. To summarize:

Theorem 2.8.3 The eigenvectors of L are C*° functions which form a basis of
Hy. Only finitely many of the eigenvalues ux of L are negative and p,, — oo as
n — 0.

It is easy to extend the results obtained above for the torus in two directions.
One is to consider functions defined in a domain = bounded open set G of R™
and the other is to consider functions defined on a compact manifold. In both
cases a few elementary tricks allow us to reduce to the torus case. We sketch
what is involved for the manifold case.
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2.9 Extension of the basic lemmas to manifolds.

Let E — M be a vector bundle over a manifold. We assume that M is equipped
with a density which we shall denote by |dz| and that F is equipped with a
positive definite (smoothly varying) scalar product, so that we can define the
Lo norm of a smooth section s of E of compact support:

8|12 = / 152 () .
M

Suppose for the rest of this section that M is compact. Let {U;} be a finite cover
of M by coordinate neighborhoods over which E has a given trivialization, and
p; a partition of unity subordinate to this cover. Let ¢; be a diffeomorphism or
U; with an open subset of T" where n is the dimension of M. Then if s is a
smooth section of E, we can think of (p;s) qui_1 as an R™ or C™ valued function
on T, and consider the sum of the || - ||z norms applied to each component. We
shall continue to denote this sum by ||p;f o ¢; *||x and then define

171l =D lloif o &7

where the norms on the right are in the norms on the torus. These norms
depend on the trivializations and on the partitions of unity. But any two norms
are equivalent, and the || ||o norm is equivalent to the “intrinsic” Ly norm defined
above. We define the Sobolev spaces W, to be the completion of the space of
smooth sections of E relative to the norm || || for k¥ > 0, and these spaces are
well defined as topological vector spaces independently of the choices. Since
Sobolev’s lemma holds locally, it goes through unchanged. Similarly Rellich’s
lemma: if s, is a sequence of elements of W, which is bounded in the || ||, norm
for ¢ > k, then each of the elements p;s, o (b;l belong to Hy on the torus, and
are bounded in the || ||, norm, hence we can select a subsequence of p;s, o 7"
which converges in Hy, then a subsubsequence such that p;s, o qﬁi_l fori=1,2
converge etc. arriving at a subsequence of s,, which converges in Wy.

A differential operator L mapping sections of E into sections of F is an
operator whose local expression (in terms of a trivialization and a coordinate
chart) has the form

Ls = Z ap(z)DPs

[p|<m

Here the @, are linear maps (or matrices if our trivializations are in terms of
R™).

Under changes of coordinates and trivializations the change in the coefficients
are rather complicated, but the symbol of the differential operator

o(L)(€) = Y ap(a)e? EeT M,

[p|=m

is well defined.
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If we put a Riemann metric on the manifold, we can talk about the length
|€] of any cotangent vector.

If L is a differential operator from E to itself (i.e. F=FE) we shall call L
even elliptic if m is even and there exists some constant C' such that

(v,0(L)(€)v) = Cle|™v]?

foral z € M, v € E,, £ € T*M, and ( , ) denotes the scalar product on
FE,. Garding’s inequality holds. Indeed, locally, this is just a restatement of
the (vector valued version) of Garding’s inequality that we have already proved
for the torus. But Stage 4 in the proof extends unchanged (other than the
replacement of scalar valued functions by vector valued functions) to the more
general case.

2.10 Example: Hodge theory.

We assume knowledge of the basic facts about differentiable manifolds, in par-
ticular the existence of an operator d : QF — QFF! with its usual properties,
where QF denotes the space of exterior k-forms. Also, if M is orientable and
carries a Riemann metric then the Riemann metric induces a scalar product on
the exterior powers of T*M and also picks out a volume form. So there is an
induced scalar product (, ) = (, )x on QF and a formal adjoint & of d

5: QF - QF!

and satisfies
(dip, 9) = (¢,69)
where ¢ is a (k + 1)-form and ¥ is a k-form. Then

A:=dd+dd
is a second order differential operator on QF and satisfies

(A, ¢) = [ldg||* + ||69]>

where ||6]||> = (¢, ¢) is the intrinsic Ly norm (so || || = || [jo in terms of the
notation of the preceding section). Furthermore, if
¢= ¢rda’
T

is a local expression for the differential form ¢, where
de’ =dx;, Ao Nday, T = (in,..., i)

then a local expression for A is

. 6§/)[
—_ 13
Ap==> 9 00z
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where N ‘ ‘
g7 = (dz’,da?)

and the --- are lower order derivatives. In particular A is elliptic.
Let ¢ € Q* and suppose that

de = 0.
Let C(¢), the cohomology class of ¢ be the set of all ¢ € QF which satisfy
¢—1p=da, aecQF!

and let -
C(o)

denote the closure of C in the Ly norm. It is a closed subspace of the Hilbert
space obtained by completing QF relative to its Lo norm. Let us denote this
space by L%, so C(¢) is a closed subspace of L.

Proposition 2.10.1 If ¢ € QF and d¢ = 0, there exists a unique T € C(¢) such
that

Il <9l v ¢ eCle)

Furthermore, T is smooth,and
dr=0 and 6t =0.

If choose a minimizing sequence for ||¥|| in C(9).

If we choose a minimizing sequence for |[¢|| in C(¢) we know it is Cauchy, cf.
the proof of the existence of orthogonal projections in a Hilbert space. So we
know that 7 exists and is unique. For any a € QF+! we have

(1,0a) = lim(¥, dar) = lim(dy, ) = 0

as 1 ranges over a minimizing sequence. The equation (7,da) = 0 for all
a € QFF! says that 7 is a weak solution of the equation dr = 0.
We claim that
(r,dB) =0 V pecQF!

which says that 7 is a weak solution of d7 = 0. Indeed, for any ¢ € R,
711> < 7+ tds||* = ||I7]1* + £[|dB|)* + 2¢(7, dB)
SO
—2t(r,dpB) < ¢*||dB||*.
If (7,dB) # 0, we can choose

(1, dp)

N Ik

e>0
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SO
|(m,dB)| < €|dp|*.
As € is arbitrary, this implies that (7,dg) = 0.

So (7, Av) = (7,[dd + dd]p) = 0 for any ¢ € QF. Hence 7 is a weak solution
of A7 = 0 and so is smooth. The space H* of weak, and hence smooth solutions
of A7 = 0 is finite dimensional by the general theory. It is called the space
of Harmonic forms. We have seen that there is a unique harmonic form in
the cohomology class of any closed form, s the cohomology groups are finite
dimensional. In fact, the general theory tells us that

L5 P E}
A

(Hilbert space direct sum) where Ef is the eigenspace with eigenvalue A of A.
Each E) is finite dimensional and consists of smooth forms, and the A\ — oo.
The eigenspace E} is just H*, the space of harmonic forms. Also, since

(D¢, 0) = [ldo]* + [[6¢]1®

we know that all the eigenvalues A are non-negative.
Since dA = d(dd + dd) = dod = Ad, we see that

d: Ey — EN*

and similarly

o E§ — E];_l.
For A # 0, if ¢ € E¥ and d¢ = 0, then A\¢p = A¢p = dd¢ so ¢ = d(1/\)d¢ so d
restricted to the E) is exact, and similarly so is §. Furthermore, on &, E’; we

have
M =A=(d+6)?
so we have
Ef =dEY ' @ BT

and this decomposition is orthogonal since (de,§3) = (d?a, 3) = 0.
As a first consequence we see that

LY = H* @ dQF—1 g 6Qk—1

(the Hodge decomposition). If H denotes projection onto the first component,
then A is invertible on the image of I — H with a an inverse there which is
compact. So if we let N denote this inverse on im I — H and set N = 0 on H*
we get

AN = I-H
Nd = dN
ON = No
AN = NA

NH = 0
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which are the fundamental assertions of Hodge theory, together with the asser-
tion proved above that H¢ is the unique minimizing element in its cohomology
class.

We have seen that

d+6: @ E¥ - @ E3**! s an isomorphism for A # 0 (2.39)
k k

which of course implies that

> (-1)Fdim Ef =0
k

This shows that the index of the operator d + & acting on @ L5 is the Euler
characteristic of the manifold. (The index of any operator is the difference
between the dimensions of the kernel and cokernel).

Let Py » denote the projection of L% onto E’)f So

e—tA — E E_Atpk;,)\

is the solution of the heat equation on L&. As t — oo this approaches the
operator H projecting L5 onto Hj. Letting A denote the operator A on L

we see that
tre tAr = Ze*)"“

where the sum is over all eigenvalues \; of Ay counted with multiplicity. It
follows from (2.39) that the alternating sum over k of the corresponding sum
over non-zero eigenvalues vanishes. Hence

Y (=DF et = x (M)

is independent of ¢. The index theorem computes this trace for small values of
t in terms of local geometric invariants.

The operator d + § is an example of a Dirac operator whose general defi-
nition we will not give here. The corresponding assertion and local evaluation
is the content of the celebrated Atiyah-Singer index theorem, one of the most
important theorems discovered in the twentieth century.

2.11 The resolvent.

In order to connect what we have done here notation that will come later, it is
convenient to let A = —L so that now the operator

(2 — A"

is compact as an operator on Hy for z sufficiently negative. (I have dropped the
tm which should come in front of this expression.) The operator A now has only
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finitely many positive eigenvalues, with the corresponding spaces of eigenvectors
being finite dimensional. In fact, the eigenvectors A, = A\,(A) (counted with
multiplicity) approach —oo as n — oo and the operator (21 — A)~! exists and
is a bounded (in fact compact) operator so long as z # A, for any n. Indeed,
we can write any u € Hy as
u = Z an¢n
n

where ¢,, is an eigenvector of A with eigenvalue \,, and the ¢ form an orthonor-
mal basis of Hy. Then

1
I—-A)tu= ——— U On.
(z ) u Zz_)\nada

The operator (21 — A)~! is called the resolvent of A at the point z and denoted
by
R(z,A)

or simply by R(z) if A is fixed. So
R(z,A) := (2 — A)™*

for those values of z € C for which the right hand side is defined.
If z and are complex numbers with Rez > Rea, then the integral

o0
/ e—Zteatdt
0

converges, and we can evaluate it as

1 oo
= / e *tedt.
z—a o

If Rez is greater than the largest of the eigenvalues of A we can write

R(z,A)z/ e *tetAdt
0

where we may interpret this equation as a shorthand for doing the integral for
the coefficient of each eigenvector, as above, or as an actual operator valued
integral. We will spend a lot of time later on in this course generalizing this
formula and deriving many consequences from it.



Chapter 3

The Fourier Transform.

3.1 Conventions, especially about 27.

The space S consists of all functions on mathbbR which are infinitely differ-
entiable and vanish at infinity rapidly with all their derivatives in the sense
that

| fllmn = sup{|z™ ™) ()|} < oc.

The || - ||m,» give a family of semi-norms on & making S into a Frechet space -
that is, a vector space space whose topology is determined by a countable family
of semi-norms. More about this later in the course. We use the measure

L d
——dx
V2T

on R and so define the Fourier transform of an element of S by

f6) = o= [ flae =t
and the convolution of two elements of S by
1
(F+0)e) == o= [ f@=ng)ar
The Fourier transform is well defined on S and

() rn]=wom (£) 4

as follows by differentiation under the integral sign and by integration by parts.
This shows that the Fourier transform maps S to S.
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3.2 Convolution goes to multiplication.

%//f(x—t)g(t)dxe_mgdx
_ % / / Fw)g(t)e= 08 duds

T ot
- ﬁ%4ﬂ> d%héaw dt

(f xgy = fg.

(f *g)(E)

SO

3.3 Scaling.

For any f € S and a > 0 define S, f by (S,)f(z) := f(az). Then setting u = ax
so dx = (1/a)du we have

I - L ax)e” " dg
(5.6 = = | flamyea

_ L @) F(uw)e—E/D gy
= o= | /ae e

(Safy = (1/a)S1/af.

SO

3.4 Fourier transform of a Gaussian is a Gaus-
sian.

The polar coordinate trick evaluates

/20y = 1.

7

1 2
—z /27:1:77d
& X
\/27T /R

converges for all complex values of 7, uniformly in any compact region. Hence
it defines an analytic function of 7 that can be evaluated by taking n to be real
and then using analytic continuation. For real n we complete the square and
make a change of variables:

1 2 1
—x /Q—mnd — /
— (& X — e
V2T /R Vv2r Jr

2 1 2
_ o2 L / o= (E+0)?/2 4
V21 Jr

— /2

The integral

—(z+n)?/240°/2 g,
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Setting n = i€ gives
n=mn ifn(z):= e 2,

If we set a = € in our scaling equation and define

SO
Pe (I) = 6762z2/25
then

) 1 2
(peJ(a) = e~/

Notice that for any g € S we have

/ (1/a)(S1/ag)(€)de = / 9(€)de
R R

so setting a = € we conclude that

for all e.
Let

Y= = (p1)

and
P 1= (pe)A
Then
_ L. m

veln) = < ()

SO

1 1 /n
ex ) = (€)= <= [ lote =) —o©) 2w (2) dn =

1
- /R [9(E — <€) — g(O1O)dC.
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Since g € § it is uniformly continuous on R, so that for any § > 0 we can find
€0 so that the above integral is less than § in absolute value for all 0 < € < €.

In short,
e xg —glloo = 0, ase— 0.
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3.5 The multiplication formula.

This says that
[ F@gta)ds = [ fa)ia)ds
R R

for any f,g € S. Indeed the left hand side equals

V%/E{/Rf(y)f”ydyg(x)dx.

We can write this integral as a double integral and then interchange the order
of integration which gives the right hand side.
3.6 The inversion formula.

This says that for any f € S

S B
mwmﬁmda

To prove this, we first observe that for any h € S the Fourier transform of
x — e h(x) is just £ — h(& —n) as follows directly from the definition.

ite ,—e?a? )2

Taking g(x) = e'**e

i R eitm6762t2/2 _ i —r — * T
= [ 7w it =—= [ fOblt =)t = (Fv0(a).

—€2t%/2

in the multiplication formula gives

We know that the right hand side approaches f(x) as e — 0. Also, e —1
for each fixed ¢, and in fact uniformly on any bounded ¢ interval. Furthermore,
0<e<t/2<1forallt. So choosing the interval of integration large enough,
we can take the left hand side as close as we like to \/% Jg f(2)e™tdt by then

choosing e sufficiently small. QED

3.7 Plancherel’s theorem

Let

f(2) = T=a).

Then the Fourier transform of f is given by

1 Fl—x)e @y = L w)e'du =
@%ﬂ>d MAMd 7©)

SO

Thus



3.8. THE POISSON SUMMATION FORMULA. 89

The inversion formula applied to f f and evaluated at 0 gives

(12 F)0) = o= [ 17

The left hand side of this equation is

i 1~~—;L~;5:i (Ezl'
m/Rf()f(O ) m/R|f<>|d.

Thus we have proved Plancherel’s formula

1 9, 1 o) 2da
—= | r@pPds = o= [ )P

Define L2(R) to be the completion of S with respect to the Ly norm given by
the left hand side of the above equation. Since S is dense in Ly (R) we conclude
that the Fourier transform extends to unitary isomorphism of Lo(R) onto itself.

3.8 The Poisson summation formula.

This says that for any g € S we have

3 g2nk) = —= 3 gm)
k m

To prove this let

h(z) =Y gz + 2rk)

k
so h is a smooth function, periodic of period 27 and

h(0) = Zg(%rk).
k
We may expand h into a Fourier series
h(z) = Z ame ™
where

I » 1 » I
O = — h(z)e """ dx = —/ g(x)e™"™dx = ——=g(m).
2m Jy 2m Jgr

Setting = 0 in the Fourier expansion

imax

1 N
h(z) = E E g(m)e
gives

(0) = =3 a(m).
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3.9 The Shannon sampling theorem.

Let f € S be such that its Fourier transform is supported in the interval [—7, 7].
Then a knowledge of f(n) for all n € Z determines f. More explicitly,

Z fn sm7r t)' 3.1)

Proof. Let g be the periodic function (of period 27) which extends f, the
Fourier transform of f. So

and is periodic.
Expand g into a Fourier series:

neZ

where
_i T ()—inrd _i oof()—in‘rd
n =5 _ﬂgTe T=o- N T)e T,
or 1
Cp = -n

(%)%f( )

But

f(t) = — /_0o f(r)et dr = (2;)5 /_’;Q(T)eitTdT:

(2m)= / Z 277 lf Z(”“ .

Replacing n by —n in the sum, and interchanging summation and integration,
which is legitimate since the f(n) decrease very fast, this becomes

t) = % Zf(n) /j =T gr,

But

T i(t—n)T |T
/ ez(tfn)‘rdT _ 6
o i(t—mn)|_

It is useful to reformulate this via rescaling so that the interval [—m, ] is
replaced by an arbitrary interval symmetric about the origin: In the engineering
literature the frequency A is defined by

_ ei(tfn.)fr _ eilt—n)m _ 2sin m(n — t). QED
i(t—n) n—t

™

&=2mA.
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Suppose we want to apply (3.1) to g = S, f. We know that the Fourier transform
of g is (1/a)S1/qf and
supp S1/qf = asupp f.
So if
supp f C [—27A¢, 27A,]
we want to choose a so that a2w )\, < 7 or

1

< .
“=9oN

(3.2)

For a in this range (3.1) says that
1 sinm(z — n)
flar) = =3 fn) ™,

or setting ¢t = ax,
sin(Z(t — na)

f(t) = Z f(na)ﬁ- (3.3)

This holds in Ly under the assumption that f satisfies supp f C [-27 e, 2T
We say that f has finite bandwidth or is bandlimited with bandlimit ..
The critical value a. = 1/2\. is known as the Nyquist sampling interval
and (1/a) = 2. is known as the Nyquist sampling rate. Thus the Shannon
sampling theorem says that a band-limited signal can be recovered completely
from a set of samples taken at a rate > the Nyquist sampling rate.
3.10 The Heisenberg Uncertainty Principle.
Let f € S(R) with

[1s@pds =1

We can think of 2 — |f(z)|? as a probability density on the line. The mean of
this probability density is

Ty 1= /x\f(x)|2dx

If we take the Fourier transform, then Plancherel says that

/ F©)de =1

as well, so it defines a probability density with mean

b = / €lf(e)[de.
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Suppose for the moment that these means both vanish. The Heisenberg Un-
certainty Principle says that

([1esr@ras) ([ ieferde) = .

Proof. Write —i{f(£) as the Fourier transform of f’ and use Plancherel to
write the second integral as [ |f’(z)|*dz. Then the Cauchy - Schwarz inequality
says that the left hand side is > the square of

[l @jas = \ / Re(f (2) F/(z))d

‘ [ @+ T i

;‘/fvdxflzd \/m o

If f has norm one but the mean of the probability density |f|? is not necessar-
ily of zero (and similarly for for its Fourier transform) the Heisenberg uncertainty
principle says that

(/l —m)f lda:)(/lﬁfm |d§>i

The general case is reduced to the special case by replacing f(x) by

QED

1
2

flx+ xm)eigmm.

3.11 Tempered distributions.

The space S was defined to be the collection of all smooth functions on R such
that

1 £llsnn = sup{|z"™ f* ()]} < co.

The collection of these norms define a topology on & which is much finer that
the Ly topology: We declare that a sequence of functions { fi } approaches g € S
if and only if

Ifx = gllmm — 0

for every m and n.

A linear function on & which is continuous with respect to this topology is
called a tempered distribution.

The space of tempered distributions is denoted by S’. For example, every
element f € S defines a linear function on S by

1
0 (0.1) = o= [ 6@ Fw)ds
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But this last expression makes sense for any element f € Lo(R), or for any
piecewise continuous function f which grows at infinity no faster than any poly-
nomial. For example, if f = 1, the linear function associated to f assigns to ¢

the value )
—_— dx.
= [ olayis

This is clearly continuous with respect to the topology of & but this function of
¢ does not make sense for a general element ¢ of Lo(R).

Another example of an element of S’ is the Dirac §-function which assigns
to ¢ € S its value at 0. This is an element of &’ but makes no sense when
evaluated on a general element of Lo(R).

If f € S, then the Plancherel formula formula implies that its Fourier trans-
form F(f) = f satisfies

(¢, f) = (F(9), F(£))-

But we can now use this equation to define the Fourier transform of an arbitrary
element of §": If £ € 8’ we define F(¢) to be the linear function

3.11.1 Examples of Fourier transforms of elements of S'.

e If / corresponds to the function f =1, then

FO)W) = %2? / (FL)(E)de = F (F14) (0) = 1(0).

So the Fourier transform of the function which is identically one is the
Dirac d-function.

e If § denotes the Dirac J-function, then

FOW) =8 0) = (7 @) 0 = —= [ v

So the Fourier transform of the Dirac § function is the function which is
identically one.

e In fact, this last example follows from the preceding one: If m = F(¥)
then

But
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e The Fourier transform of the function z: This assigns to every ¢ € S the

value
w:E 2935 _
ﬁ/d) xdédr = ﬁ/w —5 )dfdx

A (40 0-o(5)

Now for an element of S we have

L e e [
So we define the derivative of an £ € S8’ by
arl d¢
Go=t(-2).

So the Fourier transform of z is —135




Chapter 4

Measure theory.

4.1 Lebesgue outer measure.

We recall some results from the chapter on metric spaces: For any subset A C R
we defined its Lebesgue outer measure by

m*(A) := ianf([n) : I, are intervals with A C UI"' (4.1)

Here the length ¢(I) of any interval I = [a,b] is b — a with the same definition
for half open intervals (a,b] or [a,b), or open intervals. Of course if a = —o0
and b is finite or 400, or if a is finite and b = 400 the length is infinite. So the
infimum in (4.1) is taken over all covers of A by intervals. By the usual €/2"
trick, i.e. by replacing each I; = [a;,b;] by (a; — €/27F1, b; + €/27%1) we may
assume that the infimum is taken over open intervals. (Equally well, we could
use half open intervals of the form [a, b), for example.).

It is clear that if A C B then m*(A) < m*(B) since any cover of B by
intervals is a cover of A. Also, if Z is any set of measure zero, then m*(AUZ) =
m*(A). In particular, m*(Z) = 0 if Z has measure zero. Also, if A = [a,b] is an
interval, then we can cover it by itself, so

m*([a,b]) < b—a,

and hence the same is true for (a,bl, [a,b), or (a,b). If the interval is infinite, it
clearly can not be covered by a set of intervals whose total length is finite, since
if we lined them up with end points touching they could not cover an infinite
interval. We recall the proof that

m*(I) = ¢(I) (4.2)

if I is a finite interval: We may assume that I = [¢,d] is a closed interval by
what we have already said, and that the minimization in (4.1) is with respect
to a cover by open intervals. So what we must show is that if

e, d] C U(ai,bi)

95
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then

d—CS Z(bz —ai).

We first applied Heine-Borel to replace the countable cover by a finite cover.
(This only decreases the right hand side of preceding inequality.) So let n be
the number of elements in the cover. We needed to prove that if

n

[e,d] C U(ai,bi) then d — ¢ < i(bz —a;),

i=1 i=1

and we did this this by induction on n. If n = 1 then a; < ¢ and b; > d so
clearly by —a; > d —c.

Suppose that n > 2 and we know the result for all covers (of all intervals
[c,d] ) with at most n — 1 intervals in the cover. If some interval (a;,b;) is
disjoint from [c, d] we may eliminate it from the cover, and then we are in the
case of n — 1 intervals. So every (a;,b;) has non-empty intersection with [, d].
Among the the intervals (a;,b;) there will be one for which a; takes on the
minimum possible value. By relabeling, we may assume that this is (a1, b1).
Since c is covered, we must have a3 < ¢. If by > d then (aq,by) covers [c,d] and
there is nothing further to do. So assume b; < d. We must have b; > ¢ since
(a1,b1) N[c,d] # 0. Since by € [c,d], at least one of the intervals (a;,b;), 7 > 1
contains the point b;. By relabeling, we may assume that it is (as, b2). But now
we have a cover of [¢,d] by n — 1 intervals:

-

Il
w

[C, d] - (al, bg) U (G,i, bz)

7

So by induction

d—CS(bQ—al)-i- (bz—az)
i=3
But by —a; < (bg — ag) + (bl — al) since as < b;. QED

We repeat that the intervals used in (4.1) could be taken as open, closed or
half open without changing the definition. If we take them all to be half open,
of the form I; = [a;,b;), we can write each I; as a disjoint union of finite or
countably many intervals each of length < e. So it makes no difference to the
definition if we also require the

N

0I;) < e (4.3)

in (4.1). We will see that when we pass to other types of measures this will
make a difference.
We have verified, or can easily verify the following properties:

1.
m* (@) = 0.
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AC B=m"(A) <m"(B).

m* ([ J4) <D m*(4).

i i
4. If dist (A, B) > 0 then

m*(AU B) =m*(A) + m*(B).

m*(A) = inf{m*(U): U D> A, U open}.

6. For an interval

The only items that we have not done already are items 4 and 5. But these are
immediate: for 4 we may choose the intervals in (4.1) all to have length < ¢
where 2¢ < dist (A, B) so that there is no overlap. As for item 5, we know from
2 that m*(A) < m*(U) for any set U, in particular for any open set U which
contains A. We must prove the reverse inequality: if m*(A) = oo this is trivial.
Otherwise, we may take the intervals in (4.1) to be open and then the union on
the right is an open set whose Lebesgue outer measure is less than m*(A4) + &
for any § > 0 if we choose a close enough approximation to the infimum.

I should also add that all the above works for R™ instead of R if we replace
the word “interval” by “rectangle”, meaning a rectangular parallelepiped, i.e a
set which is a product of one dimensional intervals. We also replace length by
volume (or area in two dimensions). What is needed is the following

Lemma 4.1.1 Let C be a finite non-overlapping collection of closed rectangles
all contained in the closed rectangle J. Then

vol J > Zvol 1.
IeC

If C is any finite collection of rectangles such that

Jcyr
IeC
then
vol J < Z vol (I).
IeC
This lemma occurs on page 1 of Strook, A concise introduction to the theory of
integration together with its proof. I will take this for granted. In the next few

paragraphs I will talk as if we are in R, but everything goes through unchanged
if R is replaced by R™.
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4.2 Lebesgue inner measure.

Item 5. in the preceding paragraph says that the Lebesgue outer measure of
any set is obtained by approximating it from the outside by open sets. The
Lebesgue inner measure is defined as

m.(A) =sup{m*(K): K C A, K compact }. (4.4)
Clearly
m.(A) <m*(A)
since m*(K) < m*(A) for any K C A. We also have

Proposition 4.2.1 For any interval I we have
ma (1) =£(I). (4.5)

Proof. If /(I) = co the result is obvious. So we may assume that I is a finite
interval which we may assume to be open, I = (a,b). If K C I is compact, then
I is a cover of K and hence from the definition of outer measure m*(K) < £(I).
So m.(I) < £(I). On the other hand, for any € > 0, € < (b — a) the interval
[a + €,b— €] is compact and m*([a — €,a 4+ €]) = b — a — 2¢ < m,(I). Letting
€ — 0 proves the proposition. QED

4.3 Lebesgue’s definition of measurability.
A set A with m*(A) < oo is said to measurable in the sense of Lebesgue if
m.(A) =m*(A). (4.6)
If A is measurable in the sense of Lebesgue, we write
m(A) = m.(A4) = m*(A). (4.7)

If K is a compact set, then m,(K) = m*(K) since K is a compact set con-
tained in itself. Hence all compact sets are measurable in the sense of Lebesgue.
If I is a bounded interval, then I is measurable in the sense of Lebesgue by
Proposition 4.2.1.

If m*(A) = oo, we say that A is measurable in the sense of Lebesgue if all
of the sets AN [—n,n| are measurable.

Proposition 4.3.1 If A =J A; is a (finite or) countable disjoint union of sets
which are measurable in the sense of Lebesqgue, then A is measurable in the sense
of Lebesgue and

m(A) =) m(A).

%
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Proof. We may assume that m(A) < oo - otherwise apply the result to AN
[-n,n] and A; N [—n,n] for each n. We have

m*(A) <> m(Ay) = m(Ay).

n

Let € > 0, and for each n choose compact K, C A, with

€ €

m*(Kn) 2 m.(An) = 57 = m(An) = 5o

since A, is measurable in the sense of Lebesgue. The sets K, are pairwise
disjoint, hence, being compact, at positive distances from one another. Hence

m*(KyU---UK,)=m"(Ky)+ - +m*(K,)
and Ky U---U K, is compact and contained in A. Hence
my(A) > m*(Ky) + - +m*(K,),
and since this is true for all n we have

m.(A) > m(A,) —e
Since this is true for all € > 0 we get

But then m,(A4) > m*(A) and so they are equal, so A is measurable in the sense
of Lebesgue, and m(A) = > m(4;). QED

Proposition 4.3.2 Open sets and closed sets are measurable in the sense of
Lebesgue.

Proof. Any open set O can be written as the countable union of open intervals
I;, and

n—1
%:Q\Ub
i=1

is a disjoint union of intervals (some open, some closed, some half open) and O
is the disjont union of the J,,. So every open set is a disjoint union of intervals
hence measurable in the sense of Lebesgue.

If F is closed, and m*(F) = oo, then F'N[—n,n] is compact, and so F is
measurable in the sense of Lebesgue. Suppose that

m*(F) < oo.
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For any € > 0 consider the sets

€

€

Gie = [Fl+ 5. 1-5InF
€ €

Gre = (2455, ~UNF)U([1L,2 - 5]NF)
€ €

Goe = (F3+57-2NF)U(23- 5]NF)

and set

Ge = UGi,e.

The G; . are all compact, and hence measurable in the sense of Lebesgue, and
the union in the definition of G, is disjoint, so is measurable in the sense of
Lebesgue. Furthermore, the sum of the lengths of the “gaps” between the
intervals that went into the definition of the G  is €. So

m(Ge) +e=m"(Ge) + € > m*(F) >m*(G.) = m(Ge) = Zm(G”)

In particular, the sum on the right converges, and hence by considering a finite
number of terms, we will have a finite sum whose value is at least m(G¢) — €.
The corresponding union of sets will be a compact set K. contained in F with

m(K) > m*(F) — 2e.
Hence all closed sets are measurable in the sense of Lebesgue. QED

Theorem 4.3.1 A is measurable in the sense of Lebesgue if and only if for
every € > 0 there is an open set U D A and a closed set F' C A such that

m(U\ F) <e.

Proof. Suppose that A is measurable in the sense of Lebesgue with m(A4) < oo.
Then there is an open set U D A with m(U) < m*(A) +¢/2 = m(A) +¢/2, and
there is a compact set F C A with m(F) > m.(A) — e = m(A) — €/2. Since
U\ F is open, it is measurable in the sense of Lebesgue, and so is F as it is
compact. Also F' and U \ F are disjoint. Hence by Proposition 4.3.1,

MU\ F) = m(U) = m(F) < m(4) + 5 - (m(a) - %) —c
If A is measurable in the sense of Lebesgue, and m(A) = oo, we can apply
the above to A N I where I is any compact interval. So we can find open
sets U, D AN[—n — 25,11, + 26,41] and closed sets F,, C AN [—n,n] with
m(U, \ F) < €/2". Here the §,, are sufficiently small positive numbers. We
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may enlarge each F), if necessary so that F, N [-n+1,n—1] D F,_;. We may
also decrease the U, if necessary so that

U,N(—n+1—06,n—1+0,) CU,_1.

Indeed, if we set Cp, :=[-n+1—0p,n — 14 0,]NUS_; then C, is a closed set
with C,, N A = (. Then U,, N C¢ is still an open set containing [—n — 28,,+1,n +
26541) N A and

UnnCi)Nn(—n+1—=6p,n—140,) CCinN(—n+1—38,,n—140,) C Up_1.
Take U :=JU, so U is open. Take
Fo=JF. 0 ([=n,—n + 11U [n - 1,n))).
Then F' is closed, U D A D F and
U\F c|JWn/Fo)n([=n,—n+1]Un—1,n])) € | JUa \ Fn)

In the other direction, suppose that for each e, there exist U D A D F with
m(U \ F) < e. Suppose that m*(A) < oo. Then m(F) < oo and m(U) <
m(U\ F) +m(F) < e+ m(F) < co. Then

m*(A) <m(U) <m(F)+e=m.(F)+e<m,(A4) +e

Since this is true for every € > 0 we conclude that m.(A4) > m*(A) so they are
equal and A is measurable in the sense of Lebesgue.
If m*(A) = oo, we have UN(—n —€,n+¢) D AN[—n,n] D FN[—n,n] and

m((UN(—n—en+e)\ (FN[-n,n]) <2+ €= 3¢

so we can proceed as before to conclude that m.(AN[—n,n]) = m*(AN[—n,n]).
QED
Several facts emerge immediately from this theorem:

Proposition 4.3.3 If A is measurable in the sense of Lebesque, so is its com-
plement A° = R\ A.

Indeed, if ' ¢ A C U with F closed and U open, then F°¢ D A° D U¢ with F°
open and U¢ closed. Furthermore, F°\U°® = U\ F so if A satisfies the condition
of the theorem so does A°€.

Proposition 4.3.4 If A and B are measurable in the sense of Lebesgue so is
ANB.

For € > 0 choose Uy D A D Fa and Ug D B D Fp with m(Us \ Fa) <
€/2 and m(Ug \ Fg) < ¢/2. Then (U4 NUp) D (AN B) D (Fan Fp) and
(UAQUB)\(FAﬂFB) C (UA\FA)U(UB\FB).QED

Putting the previous two propositions together gives
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Proposition 4.3.5 If A and B are measurable in the sense of Lebesgue then
so is AU B.

Indeed, AU B = (AN B°)°.

Since A\ B = AN B¢ we also get

Proposition 4.3.6 If A and B are measurable in the sense of Lebesque then
sois A\ B.

4.4 Caratheodory’s definition of measurability.

A set E C R is said to be measurable according to Caratheodory if for
any set A C R we have

m*(A) = m* (AN E) +m* (AN E°) (4.8)

where we recall that £ denotes the complement of E. In other words, ANE°¢ =
A\ E. This definition has many advantages, as we shall see. Our first task is
to show that it is equivalent to Lebesgue’s:

Theorem 4.4.1 A set E is measurable in the sense of Caratheodory if and only
if it is measurable in the sense of Lebesgue.

Proof. We always have
m*(A) <m*(ANE)+m*(A\ E)
so condition (4.8) is equivalent to
m* (ANE)+m*(A\ E) <m*(A) (4.9)

for all A.

Suppose E is measurable in the sense of Lebesgue. Let ¢ > 0. Choose
U D> E D F with U open, F closed and m(U/F) < e which we can do by
Theorem 4.3.1. Let V be an open set containing A. Then A\ E C V' \ F and
ANEcC(VNU)so

m*(A\E)+m*(ANE) < m(V\F)+m(VNnU)

< m(V\NU)+m(U\F)+m(VNnU)
< m(V)+e

(We can pass from the second line to the third since both V'\ U and V NU
are measurable in the sense of Lebesgue and we can apply Proposition 4.3.1.)
Taking the infimum over all open V' containing A, the last term becomes m*(A),
and as ¢ is arbitrary, we have established (4.9) showing that E is measurable in
the sense of Caratheodory.
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In the other direction, suppose that F is measurable in the sense of Caratheodory.
First suppose that
m*(E) < .

Then for any € > 0 there exists an open set U D E with m(U) < m*(E) + e.
We may apply condition (4.8) to A = U to get

m(U) = m*(U N E) +m*(U \ E) = m*(E) +m*(U \ E)

m*(U\ E) < e.

This means that there is an open set V' O (U \ E) with m(V) < e. But we know
that U \ V is measurable in the sense of Lebesgue, since U and V are, and

m(U) <m((V)+m(U\V)

mU\ V) > m(U) —e.

So there is a closed set F' C U\ V with m(F) > m(U) —e. But since VD> U\ E,
we have U\V CE. So FCE. So F C ECU and

m({U\ F)=m({U) —m(F) <e.

Hence F is measurable in the sense of Lebesgue.

If m(FE) = oo, we must show that E N [—n,n| is measurable in the sense of
Caratheodory, for then it is measurable in the sense of Lebesgue from what we
already know. We know that the interval [—n, n] itself, being measurable in the
sense of Lebesgue, is measurable in the sense of Caratheodory. So we will have
completed the proof of the theorem if we show that the intersection of E with
[—n,n] is measurable in the sense of Caratheodory.

More generally, we will show that the union or intersection of two sets which
are measurable in the sense of Caratheodory is again measurable in the sense
of Caratheodory. Notice that the definition (4.8) is symmetric in E and E° so
if F is measurable in the sense of Caratheodory so is E°. So it suffices to prove
the next lemma to complete the proof.

Lemma 4.4.1 If E1 and Ey are measurable in the sense of Caratheodory so is
EiUE;.

For any set A we have
m*(A) =m* (AN E) + m*(AN EY)
by (4.8) applied to E;. Applying (4.8) to AN E{ and Es gives

m*(ANE]) =m"(ANE{N E;) + m*" (AN E{NE3).
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Substituting this back into the preceding equation gives
m*(A) =m* (AN Ey) +m"(ANE{ N Ey) + m" (AN Ef N ES). (4.10)
Since E{ N ES = (Ey U E3)¢ we can write this as
m* (A) =m" (AN Ey) +m"(ANE{N Ey) + m" (AN (E1 U Ey)°).
Now AN(EyUE;) =(ANE)U(AN(ESNE;) so
m* (ANEy) +m*(ANE{NE) >m*(AN (B U Ey)).

Substituting this for the two terms on the right of the previous displayed equa-
tion gives

m*(A) > m* (AN (B U o)) +m* (AN (B U Ey)°)

which is just (4.9) for the set F4 U E5. This proves the lemma and the theorem.

We let M denote the class of measurable subsets of R - “measurability”
in the sense of Lebesgue or Caratheodory these being equivalent. Notice by
induction starting with two terms as in the lemma, that any finite union of sets
in M is again in M

4.5 Countable additivity.

The first main theorem in the subject is the following description of M and the
function m on it:

Theorem 4.5.1 M and the function m : M — R have the following properties:
e Re M.
e e M= E°e M.

If E,, € M forn=1,2,3,... then ,, E,, € M.

If F,, € M and the F, are pairwise disjoint, then F :=J, F,, € M and

m(F) =Y m(F,).

n=1

Proof. We already know the first two items on the list, and we know that a
finite union of sets in M is again in M. We also know the last assertion which
is Proposition 4.3.1. But it will be instructive and useful for us to have a proof
starting directly from Caratheodory’s definition of measurablity:

If 1 e M, F, € M and Fy N Fy = () then taking

A=FRUF, Ei=F, EB=F
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in (4.10) gives
m(Fy U Fy) = m(Fy) + m(Fy).

Induction then shows that if Fi, ..., F}, are pairwise disjoint elements of M then
their union belongs to M and

More generally, if we let A be arbitrary and take Fy = Fy, Ey = F5 in (4.10)
we get

m* (A) =m* (AN F) +m*(ANFy) +m* (AN (Fy U F)°).

If F3 € M is disjoint from F; and F we may apply (4.8) with A replaced by
AN (F;UFy)° and E by F5 to get

m*(A n (F1 U FQ)C)) = m*(Aﬁ Fg) +m*(Aﬂ (Fl U U Fg)c),

since
(RUR)NF=FNFsNF;=(FUFRUF;)°.

Substituting this back into the preceding equation gives
m* (A) =m (AN F)+m" (AN F2) + m* (AN Fs5) + m" (AN (F1 U Fy U F5)°).

Proceeding inductively, we conclude that if Fy,..., F, are pairwise disjoint ele-
ments of M then

m*(A) :zn:m*(AﬂFZ-)er*(Aﬂ(F1U-~-UFn)C). (4.11)

Now suppose that we have a countable family {F;} of pairwise disjoint sets

i=1 =1

we conclude from (4.11) that

m*(A) > zn:m*(AOFi) +m* (An (D F) )

=1

and hence passing to the limit

oo 00 C
m*(A) > > m*(ANF;) +m* (A N (U F) ) .
1 i=1
Now given any collection of sets By, we can find intervals {I ;} with

By C UIkJ
J
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and c
j
So
UBk - UIk’j
k k,j
and hence

m* (U Be) <Y m*(By),
the inequality being trivially true if the sum on the right is infinite. So
i=1 i=1

Thus

i=1

o (G) o o 0))

The extreme right of this inequality is the left hand side of (4.9) applied to
E=JF,

and so E € M and the preceding string of inequalities must be equalities since
the middle is trapped between both sides which must be equal. Hence we have
proved that if F), is a disjoint countable family of sets belonging to M then
their union belongs to M and

m*(A) =Y m (AN F) +m" (Am (G F) ) (4.12)
P =1

7

If we take A = |J F; we conclude that

m(F) = m(F,) (4.13)

if the F; are disjoint and
F=JF;.

So we have reproved the last assertion of the theorem using Caratheodory’s
definition. For the third assertion, we need only observe that a countable union
of sets in M can be always written as a countable disjoint union of sets in M.
Indeed, set

F1 Z:El, F2 = EQ\El :ElﬂES
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F3 = E3 \ (El U Eg)

etc. The right hand sides all belong to M since M is closed under taking
complements and finite unions and hence intersections, and

QE:U@

We have completed the proof of the theorem.
A number of easy consequences follow: The symmetric difference between
two sets is the set of points belonging to one or the other but not both:

AAB = (A\ B)U (B A).

Proposition 4.5.1 If A € M and m(AAB) = 0 then B € M and m(A) =
m(B).

Proof. By assumption A \ B has measure zero (and hence is measurable)
since it is contained in the set AAB which is assumed to have measure zero.
Similarly for B\ A. Also (AN B) € M since

ANB=A\(A\B).

Thus
B=(ANB)U(B\A)eM.

Since B\ A and A N B are disjoint, we have
m(B) =m(ANB)+m(B\ A) =m(ANB)=m(ANB)+m(A\ B) =m(A).
QED

Proposition 4.5.2 Suppose that A, € M and A, C Apt1 forn = 1,2,....

Then
m (U An) = lim m(4,).

n—oo

Indeed, setting B,, := A, \ A,—1 (with By = A;) the B; are pairwise disjoint
and have the same union as the A; so

m (U An) = im(Bz) = nh_)rr;@ im(Bn) = nllrrgom (CJ Bi> = nh—>Holo m(Ay).
i=1 i=1 j
QED

Proposition 4.5.3 If C,, D Cyy1 is a decreasing family of sets in M and
m(C1) < oo then

n—oo

m (ﬂ C’n) = lim m(Cp).
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Indeed, set Ay :=0, Ay :=Cy\ Ca, Az :=Cy\ C5 etc. The A’s are increasing
SO

m (UJE\ ) = lim m(Cy\ Co) =m(Cy) = lim m(Cy)

n—oo

by the preceding proposition. Since m(C7) < oo we have
m(Cy \ Cn) = m(Cy) — m(Chy).
Also

U(Cl\cn)zcl\ <ﬂ0n>

n

So

n—oo

m (U(c1 \cn)> = m(C1) —m (ﬂ c,L) —m(C1) — lim m(C,).

Subtracting m(C1) from both sides of the last equation gives the equality in the
proposition. QED

4.6 o-fields, measures, and outer measures.

We will now take the items in Theorem 4.5.1 as axioms: Let X be a set. (Usually
X will be a topological space or even a metric space). A collection F of subsets
of X is called a o field if:

o X € F,
o If F € F then Fc° =X\ E € F, and
e If {E,} is a sequence of elements in F then |, E, € F,

The intersection of any family of o-fields is again a o-field, and hence given
any collection C of subsets of X, there is a smallest o-field F which contains it.
Then F is called the o-field generated by C.

If X is a metric space, the o-field generated by the collection of open sets is
called the Borel o-field, usually denoted by B or B(X) and a set belonging to
B is called a Borel set.

Given a o-field F a (non-negative) measure is a function

m:F — [0, 0]
such that
e m(P) =0 and

e Countable additivity: If F,, is a disjoint collection of sets in F then

() -z
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In the countable additivity condition it is understood that both sides might be
infinite.

An outer measure on a set X is a map m* to [0, co] defined on the collection
of all subsets of X which satisfies

e m(f) =0,
e Monotonicity: If A C B then m*(A) < m*(B), and
e Countable subadditivity: m* (|J,, 4,) <>, m*(Ay,).

Given an outer measure, m*, we defined a set E to be measurable (relative
to m*) if
m*(A) =m*(ANE)+m*(AN E°)

for all sets A. Then Caratheodory’s theorem that we proved in the preceding
section asserts that the collection of measurable sets is a o-field, and the re-
striction of m* to the collection of measurable sets is a measure which we shall
usually denote by m.

There is an unfortunate disagreement in