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Abstract

An elemen tary lemma on group cohomology is pro v ed. Applied to certain arithmetic

subgroups of real lie groups this leads to a general metho d of establishing congruences

b et w een mo dular forms of di�eren t w eigh ts. W e apply this to establish the existence of

certain p -adic families (Hida families) of Siegel mo dular forms and of mo dular forms for

GL

2

o v er an imaginary quadratic �eld. W e also use these metho ds to sho w that the exis-

tence of certain Galois represen tations one exp ects to b e attac hed to Siegel mo dular forms

corresp onding to holomorphic discrete series w ould imply their existence for Siegel mo dular

forms corresp onding to limit of holomorphic discrete series.
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In tro duction

This w ork is concerned with certain metho ds of Hida for pro ducing congruences b et w een

mo dular forms. W e generalise some of these metho ds and apply them to the problem of

constructing Galois represen tations attac hed to mo dular forms.

Hida in a series of pap ers (see [Hi1 ] and the references cited therein) has constructed

certain p -adic families of elliptic mo dular forms. T o describ e these results �x an o dd prime

p , an in teger N and a Diric hlet c haracter � de�ned mo dulo N p . Fix Q

ac

� Q

ac

p

and

Q

ac

� C . Let O b e the in tegers of a �nite extension of Q

p

in whic h � is v alued and let

� = O [[ T ]]. By a �-adic form w e mean a formal p o w er series

P

1

n =0

a

n

q

n

with a

n

2 � suc h

that for all pairs ( k ; � ) of an in teger k � 2 and a c haracter � : (1 + p Z ) = (1 + p

r

Z ) ! Q

ac �

,

P

1

n =0

a

n

( � (1 + p )(1 + p )

k

� 1) q

n

is the F ourier expansion of an elliptic mo dular form of

w eigh t k , lev el N p

r

and c haracter �!

� k

� , where ! denotes the T eic hm uller c haracter. If

�

0

is a �nite extension of � w e de�ne the space of �

0

-adic forms to b e the space of �-

adic forms tensored with �

0

. One can de�ne an action of the Hec k e op erators on �-adic

forms compatible with sp ecialisation. One can also de�ne a notion of ordinary mo dular

forms, b oth at the �nite and at the �-adic lev el. Roughly sp eaking the space of ordinary

forms o v er a p -adic ring of in tegers, or o v er �, is the largest space on whic h the action of

U

p

= [�

0

( N p

?

)

0

@

1 0

0 p

1

A

�

0

( N p

?

)] is in v ertible, and its complemen t is that on whic h U

p

is p -adically nilp oten t. Hida's main results are that the space of �-adic ordinary forms of

giv en lev el N and c haracter � is a �nite torsion free �-mo dule, and moreo v er an y ordinary

eigenform of the Hec k e algebra of w eigh t k , lev el N p

r

and c haracter �!

� k

� (with � as
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ab o v e) can b e lifted to an ordinary �

0

-adic eigenform of the Hec k e algebra (for some �nite

�

0

= �). Th us there are v ery systematic families of congruences b et w een ordinary eigenforms.

This w ork has b een generalised b y Hida ([Hi2]) and Wiles ([Wi ]) to Hilb ert mo dular

forms. In this thesis w e shall giv e generalisations to Siegel mo dular forms (in c hapter 3)

and to mo dular forms o v er imaginary quadratic �elds (in c hapter 4). Our cen tral tec hnique

is a metho d of comparing mo dular forms of di�eren t w eigh ts via group cohomology . This

seems to b e a v ery general metho d and w e giv e an exp osition of it in c hapter 1. It is a

generalisation of tec hniques of Shim ura ([Sh1 ]) and Hida ([Hi1]). It is based on the fact

that if G is an algebraic group, P a parab olic subgroup, M

1

and M

2

G ( Z )-mo dules and �

a congruence subgroup of G ( Z ) suc h that � mo d p

r

is con tained in P ( Z =p

r

Z ) then there

ma y b e non-trivial �-morphisms b et w een M

1


 ( Z =p

r

Z ) and M

2


 ( Z =p

r

Z ) whic h allo w us

to compare the �-cohomology of the mo dules M

1

and M

2

.

The easiest t yp e of deduction to dra w from this metho d is that the dimension of the space

of ordinary mo dular forms for a giv en group � is b ounded indep enden tly of the w eigh t as the

w eigh t v aries o v er some in�nite set. This together with a suitable mo dular form congruen t

to one mo dulo p is enough to pro duce a lot of congruences b et w een ordinary eigenforms of

di�eren t w eigh ts. This is carried out in c hapter 2 for Siegel mo dular forms. In the case of

GS p

4

it is applied to the problem of asso ciating Galois represen tations to mo dular forms.

Sp eci�cally to eigenforms of \w eigh t ( n

1

; n

2

)" with 2 � n

1

� n

2

one exp ects to b e able to

asso ciate certain four dimensional Galois represen tations. If 3 � n

1

then one hop es to b e

able to �nd these represen tations in the cohomology of certain Shim ura v arieties. Ho w ev er

for the case n

1

= 2 no suc h metho d is exp ected to exist. W e sho w ho w the result for

ordinary eigenforms of w eigh t (2 ; n

2

) ( n

2

� 2) w ould follo w from the result for forms of

w eigh t 3 � n

1

� n

2

.

In c hapter 3 w e organise these congruences in to \Hida families". Ho w ev er w e restrict to

the case of parallel w eigh t ( k ; :::; k ) and ev en gen us. W e follo w the metho d of Wiles ([Wi])

based on �nding enough �-adic forms b y writing do wn �-adic Eisenstein series, m ultiplying

these b y suitable mo dular forms and sp ectrally decomp osing the result. This requires that

one already has suitable b ounds on the dimension of v arious spaces of ordinary mo dular

5



forms in v olv ed. This again follo ws from our results in c hapter 1. In the case of Siegel

mo dular forms the calculations required for this metho d b ecome v ery messy .

Finally in c hapter 4 w e consider the case of imaginary quadratic �elds. Here w e are not

able to m ultiply together mo dular forms, so w e w ork exclusiv ely with the corresp onding

cohomology groups. Our results are not as sharp as w e w ould lik e due to torsion in the

homology groups. As a b ypro duct of our metho d w e can in fact exhibit torsion in the

homology of certain shea v es (of \non-parallel w eigh t", so that the torsion free part of the

cuspidal part of the �rst homology v anishes) on quotien ts of h yp erb olic 3-space b y certain

discrete groups.

It is a pleasure to ac kno wledge the in
uence of the w ork of Hida [Hi1] and that of Wiles

[Wi] on this thesis. I ha v e also enjo y ed and b ene�ted from man y discussions with F red

Diamond and Mic hael Larsen. Finally I w ould lik e to express m y great gratitude to m y

advisor Andrew Wiles for his constan t help and encouragemen t.

This w ork w as partially supp orted b y a Sloane F oundation Do ctoral Dissertation F el-

lo wship.
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Chapter 1

A Group Cohomological Lemma

1.1 The Lemma

W e shall mak e rep eated use of a certain argumen t to compare the group cohomology of

di�eren t mo dules, and hence certain spaces of mo dular forms of di�eren t \w eigh t". W e

shall describ e this metho d abstractly as it seems to b e applicable rather generally . It is an

extension of some ideas of Shim ura ([Sh2 ]) and of Hida (see [Hi1]).

If � is a semi-group, � a subgroup and M a �-mo dule then the cohomology groups

H

�

(� ; M ) ma y b e considered as the image of M under the righ t deriv ed functors of the

�xed p oin t functor N 7! N

�

from �-mo dules to ab elian groups. If �

1

and �

2

are t w o

subgroups of � and if g 2 � is suc h that [�

2

: �

2

\ g �

1

g

� 1

] is �nite then there is a natural

transformation:

[�

2

g �

1

] : H

�

(�

1

; ) � ! H

�

(�

2

; )

determined as b eing the unique suc h transformation compatible with the b oundary homo-

morphisms and whic h coincide in degree zero with:

M

�

1

� ! M

�

2

m 7� !

P




i

g m

where:

�

2

=

a




i

(�

2

\ g �

1

g

� 1

)
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or equiv alen tly:

�

2

g �

1

=

a




i

g �

1

These are usually called Hec k e op erators, and the sp ecial case �

1

� �

2

and g = 1 is called

corestriction and denoted cor .

If �

1

, �

2

are t w o groups and M

1

, M

2

are mo dules o v er �

1

and �

2

resp ectiv ely and, if

moreo v er, � : �

2

! �

1

and � : M

1

! M

2

satisfy:

� (( �
 ) m ) = 
 ( � m )

for all 
 2 �

2

and m 2 M

1

; then there is an induced map:

( �

�

; �

�

) : H

�

(�

1

; M

1

) � ! H

�

(�

2

; M

2

)

It ma y b e de�ned as the unique map functorially extending:

� : M

�

1

1

� ! M

�

2

2

Returning to the situation in the last paragraph w e ma y factor [�

1

g �

2

] as:

H

�

(�

1

; M )

( c

�

g

� 1

;g

�

)

� ! H

�

(�

2

\ g �

1

g

� 1

; M )

cor

� ! H

�

(�

2

; M )

where c

g

� 1 ( 
 ) = g

� 1


 g .

W e shall no w in tro duce a sligh t generalisation of Hec k e op erators. Let �

1

, �

2

again b e

subgroups of � and g 2 � b e suc h that [�

2

: �

2

\ g �

1

g

� 1

] < 1 . Let M

1

, M

2

b e mo dules

for h g ; �

1

i and �

2

resp ectiv ely . Let � : g M

1

! M

2

b e a map of �

2

\ g �

1

g

� 1

-mo dules. Then

w e can de�ne a map:

[�

2

g �

1

]

�

: H

�

(�

1

; M

1

) � ! H

�

(�

2

; M

2

)

to b e the comp osite:

H

�

(�

1

; M

1

)

( c

�

g

� 1

; ( � � g )

�

)

� ! H

�

(�

2

; \ g �

1

g

� 1

; M

2

)

cor

� ! H

�

(�

2

; M

2

)

If w e set M

1

= M

2

and � = I d then w e reco v er the normal Hec k e op erators.
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Lemma 1.1 L et � b e a semi-gr oup; �

1

� �

2

sub gr oups of � ; g 2 � with [�

1

: �

1

\

g �

2

g

� 1

] < 1 ; M

1

(r esp. M

2

) a mo dule for h �

1

; g i (r esp. h �

2

; g i ); and j : M

1

! M

2

a h �

2

; g i

morphism such that j : g M

1

�

! g M

2

. Then ther e exists I : H

�

(�

2

; M

2

) ! H

�

(�

1

; M

1

) such

that:

1. If ther e exist elements 


i

2 �

1

such that �

1

g �

1

=

`




i

g �

1

and �

1

g �

2

=

`




i

g �

2

then

I � j

�

= [�

1

g �

1

] .

2. If ther e exist elements �

i

2 �

1

such that �

1

g �

2

= (�

2

g �

2

) q (

`

�

2

�

i

g �

2

) and j �

i

g M

1

=

0 then j

�

� I = [�

2

g �

2

] .

The c onditions in 1) and 2) ar e automatic al ly satis�e d if �

1

= �

2

.

Pr o of: Set I = [�

1

g �

2

]

j j

� 1

g M

1

. The �rst part is easy , it follo ws from the comm utativit y of

the follo wing diagram:

H

�

(�

1

; M

1

)

( c

�

g

� 1

;g

�

)

� ! H

�

(�

1

\ g �

1

g

� 1

; g M

1

) � ! H

�

(�

1

\ g �

1

g

� 1

; M

1

)

cor

� ! H

�

(�

1

; M

1

)

j

�

# j

�

# & r es & r es " cor

H

�

(�

2

; M

2

)

( c

�

g

� 1

;g

�

)

� ! H

�

(�

1

\ g �

2

g

� 1

; g M

2

)

j

�

�

=

H

�

(�

1

\ g �

2

g

� 1

; g M

1

) � ! H

�

(�

1

\ g �

1

g

� 1

; M

1

)

(The only sligh t problem is the righ t hand triangle, but w orking in the category of h �

1

; g i -

mo dules w e need only c hec k this in degree zero.)

F or the second part w e m ust c hec k that the follo wing diagram is comm utativ e:

H

�

(�

1

; M

1

)

j

�

�

=

H

�

(�

1

\ g �

2

g

� 1

; g M

1

) � ! H

�

(�

1

\ g �

2

g

� 1

; M

1

)

cor

� ! H

�

(�

1

; M

1

)

( c

�

g

� 1

; g

�

) " j

�

& # j

�

# j

�

H

�

(�

2

; M

2

)

( c

�

g

� 1

;g

�

)

� ! H

�

(�

2

\ g �

2

g

� 1

; M

2

)

cor

� ! H

�

(�

2

; M

2

)

The left hand side is easy , the only problem is to c hec k that the t w o comp osite maps

H

�

(�

3

; N ) ! H

�

(�

2

; M

1

) in:

H

�

(�

3

; N ) � ! H

�

(�

3

; M

1

)

cor

� ! H

�

(�

1

; M

1

)

# j

�

# j

�

H

�

(�

3

\ �

2

; M

2

)

cor

� ! H

�

(�

2

; M

2

)

are equal, where �

3

= �

1

\ g �

2

g

� 1

and N = g M

1

. (If �

1

= �

2

this also is easy .) In fact w e

shall pro v e this under the follo wing assumptions, whic h are clearly v alid in our case:
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�

3

� �

1

and �

2

� �

1

are subgroups of �, M

1

is a �

1

mo dule, N is a �

3

-submo dule

of M

1

, M

2

is a �

2

-mo dule and j : M

1

! M

2

is a morphism o v er �

2

suc h that �

1

=

(�

2

�

3

) q (

`

�

2

�

i

�

3

) with j �

i

N = 0.

T o pro v e this let � 2 Z

n

(�

3

; N ) and let 


1

; :::; 


n

2 �

2

. Let �

2

�

3

=

`

h

k ; 0

�

3

and

�

2

�

i

�

3

=

`

h

i;k ; 0

�

3

with eac h h

k ; 0

and h

i;k ; 0

in �

2

, so that j h

i;k ; 0

N = 0 and �

2

=

`

h

k ; 0

(�

2

\

�

3

). Then the image of � in H

n

(�

2

; M

1

) b y the lo w er route is represen ted b y:

( 


1

; :::; 


n

) 7� !

X

h

k ; 0

j � � ( h

� 1

k ; 0




1

h

k ; 1

; :::; h

� 1

k ;n � 1




n

h

k ;n

)

where h

k ;l

is de�ned b y h

� 1

k ;l � 1




l

h

k ;l

2 �

3

and h

k ;l

= h

k

0

; 0

for some k

0

. Moreo v er if w e de�ne

h

i;k ;l

in the similarly , then the image of � b y the upp er route is represen ted b y:

( 


1

; :::; 


n

) 7� ! j

P

h

k ; 0

� ( h

� 1

k ; 0




1

h

k ; 1

; :::; h

� 1

k ;n � 1




n

h

k ;n

)

+ j

P

h

i;k ; 0

� ( h

� 1

i;k ; 0




1

h

i;k ; 1

; ::: )

=

P

h

k ; 0

j � � ( h

� 1

k ; 0




1

h

k ; 1

; :::; h

� 1

k ;n � 1




n

h

k ;n

)

1.2 Some Applications

The basic idea in the application of this lemma is that if G is a reductiv e group, P a parab olic

subgroup, L a Levi comp onen t of P , A the split comp onen t of its cen tre, �

P

( N ) the in v erse

image of P ( Z = N Z ) under G ( Z ) ! G ( Z = N Z ), M a G mo dule with w eigh ts � � X

�

( A ),

�

0

2 � a lo w est w eigh t with resp ect to the partial order corresp onding to P , and � 2 X

�

( A )

is suc h that � :� � 0 for all � 2 � with equalit y if and only if � = �

0

; then one can de�ne

a map j : M ( Z = N Z ) ! M

�

0

( Z = N Z ) of �

P

( N )-mo dules suc h that j : � ( N ) M ( Z = N Z )

�

� !

� ( N ) M

�

0

( Z = N Z ) (here M

�

0

denotes the �

0

eigenmo dule). By our lemma w e then see that

H

�

(�

P

( N ) ; M ( Z = N Z )) dep ends up to the action of [�

P

( N ) � ( N )�

P

( N )] only on the action

of L on M

�

0

( Z = N Z ). No doubt this can b e formalised in this generalit y , but w e shall simply

treat sev eral examples.

Example 1.1

W e shall pro v e:
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Theorem 1.1 Fix a prime p and an extension of the p -adic valuation on Q to Q

ac

(i.e.

Q

ac

� Q

ac

p

) and an inte ger N . Fix also a c onstant C . Then the sum of the dimensions of the

eigensp ac es in S

k

(�

1

( N )) for the He cke op er ator T

p

= [�

1

( N )

0

@

1 0

0 p

1

A

�

1

( N )] for which

the c orr esp onding eigenvalue has p -adic valuation less than C is b ounde d indep endently of

k .

Note that w e shall here emplo y the standard notation for elliptic mo dular forms. W e

shall also use standard facts ab out them without commen t. See for example [Sh2].

Pr o of: W e �rst reduce to the case p j N . So supp ose p 6 j N and without loss of general-

it y k > C

2

+ 1. If f 2 S

k

(�

0

( N ) ; � ) is an eigen v alue for T

p

with eigen v alue a

p

where

v al

p

( a

p

) < C then the equation X

2

� a

p

X + � ( p ) p

k � 1

has a ro ot � with v al

p

( � ) = v al

p

( a

p

)

and a ro ot � with v al

p

( � ) > C , and f ( z ) � � f ( pz ) 2 S

k

(�

1

( N p )) is an eigen v ector for

[�

1

( N p )

0

@

1 0

0 p

1

A

�

1

( N p )] with eigen v alue � . Moreo v er if f

1

; :::; f

r

2 S

k

(�

1

( N )) are lin-

early indep enden t and if �

1

; :::; �

r

2 C then the functions f

i

( z ) � �

i

f

i

( pz ) are linearly

indep enden t in S

k

(�

1

( N p )). The desired reduction no w follo ws at once.

Th us assume p j N . By a theorem of Eic hler and Shim ura it will do to establish the theo-

rem with H

1

(�

1

( N ) ; S

k � 2

(( Q

ac

p

)

2

)) in place of S

k

(�

1

( N )), and T

p

= [�

1

( N )

0

@

p 0

0 1

1

A

�

1

( N )].

(Here S

n

denotes the n

th

symmetric p o w er.) In fact it will do to consider

H

1

(�

1

( N p

r

) ; S

k � 2

(( Q

ac

p

)

2

)) for an y r � 0 (b ecause p j N implies that T

p

comm utes with

restriction from �

1

( N ) to �

1

( N p

r

)). Let B

k

( Q

ac

p

) denote the sum of the eigenspaces of

T

p

in this cohomology group, whic h ha v e p -adic v aluation less than C . Also let B

k

=

B

k

( Q

ac

p

) \ H

1

(�

1

( N p

r

) ; S

k � 2

( Z

2

p

))

T F

(where T F indicates the torsion free quotien t). Then

B

k

( Q

ac

p

) = B

k




Z

p

Q

ac

p

. T ak e M = H

1

(�

1

( N p

r

) ; S

n

(( Z =p

r

Z )

2

)) for some �xed c hoice of

n > C and for r = n ( n + 1). Then for k � n + 2 w e ha v e a natural pro jection map:

j : S

k � 2

(( Z =p

r

Z )

2

) � ! S

n

(( Z =p

r

Z )

2

)

11



as �

1

( N p

r

)-mo dules. If moreo v er g =

0

@

p

n

0

0 1

1

A

w e ha v e:

j : g S

k � 2

(( Z =p

r

Z )

2

)

�

� ! g S

n

(( Z =p

r

Z )

2

)

and so b y our lemma 1.1 w e kno w that the k ernel of:

B

k

=p

r

B

k

, ! H

1

(�

1

( N p

r

) ; S

k � 2

(( Z =p

r

Z )

2

))

j

�

� ! M

is killed b y T

n

p

. Th us r (rk B

k

) � v al

p

(det T

n

p

) � v al

p

(# M ) so that r (rk B

k

) � v al

p

(# M ) +

nC (rk B

k

) and rk B

k

� v al

p

(# M ) as desired.

Before giving further examples w e recall the notion of \Hida idemp oten t". If M is a Z

p

mo dule with E nd

Z

p

( M ) a �nite Z

p

-mo dule (for example if M or H om ( M ; Q

p

= Z

p

) is a �nite

Z

p

-mo dule) and if U : M ! M is an endomorphism then there exists a unique idemp oten t

e

U

2 Z

p

[ U ] � E nd

Z

p

( M ) suc h that:

1. U is in v ertible on e

U

M

2. U is top ologically nilp oten t on (1 � e

U

) M

3. e

U

= lim

r !1

U

r !

4. if U comm utes with another op erator T so do es e

U

If M

0

is a second suc h mo dule with an op erator U

0

and T : M ! M

0

is suc h that T U = U

0

T

then e

U

0

T = T e

U

. These results are all easy consequences of the discussion in [MW2 ]

(section 4). If A is a Z

p

-algebra w e can think of e

U

2 E nd

A

( M 
 A ). Moreo v er if M and U

are de�ned o v er Z , sa y M = M

0




Z

Z

p

then e

U

2 E nd

R

( M

0




Z

R ) where R = Z

p

\ Q

ac

. In

particular if w e �x Q

ac

� C and Q

ac

� Q

ac

p

w e ma y think of e

U

2 E nd

C

( M

0


 C ). Exactly

similar results hold with Z

p

replaced b y the completion of the in tegers of an y n um b er �eld

at an y �nite prime.

Note that w e ma y deduce from the ab o v e example the follo wing result of Hida:

Corollary 1.1 Fix a prime p , an inte ger N and emb e ddings Q

ac

� C and Q

ac

� Q

ac

p

. L et

e b e the idemp otent asso ciate d to the He cke op er ator T

p

(de�ne d as ab ove) on S

k

(�

1

( N )) .

Then dim eS

k

(�

1

( N )) is b ounde d indep endently of k .

12



W e no w consider our second:

Example 1.2

W e recall some facts ab out S p

2 g

. Fix a maximal torus T in S p

2 g

( C ) consisting of

diagonal matrices in the standard represen tation in to GL

2 g

. Fix X

�

( T )

�

=

Z

g

b y setting

~ n = ( n

1

; :::; n

g

) : ( diag ( �

1

; ::; �

g

; �

� 1

1

; ::; �

� 1

g

)) = �

n

1

1

:::�

n

g

g

. Also �x a Borel B consisting of

matrices of the form:

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

� 0 : : : 0 � : : �

� � 0 : :

.

.

.

.

.

.

.

.

. : :

� � : : : � � : : �

0 : : 0 � : : : � �

: :

.

.

.

.

.

.

.

.

.

: : 0 � �

0 : : 0 0 : : : 0 �

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

Then the ro ots � of T on sp

2 g

, the Lie algebra of S p

2 g

, are:

� �

ij

the v ector consisting of zero es except for 1 in the i

th

place and � 1 in the j

th

place

( i 6= j )

� �

ij

the v ector consisting of zero es except for 1 in the i

th

and j

th

places ( i > j )

� �

ii

the v ector consisting of zero es except for 2 in the i

th

place

� 


ij

= � �

ij

( i � j )

With resp ect to B the p ositiv e ro ots �

+

are the �

ij

with i > j and the �

ij

. Note that:

��

ij

=

0

@

�

ii

� �

j j

0

0 �

j j

� �

ii

1

A

�

�

ij

=

0

@

�

ii

+ �

j j

0

0 � �

ii

� �

j j

1

A

13



�

�

ii

=

0

@

�

ii

0

0 � �

ii

1

A

�


ij

= �

�

�

ij

where �

ij

is the g � g matrix with one in the i

th

ro w and j

th

column and zero es elsewhere.

Also sp

2 g

( C ) has a Chev alley basis consisting of the follo wing elemen ts:

X

ij

=

0

@

�

ij

0

0 � �

ij

1

A

( i 6= j )

Y

ij

=

0

@

0 �

ij

+ �

j i

0 0

1

A

( i > j )

Y

ii

=

0

@

0 �

ii

0 0

1

A

Z

ij

=

t

Y

ij

( i � j )

together with ��

( i +1) i

for i = 1 ; :::; g � 1 and

�

�

11

.

W e shall let U

Z

denote the Z -subalgebra of the univ ersal en v eloping algebra of sp

2 g

( C )

generated b y elemen ts of the form

X

n

ij

n !

,

Y

n

ij

n !

and

Z

n

ij

n !

. If V is an sp

2 g

( C ) mo dule then b y

an admissible lattice L � V w e shall mean a Z lattice preserv ed b y U

Z

. Then it is kno wn

that an y �nite dimensional irreducible sp

2 g

( C ) mo dule con tains an admissible lattice, for

example U

Z

v for an y lo w est w eigh t v ector v , and moreo v er that an y admissible lattice is

equal to the sum of its in tersections with the w eigh t spaces of T in V .

Let R denote Z or Z = N Z . Let L b e an admissible lattice in V

L

where �

L

: S p

2 g

( C ) !

GL

V

L

. W e can de�ne G

L

( R ) to b e the subgroup of GL

L 
 R

generated b y elemen ts of

the form exp X

ij

, exp Y

ij

and exp Z

ij

. W e shall let P

L

( R ) denote the subgroup of G

L

( R )

generated b y the exp X

ij

and the exp Y

ij

, and S

L

( R ) the one generated b y the exp X

ij

. It

is kno wn that if L

1

and L

2

are as ab o v e with k er �

L

1

� k er �

L

2

then there is a unique map

G

L

1

( R ) ! G

L

2

( R ) taking exp W 2 G

L

1

( R ) to exp W 2 G

L

2

( R ) for W equal to an y X

ij

,

Y

ij

or Z

ij

. (See [Sg].) W e see that this map tak es P

L

1

( R ) to P

L

2

( R ) and S

L

1

( R ) to S

L

2

( R ).

In particular w e see that G

L

( R ), P

L

( R ) and S

L

( R ) dep end only on k er �

L

up to canonical

isomorphism.
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If �

L

is the standard (faithful) 2 g dimensional represen tation of S p

2 g

( C ) then G

L

( R ) =

S p

2 g

( R ), P

L

( R ) = P ( R ) the subset of matrices of the form

0

@

A B

0

t

A

� 1

1

A

with A 2

S L

2 g

( R ) and S

L

( R ) = S L

g

( R ) the subset of these matrices with B = 0. W e exp ect

that this is w ell kno wn, but kno w no references. Brie
y one sho ws b y p erforming ro w and

column op erations that S p

2 g

( R ) is generated b y matrices of the follo wing forms:

1.

0

@

1 � �

ij

0

0 1 + �

ij

1

A

= exp( � X

ij

) for i 6= j

2.

0

@

1

g

�

ij

+ �

j i

0 1

g

1

A

= exp( Y

ij

) for i > j

3.

0

@

1

g

�

ii

0 1

g

1

A

= exp ( Y

ii

)

4.

0

@

1

g

0

�

ij

+ �

j i

1

g

1

A

= exp( Z

ij

) for i > j

5.

0

@

1

g

� �

ii

� �

j j

� �

j i

+ �

ij

0

0 1

g

� �

ii

� �

j j

� �

j i

+ �

ij

1

A

= exp( X

ij

) exp ( � X

j i

) exp( X

ij

) for i 6= j

6.

0

@

1

g

� �

ii

�

ii

� �

ii

1

g

� �

ii

1

A

= exp( Y

ii

) exp( � Z

ii

) exp( Y

ii

)

that P ( R ) is generated b y matrices of t yp es 1), 2), 3), and 5); and that S L

g

( R ) is generated

b y those of t yp e 1) and 3).

Let:

�

1

( N ) =

8

<

:

0

@

A B

C D

1

A

2 S p

2 g

( R ) j C � 0 mo d N det A � 1 mo d N

9

=

;
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Then if L is an y admissible lattice w e ha v e maps:

S p

2 g

( Z ) � ! G

L

( Z = N Z )

S S

�

1

( N ) � ! P

L

( Z = N Z ) � ! S

L

( Z = N Z )

compatible with the map L ! L 
 Z = N Z . In particular �

1

( N ) ! ! S L

g

( Z = N Z ) where

exp X

ij

7! exp X

ij

and exp Y

ij

7! 0.

Recall that the irreducible represen tations of S p

2 g

( C ) are parametrised b y v ectors ~ n 2

X

�

( T ) with 0 � n

1

::: � n

g

. W e shall denote the set of suc h v ectors X

�

( T )

+

. Let V

~ n

denote

the S p

2 g

( C ) mo dule parametrised b y ~ n , and giv e it a GS p

2 g

( C ) action b y letting � 1

2 g

act

b y �

j ~ n j

, where j ~ n j =

P

n

i

. Note that if ~ a 2 X

�

( T ) is a w eigh t of T on V

~ n

then

0

@

� 1

g

0

0 1

g

1

A

acts on the corresp onding w eigh t space V

~ a

~ n

as �

1

2

P

( n

i

+ a

i

)

and that

1

2

P

( n

i

+ a

i

) 2 Z

� 0

. In

particular if � 2 Z then

0

@

� 1

g

0

0 1

g

1

A

preserv es an y admissible lattice.

No w c ho ose v

~ n

2 V

~ n

a lo w est w eigh t v ector. Set L

~ n

= U

Z

v

~ n

, an admissible lattice in

V

~ n

. Let V

0

~ n

=

L

V

~ a

~ n

, where the sum is tak en o v er w eigh ts ~ a with

P

( n

i

+ a

i

) = 0. Also let

U

0

Z

b e the subalgebra of U

Z

generated b y the elemen ts

X

n

ij

n !

and L

0

~ n

= U

0

Z

v

~ n

. Then L

0

~ n

� V

0

~ n

.

In fact it is kno wn that L

~ n

is spanned o v er Z b y v ectors of the form

Q

i>j

X

a

ij

ij

a

ij

!

Q

i � j

Y

b

ij

ij

b

ij

!

v

~ n

and so w e see that L

0

~ n

= L

~ n

\ V

0

~ n

and this is a direct summand of L

~ n

(for an elemen t of the

ab o v e form lies in V

0

~ n

if and only if b

ij

= 0 for all i; j ).

Fix a p ositiv e in teger N . L

~ n


 ( Z = N Z ) is a �

1

( N )-mo dule and this action factors

through P

L

~ n

. W e can also mak e L

0

~ n


 ( Z = N Z ) a �

1

( N ) mo dule through the map �

1

( N ) !

S

L

~ n

( Z = N Z ). I claim that with these actions the pro jection map:

j : L

~ n


 ( Z = N Z ) � ! L

0

~ n


 ( Z = N Z )

is a map of �

1

( N )-mo dules. But it will do to sho w that:

� j ( X

ij

v ) = X

ij

j ( v )

� j ( Y

ij

v ) = 0
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and these are b oth clear. Moreo v er if g =

0

@

N 1

g

0

0 1

g

1

A

then:

j : g ( L

~ n


 ( Z = N Z ))

�

� ! g ( L

0

~ n


 ( Z = N Z ))

Th us if � � �

1

( N ) is of �nite index, and if U denotes the Hec k e op erator [� g �] w e see that

our prop osition implies that there exists:

I : H

�

(� ; L

0

~ n


 ( Z = N Z )) � ! H

�

(� ; L

~ n


 ( Z = N Z ))

suc h that I � j

�

= U and j

�

� I = U . It is w ell kno wn that these cohomology groups

are �nitely generated ab elian groups and so if N = p a prime w e can asso ciate a Hida

idemp oten t e to U . Then w e ha v e that:

j

�

: eH

�

(� ; L

~ n


 ( Z = N Z ))

�

� ! eH

�

(� ; L

0

~ n


 ( Z = N Z ))

No w consider S L

g

� GS p

2 g

b y A 7!

0

@

A 0

0

t

A

� 1

1

A

. Then w e see from the fact that

V

0

~ n

= L

0

~ n


 C that V

0

~ n

is an irreducible sl

g

( C )-mo dule of heighest w eigh t dep ending only

on the ( g � 1)-tuple ( n

1

� n

2

; :::; n

1

� n

g

). Th us if ~m 2 Z

g

with 0 � m

1

� ::: � m

g

and

m

i

� m

1

= n

i

� n

1

for i = 2 ; :::; g then w e ha v e an isomorphism of sl

g

( C )-mo dules V

0

~ n

�

! V

0

~m

suc h that v

~ n

7! v

~m

, and so L

0

~ n

�

! L

0

~m

preserving the action of the X

ij

. Th us eH

�

(� ; L

~ n


 F

p

)

dep ends up to canonical isomorphism only on the ( g � 1)-tuple ( n

2

� n

1

; :::; n

g

� n

1

). W e

deduce:

Theorem 1.2 L et p b e a prime, � � �

1

( p ) a sub gr oup of �nite index. Fix Q

ac

� Q

ac

p

and

Q

ac

� C . Then we c an asso ciate a Hida idemp otent e to the action of [�

0

@

p 1

g

0

0 1

g

1

A

�]

on H

�

(� ; V

~ n

) for ~ n 2 X

�

( T )

+

, and dim eH

�

(� ; V

~ n + m

~

t

) is b ounde d indep endently of m � 0 ,

wher e

~

t = (1 ; :::; 1) 2 Z

g

.

Pr o of: Set ~m = ~ n + m

~

t . Then it will do to sho w that dim eH

�

(� ; L

~m


 Q

p

) is so b ounded.

But w e ha v e seen that dim eH

�

(� ; L

~m


 F

p

) is so b ounded and w e ha v e that:
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� eH

�

(� ; L

~m


 Z

p

) 
 F

p

, ! eH

�

(� ; L

~m


 F

p

)

� dim eH

�

(� ; L

~m


 Z

p

) 
 Q

p

= dim eH

�

(� ; L

~m


 Q

p

)

so the result follo ws. (The �rst em b edding comes from the long exact sequence corresp ond-

ing to 0 ! Z

p

p

! Z

p

! F

p

! 0.)
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Chapter 2

Some Congruences b et w een Siegel

Mo dular F orms

2.1 In tro duction

In this c hapter w e are concerned with sho wing ho w, starting with a Siegel mo dular form f of

lo w w eigh t whic h is an eigenform of the Hec k e op erators on a certain congruence subgroup

of �

0

( p ) (those matrices in S p

2 g

( Z ) congruen t to

0

@

� �

0 �

1

A

mo d p ) whic h is ordinary in the

sense that it is an eigen v alue of a certain Hec k e op erator U

p

(see section 2.2) with eigen v alue

a p -adic unit; w e can �nd a series of eigenforms of heigher w eigh t whose eigen v alues under

the Hec k e op erators tend to those of the �rst form p -adically . W e apply this to sho w ho w

standard conjectures ab out the existence of p -adic Galois represen tations corresp onding to

suc h forms of gen us t w o, if true for high w eigh t (where one hop es to �nd the represen tations

in certain p -adic cohomology groups) w ould also b e true for ordinary forms of lo w w eigh t.

T o explain our results more precisely recall that giv en g in tegers 0 � n

1

� ::: � n

g

w e ma y consider Siegel mo dular forms of gen us g and of w eigh t ~ n = ( n

1

; :::; n

g

). These

are holomorphic functions on Siegel mo dular space v alued in the irreducible represen tation

of GL

g

( C ) with heighest w eigh t ~ n and whic h ha v e certain transformation prop erties. If

1

2

g ( g + 1) � n

1

then suc h forms corresp ond to automorphic represen tations of GS p

2 g

( A )
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whic h are holomorphic discrete series at in�nit y . In this case one exp ects (conjecturally) to

b e able to asso ciate to certain suc h mo dular forms (those whic h are eigenforms of a Hec k e

algebra) a system of 2

g

dimensional l -adic Galois represen tations, and to b e able to �nd

these represen tations in the cohomology of certain shea v es on canonical mo dels of certain

quotien ts of Siegel mo dular space. In the case n

1

=

1

2

g ( g + 1) � 1 suc h forms corresp ond to

automorphic represen tations of GS p

2 g

( A ) whic h are limit of holomorphic discrete series at

in�nit y . One still exp ects to b e able to asso ciate Galois represen tations to suc h forms, but

one can no longer exp ects to b e able to �nd them geometrically .

W e shall sho w ho w to reduce the second case to the �rst in the case of \ordinary"

forms of gen us t w o. The restriction on the gen us is probably not imp ortan t but it simpli�es

some of the argumen ts and gen us t w o is the case of most in terest for us. An eigenform on a

congruence subgroup � of �

0

( p ) is called ordinary at p if its eigen v alue for the Hec k e op erator

U

p

= [�

0

@

1

g

0

0 p 1

g

1

A

�] is a p -adic unit. An eigenform of gen us t w o for a congruence

subgroup � of S p

4

( Z ) whic h is dense in S p

4

( Z

p

) is called ordinary at p if a certain quartic

p olynomial Q

p

( X ) (see 2.4) asso ciated to f has distinct ro ots the ratio of no t w o of whic h

equals p and one of whic h is a p -adic unit (in the case n

1

� 2 this is certainly true if Q

p

( X )

has t w o distinct ro ots whic h are p -adic units).

Our metho d is as follo ws. One can write do wn a theta series � of w eigh t ( p � 1 ; :::; p � 1)

whic h is congruen t to one mo dulo p . Multiplying a form f b y high p p o w ers of � pro duces

v ery congruen t forms of heigher w eigh t. This along with some bac kground on Siegel mo dular

forms is discussed in section 2.2. Unfortunately this do es not seem to b e enough for the

applications to Galois represen tations, the problem b eing that if one starts with an eigenform

of the Hec k e op erators one do es not obtain an eigenform highly congruen t to it. T o o v ercome

this problem in the case of a congruence subgroup con tained in �

0

( p ) one uses the fact that

the n um b er of ordinary eigenforms on � of lev el ~ n + m (1 ; :::; 1) is b ounded indep enden tly of

m . This is pro v ed b y em b edding the cusp forms in a certain cohomology group and using

the results of the �rst c hapter to relate these as m v aries. F rom this it is not di�cult to

see (b y an argumen t of Wiles using Fitting ideals) that w e can lift f �

p

m

to an eigenform
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of w eigh t ~ n + p

m

( p � 1)(1 ; :::; 1) with eigen v alues congruen t to those of f mo dulo p

m +1

C

for

some C indep enden t of m , as w e w an ted. This argumen t is discussed in section 2.3. The

application to Galois represen tations is discussed in section 2 : 5. In section 2.4 w e sho w

ho w to construct from an eigenform � on a general congruence subgroup whic h is dense

in S p

4

( Z

p

) an eigenform on � \ �

0

( p ) whic h is also an eigenform for U

p

. W e use this to

generalise the results ab out Galois represen tations to congruence subgroups not con tained

in �

0

( p ).

2.2 Review of Siegel Mo dular F orms

Fix an in teger g � 1. Let GS p

2 g

( R ) denote the set of � 2 GL

2 g

( R ) suc h that:

�

0

@

0 1

g

� 1

g

0

1

A

t

� = � ( � )

0

@

0 1

g

� 1

g

0

1

A

for some � : GS p

2 g

( R ) ! R

�

. Let S p

2 g

( R ) b e those elemen ts of GS p

2 g

( R ) in the k ernel of

� . Let G ( R ) = GS p

2 g

( R ), G

1

= G ( R ), G

+

1

= �

� 1

R

�

> 0

� G

1

, G ( Q )

+

= G ( Q ) \ G

+

1

, and

A (resp. A

f

) denote the adeles (resp. �nite adeles) of Q . Let U

1

denote the group of:

0

@

A B

� B A

1

A

2 GL

2 g

( R )

suc h that A

t

B is symmetric and A

t

A + B

t

B is a nonzero scalar, or:

U

1

=

�

( � ; � ) 2 GL

g

( C ) � C

�

j ( � ; � )

�

= ( � ; � )

	

where ( � ; � )

�

= ( �

c

(

t

�

c

)

� 1

; �

c

) ( c denoting complex conjugation), and the corresp ondence

is giv en b y:

� =

0

@

A B

� B A

1

A

7� ! ( A � iB ; � ( � ))

Th us U

1

is a real form of GL

g

( C ) � C

�

. It is in fact the g � g unitary similitudes.

Let Z = Z

g

denote the set of symmetric complex g � g matrices x +

p

� 1 y with y p ositiv e

de�nite. Then G

+

1

acts on Z b y

0

@

A B

C D

1

A

: z ! ( Az + B )( C z + D )

� 1

. If z

0

= (

p

� 1)1

g
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then � 7! � z

0

giv es a bijection G

+

1

=U

1

�

! Z . W e de�ne a map J : G

+

1

� Z ! GL

g

( C ) � C

�

b y:

0

@

� =

0

@

A B

C D

1

A

; z

1

A

� ! ( C z + D ; � ( � ))

so that:

J ( � � ; z ) = J ( � ; � z ) J ( � ; z )

If � is a �nite dimensional represen tation of GL

g

( C ) � C

�

on a complex v ector space V

then w e set J

�

= � � J : G

+

1

� Z ! Aut ( V ).

If U � G ( A

f

) is an op en compact subgroup w e let S

�

( U ) denote the space of functions

� : G ( Q ) n G ( A ) ! V suc h that:

� � ( g uu

1

) = � ( u

1

)

� 1

� ( g ) for all g 2 G ( A ), u 2 U and u

1

2 U

1

� if h 2 G ( A ) then the function:

f

h

: Z � ! V

� z

0

7� ! J

�

( � ; z

0

) � ( h� )

where � 2 G

+

1

, is holomorphic. (It is easily c hec k ed that this function is w ell de�ned.)

�

R

N ( Q ) n N ( A )

� ( nh ) dn = 0 where N is the unip oten t radical of an y prop er parab olic

subgroup and where dn is an y in v arian t measure on N ( Q ) n N ( A )

W e set S

�

=

S

S

�

( U ) as U ranges o v er op en compact subgroups. Then G ( A

f

) acts on S

�

on

the righ t b y ( � j g )( h ) = � ( hg

� 1

), and S

�

( U ) = S

U

�

. W e de�ne similarly M

�

( U ) b y omitting

the last condition (assuming g > 1, whic h is the only case w e shall b e concerned with as

the case g = 1 is w ell kno wn).

Similarly if � � G

+

1

is a discrete subgroup w e set S

�

(�) to b e the set of holomorphic

functions f : Z ! V suc h that:

� f j 
 = f for all 
 2 �

� lim

� ! + 1

( f j 
 )

0

@

z 0

0 i�

1

A

= 0 for all 
 2 G ( Q )

+

and all z 2 Z

g � 1
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where for 
 2 G

+

1

w e de�ne:

( f j 
 )( z ) = J

�

( 
 ; z )

� 1

f ( 
 z )

Similarly w e ma y de�ne M

�

(�) b y dropping the last condition (if g > 1).

Assume U � G ( A

f

) is an op en compact subgroup suc h that ( � U ) Q

�

R

�

> 0

= A

�

. Then

if w e set �

U

= U \ G ( Q )

+

w e ha v e an isomorphism:

S

�

( U )

�

=

S

�

(�

U

)

giv en b y:

� 7� ! ( f

�

: � z

0

7! J

�

( � ; z

0

) � ( � ))

and in v ersely b y:

f 7� ! ( �

f

: 
 u� 7! J

�

( � ; z

0

)

� 1

f ( � z

0

))

where � 2 G

+

1

, u 2 U and 
 2 G ( Q ). The second map is w ell de�ned as, b y the strong

appro ximation theorem and our assumption on U , w e ha v e that G ( A ) = G ( Q ) U G

+

1

. If

h 2 G ( A

f

) and h = u
 with u 2 U and 
 2 G ( Q )

+

then:

�

f

j h = �h j 
 and f

� j h

= f

�

j 


No w let U and U

0

b e op en compact subgroups of G ( A

f

) and let g 2 G ( A

f

), then w e

de�ne a Hec k e op erator:

[ U g U

0

] : S

�

( U ) � ! S

�

( U

0

)

� 7� !

P

� j g

i

where U g U

0

=

`

U g

i

. If U and U

0

also satisfy the condition of the last paragraph w e can

think of [ U g U

0

] : S

�

(�

U

) ! S

�

(�

U

0

). It is giv en b y f 7!

P

f j 


i

where g

i

= u

i




i

with




i

2 G ( Q )

+

and u

i

2 U . Equiv alen tly w e ma y write g = u
 with 
 2 G ( Q )

+

and u 2 U ,

and then the 


i

's ma y b e de�ned b y �

U


 �

U

0

=

`

�

U




i

.

It is w ell kno wn that if V is irreducible there is an inner pro duct on V , sa y h ; i , suc h

that:

h � ( � ) v

1

; � ( � ) v

2

i = � ( � )

�

h v

1

; v

2

i
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for all � 2 U

1

and v

1

; v

2

2 V , and where � dep ends only on � (in fact � ( x 1

g

; x

2

) = x

�

).

No w de�ne an inner pro duct on S

�

( U ) b y:

h �

1

; �

2

i =

Z

G ( Q ) n G ( A ) =U U

1

h �

1

( g ) ; �

2

( g ) ijj � ( g ) jj

� �

dg

where dg is an in v arian t measure on G ( Q ) n G ( A ) =U U

1

and jj : jj : Q

�

n A

�

! R

�

> 0

b y

x 7!

Q

j x

v

j

v

. This is easily c hec k ed to b e w ell de�ned. Moreo v er the adjoin t of g is

jj � ( g ) jj

� �

g

� 1

(if the t w o measures are normalised correctly) and the adjoin t of [ U g U

0

] is

jj � ( G ) jj

� �

[ U

0

g

� 1

U ].

W e no w in tro duce some sp eci�c represen tations � . W e recall �rst some m ultilinear

algebra. Let 0 � n

1

� ::: � n

g

b e in tegers, and set ~ n = ( n

1

; :::; n

g

) and j ~ n j = n

1

+ ::: + n

g

.

Also let

~

t = (1 ; :::; 1). S

j ~ n j

, the symmetric group on j ~ n j letters acts on M


j ~ n j

. There is an

elemen t c in Z [ S

j ~ n j

] (unique up to � 1) satisfying:

� c

2

= �c for some scalar �

� c =

P

� 2 S

j ~ n j

�

�

� where �

�

= 0, 1 or � 1

� c� = c if � preserv es the sets f 1 ; :::; n

1

g , f n

1

+ 1 ; :::; n

1

+ n

2

g , etc.

� � c = ( � )

�

c (where ( � )

�

denotes the sign of sigma) if � preserv es sets of the form

f n

i

j � 1

+ j; n

i

j � 1

+1

+ j; :::; j ~ n j � n

g

+ j g where i

j

is the least index suc h that n

i

j

� j

(where n

0

= 0).

W e can think of c 2 E nd ( M


j ~ n j

). Let

N

~ n

M denote cM


j ~ n j

. Then

N

~ n

comm utes with

lo calisation and if � : M ! N is linear w e get a linear map 


~ n

( � ) :

N

~ n

( M ) !

N

~ n

( N ).

If R is an y ring this giv es a natural action of GL

g

( R ) on

N

~ n

( R

g

), and if R is a �eld of

c haracteristic zero this represen tation is kno wn to b e irreducible (see [W e ]).

Let W

~ n

denote the GL

g

( R ) � R

�

mo dule

N

~ n

( R

g

) with the ab o v e action of GL

g

( R ) and

on whic h R

�

acts via � 7! �

1

2

g ( g +1) �j ~ n j

. Let �

~ n

denote the corresp onding represen tation,

let W

~ n

denote W

~ n

( C ) and drop the � when �

~ n

is used as a sub- or sup er-script.

If R is a ring denote the ring of formal p o w er series:

X

h 2 sy mm

�

g

( Z )

� 0

a

h

q

h
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in an indeterminate q b y R [[ q ]]

g

. Here sy mm

�

g

( Z ) denotes the semigroup of g � g symmetric

in tegral matrices with ev en diagonal en tries, and a sup erscript � 0 (resp. > 0) indicates

those whic h are p ositiv e semi-de�nite (resp. p ositiv e de�nite). If M is an R -mo dule w e

de�ne M [[ q ]]

g

= R [[ q ]]

g


 M .

If f 2 M

�

(�) there is an in teger N dep ending only on � suc h that f ( z + N h ) = f ( z ) for

h 2 sy mm

g

( Z ). Th us w e ha v e a F ourier expansion:

f ( z ) =

X

h 2 sy mm

�

g

( Z )

� 0

a

h

( f ) exp ( �

p

� 1 N

� 1

tr( hz ))

and so w e get an em b edding M

�

(�) , ! W

~ n

[[ q

1 = N

]]

g

. f 2 S

�

(�) if and only if a

h

( f j 
 ) = 0

for all 
 2 G ( Q )

+

and for all det h = 0. If R � C w e de�ne M

~ n

(� ; R ) = M

�

~ n

(�) \

W

~ n

( R )[[ q

1 = N

]]

g

. W e de�ne S

~ n

(� ; R ) similarly , and for U an op en compact subgroup of G ( A

f

)

with ( � U ) Q

�

R

�

> 0

= A

�

w e de�ne S

~ n

( U; R ) to b e S

~ n

(�

U

; R ), and similarly for M

~ n

( U; R ).

Lemma 2.1 L et � � G ( Q )

+

b e a discr ete c ongruenc e sub gr oup, then ther e is a �nite ab elian

extension K = Q such that S

~ n

(�) = S

~ n

(� ; O

K

) 
 C , and similarly M

~ n

(�) = M

~ n

(� ; O

K

) 
 C .

Pr o of: It will clearly do to sho w the follo wing:

1. M

~ n

(�) is �nite dimensional

2. M

~ n

(�) = M

~ n

(� ; Q

ab

) 
 C

3. S

~ n

(�) = S

~ n

(� ; Q

ab

) 
 C

4. if f 2 M

~ n

(� ; Q

ab

) then there exists 0 6= C 2 Q

ab

with C f 2 M

~ n

(� ; O

Q

ab

)

1) is w ell kno wn. If M

~ n

denotes the union o v er all congruence subgroups � of M

~ n

(�) then

Shim ura has pro v ed that M

~ n

= M

~ n

( Q ) 
 C and that G ( Q )

+

preserv es M

~ n

( Q

ab

) (see [Sh3 ]).

2) and 3) follo w from this. Finally it will do to establish 4) in the sp ecial case when �

is equal to the set of matrices in S p

2 g

( Z ) whic h are congruen t to 1

2 g

mo dulo N for some

N > 3.

It is kno wn (see for example [F a2 ]) that there is a separated sc heme M and a principally

p olarised ab elian sc heme A = M of relativ e dimension g together with an isomorphism � :
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( �

g

N

� ( Z = N Z )

g

) �

Z

M

�

! A [ N ] taking the standard pairing ( �

g

N

� ( Z = N Z )

g

)

2

! �

N

to

the W eil pairing A [ N ]

2

! �

N

(i.e. a lev el N structure), with the prop ert y that if A=S is

a principally p olarised ab elian sc heme with lev el N structure, then there is a unique map

S ! M suc h that A

�

=

A �

M

S and the p olarisation and lev el N structure on A come b y

pulling bac k that on A . If A=S is an ab elian sc heme, let !

A=S

denote the direct image of

the sheaf of relativ e di�eren tials 


A=S

. Then !

A=S

is quasicoheren t on S , and if T ! S

then !

A � T =T

is the in v erse image of !

A=S

. (These are easy from the de�nition of 
 and the

fact that A ! S is quasicompact.) In particular !

A=S

is the in v erse image of !

A = M

under

the canonical map S ! M , and w e get a map !

A = M

( M ) ! !

A=S

( S ).

No w consider Z [[ q

1 = N

]]. There is an h 2 sy mm

�

g

( Z ) suc h that if f = q

h

and R =

Z [[ q

1 = N

]][ f

� 1

], then it is kno wn (the Mumford construction, but see [F a2 ]) that there is an

ab elian sc heme A= sp ec R with a canonical isomorphism !

A=R

�

=

R

g

. Th us w e obtain a map

!

A = M

( M ) ! R

g

. Moreo v er if ~ n is as ab o v e w e get a map (

N

~ n

!

A = M

)( M ) !

N

~ n

( R

g

). If

w e tensor o v er Z with C w e get a comm utativ e diagram:

(

N

~ n

!

A = M

)( M ) � !

N

~ n

( R

g

)

# #

(

N

~ n

!

A

C

= M

C

)( M

C

) � !

N

~ n

( R 
 C )

g

It is further kno wn that (

N

~ n

!

A

C

= M

C

)( M

C

) = M

~ n

(�) and that the map (

N

~ n

!

A

C

= M

C

)( M

C

)

!

N

~ n

( C [[ q

1 = N

]]

g

[ f

� 1

]

g

) is just the normal q -expansion. Finally as !

A = M

is quasicoher-

en t and C is 
at o v er Z ,

N

~ n

( !

A

C

= M

C

( M

C

)) =

N

~ n

( !

A = M

( M )) 
 C . Th us the image of

N

~ n

( !

A = M

( M )) in M

~ n

(�) spans M

~ n

(�) and eac h elemen t has a F ourier expansion with

co e�cien ts in Z as desired.

Corollary 2.1 With the notation as in the lemma, if � = �

U

for U �

Q

GS p

2 g

( Z

l

) an

op en c omp act sub gr oup normalise d by i

Q

Z

�

l

wher e i : G

m

! GS p

2 g

by t 7!

0

@

1

g

0

0 t 1

g

1

A

,

then we may take K = Q .

Pr o of: It will do to sho w that S

~ n

(� ; Q

ab

) is stable under the action of Gal( Q

ab

= Q ), and

similarly for M

~ n

(� ; Q

ab

). W e shall only treat the �rst case, whic h is marginally harder.
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Shim ura (see [Sh3]) de�nes an action of G ( A

f

) on M

~ n

( Q

ab

) suc h that in particular ev ery

function is stabilised b y an op en subgroup, G ( Q )

+

has its normal action, and if t 2

Q

Z

�

l

then f

it

= f

( t

� 1

; Q

ab

= Q )

, where ( ; Q

ab

= Q ) is the Artin sym b ol. Let f 2 S

~ n

(� ; Q

ab

) and

t 2

Q

Z

�

l

, w e m ust sho w that f

it

2 S

~ n

(� ; Q

ab

).

Firstly let � 2 G ( Q )

+

and h 2 sy mm

�

g

( Z )

� 0

with det h = 0. Then w e can �nd u 2

stab

G ( A

f

)

( f ), � 2 G ( Q )

+

and s 2

Q

Z

�

l

suc h that i ( t ) � = u� i ( s ), so w e see that:

a

h

( f

i ( t )

j � ) = a

h

( f

u� i ( s )

) = a

h

( f j � )

( s

� 1

; Q

ab

= Q )

= 0

Th us f

i ( t )

2 S

~ n

( Q

ab

). Secondly let � 2 �, then w e can �nd � 2 G ( Q )

+

, s 2

Q

Z

�

l

and

u 2 W = f x 2

Q

G ( Z

l

) j x � 1

2 g

mo d N g � stab

G ( A

f

)

( f ) \ U for some N , suc h that

i ( t ) � = u� i ( s ). Then w e see that � 2 S p

2 g

( Z ) : f 1 ; i ( � 1) g and � ( u ) s = � t . Without loss of

generalit y w e ma y assume s = t , � ( u ) = 1 and � 2 S p

2 g

( Z ). In fact in this case:

� 2 S p

2 g

( Z ) \ W :i ( t ) U i ( t )

� 1

� S p

2 g

( Z ) \ U = �

and so:

f

i ( t )

j � = f

u� i ( t )

= ( f j � )

i ( t )

= f

i ( t )

and w e are done.

W e shall no w in tro duce some particular Hec k e op erators of sp ecial imp ortance for us. Fix

a rational prime p and consider an op en compact subgroup U = U

1

� U

2

�

Q

l 6= p

GS p

2 g

( Z

l

) �

GS p

2 g

( Z

p

) satisfying:

� U �

0

@

1

g

0

0 (

Q

Z

�

l

)1

g

1

A

� there is an in teger r = r ( U ) � 1 suc h that U

2

is the set of matrices

0

@

A B

C D

1

A

2

GS p

2 g

( Z ) with C � 0 mo d p

r

and ( A mo d p

r

) and ( D mo d p

r

) lying in some �nite set

of p ossibilities.

Let N

0

= N

0

( U ) b e the smallest p ositiv e in teger suc h that U con tains all elemen ts of

Q

GS p

2 g

( Z

l

) whic h are congruen t to one mo dulo N

0

, and write N

0

( U ) = N ( U ) p

r

(or if no
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confusion can arrise N

0

= N p

r

. Then w e de�ne:

U

p

= [ U

0

@

1

g

0

0 p 1

g

1

A

U ] = [ U

0

@

1

g

0

0 �

p

1

g

1

A

U ]

where �

p

denotes a uniformizer in Z

p

. Then w e ha v e:

Lemma 2.2 L et U b e as describ e d ab ove. Then S

~ n

( U ) = S

~ n

( U; Z ) 
 C and the He cke

op er ator U

p

pr eserves S

~ n

( U; Z ) . In fact (

P

a

h

q

h= N

) j U

p

=

P

a

ph

q

h= N

. Thus we c an de�ne

a Hida idemp otent e on S

~ n

( U ) as in se ction 1.2.

Pr o of: Let X b e a set of represen tativ es for sy mm

g

( Z ) mo dulo p , suc h that eac h X 2 X

is congruen t to zero mo dulo N . Then:

U

0

@

1

g

0

0 p 1

g

1

A

U =

a

X 2X

U

0

@

1

g

X

0 p 1

g

1

A

as follo ws easily from the fact that if

0

@

A B

C D

1

A

2 U there is an X 2 X with B �

AX mo d p ( A is in v ertible mo dulo p ) and from the equalit y:

0

@

1

g

0

0 p 1

g

1

A

0

@

A B

C D

1

A

=

0

@

A p

� 1

( B � AX )

pC D � C X

1

A

0

@

1

g

X

0 p 1

g

1

A

No w note that for h 2 sy mm

�

g

( Z ):

X

X 2X

exp( �

p

� 1 N

� 1

p

� 1

tr( hX )) =

8

<

:

p

1

2

g ( g +1)

if h 2 p sy mm

�

g

( Z )

0 otherwise

(If h 2 p sy mm

�

g

( Z ) this is clear. If not pic k Y 2 X with 2 N p 6 j tr( hY ), and then:

P

X 2X

exp ( �

p

� 1 N

� 1

p

� 1

tr( hX )) = (

P

X 2X

exp( �

p

� 1 N

� 1

p

� 1

tr( hX )))

exp( �

p

� 1 N

� 1

p

� 1

tr( hY ))

and the result follo ws.) No w:

(

P

a

h

exp ( �

p

� 1 N

� 1

tr( hz ))) j U

p

= �

~ n

( p 1

g

; p )

� 1

P

a

h

exp ( �

p

� 1 N

� 1

p

� 1

tr( hz ))

P

X

exp( �

p

� 1 N

� 1

p

� 1

tr( hX ))

= p

�

1

2

g ( g +1)

P

p j h

a

h

p

1

2

g ( g +1)

exp( �

p

� 1 N

� 1

p

� 1

tr ( hz ))

=

P

a

ph

exp ( �

p

� 1 N

� 1

tr ( hz ))
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Keep the notation of the lemma. Then Z = Z ( U ) = (( Z = N

0

Z )

�

)

g

acts on S

~ n

( U ) b y

( a

1

; :::; a

g

) 7! �

a

= diag ( ~a

1

; :::; ~a

g

; ~a

1

� 1

; :::; ~a

g

� 1

) where ~a

i

2

Q

Z

�

l

with ( ~a

i

)

l

equal to 1 if

l 6 j N

0

and a

i

if l j N

0

. W e can decomp ose S

~ n

( U ) =

L

� 2

�

Z

S

~ n

( U )

�

. Let R = Q

ab

\ O

Q

ac

p

, and

S

~ n

( U; �; R ) = S

~ n

( U )

�

\ S

~ n

( U; R ). It follo ws from the results of Shim ura discussed ab o v e

that S

~ n

( U )

�

= S

~ n

( U; �; U ) 


R

C . Let T = T ( U ) b e the abstract double coset algebra o v er

Z generated b y the op erators [ U xU ] where x 2 M

2 g

( Z

l

) \ GS p

2 g

( Q

l

) for all primes l 6 j N

0

.

It is kno wn that T is comm utativ e (see for example [A2]). Moreo v er T acts on S

~ n

( U ), and

eac h elemen t T 2 T acts as a normal op erator (i.e. it comm utes with its adjoin t). Th us

the elemen ts of T can b e sim ultaneously diagonalised. The action of T comm utes with that

of Z , and if r ( U ) � 1 these b oth comm ute with the action of U

p

. I claim that T preserv es

S

~ n

( U; �; R ).

T o see this let x 2 M

2 g

( Z

l

) \ GS p

2 g

( Q ) then w e can write U xU =

`

U x

i

where

x

i

2 M

2 g

( Z

l

) \ GS p

2 g

( Q

l

) is of the form:

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

a

1

0 : : : 0 � � : : : �

� a

2

0 � � �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

� � : : : a

g

� � : : : �

0 0 : : : 0 ba

� 1

1

� : : : �

0 0 : : : 0 0 ba

� 1

2

: : : �

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 : : : 0 0 0 : : : ba

� 1

g

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

(see for instance [A2]). W e ma y further supp ose that b and eac h a

i

lies in l

Z

� Z

l

. Then

consider an elemen t x

0

i

2 M

2 g

( Z ) \ GS p

2 g

( Q ) de�ned b y:

� x

0

i

lies in the same Borel as x

i

w as required to lie in

� x

0

i

� diag ( a

1

; :::; a

g

; ba

� 1

1

; :::; ba

� 1

g

) mo d N

0

� x

0

i

� x

i

mo d l

?
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Then for ? large enough U x

i

= U �

a

� 1 x

0

i

so that f j x

i

= � ( a

� 1

) f j x

0

i

and x

0

i

clearly preserv es

R [[ q

1 = N

]]

g

.

Finally w e in tro duce a particular mo dular form whic h w e shall need later.

Lemma 2.3 Fix a r ational prime p , and set:

�

0

( p ) =

8

<

:

0

@

A B

C D

1

A

2 S p

2 g

( Z )

�

�

�

�

�

�

C � 0 mo d p

9

=

;

Then ther e is an element � 2 M

( p � 1)

~

t

(�

0

( p ) ; Z ) with a

0

( � ) = 1 and p j a

h

( � ) for al l h 6= 0 .

Pr o of: This argumen t is due to Hida in the case g = 1.

Let Q

n

denote the ( n � 1) � ( n � 1) matrix:

0

B

B

B

B

B

B

B

B

B

B

B

B

@

2 � 1 0 : : 0

� 1 2 � 1 0

0 � 1 2 0

: : :

: : :

0 0 0 : : 2

1

C

C

C

C

C

C

C

C

C

C

C

C

A

then Q

n

2 sy mm

�

n � 1

( Z ) and an easy induction on n sho ws that det Q

n

= n and hence in

particular Q

n

is p ositiv e de�nite. Let:

�

1

=

X

X 2 M

( p � 1) ;g

( Z )

exp ( �

p

� 1tr(

t

X Q

p

X z ))

Then theorems 2 and 3 of [AM] imply that � = �

2

1

2 M

( p � 1)

~

t

(�

0

( p ) ; Z ). It is clear that

a

0

( � ) = a

0

( �

1

)

2

= 1. No w let � b e the ( p � 1) � ( p � 1) matrix:

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

0 0 0 : : 0 � 1

1 0 0 0 � 1

0 1 0 0 � 1

: : :

: : :

0 0 0 0 � 1

0 0 0 : : 1 � 1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A
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It has c haracteristic p olynomial X

p � 1

+ ::: + 1 and its eigen v alues are the non trivial p

th

ro ots of one. Th us Z =p Z acts on M

( p � 1) ;g

( Z ) b y m : X 7! �

m

X and the orbits are either

f 0 g or ha v e cardinalit y p . It is easily c hec k ed that

t

� Q

p

� = Q

p

, so that

t

X Q

p

X is constan t

on suc h orbits. Then p j a

h

( �

1

) for h 6= 0, from whic h the result follo ws.

Corollary 2.2 L et U b e an op en c omp act sub gr oup of G ( A

f

) satisfying the c onditions de-

scrib e d b efor e lemma 2.2. L et R = Q

ab

\ O

Q

ac

p

and � b e a char acter on Z ( U ) . Then ther e

is a map:

i

m

: e S

~ n

( U; �; R ) , ! e S

~ n +( p � 1) p

m � 1

~

t

( U; �; R )

such that for al l h 2 sy mm

�

g

( Z ) a

h

( i

m

f ) � a

h

( f ) mo d p

m

and infact for al l T 2 T ( U ) we

have a

h

(( i

m

f ) j T ) � a

h

( f j T ) mo d p

m

. (R e c al l that

~

t = (1 ; :::; 1) .)

Pr o of: Set i

m

( f ) = e ( �

p

m

f ). Then �

p

m

f � f mo d p

m

, so U

r !

p

( �

p

m

f ) � U

r !

p

f mo d p

m

and

hence e ( �

p

m

f ) � ef = f mo d p

m

.

Also if T 2 T recall that f j T =

P

�

i

f j x

0

i

where �

i

is a ro ot of unit y and x

0

i

2 M

2 g

( Z ) \

GS p

2 g

( Q ) is as describ ed in the discussion after lemma 2.2. But if j

~ n

denotes the action as

for mo dular forms of w eigh t ~ n , then:

(

X

a

h

q

h= N

) j

~ n + a

~

t

x

0

i

= �

a

i

(

X

a

h

q

h= N

) j

~ n

x

0

i

for some in teger �

i

dep ending only on x

0

i

. Th us:

i

m

( f ) j

~ n +( p � 1) p

m � 1

~

t

x

i

� i

m

( f j

~ n

x

i

) mo d p

m

and so i

m

( f ) j T � i

m

( f j T ) mo d p

m

as desired.

2.3 Relation to Cohomology

Our aim in this section is to relate our spaces of automorphic forms to certain cohomol-

ogy groups and use this to pro v e an analogue of theorem 1.2 for automorphic forms. W e

then apply this to �nd congruences b et w een eigenforms of the Hec k e op erators in di�eren t

w eigh ts.
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W e �x some notation:

sp

2 g

=

8

<

:

0

@

A B

C �

t

A

1

A

2 M

2 g

�

�

�

�

�

�

t

B = B ;

t

C = C

9

=

;

k =

8

<

:

0

@

A B

� B A

1

A

2 M

2 g

�

�

�

�

�

�

t

B = B ;

t

A = � A

9

=

;

p =

8

<

:

0

@

A B

B � A

1

A

2 M

2 g

�

�

�

�

�

�

t

B = B ;

t

A = A

9

=

;

a =

8

<

:

0

@

0 �

� � 0

1

A

2 M

2 g

�

�

�

�

�

�

� is diagonal

9

=

;

Then sp

2 g

= k � p , k ( R ) is the Lie algebra of K

1

= U

1

\ S p

2 g

( R ), and a � k � sp

2 g

is a

Cartan subalgebra. W e �x a ( C )

0

�

=

C

g

b y ~ x : diag ( �

1

; :::; �

g

) 7!

p

� 1

P

x

i

�

i

. Then if T

is the maximal torus of S p

2 g

( C ) considered in example 1.2, and t ( C ) is its Lie algebra, w e

ma y conjugate t ( C ) to a ( C ) suc h that the map:

Z

g

�

=

X

�

( T ) � t ( C )

0

�

� ! a ( C )

0

�

=

C

g

is the canonical inclusion. Th us the ro ots of a on sp

2 g

are just the v ectors �

ij

( i 6= j ), �

ij

( i � j ) and 


ij

( i � j ) as in example 1.2. The ro ots �

c

of a on k are the �

ij

, and those

(�

n

) on p are the �

ij

and the 


ij

. Cho ose the same order w e c hose in example 1.2. Let

W denote the W eyl group of sp

2 g

and W

n

the subset of elemen ts w suc h that �

+

c

� w �

+

where �

+

c

= �

c

\ �

+

. Let U denote the univ ersal en v eloping algebra of sp

2 g

( C ), and Z ( U )

its cen tre. Then the homomorphisms Z ( U ) ! C are parametrised b y a ( C )

0

=W (the Harish-

Chandra parametrisation). W e shall denote this corresp ondence � $ �

�

. W e no w restate

a sp ecial case of theorem 10 of [F a1 ] in a sligh tly di�eren t notation:

Let:

� � � G

+

1

b e a torsion free discrete subgroup

� w 2 W

n

of length l ( w )

� � b e the basis corresp onding to �

+

, and �

G

= (1 ; :::; g ) half the sum of the

p ositiv e ro ots

32



� � 2 a ( C )

0

b e a dominan t (in tegral) w eigh t with resp ect to �

� W ( � ) denote the irreducible K

1

mo dule with highest w eigh t �

� C

�

b e the space of cuspidal C

1

functions f : � n S p

2 g

( R ) ! W ( � ) suc h that

f ( hk ) = k

� 1

f ( h ) for all h 2 S p

2 g

( R ) and k 2 K

1

� C

�

�

�

b e the subspace of C

�

that transform b y �

�

under the action of Z ( U )

� V ( � ) b e the irreducible S p

2 g

( C ) mo dule of heighest w eigh t �

� V ( � ) the sheaf on � nZ de�ned b y setting V ( � )( U ) to b e the set of C

1

functions f :

~

U ! V ( � ) suc h that f ( 
 z ) = 
 f ( z ) for all z 2 Z and 
 2 �,

and where

~

U is the pre-image of U under the map Z ! � nZ

� H

�

P

denote the image of the cohomology of compact supp ort in the coho-

mology , or equiv alen tly the k ernel of the map from the cohomology to the

cohomology of the b oundary of the Borel-Serre compacti�cation

then:

C

�

� + �

G

w ( � + �

G

� w

� 1

�

G

)

, ! H

l ( w )

P

(� nZ ; V ( � )) , ! H

l ( w )

(� ; V ( � ))

Moreo v er the Hec k e op erator [� g �] corresp onds to the Hec k op erator [� g

� 1

�],

for g 2 S p

2 g

( R ) for whic h these op erators mak e sense.

No w tak e w : ( x

1

; :::; x

n

) 7! ( � x

n

; :::; � x

1

). Note that �

G

� w

� 1

�

G

= ( g + 1)

~

t . Let

�

K

=

1

2

(1 � g ; 3 � g ; :::; g � 1) b e half the sum of the elemen ts of �

+

c

. Then the represen tation

�

~ n

of K

1

� U

1

de�ned in the last section has heighest w eigh t w~ n , whic h is dominan t

with resp ect to w �

+

. Th us Z ( U ) acts on S

~ n

(�) via �

w ~ n +2 w �

K

� w �

G

= �

w ~ n + �

G

so that for

� torsion free and for ~ n with g + 1 � n

1

� ::: � n

g

:

S

~ n

(�) , ! C

�

~ n + w

� 1

�

G

w ~ n

, ! H

1

2

g ( g +1)

P

(� nZ ; V ( ~ n � ( g + 1)

~

t ))

, ! H

1

2

g ( g +1)

(� ; V ( ~ n � ( g + 1)

~

t ))

and so for an y discrete �:

S

~ n

(�) , ! H

1

2

g ( g +1)

(� ; V ( ~ n � ( g + 1)

~

t ))
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(W e ma y c ho ose a normal subgroup �

0

of �nite index whic h is torsion free and then tak e � = �

0

in v arian ts, using the in
ation restriction sequence on the righ t.) Moreo v er if g 2 G ( Q )

+

then

the action of [� g �] on S

~ n

(�) corresp onds to that of [�

{

g �] on H

1

2

g ( g +1)

(� ; V ( ~ n � ( g + 1)

~

t )),

where

{

g =

0

@

0 � 1

g

1

g

0

1

A

t

g

0

@

0 � 1

g

1

g

0

1

A

� 1

. T o see this w e need only c hec k that for

� 2 R

�

> 0

[� � 1

2 g

�] acts on b oth b y �

j ~ n j� g ( g +1)

, whic h is easy . No w w e ha v e:

Prop osition 2.1 L et U � G ( A

f

) b e an op en c omp act sub gr oup satisfying the c onditions

state d b efor e lemma 2.2 with r ( U ) � 1 , let ~ n b e such that 0 � n

1

::: � n

g

and let e denote

the Hida idemp otent. Then ther e is a c onstant C such that:

dim e S

~ n + m

~

t

( U ) < C

for al l m � 0 , wher e

~

t = (1 ; :::; 1) .

Pr o of: Without loss of generalit y w e ma y restrict to m � g + 1. Then b y theorem 1.2

w e can c ho ose C suc h that dim eH

1

2

g ( g +1)

(�

U

; V ( ~ n + m

0

~

t )) < C for all m

0

� 0. No w �x m .

Also c ho ose a �nite Z mo dule M � C suc h that:

S

~ n + m

~

t

(�

U

; Z ) , ! H

1

2

g ( g +1)

(�

U

; L

~ n +( m � g � 1)

~

t

)

T F


 M

Then:

eS

~ n + m

~

t

(� ; Z ) , ! e ( H

1

2

g ( g +1)

(�

U

; L

~ n +( m � g � 1)

~

t

)

T F


 M )

= ( eH

1

2

g ( g +1)

(�

U

; L

~ n +( m � g � 1)

~

t

)

T F

) 
 M

� eH

1

2

g ( g +1)

(�

U

; V

~ n +( m � g � 1)

~

t

)

and so dim S

~ n + m

~

t

(�

U

; Z ) < C and w e are done.

W e can no w deduce our �rst main result:

Theorem 2.1 L et U � G ( A

f

) b e an op en c omp act sub gr oup satisfying the c onditions state d

b efor e lemma 2.2 with r ( U ) � 1 , let ~ n b e such that 0 � n

1

� ::: � n

g

, let R = Q

ab

\ O

Q

ac

, and

let e denote the Hida idemp otent. L et f 2 e S

~ n

( U )

�

b e an eigenform for T with eigenvalues

given by � : T ! R . Then we c an �nd f

m

2 e S

~ n + a

m

~

t

( U )

�

such that:
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� f

m

is an eigenvalue for T with eigenvalues �

m

: T ! R

� a

m

! 1 as m ! 1

� sup

T

j � ( T ) � �

m

( T ) j

p

! 0 as m ! 1

Pr o of: W e ma y assume f 2 e S

~ n

( U; �; R ) and that if � 2 Q

ab

and �f 2 S

~ n

( U; �; R ) then

� 2 R . Then b y corollary 2.2 w e can �nd f

0

m

2 e S

~ n + a

m

~

t

( U; �; R ) with f

m

j T � f j T mo d p

r

0

m

for all T 2 T , where a

m

and r

0

m

tend to in�nit y with m . Let T

m

denote the image of T in

E nd ( e S

~ n + a

m

~

t

( U; �; R )). Then w e get �

0

m

: T

m

! ! R =p

r

0

m

R with �

0

m

� � mo d p

r

m

. Call its

k ernel I

m

. Let C b e the b ound from the last prop osition (prop osition 2.1). Then w e can �nd

less than C functions h

m;i

2 e S

~ n + a

m

~

t

( U; �; R ) whic h span e S

~ n + a

m

~

t

( U; �; R ) and suc h that

eac h h

m;i

is an eigenform for T

m

with eigen v alues giv en b y �

m;i

sa y . Then V

m

= � R h

m;i

is a

faithful T

m

mo dule. Th us, if Fitt denotes the Fitting ideal (see, for example, the app endix

of [MW1 ]), Fitt

T

m

( V

m

) = 0 and so:

0 = Fitt

T

m

=I

m

( V

m

=I

m

V

m

)

=

Q

i

Fitt

R =p

r

0

m

R

( R =�

m;i

( I

m

))

=

Q

i

�

m

i

( I

m

) � R =p

r

0

m

R

Th us for some i , v al

p

( �

m;i

I

m

) � r

0

m

=C . Let f

m

= h

m;i

and w e are done.

2.4 Some Lemmas on Hec k e Op erators

The discussion in the other sections is principally concerned with \ordinary" forms, i.e.

mo dular forms in the image of the Hida idemp oten t e acting on a space of mo dular forms for

an op en compact subgroup con tained in U

0

( p ), the set of matrices

0

@

A B

C D

1

A

in

Q

G ( Z

l

)

with C � 0 mo d p . It is often more in teresting to consider a mo dular form f on an op en

compact subgroup con taining G ( Z

p

). In this section w e giv e a criterion for ef 2 S ( U \ U

0

( p ))

not to v anish. In fact w e shall only treat the case of gen us t w o. The calculations are already

v ery messy , and this is the case of principal in terest for us.
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In the case of gen us one the answ er to this question is v ery easy . If f 2 S

k

(�

1

( N )),

with N prime to p , is an eigenform for T

p

and S

p

, sa y with eigen v alues a

p

and d

p

, then

ef 2 S

k

(�

1

( N p )) is non-zero if and only if one ro ot of the equation Q ( X ) = X

2

� a

p

X + pd

p

is a p -adic unit. T o pro v e this (at least in the case that this p olynomial has distinct ro ots)

one writes do wn t w o forms f

1

and f

2

in S

k

(�

1

( N p )) whic h are b oth eigenforms for U

p

with

eigen v alues the ro ots of Q ( X ), and suc h that f is a linear com bination of the t w o (and not

a m ultiple of either one separately).

F or the rest of this c hapter w e assume that g = 2. Also let N b e an in teger and U the

op en compact subgroup of

Q

GS p

4

( Z

l

) consisting of matrices congruen t to

0

@

1

2

0

0 � 1

2

1

A

mo dulo N . Let p b e a prime not dividing N . Then w e de�ne Hec k e op erators:

� T ( p ) = T

p

=

2

6

6

6

6

6

6

4

U

0

B

B

B

B

B

B

@

1 0 0 0

0 1 0 0

0 0 �

p

0

0 0 0 �

p

1

C

C

C

C

C

C

A

U

3

7

7

7

7

7

7

5

� T

p

2 =

2

6

6

6

6

6

6

4

U

0

B

B

B

B

B

B

@

1 0 0 0

0 1 0 0

0 0 �

2

p

0

0 0 0 �

2

p

1

C

C

C

C

C

C

A

U

3

7

7

7

7

7

7

5

� R

p

=

2

6

6

6

6

6

6

4

U

0

B

B

B

B

B

B

@

1 0 0 0

0 �

p

0 0

0 0 �

2

p

0

0 0 0 �

p

1

C

C

C

C

C

C

A

U

3

7

7

7

7

7

7

5

� S

p

=

2

6

6

6

6

6

6

4

U

0

B

B

B

B

B

B

@

�

p

0 0 0

0 �

p

0 0

0 0 �

p

0

0 0 0 �

p

1

C

C

C

C

C

C

A

U

3

7

7

7

7

7

7

5

� T ( p

2

) = T

p

2

+ R

p

+ S

p
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where �

p

denotes a uniformiser in Z

p

. Also let Q

p

( X ) b e the formal p olynomial whose

co e�cien ts are Hec k e op erators giv en b y:

X

4

� T

p

X

3

+ ( T

2

p

� T ( p

2

) � p

2

S

p

) X

2

� p

3

T

p

S

p

X + p

6

S

2

p

Recall the follo wing form ulae (see [A2]):

� T

2

p

� T ( p

2

) � p

2

S

p

= pR

p

+ p ( p

2

+ 1) S

p

= ( p + 1)

� 1

( pT

2

p

� pT

p

2

� ( p

4

� 1) S

p

)

� pR

p

= T

2

p

� T ( p

2

) � p ( p

2

+ p + 1) S

p

� pT

p

2

= ( p + 1) T ( p

2

) + p

2

( p + 1) S

p

� T

2

p

Also recall that S

~ n

is a direct sum,

L

� , of irreducible admissible represen tations � =

N

�

l

of GS p

4

( A

f

). If p 6 j N and if �

U

6= (0) then �

p

is spherical and so is the unique spherical

irreducible sub quotien t of some unrami�ed principal series represen tation. (See [C] for this

and the facts quoted b elo w ab out suc h represen tations.)

W e �rst discuss the action of Hec k e op erators on unrami�ed principal series represen ta-

tions, and then w e apply these results to spaces of cusp forms. Fix the Borel:

B =

0

B

B

B

B

B

B

@

� 0 � �

� � � �

0 0 � �

0 0 0 �

1

C

C

C

C

C

C

A

and the maximal torus T consisting of diagonal matrices. Describ e unrami�ed c haracters

on T ( Q

p

) b y triples ( �

1

; �

2

;  ) of unrami�ed c haracters on Q

�

p

, where:

( �

1

; �

2

;  ) : diag ( �; �; � �

� 1

; � �

� 1

) 7� ! �

1

( � ) �

2

( � )  ( � )

In particular let � denote the c haracter taking this matrix to j �

2

�

4

�

� 3

j

p

. By the unrami�ed

principal series corresp onding to ( �

1

; �

2

;  ) w e mean the represen tation on the space of

lo cally constan t functions � : GS p

4

( Q

p

) ! C satisfying � ( bh ) = (( �

1

; �

2

;  ) �

1

2

)( b ) � ( h ) for

all b 2 B ( Q

p

) and h 2 GS p

4

( Q

p

); where the action is giv en b y ( � g )( h ) = � ( hg

� 1

). W e

shall denote this represen tation b y � ( �

1

; �

2

;  ) and its irreducible spherical sub quotien t
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b y � ( �

1

; �

2

;  ). Note this action is t wisted from that in [C ]. Then it is easy to see that

� ( �

1

; �

2

;  )

GS p

4

( Z

p

)

= C �

�

1

;�

2

; 

where:

�( bk ) = �

�

1

;�

2

; 

( bk ) = (( �

1

; �

2

;  ) �

1

2

)( b )

for b 2 B ( Q

p

) and k 2 GS p

4

( Z

p

). That this is a go o d de�nition follo ws from the Iw asa w a

decomp osition. Then w e can compute that:

� � j T

p

= p

3

2

 ( p

� 1

)(1 + �

1

( p

� 1

) + �

2

( p

� 1

) + �

1

�

2

( p

� 1

))�

� � j S

p

=  ( p

� 2

) �

1

�

2

( p

� 1

)�

� � j R

p

= p

2

 ( p

� 2

)( �

1

( p

� 1

) + �

2

( p

� 1

) + �

1

�

2

( p

� 1

) + �

2

1

�

2

( p

� 1

) + �

1

�

2

2

( p

� 1

))�

�  ( p

�

2) �

1

�

2

( p

� 1

)�

These follo w from the coset decomp ositions (see [A2]):

� GS p

4

( Z

p

)diag (1 ; 1 ; p; p ) GS p

4

( Z

p

) =

`

GS p

4

( Z

p

) � as � runs o v er the matrices:

{

0

B

B

B

B

B

B

@

1 0 x y

0 1 y z

0 0 p 0

0 0 0 p

1

C

C

C

C

C

C

A

for x; y ; z = 0 ; :::; p � 1

{

0

B

B

B

B

B

B

@

p 0 0 0

� i 1 0 z

0 0 1 i

0 0 0 p

1

C

C

C

C

C

C

A

for i; z = 0 ; :::; p � 1

{

0

B

B

B

B

B

B

@

1 0 x 0

0 p 0 0

0 0 p 0

0 0 0 1

1

C

C

C

C

C

C

A

for x = 0 ; :::; p � 1
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{

0

B

B

B

B

B

B

@

p 0 0 0

0 p 0 0

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

� GS p

4

( Z

p

)diag ( p; p; p; p ) GS p

4

( Z

p

) = GS p

4

( Z

p

)diag ( p; p; p; p )

� GS p

4

( Z

p

)diag (1 ; p; p

2

; p ) GS p

4

( Z

p

) =

`

GS p

4

( Z

p

) � as � runs o v er the matrices:

{

0

B

B

B

B

B

B

@

1 0 x y

0 p py 0

0 0 p

2

0

0 0 0 p

1

C

C

C

C

C

C

A

for x = 0 ; :::; p

2

� 1 and y = 0 ; :::; p � 1

{

0

B

B

B

B

B

B

@

p 0 0 py

i 1 y z

0 0 p pi

0 0 0 p

2

1

C

C

C

C

C

C

A

for i; y = 0 ; :::; p � 1 and z = 0 ; :::; p

2

� 1

{

0

B

B

B

B

B

B

@

p 0 0 0

0 p

2

0 0

0 0 p 0

0 0 0 1

1

C

C

C

C

C

C

A

{

0

B

B

B

B

B

B

@

p

2

0 0 0

� pi p 0 0

0 0 1 i

0 0 0 p

1

C

C

C

C

C

C

A

for i = 0 ; :::; p � 1

{

0

@

p 1

2

B

0 p 1

2

1

A

where B runs o v er non-zero symmetric 2 � 2 in tegral matrices

mo dulo p whic h satisfy det B � 0 mo d p

Then w e easily conclude that:
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� � j ( pR

p

+ p ( p

2

+ 1) S

p

) = p

3

 ( p

� 2

)( �

1

( p

� 1

) + �

2

( p

� 1

) + 2 �

1

�

2

( p

� 1

) + �

2

1

�

2

( p

� 1

) +

�

1

�

2

2

( p

� 1

))�

� � j Q

p

( X ) = ( X � p

3

2

 ( p

� 1

))( X � p

3

2

 �

1

( p

� 1

))( X � p

3

2

 �

2

( p

� 1

))( X � p

3

2

 �

1

�

2

( p

� 1

))�

No w let � denote the subgroup of elemen ts of GS p

4

( Z

p

) whic h are congruen t to a matrix

of the form

0

@

� �

0 �

1

A

mo dulo p . Then GS p

4

( Q

p

) =

`

4

1

B ( Q

p

) w

i

�, where:

w

1

= 1

4

w

3

=

0

B

B

B

B

B

B

@

1 0 0 0

0 0 0 1

0 0 1 0

0 � 1 0 0

1

C

C

C

C

C

C

A

w

2

=

0

B

B

B

B

B

B

@

0 0 1 0

0 1 0 0

� 1 0 0 0

0 0 0 1

1

C

C

C

C

C

C

A

w

4

=

0

B

B

B

B

B

B

@

0 0 1 0

0 0 0 1

� 1 0 0 0

0 � 1 0 0

1

C

C

C

C

C

C

A

Th us � ( �

1

; �

2

;  )

�

has a basis consisting of functions f

1

; f

2

; f

3

; f

4

where f

i

is supp orted on

B ( Q

p

) w

i

� and where f

i

( w

i

) = 1. W e shall represen t the function

P

�

i

f

i

b y the ro w v ector

( �

1

; :::; �

4

), so in particular � is represen ted b y (1 ; 1 ; 1 ; 1). W e shall calculate the matrix

represen ting the action of the Hec k e op erator U

p

= [�diag (1 ; 1 ; p; p )�] with resp ect to this

basis. It is easy to see that it is represen ted b y ( f

j

j U

p

( w

i

)), and w e claim that this is:

p

1

2

 ( p

� 1

)

0

B

B

B

B

B

B

@

p p � 1 p � 1 p � 1

0 p�

1

( p

� 1

) ( p � 1) �

1

( p

� 1

) ( p � 1) �

1

( p

� 1

)

0 0 p�

2

( p

� 1

) ( p � 1) �

2

( p

� 1

)

0 0 0 p�

1

�

2

( p

� 1

)

1

C

C

C

C

C

C

A

T o see this �rst note that:

( f

j

j U

p

)( w

i

) =

X

X

�

1

�

2

 

2

( p

� 1

) f

j

0

@

w

i

0

@

p 1

2

X

0 1

2

1

A

1

A
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where X runs o v er 2 � 2 in tegral matrices mo dulo p . T o calculate these v alues w e write:

w

i

0

@

p 1

2

X

0 1

2

1

A

= b ( i; X ) w

k ( i;X )


 ( i; X )

where b 2 B ( Q

p

), 
 2 � and k = 1 ; 2 ; 3 or 4. Then:

f

j

0

@

w

i

0

@

p 1

2

X

0 1

2

1

A

1

A

=

8

<

:

(( �

1

; �

2

;  ) �

1

2

)( b ( i; X )) if j = k ( i; X )

0 otherwise

The b 's, 
 's and k 's are giv en b y the follo wing form ulae:

� w

1

0

@

p 1

2

X

0 1

2

1

A

=

0

@

p 1

2

X

0 1

2

1

A

w

1

� If x 6� 0 mo d p , sa y ax � 1 mo d p then:

w

2

0

B

B

B

B

B

B

@

p 0 x y

0 p y z

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

@

p 0 � a � ay

0 p � ay z � ay

2

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

w

1

0

B

B

B

B

B

B

@

� a 0

1

p

(1 � ax ) 0

ay 1

y

p

(1 � ax ) 0

� p 0 � x y

0 0 0 1

1

C

C

C

C

C

C

A

� w

2

0

B

B

B

B

B

B

@

p 0 0 y

0 p y z

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

@

1 0 0 0

y p 0 z

0 0 p � y

0 0 0 1

1

C

C

C

C

C

C

A

� If z 6� 0 mo d p , sa y az � 1 mo d p , then:

w

3

0

B

B

B

B

B

B

@

p 0 x y

0 p y z

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

@

p 0 x � ay

2

� ay

0 p � ay � a

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

w

1

0

B

B

B

B

B

B

@

1 � ay 0

y

p

(1 � az )

0 � a 0

1

p

(1 � az )

0 0 1 0

0 � p � y � z

1

C

C

C

C

C

C

A
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� If y 6� 0 mo d p , sa y ay � 1 mo d p , then:

w

3

0

B

B

B

B

B

B

@

p 0 x y

0 p y 0

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

@

1 0 0 0

a p 0 a

2

x

0 0 p � a

0 0 0 1

1

C

C

C

C

C

C

A

w

2

0

B

B

B

B

B

B

@

0 a

1

p

( ay � 1) 0

� a a

2

x

ax

p

( ay � 1)

1

p

(1 � ay )

p 0 x y

0 � p � y 0

1

C

C

C

C

C

C

A

� w

3

0

B

B

B

B

B

B

@

p 0 x 0

0 p 0 0

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

@

p 0 x 0

0 1 0 0

0 0 1 0

0 0 0 p

1

C

C

C

C

C

C

A

w

3

� If X is in v ertible mo dulo p , sa y Y X � 1

2

mo d p then:

w

4

0

@

p 1

2

X

0 1

2

1

A

=

0

@

p 1

2

� Y

0 1

2

1

A

w

1

0

@

� Y

1

p

(1

2

� Y X )

� p � X

1

A

� If xz = y

2

and z 6� 0 mo d p , sa y az � 1 mo d p , then:

w

4

0

B

B

B

B

B

B

@

p 0 x y

0 p y z

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

@

1 0 0 0

� az p 0 a

0 0 p az

0 0 0 1

1

C

C

C

C

C

C

A

w

2

0

B

B

B

B

B

B

@

1 y a

1

p

( ay

2

� x )

y

p

(1 � az )

0 a 0

1

p

(1 � az )

0 0 1 0

0 � p y z

1

C

C

C

C

C

C

A

� If x 6� 0 mo d p , sa y ax � 1 mo d p , then:

w

4

0

B

B

B

B

B

B

@

p 0 x 0

0 p 0 0

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

=

0

B

B

B

B

B

B

@

p 0 a 0

0 1 0 0

0 0 1 0

0 0 0 1

1

C

C

C

C

C

C

A

w

3

0

B

B

B

B

B

B

@

a 0

1

p

(1 � ax ) 0

0 1 0 0

� p 0 x 0

0 0 0 1

1

C

C

C

C

C

C

A

� w

4

0

@

p 1

2

0

0 1

2

1

A

=

0

@

1

2

0

0 p 1

2

1

A

w

4
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F rom these results an easy calculation giv es the matrix for the action of U

p

. Note that in

particular the eigen v alues of U

p

on � ( �

1

; �

2

;  )

�

are p

3

2

 ( p

� 1

), p

3

2

�

1

 ( p

� 1

), p

3

2

�

2

 ( p

� 1

)

and p

3

2

�

1

�

2

 ( p

� 1

).

Finally w e are in a p osition to deduce the main result of this section:

Lemma 2.4 L et f 2 S

~ n

( U ) , wher e U is an op en c omp act sub gr oup of

Q

GS p

4

( Z

l

) c onsist-

ing of al l matric es c ongruent to

0

@

1

2

0

0 � 1

2

1

A

mo dulo some inte ger N ; b e an eigenve ctor

of the He cke op er ators S

l

, T

l

and T ( l

2

) for al l primes l 6 j N , say f j T = � ( T ) f . Fix a prime

p 6 j N . Assume that � ( Q

p

( X )) has distinct r o ots the r atio of no two of which is p . Then if �

is a r o ot of � ( Q

p

( X )) we c an �nd a non-zer o form f

0

2 S

~ n

( U \ U

0

( p )) which is an eigenform

of the He cke op er ators S

l

, T

l

and T ( l

2

) for l 6 j N p with eigenvalues given by � , and such that

f

0

j U

p

= � f

0

. In p articular if � is a p -adic unit then ef

0

= f

0

.

Pr o of: W e ma y write S

~ n

=

L

� with � =

N

�

l

b eing irreducible admissible represen ta-

tions of G ( A

f

). W e ma y assume without loss of generalit y that f 2 �

U

for some � . Then

�

p

is the spherical sub quotien t of an unrami�ed principle series represen tation � ( �

1

; �

2

;  ),

where f p

3

2

 ( p

� 1

) ; p

3

2

 �

1

( p

� 1

) ; p

3

2

 �

2

( p

� 1

) ; p

3

2

 �

1

�

2

( p

� 1

) ; g is the set of ro ots of � ( Q

p

( X )).

By our assumption that � ( Q

p

( X )) has distinct ro ots, ( �

1

; �

2

;  ) is regular (i.e. its conju-

gates under the W eyl group are distinct, i.e. �

1

6= �

2

; �

1

; �

2

; �

1

�

2

6= 1) and satis�es the

condition of theorem 3.10 of [C ], namely:

( �

1

; �

2

;  )

( �

� 1

1

; �

� 1

2

;  �

1

�

2

)

9

=

;

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

diag ( p

� 1

; p; p; p

� 1

)

diag ( p; 1 ; p

� 1

; 1)

diag (1 ; p; 1 ; p

� 1

)

diag ( p; p; p

� 1

; p

� 1

)

9

>

>

>

>

>

>

=

>

>

>

>

>

>

;

6= p

i.e. �

2

�

� 1

1

( p ) 6= p

� 1

, �

1

( p ) 6= p

� 1

, �

2

( p ) 6= p

� 1

and �

2

�

1

( p ) 6= p

� 1

. Th us � ( �

1

; �

2

;  ) is

irreducible and so the result no w follo ws from the ab o v e discussion.

R emark : If � ( Q

p

( X )) has t w o distinct ro ots whic h are p -adic units and if 2 � n

1

� n

2

then it certainly satis�es the condition of the lemma.
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Before �nishing this section w e giv e one further computation. If H is the Hec k e algebra

of double cosets in GS p

4

( Z

p

) n GS p

4

( Q

p

) =GS p

4

( Z

p

) and if H

0

is the Hec k e algebra of double

cosets in GL

2

( Z

p

) n GL

2

( Q

p

) =GL

2

( Z

p

) then there is an injection: H , ! H

0

[ x

� 1

] (see for

example [F a2 ]). An easy calculation sho ws that this map is giv en explicitly b y:

[ GS p

4

( Z

p

) g GS p

4

( Z

p

)] 7� ! x

v al

�

( g )

X

GL

2

( Z

p

) a

i

where GS p

4

( Z

p

) g GS p

4

( Z

p

) =

`

GS p

4

( Z

p

)

0

@

a

i

b

i

0 � ( g )

t

a

� 1

i

1

A

. Th us if w e let t

p

denote

[ GL

2

( Z

p

)

0

@

1 0

0 p

1

A

GL

2

( Z

p

)] and s

p

denote [ GL

2

( Z

p

) p 1

2

GL

2

( Z

p

)] w e ha v e that:

� T

p

7� ! ( p

3

+ pt

p

+ s

p

) x

� S

p

7� ! s

p

x

2

� R

p

7� ! ( p

3

t

p

+ s

p

t

p

+ ( p

2

� 1) s

p

) x

2

� Q

p

( X ) 7� ! ( X � s

p

x )( X � p

3

x )( X

2

� pt

p

xX + p

3

s

p

x

2

)

These follo w from the decomp ositions giv en ab o v e. In particular w e ha v e that Q

p

( s

p

x ) = 0.

2.5 Main Results

W e con tin ue to assume that g = 2. W e �x an in teger N and w e �x U to b e the subgroup

of

Q

GS p

4

( Z

l

) consisting of matrices congruen t to

0

@

1

2

0

0 1

2

1

A

mo dulo N . W e �x also a

prime p not dividing N . W e shall let U

0

denote an y subgroup of the form:

8

<

:

x 2 U

�

�

�

�

�

�

x �

0

@

�

i

�

0 �

t

�

� 1

i

1

A

mo d p

r

for some i

9

=

;

where r � 1 and f �

i

g � GL

2

( Z =p

r

Z ) is some set. Also let T

M

denote the double coset

algebra o v er Z generated b y the Hec k e op erators T

l

, S

l

and T ( l

2

) for all primes l 6 j M . Then

w e ha v e:
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Prop osition 2.2 L et U

0

b e as ab ove and 3 � n

1

� n

2

. Then ther e is a c onstant C such

that if f 2 e S

~ n + m

~

t

( U

0

) (r e c al l that

~

t = (1 ; 1) ) is an eigenform of the ring of He cke op er ators

T

N p

, say f j T = � ( T ) f ; then ther e is an inte ger a � 1 , a �nite extension E = Q

p

such that

a [ E : Q

p

] < C , and a c ontinuous r epr esentation:

� : Gal( Q

ac

= Q ) � ! GL

a

( O

E

)

such that � is unr ami�e d outside N p and such that if l 6 j N p is a prime then � ( Q

l

)(F rob

l

) = 0 .

Pr o of: W e need only construct a represen tation v alued in GL

a

( E ), b ecause as � is con-

tin uous and Gal( Q

ac

= Q ) is compact � will stabilise some compact O

E

mo dule spanning E

a

,

whic h then m ust b e free.

In section 2.3 w e de�ne a represen tation V ( ~ n + ( m � 3)

~

t ) of GS p

4

= Z . This giv es us a

lo cally constan t etale p -adic sheaf V

p

( ~ n + ( m � 3)

~

t ) on a certain smo oth mo del M

M

= Z [

1

M

] of

Z = �

M

, where M = N p

r +1

and �

M

denotes the set of matrices in S p

4

( Z ) whic h are congruen t

to one mo dulo M . (See [F a2 ].) Let W denote H

3

et

( M

M

� sp ec Q ; V

p

( ~ n + ( m � 3)

~

t )). Then

T

N p

, U

p

and Gal( Q

ac

= Q ) all act on W and these actions comm ute with one another. The

action of Gal( Q

ac

= Q ) is unrami�ed outside N p and if l 6 j N p then Q

l

(F rob

l

) = 0. F or these

assertions w e refer the reader to [F a2 ]. The op erator U

p

is not treated there, but can b e

treated in an exactly analogous manner. Note also that theorem one of the section \Hec k e

Op erators and F rob enius" in [F a2 ] implies that Q

l

(F rob

l

) = 0 b ecause w e ha v e seen at the

end of section 2.4 that Q

l

( xs

l

) = 0.

No w consider ( eW ) 


T

N p

E , where E is the �nite extension of Q

p

generated b y the image

of � and has a T

N p

action via � . W e m ust sho w that 1 � dim

Q

p

( eW ) 


T

N p

E � C , for C some

constan t indep enden t of m and f . Ho w ev er ( eW ) 


T

N p

E

�

=

eH

3

(�

M

; V ( ~ n + ( m � 3)

~

t )) 


T

N p

E

and so dim

Q

p

( eW ) 


T

N p

E � dim

Q

p

eW � C for some constan t C as in theorem 1.2.

Moreo v er if w e �x E , ! C compatible with the p -adic v aluation on Q

ac

� C and if w e let

C ( � ) denote the one dimensional complex T

N p

mo dule with the action via � , then w e see

that:

(( eW ) 


T

N p

E ) 
 C

�

=

eH

3

(�

M

; V ( ~ n + ( m � 3)

~

t )) 


T

N p

C ( � )

� e S

~ n

( U

0

) 


T

N p

C ( � ) 6= (0)
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and w e are done.

The follo wing conjectural re�nemen ts of this prop osition are w ell kno wn:

Conjecture 2.1 L et U

0

b e as ab ove and 3 � n

1

� n

2

. Then ther e is a c onstant C such

that if f 2 e S

~ n + m

~

t

( U

0

) is an eigenform of the ring of He cke op er ators T

N p

, say f j T =

� ( T ) f ; then ther e is a �nite extension E = Q

p

such that [ E : Q

p

] < C , and a c ontinuous

r epr esentation:

� : Gal( Q

ac

= Q ) � ! GS p

4

( O

E

)

such that � is unr ami�e d outside N p and such that if l 6 j N p is a prime then � ( Q

l

)(F rob

l

) = 0 .

Conjecture 2.2 L et U

0

b e as ab ove and 3 � n

1

� n

2

. Then ther e is a c onstant C such

that if f 2 e S

~ n + m

~

t

( U

0

) is an eigenform of the ring of He cke op er ators T

N p

, say f j T =

� ( T ) f ; then ther e is a �nite extension E = Q

p

such that [ E : Q

p

] < C , and a c ontinuous

r epr esentation:

� : Gal( Q

ac

= Q ) � ! GS p

4

( O

E

)

such that � is unr ami�e d outside N p and such that if l 6 j N p is a prime then F rob

l

has

char acteristic p olynomial � ( Q

l

) .

No w w e can state the main result of this c hapter:

Theorem 2.2 L et U and U

0

b e as ab ove and let 2 � n

1

� n

2

. L et � : (( Z = N p

r

)

�

)

2

! C

�

b e a char acter. Assume one of the fol lowing is true:

1. f 2 e S

~ n

( U

0

)

�

is an eigenform of T

N p

, say f j T = � ( T ) f

2. f 2 S

~ n

( U )

�

is an eigenform of T

N

, say f j T = � ( T ) f , and � ( Q

p

( X )) has distinct

r o ots no quotient of two of which e quals p and one of which is a p -adic unit.

3. f 2 S

~ n

( U )

�

is an eigenform of T

N

, say f j T = � ( T ) f , and � ( Q

p

( X )) has two distinct

r o ots which ar e p -adic units

Then ther e is a �nite extension E = Q

p

, an inte ger a � 1 and a c ontinuous r epr esentation:

� : Gal( Q

ac

= Q ) � ! GL

a

( O

E

)
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which is unr ami�e d outside N p and such that if l 6 j N p is a prime then � ( Q

l

)(F rob

l

) = 0 .

Pr o of: By lemma 2.4 of section 2.4 the second t w o cases reduce at once to the �rst case.

So consider the �rst case. W e ma y �nd forms f

m

2 e S

~ n + b

m

~

t

( U

0

)

�

whic h are eigen v alues of

T

N p

, sa y f

m

j T = �

m

( T ) f , and suc h that as m go es to in�nit y b

m

! 1 and sup

T

N p

j �

m

( T ) �

� ( T ) j

p

! 0. (Lemma 2.1 of section 2.3.) Then for an y p ositiv e in teger s w e ma y �nd a

p ositiv e in teger a

s

, a �nite extension E

s

= Q

p

with a

s

[ E

s

: Q

p

] < C (where C is as in the last

prop osition, but for ( n

1

+ 1 ; n

2

+ 1)) and a con tin uous represen tation �

s

: Gal( Q

ac

= Q ) !

GL

a

s

( O

E

s

=p

s

) whic h is unrami�ed outside N p and suc h that � ( Q

l

)(F rob

l

) = 0. Ho w ev er

there are only �nitely man y extensions E : Q

p

of degree less than C , so w e ma y assume

that E

s

= E and a

s

= a are indep enden t of s .

W e shall recursiv ely de�ne in�nite subsets I

t

� I

t � 1

� T suc h that if s

1

; s

2

2 I

t

then

�

s

1

� �

s

2

mo d p

t

. This is p ossible as ( �

s

mo d p

t

) factors through Gal ( K = Q ) for some

Galois extension K = Q unrami�ed outside N p and of degree b ounded indep enden tly of s . It

is kno wn that there are only �nitely man y suc h extensions and so there is a �nite Galois

extension L= Q through whic h all the ( �

s

mo d p

t

) factor. No w there are only �nitely man y

maps Gal( L= Q ) ! GL

a

( O

E

=p

t

) so for in�nitely man y s 2 I

t � 1

the maps ( �

s

mo d p

t

) m ust

b e equal as desired. No w w e de�ne � : Gal( Q

ac

= Q ) ! GL

a

( O

E

) b y the requiremen t that

� ( � ) � �

s

( � ) mo d p

t

for all � 2 Gal( Q

ac

= Q ) and all t and all s 2 I

t

. This is easily c hec k ed

to b e a go o d de�nition of a morphism with the desired prop erties.

If w e assume the conjectures men tioned ab o v e the same metho d giv es the follo wing

conjectural strengthening of this theorem:

Theorem 2.3 Assume c onje ctur e 2.1 (r esp. 2.2). L et U and U

0

b e as ab ove and let 2 �

n

1

� n

2

. L et � : (( Z = N p

r

)

�

)

2

! C

�

b e a char acter. Assume one of the fol lowing is true:

1. f 2 e S

~ n

( U

0

)

�

is an eigenform of T

N p

, say f j T = � ( T ) f

2. f 2 S

~ n

( U )

�

is an eigenform of T

N

, say f j T = � ( T ) f , and � ( Q

p

( X )) has distinct

r o ots no quotient of two of which e quals p and one of which is a p -adic unit.
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3. f 2 S

~ n

( U )

�

is an eigenform of T

N

, say f j T = � ( T ) f , and � ( Q

p

( X )) has two distinct

r o ots which ar e p -adic units

Then ther e is a �nite extension E = Q

p

and a c ontinuous r epr esentation:

� : Gal( Q

ac

= Q ) � ! GS p

4

( O

E

)

which is unr ami�e d outside N p and such that if l 6 j N p is a prime then � ( Q

l

)(F rob

l

) = 0

(r esp. F rob

l

has char acteristic p olynomial � ( Q

l

( X )) ).
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Chapter 3

p -adic F amilies of Siegel Mo dular

F orms

3.1 In tro duction

In this c hapter w e dev elop a theory of Hida families for Siegel mo dular forms of ev en gen us.

T o explain our results �x an o dd prime p , an ev en p ositiv e in teger g and em b eddings

Q

ac

� C , Q

ac

� Q

ac

p

. The assumption that g b e ev en is probably not essen tial. It is made

b ecause our computations with Eisenstein series and Rankin's metho d are dep enden t on the

parit y of g , and b ecause g = 2 is the case of greatest in terest for us. Let M

k

( N ; � ) denote

the space of Siegel mo dular forms of gen us g , w eigh t k , lev el N and c haracter � . This

space has a Z [ � ] structure for some ro ot of unit y � and this allo ws us to de�ne M

k

( N ; �; A )

for an y algebra A con taining enough ro ots of unit y so that w e can consider � as v alued in

A . An y elemen t of M

k

( N ; �; A ) has a formal F ourier expansion

P

a

h

exp( � i tr ( hz )) with

a

h

2 A and where h runs o v er the set S of in tegral, p ositiv e semi-de�nite g � g symmetric

matrices with ev en diagonal en tries. If p j N w e shall let U

p

denote the Hec k e op erator

[�

0

( N )

0

@

1

g

0

0 p 1

g

1

A

�

0

( N )] where �

0

( N ) is de�ned in section 3.2. If O denotes the in tegers

of a suitably large extension of Q

p

w e de�ne M

�

k

( N ; �; O ) to b e the largest submo dule of

M

k

( N ; �; O ) on whic h U

p

is an automorphism. It is in fact a direct summand, whic h w e
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shall call the ordinary part. W e can carry this notion o v er to other settings, for example

w e can de�ne M

�

k

( N ; �; C ) using the em b eddings Q

ac

� C and Q

ac

� Q

ac

p

. Note that if

f 2 M

k

( N ; � ) is an eigenform of U

p

, sa y f j U

p

= a

p

f , then f 2 M

�

k

( N ; � ) if and only if a

p

is a p -adic unit. W e shall also de�ne in section 3.2 a certain comm utativ e ring of Hec k e

op erators T

N

whic h acts semi-simply on M

k

( N ; � ) and comm utes with the action of U

p

.

No w let N b e prime to p . Let � b e the p o w er series ring O [[ T ]] with O as ab o v e. By

a � -adic form of lev el N and c haracter � (de�ned mo dulo N p ), w e shall mean a formal

expansion:

X

h 2 S

a

h

q

h

with co e�cien ts in � and suc h that for all but �nitely man y pairs ( k ; � ) with k � g + 1 and:

� : ( Z = N p

?

Z )

�

! (1 + p Z ) = (1 + p

?

Z ) ! Q

ac �

w e ha v e that:

X

h 2 S

a

h

( � (1 + p )(1 + p )

k

� 1) exp( � i tr ( hz ))

is the F ourier expansion of an elemen t of M

�

k

( N p

?

; �!

� k

� ; Q

ac

p

). W e shall denote the space

of suc h forms M

�

( N ; � ). W e can de�ne an action of T

N p

on M

�

( N ; � ) compatible with

sp ecialisation.

Our �rst main theorem states that M

�

( N ; � ) is a �nite free � mo dule. The main p oin t of

the pro of is that dim M

�

k

( N p; � ) is b ounded indep enden tly of k . The second main theorem

states that if f 2 M

�

k

( N p

?

; �!

� k

� ) is an eigen v ector of T

N p

, sa y f j T ( n ) = � ( n ) f , then w e

can �nd an in teger M (divisible b y N ) and a form F 2 M

�

( M ; � ) 
 R ( R the in tegers of some

extension of the �eld of fractions of �) whic h is an eigen v ector for T

M p

, sa y F j T ( n ) = � ( n ) F ,

suc h that � ( n ) � � ( n ) mo dulo some prime of R lying ab o v e (1 + T � � (1 + p )(1 + p )

k

.

T o pro v e this w e follo w a metho d of Wiles (see [Wi]). One �rst writes do wn some �-adic

Eisenstein series, one then m ultiplies them b y a certain form of lo w w eigh t (w e use a theta

series) and uses Rankin's metho d to sho w that if f is of high enough w eigh t it will o ccur

in the sp ectral decomp osition of this pro duct. F or this w e m ust use our �rst theorem. T o
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extend the result to all w eigh ts k one sho ws that if f is an ordinary eigenform of w eigh t k w e

can �nd ordinary eigenforms arbitrarily congruen t to f with w eigh ts of the form k + ( p � 1) p

?

.

In the last section w e sho w ho w to use this theory to rederiv e some results of the last

c hapter ab out Galois represen tations. W e also sho w ho w the standard conjectures on the

existence of Galois represen tations one exp ects to asso ciate to Siegel mo dular forms w ould

imply similar results ab out �-adic represen tations.

3.2 Review of Siegel Mo dular F orms I I

W e set up a theory of Siegel mo dular forms in a more classical setting than the last c hapter.

This is b etter suited to the purp oses of this c hapter.

W e shall �x throughout an o dd prime p and em b eddings Q

ac

, ! C and Q

ac

, ! Q

ac

p

. W e

shall also �x a p ositiv e in teger g . F or our main results w e m ust assume that g is ev en, and

w e shall in fact alw a ys assume this except in sections one and four where w e shall need to

consider all g to mak e a certain induction argumen t w ork.

W e shall let Z

g

denote the Siegel space of gen us g , that is:

Z

g

= f x + iy j x; y 2 sy mm

g

( R ) ; y > 0 g

Here w e write a > 0 if a is a p ositiv e de�nite symmetric real matrix. Also if A is a ring

sy mm

g

( A ) denotes the mo dule of g � g symmetric matrices o v er A . Moreo v er sy mm

�

g

( A )

will denote the sub-mo dule whose diagonal en tries are in 2 A and w e shall use the sup erscript

� 0 to denote the sub-semigroup of p ositiv e semi-de�nite elemen ts when this mak es sense.

A couple more notes on notation. W e shall use �

ij

to denote the g � g matrix that has

one at the in tersection of the i

th

ro w and j

th

column and zero es elsewhere, and 1

g

to denote

the g � g iden tit y matrix. W e shall let � : GS p

2 g

! G

m

denote the c haracter suc h that

0

@

�

0

@

A B

C D

1

A

1

A

1

g

= A

t

D � B

t

C . Also if R is an in tegral domain F

R

will denote its �eld

of fractions.
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The group GS p

+

2 g

( R ) acts on Z

g

b y:

0

@

A B

C D

1

A

: z 7� ! ( Az + B )( C z + D )

� 1

If f : Z

g

! C is a function, k is a non-negativ e in teger and 
 2 GS p

+

2 g

( R ) w e de�ne a

transform of f b y 
 b y the form ulae:

� f j

k


 ( z ) = � ( 
 )

g k

2

j ( 
 ; z )

� k

f ( 
 z )

� j

0

@

0

@

A B

C D

1

A

; z

1

A

= det( C z + D )

If � is a subgroup of S p

2 g

( Z ) of �nite index w e de�ne a space of mo dular forms, denoted

M

k

(�), to b e the set of holomorphic functions f : Z

g

! C suc h that f j

k


 = f for all 
 2 �.

If g = 1 w e m ust supplemen t these conditions with a gro wth condition, but this is w ell

kno wn. If w e wish to indicate the gen us w e shall write M

( g )

k

(�). In this w ork w e shall b e

concerned with t w o sp ecial congruence subgroups of S p

2 g

( Z ) whic h w e shall denote:

� �

0

( N ) = f

0

@

A B

C D

1

A

2 S p

2 g

( Z ) j C � 0 mo d N g

� �

1

( N ) = f

0

@

A B

C D

1

A

2 S p

2 g

( Z ) j C � 0 mo d N ; det D � 1 mo d N g

W e shall decomp ose:

M

k

(�

1

( N ) =

M

�

M

k

( N ; � )

as � runs o v er c haracters � : ( Z = N Z )

�

! Q

ac �

, and where M

k

( N ; � ) denotes the space

of holomorphic functions f : Z

g

! C suc h that f j

k


 = � ( 
 ) f for all 
 2 �

0

( N ). Here

� : �

0

( N ) ! Q

ac �

b y

0

@

A B

C D

1

A

7! � (det D ). Again w e need a gro wth condition if g = 1.

An y elemen t of M

k

(�

1

( N )) has a F ourier expansion:

X

a

h

( f ) exp ( � i tr ( hz ))
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as h runs o v er sy mm

�

g

( Z )

� 0

. If R is a ring w e shall denote b y R [[ q ]]

g

the ring of formal

p o w er series

P

a

h

q

h

as h runs o v er the semigroup sy mm

�

g

( Z )

� 0

, and where a

h

2 R . With

this notation w e see that:

M

k

(�

1

( N )) , ! C [[ q ]]

g

f 7� !

P

a

h

( f ) q

h

If R � C is a sub- Z -mo dule w e de�ne M

k

(�

1

( N ) ; R ) to b e those elemen ts of M

k

(�

1

( N ))

whose F ourier expansion lies in R [[ q ]]

g

� C [[ q ]]

g

. It is a result of Shim ura that M

k

(�

1

( N ) ; C )

= M

k

(�

1

( N ) ; Z ) 


Z

C and so for an y Z -mo dule R w e ma y consisten tly de�ne M

k

(�

1

( N ) ; R ) =

M

k

(�

1

( N ) ; Z ) 


Z

R . Similarly if O

�

denotes the extension of Z generated b y the im-

age of � then M

k

( N ; �; O

�

) 


O

�

C = M

k

( N ; � ) so if R is an y O

�

mo dule w e can de�ne

M

k

( N ; �; R ) = M

k

( N ; �; O

�

) 


O

�

R . Note also that this implies that Aut ( C = Q ) acts on

M

k

(�

1

( N )) b y:

f

�

( z ) =

X

a

h

( f )

�

exp( � i tr ( hz ))

where � 2 Aut ( C = Q ). In fact M

k

( N ; � )

�

= M

k

( N ; � � � ).

If f is a mo dular form of gen us g for some congruence subgroup � of S p

2 g

( Z ) w e de�ne

a mo dular form �( f ) of gen us g � 1 b y:

�( f )( z ) = lim

� ! + 1

f

0

@

z 0

0 i�

1

A

� is called the Siegel op erator. Its action on F ourier expansions is giv en b y:

�( f ) =

X

a

h

0

( f ) exp ( � i tr ( hz ))

where h

0

=

0

@

h 0

0 1

1

A

. W e can em b ed S p

2( g � 1)

in to S p

2 g

b y:

0

@

A B

C D

1

A

7� !

0

B

B

B

B

B

B

@

A B

1 0

C D

0 1

1

C

C

C

C

C

C

A
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If � is a congruence subgroup of S p

2 g

set �(�) = � \ S p

2( g � 1)

. Then:

� : M

( g )

k

(�) � ! M

( g � 1)

k

(�(�))

and:

� : M

( g )

k

( N ; � ) � ! M

( g � 1)

k

( N ; � )

W e call a mo dular form of w eigh t k cuspidal if for all 
 2 S p

2 g

( Z ) w e ha v e that �( f j

k


 ) =

0. W e denote the subspace of M

k

(�) consisting of cusp forms b y S

k

(�). Similarly w e use

the notation S

k

( N ; � ). The rationalit y results describ ed ab o v e remain true for cusp forms.

If S p

2 g

( Z ) = q

I

� �

i

then w e ha v e a left exact sequence:

0 ! S

( g )

k

(�) ! M

( g )

k

(�) !

M

I

M

( g � 1)

k

(�( �

� 1

i

� �

i

))

and similarly for M

k

( N ; � ).

If f 2 S

k

(�) and g 2 M

k

(�) w e can de�ne an inner pro duct h f ; g i

�

b y:

Z

� nZ

g

f ( z ) g ( z ) (det y )

k

dz

where z = x + iy and dz = (det y )

� g � 1

Q

1 � � � � � g

dx

��

dy

��

. Then if 
 2 GS p

+

2 g

( R ) w e

ha v e that h f j

k


 ; g j

k


 i




� 1

� 


= h f ; g i

�

. Similarly if f 2 S

k

( N ; � ) and g 2 M

k

( N ; � ) w e set:

h f ; g i

N

=

Z

�

0

( N ) nZ

g

f ( z ) g ( z ) (det y )

k

dz

If U denotes an op erator on S

k

( N ; � ) w e shall let U

�

denote its adjoin t with resp ect to

this inner pro duct. It will b e con v enien t to in tro duce a sligh t v arian t v arian t of this inner

pro duct. Set:

W

N

=

0

@

0 � 1

g

N 1

g

0

1

A

then for f 2 S

k

( N ; � ) and g 2 M

k

( N ; � ) w e de�ne:

( f ; g )

N

= h f j W

N

; g

c

i

N

where c denotes complex conjugation. This is a C bilinear form whic h restricted to S

k

( N ; � )

2

is non-degenerate. If U is an op erator on S

k

( N ; � ) w e shall let U

y

denote its transp ose with

resp ect to this pairing.
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W e shall no w recall some facts ab out the theory of Hec k e op erators (see [A2 ] for details).

If g 2 GS p

+

2 g

( Q ) and g �

0

@

� �

0 �

1

A

mo d N w e de�ne the Hec k e op erator:

[�

0

( N ) g �

0

( N )] : M

k

( N ; � ) � ! M

k

( N ; � )

b y:

f 7� ! � ( g )

g k

2

�

g ( g +1)

2

X

I

�

0

( g

i

) f j

k

g

i

where:

� �

0

( N ) g �

0

( N ) = q �

0

( N ) g

i

� �

0

0

@

A B

N C D

1

A

= � (det A ) this b eing giv en the v alue 0 if (det A; N ) 6= 1.

Lemma 3.1 If f

1

2 S

k

( N ; � ) , f

2

2 M

k

( N ; � ) , g =

0

@

A B

N C D

1

A

2 GS p

+

2 g

( Q ) and

A; B ; C ; D 2 M

g � g

( Z ) then:

h ( f

1

j [�

0

( N ) g �

0

( N )]) j W

N

; f

2

i

N

= h f

1

j W

N

; f

2

j [�

0

( N ) g

�

�

0

( N )] i

wher e:

g

�

=

0

@

N

� 1

1

g

0

0 1

g

1

A

t

g

0

@

N 1

g

0

0 1

g

1

A

=

0

@

t

A

t

C

N

t

B

t

D

1

A

In p articular if g is as ab ove and if further:

f

c

j [�

0

( N ) g �

0

( N )] = ( f j [�

0

( N ) g �

0

( N )])

c

then [�

0

( N ) g �

0

( N )]

y

= [�

0

( N ) g �

0

( N )] .
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Pr o of: Let �

0

( N ) g �

0

( N ) = q �

0

( N ) g 


i

with 


i

=

0

@

A

i

B

i

C

i

D

i

1

A

2 �

0

( N ). Then:

h ( f

1

j [�

0

( N ) g �

0

( N )]) j W

N

; f

2

i

N

=

P

i

� ( g 


i

)

?

� ( AA

i

)[�

0

( N ) : �

0

( N ) \ 


� 1

i

g

� 1

�

0

( N ) g 


i

]

� 1

h f

1

j W

N

( W

� 1

N

g 


i

W

N

) ; f

2

i

�

0

( N ) \ 


� 1

i

g

� 1

�

0

( N ) g 


i

=

� ( g )

?

� ( A )

[�

0

( N ):�

0

( N ) \ g

� 1

�

0

( N ) g ]

P

i

h f

1

j W

N

( W

� 1

N

( g

�

)

� 1

; � ( D

i

) f

2

j 


�

i

i

�

0

( N ) \ g

� 1

�

0

( N ) g

= � ( g )

?

� ( A ) h f

1

j W

N

( g

�

)

� 1

; f

2

i

�

0

( N ) \ g

� 1

�

0

( N ) g

where ? =

g k

2

�

g ( g +1)

2

. Similarly:

h f

1

j W

N

; f

2

j [�

0

( N ) g

�

�

0

( N )] i

N

= � ( g

�

)

?

� ( A ) h f

1

j W

N

; f

2

j g

�

i

g

� � 1

�

0

( N ) g

�

\ �

0

( N )

and so the lemma follo ws.

Let �

0

( N ) b e the semigroup of elemen ts 
 in GS p

+

2 g

( Q ) \ M

2 g

( Z ) with ( N ; det 
 ) = 1

and 
 �

0

@

� �

0 �

1

A

mo d N . Let T

�

N

denote the Hec k e algebra whic h is spanned o v er Z

b y the double �

0

( N ) cosets con tained in �

0

( N ). Then T

�

N

acts on M

k

( N ; � ) and this

action preserv es S

k

( N ; � ). Moreo v er if N j M then T

�

M

, ! T

�

N

and if N and M ha v e the

same prime factors this is an isomorphism. This map is also compatible with the inclusion

M

k

( N ; � ) , ! M

k

( M ; � ). An y elemen t T of T

�

N

can b e written as

P

n

i

�

0

( N ) g

i

with g

i

=

0

@

A

i

B

i

0 D

i

1

A

and then:

a

h

( f j T ) =

X

n

i

� ( g

i

)

�

g ( g +1)

2

� (det A

i

)(det A

i

)

k

exp( � i tr ( hA

� 1

i

B

i

)) a

D

i

hA

� 1

i

( f )

where the sum is tak en o v er those i suc h that D

i

hA

� 1

i

2 sy mm

�

g

( Z ). In particular T

�

N

preserv es M

k

( N ; �; Q

ac

). It is also kno wn that S

k

( N ; � ) has a basis of eigenforms for T

�

N

,

whic h are orthogonal with resp ect to the P etersson inner pro duct. W e see that:

� If M � M

k

( N ; � ) is preserv ed b y T

�

N

so is M

?

� S

k

( N ; � )

� If U is an op erator on S

k

( N ; � ) whic h comm utes with the action of T

�

N

then U

�

also

comm utes with T

�

N

.
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F or n a p ositiv e in teger prime to N let T ( n ) 2 T

�

N

denote the sum of all �

0

( N ) double

cosets in �

0

( N ) on whic h � tak es the v alue n . W e let T

N

denote the subring of T

�

N

generated

b y these op erators. W e ha v e that:

a

h

( f j T ( n )) = n

�

g ( g +1)

2

� ( n

g

) n

g k

P

d

1

j d

2

j :::d

g

j a

d

g

1

d

g � 1

2

:::d

g

P

D

� (det D )

� 1

(det D )

� k

a

n

� 1

D h

t

D

where the second sum is tak en o v er a set of represen tativ es for:

GL

g

( Z ) n GL

g

( Z )

0

B

B

B

@

d

1

.

.

.

d

g

1

C

C

C

A

GL

g

( Z )

In particular T

N

preserv es M

k

( N ; �; O

�;}

) for } an y prime of O

�

dividing N . Also if T 2 T

N

then T

y

= T . This follo ws from lemma 3.1 and the fact that �

0

( N )

�

= �

0

( N ).

F or all these results w e refer the reader to [A2 ]. W e also note that an y eigenform of T

�

N

is also an eigenform of eac h algebra L

g

0 ;l

( N ) ( l 6 j N ) considered in [A1] (this follo ws from [A2 ]

theorem 4.1.8).

If p j N w e shall also consider the op erators U

p

r

= [�

0

( N )

0

@

1

g

0

0 p

r

1

g

1

A

�

0

( N )]. W e list

some prop erties of U

p

r

:

Lemma 3.2 L et p j N and let � b e de�ne d mo dulo N . Then U

p

2 E nd ( M

k

( N ; � )) satis�es:

1. if N j M then the action of U

p

is c omp atible with M

k

( N ; � ) , ! M

k

( M ; � )

2. a

h

( f j U

p

r

) = a

p

r

h

( f )

3. U

p

r

= U

r

p

4. U

p

M

k

( N p; � ) � M

k

( N ; � )

5. U

p

c ommutes with the action of T

N

6. U

y

p

= U

p

7. if T 2 T

�

N

then some p ower of U

p

c ommutes with T .
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Pr o of: 1. and 2. follo w from the fact that:

�

0

( N )

0

@

1

g

0

0 p

r

1

g

1

A

�

0

( N ) = q �

0

( N )

0

@

1

g

B

0 p

r

1

g

1

A

where B runs o v er an y set of represen tativ es for the mo d p

r

congruence classes of sy mm

g

( Z ).

3) follo ws from 2). 4) follo ws from the fact that:

�

0

( N p )

0

@

1

g

0

0 p 1

g

1

A

�

0

( N ) = q �

0

( N p )

0

@

1

g

B

0 p 1

g

1

A

where B is as ab o v e. 5) follo ws from 2) and the form ula for a

h

( f j T ( n )), and 6) follo ws

from 2) and lemma 3.1. W e do not pro v e these coset decomp ositions here. The pro of is

essen tially the same as that giv en in lemma 3.4 b elo w.

7) follo ws from these decomp ositions and the facts that if

0

@

A B

0 D

1

A

2 �

0

( N ), � =

� (

0

@

A B

0 D

1

A

), X � 0 mo d � is a symmetric in tegral matrix, and p

r

� 1 mo d � then:

0

@

1

g

X

0 p

r

1

g

1

A

0

@

A B

0 D

1

A

=

0

@

A B

0 D

1

A

0

@

1

g

�

� 1 t

D ((1 � p

r

) C + X D )

0 p

r

1

g

1

A

and that X 7! �

� 1 t

D ((1 � p

r

) B + X D ) is a p erm utation of the mo d p

r

congruence classes

of symmetric in tegral matrices.

Note that in particular U

p

preserv es M

k

( N ; �; O

�

).

W e no w w an t to de�ne the Hida idemp oten t asso ciated to U

p

whic h will b e essen tial in

what follo ws. First recall the follo wing lemma:

Lemma 3.3 L et O denote the inte gers of a �nite extension of Q

p

and M a �nite O -mo dule.

L et U b e an op er ator on M , then ther e exists a unique idemp otent e

U

in E nd

O

( M ) which

c ommutes with U and such that U is an automorphism on eM and is top olo gic al ly nilp otent

on (1 � e ) M . Mor e over e = lim

r !1

U

r !

. If M

0

and U

0

satisfy c orr esp onding c onditions and if

� : M ! M

0

is such that � U = U

0

� then � e = e� .
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If O

0

is a numb er �eld, M

0

a �nite O

0

-mo dule, } a prime of O

0

ab ove p and U 2

E nd

O

0

( M

0

) then ther e is a ring R c ontaine d in a numb er �eld with O

0

� R � O

0 ;}

and an

idemp otent e

U

2 E nd

R

( M

0


 R ) such that e

U

c onsider e d as an element of E nd

O

0 ;}

( M

0




O

0 ;}

) c oincides with the idemp otent asso ciate d to U ab ove.

In particular in these circumstances w e can think of e 2 E nd

Q

ac

( M

0


 Q

ac

), as w e ha v e

�xed Q

ac

� Q

ac

p

.

W e shall b e in terested in the case M

0

= M

k

( N ; �; O

�

) with p j N and U = U

p

. W e shall

denote b y e the corresp onding idemp oten t, whic h w e shall call the Hida idemp oten t. W e can

think of e acting on M

k

( N ; �; O

�;}

) or on M

k

( N ; � ). In either case w e ha v e the follo wing

prop erties:

� If N j M the action of e is compatible with M

k

( N ; � ) , ! M

k

( M ; � )

� eM

k

( N p

r

; � ) = eM

k

( N ; � )

� e comm utes with the action of T

�

N

� e

y

= e

Finally w e m ust study the op erator U

p

and the Hida idemp oten t e in a sligh tly di�eren t

setting. Let N no w b e an in teger prime to p .No w let � denote one of the follo wing:

� �

0

=

8

<

:

0

@

A B

C D

1

A

2 S p

2 g

( Z ) j B � 0 mo d N ; C � 0 mo d N p;

A � D � 1 mo d N

9

=

;

� �

1

=

8

<

:

0

@

A B

C D

1

A

2 �

0

j det D � 1 mo d p

9

=

;

� �

1

( N p

r

)

An y elemen t of M

k

(�) has a F ourier expansion

P

a

h

( f ) q

h

where h runs o v er elemen ts of

N

� 1

sy mm

�

g

( Z ). The theory of rationalit y carries o v er exactly to this situation. W e de�ne
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op erators U

p

r

to b e the Hec k e op erators asso ciated to the double cosets �

0

@

1

g

0

0 p 1

g

1

A

�.

Then w e ha v e:

Lemma 3.4 With the notation as ab ove:

1. U

p

r

= U

r

p

2. a

h

( f j U

p

) = a

ph

( f )

3. U

p

pr eserves M

k

(� ; Z )

4. the action of U

p

is c omp atible with the inclusions:

M

k

(�

1

) � M

k

( N p; � )

[

M

k

(�

0

) � M

k

( N p; 1)

and:

M

k

(�

1

( N p

r

)) � M

k

( N p

r

; � )

Pr o of: These all follo w from the facts that:

�

0

@

1

g

0

0 p 1

g

1

A

� = q �

0

@

1

g

B

0 p 1

g

1

A

where B runs o v er a set of represen tativ es for the mo d p

r

congruence classes of sy mm

g

( Z )

eac h c hosen � 0 mo d N . This decomp osition follo ws from the follo wing equations:

�

0

@

1

g

B

0 p

r

1

g

1

A

=

0

@

1

g

0

0 p

r

1

g

1

A

0

@

1

g

B

0 1

g

1

A

�

0

@

1

g

X

0 p

r

1

g

1

A

0

@

1

g

Y

0 p

r

1

g

1

A

� 1

=

0

@

1

g

p

� r

( X � Y )

0 1

g

1

A
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� If

0

@

A B

pC D

1

A

2 S p

2 g

( Z ) then

t

D B 2 sy mm

g

( Z ) and if further X 2 sy mm

g

( Z ) with

X �

t

D B mo d p

r

and X � 0 mo d N then:

0

@

1

g

0

0 p

r

1

g

1

A

0

@

A B

pC D

1

A

=

0

@

A p

� r

( B � AX )

p

r +1

C D � pC X

1

A

0

@

1

g

X

0 p

r

1

A

where B � AX � A (

t

D B � X ) � 0 mo d p

r

.

In particular w e can in tro duce the Hida idemp oten t in this con text, and it will b e com-

patible with the other con texts considered earlier. W e �nish this section with a simpli�cation

of the condition that an ordinary mo dular form is cuspidal:

Lemma 3.5 L et N b e prime to p . L et � (or �

( g )

) denote either �

0

or �

1

as de�ne d ab ove.

L et �

( g � 1)

denote the c orr esp onding gr oup in genus g � 1 . Then ther e is an inte ger m such

that for al l k �

g ( g +1)

2

we have a left exact se quenc e:

0 ! eS

k

(�

( g )

) ! eM

k

(�

( g )

) ! eM

k

(�

( g � 1)

)

m

Pr o of: Let � n S p

2 g

( Z ) = q

I

� �

i

, so that w e ha v e an exact sequence:

0 ! S

k

(�) ! M

k

(�)

�

!

M

I

M

k

(�( �

� 1

i

� �

i

))

Let J b e the subset of I consisting of those i for whic h � �

i

� �

0

( p ). Let 
 � Q

ac

b e the

�nite Z [ �

p

]-mo dule generated b y the co e�cien ts f j �

i

where f 2 M

k

(� ; Z ) and i 2 I . Then

w e mak e the follo wing claims:

1. f 2 M

k

(� ; Z ) and � ( f ) 2

L

I n J

M

k

(�( �

� 1

i

� �

i

) ; p

r


) implies that � ( f j U

p

) 2

L

I

M

k

(�( �

� 1

i

� �

i

) ; p

r +1


)

2. f 2 M

k

(�) and � 2 �

0

( p ) implies that �

� 1

� � = � and that f j � j U

p

= f j U

p

j �

3. f 2 M

k

(� ; Z ) and � ( f ) 2

L

I n J

M

k

(�( �

� 1

i

� �

i

) ; p

r


) implies that � ( f j U

p

) 2

L

I n J

M

k

(�( �

� 1

i

� �

i

) ; p

(

r + 1)
)
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4. The follo wing sequence is left exact:

0 ! eS

k

(�) ! eM

k

(�) !

M

J

M

k

(�

( g � 1)

)

5. � : M

k

(�

( g )

) ! M

k

(�

( g � 1)

) is compatible with the action of U

p

.

Note that from 2), 4) and 5) the lemma follo ws at once. Also note that 5) follo ws easily

from the description of U

p

in terms of its action on F ourier expansions; and that 3) and 4)

follo w easily from 1) and 2).

First w e pro v e 1). Note that for � =

0

@

A B

C D

1

A

2 S p

2 g

( Z ):

f j U

p

j � = p

g k

2

�

g ( g +1)

2

X

X

f j

0

@

A + X C B + X D

pC pD

1

A

and that:

0

@

A + X C B + X D

pC pD

1

A

=

0

@

( A + X C ) E

� 1

B

0

pC E

� 1

D

0

1

A

0

@

E Y

0 p

t

E

� 1

1

A

with:

�

0

@

( A + X C ) E

� 1

B

0

pC E

� 1

D

0

1

A

2 S p

2 g

( Z )

�

0

@

E Y

0 p

t

E

� 1

1

A

2 M

2 g � 2 g

( Z )

� E upp er triangular

(That w e can �nd suc h a decomp osition can b e easily deduced from prop osition 1.3.7 of

[A2].) W e no w consider t w o cases:

1. p 6 j det E , i.e. E 2 GL

g

( Z )

In this case:

0

@

A + X C B + X D

pC pD

1

A

=

0

@

A + X C B

0

t

E

� 1

pC D

0

t

E

� 1

1

A

0

@

1

g

E

� 1

Y

0 p 1

g

1

A
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with

0

@

A + X C B

0

t

E

� 1

pC D

0

t

E

� 1

1

A

2 �

0

( p ). Th us:

�

0

@

f j

0

@

A + X C B + X D

pC pD

1

A

1

A

= 0

2. p j det E

In this case:

p

g k

2

�

g ( g +1)

2

f j

0

@

A + X C B + X D

pC pD

1

A

=

p

k �

g ( g +1)

2

( p

� 1

det E )

k

P

a

h

exp ( � i tr ( p

� 1

hY

t

E )) exp( � i tr ( p

� 1 t

E hE z ))

where:

f j

0

@

( A + X C ) E

� 1

B

0

pC E

� 1

D

0

1

A

=

X

a

h

exp ( � i tr ( hz ))

In either case � ( f j U

p

) 2

L

I

M

k

(� ; p

r +1


) as E upp er triangular implies that

t

E

� 1

0

@

h

0

1

A

E

� 1

=

0

@

h

0

0

1

A

.

Finally for claim 2), let X � 0 mo d N and

0

@

A B

pC D

1

A

2 �

0

( p ). Then:

0

@

A B

pC D

1

A

0

@

1

g

X

0 p 1

g

1

A

0

@

A B

pC D

1

A

� 1

0

@

1

g

AX

t

A � A

t

B

0 p 1

g

1

A

� 1

=

0

@

A

t

D � B

t

C p

2

� pAX

t

C � A

t

B + B

t

Ap + AX

t

A

p ( C

t

D � D

t

C p � C X

t

C p ) p ( � C

t

B + D

t

A + C X

t

A )

1

A

0

@

1

g

p

� 1

( A

t

B � AX

t

A )

0 p

� 1

1

g

1

A

� 2 S p

2 g

( Z ) as A

t

D ( A

t

B � AX

t

A ) � A

t

B + AX

t

A � 0 mo d p

� �

0

@

A

0

�

0 D

0

1

A

mo d p and if det A � det D � 1 mo d p then det A

0

� det D

0

� 1 mo d

p .
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� �

0

@

1

g

0

0 1

g

1

A

mo d N

The result no w follo ws as X 7! AX

t

A � A

t

B is a p erm utation of sy mm

g

( Z =p Z ).

3.3 Some Lemmas on Eisenstein and Theta Series

In this section w e collect some results that w e need concerning Eisenstein series, theta series

and Rankin's metho d. These results are based on w ork of Andriano v and of Shim ura. First

w e in tro duce some Eisenstein series:

� E ( z ; s ; k ; �; b ) = (det 2 y )

s

P

� (det D ) det( C z + D )

� k

j det ( C z + D ) j

� 2 s

where z = x + iy ,

and where the sum runs o v er

0

@

A B

C D

1

A

represen ting the cosets �

0

n �

0

( b ).

� E

�

( z ; s ; k ; �; b ) = E (

� 1

z

; s ; k ; �; b ) z

� k

�

e

E

k ;�;b

( z ) =

P

h 2 sy mm

�

g

( Z )

h > 0

a

h

exp( � i tr ( hz )) with:

a

h

= L (1 +

g

2

� k ;

^

�

� 1

�

h

)

0

B

@

Q

l 2 P ( h )

l 6 j b

M

l ;h

(

� ( l )

l

k

)

1

C

A

(det h )

k �

g +1

2

f

g

2

� k

g

��

h

� (

g

��

h

)

Q

l 6 j f

��

h

l j b

(1 �

g

��

h

( l ) l

g

2

� k

)

where

{

e

 is the primitiv e c haracter corresp onding to  

{ if  is a primitiv e c haracter f

 

denotes its conductor and

� (  ) =

X

x 2 ( Z =f

 

Z )

�

 ( x ) exp (

2 � ix

f

 

)

denotes the corresp onding Gauss sum

{ �

h

= �

h

�

g

2

where �

h

is the c haracter corresp onding to Q (

p

det h ) = Q and � is the

c haracter corresp onding to Q (

p

� 1) = Q
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{ P ( h ) is a �nite set of primes dep ending only on Q

�

h , as de�ned in x 10 of [F e ].

{ for l 2 P ( h ) M

l ;h

( X ) 2 Z [ X ] is a p olynomial dep ending only on l and Q

�

h as

de�ned in x 10 of [F e ]

Lemma 3.6 Assume k �

g

2

+ 1 and that � is a char acter mo dulo b , with � ( � 1) = ( � 1)

k

.

Assume also that either k >

g

2

+ 2 or �

2

6= 1 . Then:

C

~

E

k ;�;b

( z ) = E

�

( z ; 0; k ; �; b ) j [ b ] 2 M

k

(�

0

( b ) ; � )

with C 6= 0 a c onstant.

Pr o of: E

�

( x + iy ; s ; k ; �; b ) =

P

bh 2 sy mm

�

g

( Z )

a

h

( y ; s ) exp( � i tr ( hx )) where

a

h

( y ; s ) has b een calculated b y Shim ura and F eit. In particular a

h

( y ; s ) is �nite (resp. zero)

at s = 0 if A

h

( s ) is �nite (resp. zero) at s = 0, where, if h has r

+

p ositiv e eigen v alues, r

�

negativ e eigen v alues and rank r = r

+

+ r

�

:

A

h

( s ) =

�

g � r

( k �

g +1

2

+2 s )

�

g � r

�

( k + s )�

g � r

+

( s )

�

L ( k + 2 s; � )

Q

g

2

i =1

L (2 k � 2 i + 4 s; �

2

)

�

� 1

:

8

<

:

L ( k � g +

r

2

+ 2 s; ��

h

)

Q

g � r

2

i =1

L (2 k � 2 g + r � 1 + 2 i + 4 s; �

2

)

Q

g � r � 1

2

i =0

L (2 k � 2 g + r + 2 i + 4 s; �

2

)

according as r is ev en or o dd. Here �

t

( s ) =

Q

t � 1

i =1

�( s �

i

2

). (See x 10 of [F e ].) The only

terms that con tribute a zero or p ole at s = 0 are:

� �

g � r

+

( s )

� 1

whic h con tributes a zero of order the in teger part of

g � r

+

+1

2

� the L-series in the n umerator whic h can con tribute at most a simple p ole.

Th us A

h

( s ) has a p ole at s = 0 only if g = r

+

and the L-series in the n umerator ha v e a

p ole, i.e. k = 1 +

g

2

, ��

h

= 1, whic h is a case w e ha v e excluded. Moreo v er A

h

(0) = 0 unless

g = r

+

or one of the follo wing hold:

� g = r

+

+ 1, k =

g

2

+ 1, �

2

= 1

� g = r

+

+ 2, k =

g

2

+ 2, ��

h

= 1
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� g = r

+

+ 2, k =

g

2

+ 1, �

2

= 1

Ho w ev er our assumptions exclude these last three p ossibilities. Th us w e ha v e:

E

�

( x + iy ; 0; k ; �; b ) =

X

h 2 sy mm

�

g

( Z )

h > 0

a

b

� 1

h

( y ; 0) exp( � i tr ( hx ))

where using [F e ] x 10 and the functional equation for L-series asso ciated to Diric hlet c har-

acters:

a

h

( y ; o ) = 2

?

�

?

i

?

(det b )

?


 L

� 1

a

h

e

� � tr ( hy )

with eac h ? a rational n um b er indep enden t of h and with:

� 
 = �

g

( k )

� 1

�

�

k + � �

g

2

2

�

� 1

�

�

1 � k + � +

g

2

2

�

� L = L ( k ; � )

Q

g

2

i =1

L (2 k � 2 i; �

2

)

� � = 0 or 1 and � � k �

g

2

mo d 2, so that ��

h

( � 1) = ( � 1)

�

.

F rom this the desired equalit y follo ws at once. Moreo v er w e see that E

�

( z ; 0; k ; �; b ) j [ b ]

is holomorphic. Finally it lies in M

k

(�

0

( b ) ; � ) b ecause it is equal to E ( z ; 0; k ; �; b ) j W

b

and

E ( z ; s ; k ; �; b ) transforms under �

0

( b ) b y �

� 1

.

W e no w in tro duce some theta series. Let  b e a c haracter mo dulo r and let Q 2

sy mm

�

g

( Z ), Q > 0. W e shall let s ( Q ), the step of Q , denote the smallest p ositiv e in teger

suc h that s ( Q ) Q

� 1

2 sy mm

�

g

( Z ). No w set:

�

Q; 

( z ) =

X

N 2 M

g � g

( Z )

 (det N ) exp( � i tr (

t

N QN z ))

W e �rst record some transformation prop erties of �

Q; 

. The pro ofs are based on w ork of

Andriano v. In fact part one is due to him in the case  primitiv e, but unfortunately w e

don't think this metho d go es o v er exactly to the case of  imprimitiv e.

Lemma 3.7 1. �

Q; 

( z ) 2 M

g

2

(�

0

( r

2

s ( Q )) ;  �

Q

) wher e �

Q

is a char acter of or der two

mo dulo s ( Q ) with �

Q

( � 1) = ( � 1)

g

2

.
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2. If  is primitive mo dulo r then �

Q; 

j W

r

2

s ( Q )

= C �

s ( Q ) Q

� 1

; 

� 1 for some c onstant C .

Pr o of: F ollo wing Andriano v w e in tro duce for T 2 M

g � g

( Z ) with QT � 0 mo d s ( Q ) a

theta series:

� ( z ; Q : T ) =

X

N 2 M

g � g

( Z )

exp ( � i tr (

t

( N + s ( Q )

� 1

T ) Q ( N + s ( Q )

� 1

T ) z ))

Then:

�

Q; 

( z ) =

X

M 2 M

g � g

( Z ) mo d r

 (det M ) � ( z ; r

2

Q : r s ( Q ) M )

No w from x 1.3.3 of [A2] w e kno w that:

1. If 
 =

0

@

A B

C D

1

A

2 �

0

( s ( Q )) then:

� ( z ; Q : T ) j

g

2


 = �

Q

(det D ) exp ( � i tr ( s ( Q )

� 2

A

t

B

t

T QT )) � ( z ; Q : T A )

2. � ( z ; Q : T ) j W

s ( Q )

= C

1

P

QU � 0 mo d s ( Q )

U mo d s ( Q )

exp(2 � i tr ( s ( Q )

� 2 t

T QU )) � ( z ; s ( Q ) Q : U )

with C

1

a non-zero constan t indep enden t of T .

Th us if 
 =

0

@

A B

C D

1

A

2 �

0

( r

2

s ( Q )) then:

�

Q; 

j

g

2


 ( z ) =

P

 (det M ) �

Q

(det M ) exp( � i tr ( A

t

B

t

M QM ))

� ( z ; r

2

Q : r s ( Q ) M A )

= �

Q

 (det D )

P

 (det ( M A )) � ( z ; r

2

Q : r s ( Q ) M A )

= �

Q

 (det D ) �

Q; 

( z )

(Here w e ha v e used the fact that ( A

t

B )(

t

M QM ) has trace an ev en in teger.)

No w assume  is primitiv e. F or A 2 M

g � g

( Z ) set:

�

A

(  ) =

X

M 2 M

g � g

( Z =r Z )

 (det M ) exp(

2 � i

r

tr ( M A ))

W e shall assume for the momen t the follo wing t w o facts:
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� A 2 GL

g

( Z =r Z ) implies that �

A

(  ) =  (det A )

� 1

�

1

(  )

� A 62 GL

g

( Z =r Z ) implies that �

A

(  ) = 0.

Then:

�

Q; 

j W

r

2

s ( Q )

= C

1

P

 (det M )

P

QT � 0 mo d s ( Q )

T mo d r

2

s ( Q )

exp (

2 � i

r

tr (

t

M

QT

s ( Q )

))

� ( z ; r

4

s ( Q ) Q : T )

= C

1

P

T

�

QT

s ( Q )

(  ) � ( z ; r

4

s ( Q ) Q : T )

= C

1

�

1

(  )

P

T

 

� 1

(det

QT

s ( Q )

) � ( z ; r

4

s ( Q ) Q : T )

but:

� ( z ; r

2

Q : T ) =

X

N

exp ( � i tr ( z

t

( r

2

QN +

QT

s ( Q )

) s ( Q ) Q

� 1

( r

2

QN +

QT

s ( Q )

)))

so that:

�

Q; 

j W

r

2

s ( Q )

( z ) = C

1

�

1

(  )

P

 

� 1

(det X )

P

N

exp( � i tr ( z

t

( r

2

QN + X ) s ( Q ) Q

� 1

( r

2

QN + X )))

where X = X ( T ) =

QT

s ( Q )

and where T runs o v er elemen ts of M

g � g

( Z ) mo dulo r

2

s ( Q ) with

QT � 0 mo d s ( Q ).

No w let I b e the righ t ideal in M

g � g

( Z ) generated b y r

2

Q . Then the sets f T mo d

r

2

s ( Q ) j QT � 0 mo d s ( Q ) g and f X mo d I g are in bijection b y the maps:

T 7� ! s ( Q )

� 1

QT

s ( Q ) Q

� 1

X  � X

Th us:

�

Q; 

j W

r

2

s ( Q )

( z ) = C

1

�

1

(  )

P

X mo d I

 

� 1

(det X )

P

N � X mo d I

exp( � i tr ( z

t

N s ( Q ) Q

� 1

N ))

= C

1

�

1

(  ) �

s ( Q ) Q

� 1

; 

� 1

No w w e m ust return to the t w o claims ab out the sums �

A

(  ). The �rst is easy on making

a c hange of v ariable. F or the second w e shall sho w the existence of B 2 GL

g

( Z =r Z ) suc h that

B A = A and  (det B ) 6= 1. F rom this one sees easily that �

A

(  ) =  (det B ) �

A

(  ) and so
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�

A

(  ) = 0. T o �nd suc h a B let M b e the submo dule of ( Z =r Z )

g

generated b y the columns

of A . What w e require is � 2 Aut (( Z =r Z )

g

) with � j

M

= I d and with  (det � ) 6= 1. Ho w ev er

w e can pic k a basis e

1

; :::; e

g

of ( Z =r Z )

g

suc h that M = ( �

1

e

1

; :::; �

g

e

g

) with ( �

1

; r ) 6= 1.

Then let � b e represen ted b y :

0

B

B

B

B

B

B

B

B

B

@

� 0 : : 0

0 1 0

: : :

: : :

0 0 : : 1

1

C

C

C

C

C

C

C

C

C

A

with � � 1 mo d

r

( �

1

;r )

and  ( � ) 6= 1. This is the desired � and completes the pro of of the

lemma.

W e no w in tro duce a formal q -expansion whic h lo oks lik e an Eisenstein series:

E

�;b;s

( k ; � ) =

X

(det h; p

1

) = p

s

h 2 sy mm

�

g

( Z )

h > 0

a

h

q

h

where:

� b is prime to p

� � : ( Z =p

t

Z )

�

hi

� ! (1 + p Z ) = (1 + p

t

Z ) � ! Q

ac �

� � ( Z =bp Z )

�

� ! Q

ac �

and � = �

( p )

�

( p )

corresp onding to ( Z =bp Z )

�

�

=

( Z =b Z )

�

�

( Z =p Z )

�

and where:

a

h

= (det h )

�

g +1

2

f

g

2

^

�

( p )

�

( p )

h

�

( p )

� ( f

^

�

( p )

�

( p )

h

) � (

^

�

( p )

�

( p )

h

) L

( p )

(1 +

g

2

� k ;

^

�

� 1

� !

� k

�

h

)

�

� 1

( f

^

�

( p )

�

( p )

h

) h f

^

�

( p )

�

( p )

h

i

� k

� ( p

� s

det h ) h p

� s

det h i

k

Q

l 2 P ( h )

l 6 j bp

M

l ;h

( � ( l ) � ( l

� 1

) h l i

� k

)

Q

l 6 j f

^

�

( p )

�

( p )

h

l j b

(1 � l

g

2

g

��

h

( l ) � ( l

� 1

) h l i

� k

)
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Here w e ha v e used the notation �

h

= � �

p

h

where �

p

h

is de�ned mo dulo a n um b er prime to p

and where � = !

s

p � 1

2

. Also L

( p )

denotes the L-series with the Euler factor at p remo v ed.

No w w e pro v e that these are not to o far o� from b eing mo dular forms.

Lemma 3.8 L et b b e prime to p , � : ( Z =bp Z )

�

! Q

ac �

, � = �

( p )

�

( p )

as ab ove with

�

( p ) 2

6= 1 , � ( � 1) = 1 . L et � : ( Z =p

t

1

Z )

�

hi

! (1 + p Z ) = (1 + p

t

1

Z ) ! Q

ac �

also b e as

ab ove. L et Q 2 sy mm

�

g

( Z ) with (det Q; p

1

) = p

t

2

. Set t = max ( t

1

; t

2

+ 1) . A lso let

 : ( Z =r Z )

�

! Q

ac �

b e such that s ( Q ) r

2

j bp

t

and p j r . Final ly assume that k �

g

2

+ 1 .

Then:

C U

t

p

( �

Q; 

E

�;b;t

2

( k ; � )) = U

t

p

( �

Q; �

2

!

� 2 k

~

E

k ;��

� 1

!

k

;bp

)

2 M

k +

g

2

(�

0

( bp

t

) ;  ��

Q

� !

� k

)

with C a non-zer o c onstant.

W e �rst separate out a part of the pro of:

Lemma 3.9 L et � b e a char acter de�ne d mo d p

t

1

and let Q 2 sy mm

�

g

( Z ) with Q > 0 and

(det Q; p

1

) = p

t

2

. Then if t = max ( t

1

; t

2

+ 1) and if A =

P

A

h

q

h

is a formal q -exp ansion:

� ( p

� t

2

det ( � Q )) U

t

p

( �

Q; �

2 A ) = U

t

p

( �

Q; 

A

�

)

wher e A

�

=

P

(det h;p

1

)= p

t

2

 ( p

� t

2

det h ) A

h

q

h

.

Pr o of: W e lo ok at the co e�cien t of q

h

on b oth sides. On the left hand side w e get:

X

g +

t

nQn = p

t

h

�

2

 (det n ) A

g

� ( p

� t

2

det ( � Q ))

while on the righ t hand side w e get:

X

g +

t

nQn = p

t

h

 (det n ) A

g

� ( p

� t

2

det g )

This pro v es the lemma.

Pr o of of lemma thr e e:

First note that:

�

Q; �

2

!

� 2 k

2 M

k

(�

0

( bp

t

) ;  �

Q

�

2

!

� 2 k

)
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and that as �

( p ) 2

6= 1 and k �

g

2

+ 1 w e ha v e:

~

E

k ;��

� 1

!

k

2 M

k

(�

0

( bp

t

) ; ��

� 1

!

k

)

Th us w e need only sho w that the claimed iden tit y holds (formally). Ho w ev er:

� !

� k

(det Q ) U

t

p

( �

Q; �

2

!

� 2 k

~

E

k ;��

� 1

!

k

) = U

t

p

( �

Q; 

E

1

)

= � ( p

� t

2

det Q ) U

t

p

( �

Q; 

E

2

)

where:

� E

1

=

P

(det h; p

1

) = p

t

2

h 2 sy mm

�

g

( Z )

h > 0

b

h

q

h

� E

2

=

P

(det h; p

1

) = p

t

2

h 2 sy mm

�

g

( Z )

h > 0

� ( p

� t

2

det h ) b

h

q

h

� b

h

= f

g

2

� k

^

�

( p )

� �

� 1

!

k

�

( p )

( f

^

�

( p )

� �

� 1

!

k

) � (

^

�

� 1

( p )

� � !

� k

) a

h

:

8

>

>

>

>

<

>

>

>

>

:

1 f

^

�

( p )

� �

� 1

!

k

= p

2 m

�

( p )

h

( p ) f

^

�

( p )

� �

� 1

!

k

= p

2 m � 1

A

�

( p )

h

( p )

� �

( p )

!

k

�

� 1

= 1

with m a p ositiv e in teger

� A

�

=

1 � �

( p )

( p ) p

g

2

� k

1 � �

( p )

( p )

� 1

p

k �

g

2

� 1

� � = !

p � 1

2

Here w e ha v e used the fact that if �

1

, �

2

are primitiv e c haracters with coprime conductors

then � ( �

1

�

2

) = � ( �

1

) � ( �

2

) �

1

( f

�

2

) �

2

( f

�

1

). Note that A

�

6= 1 or 0 as �

( p ) 2

6= 1 and also

that:

�

( p )

h

( p ) = � :� ( p

� t

2

det h )

with � = � ( � 1)

g

2

if p � 1 mo d 4 and � = � ( � 1)

g

2

+ t

2

if p � 3 mo d 4.

Th us w e see that:
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� If f

^

�

( p )

� �

� 1

!

k

is an ev en p o w er of p and is 6= 1 then:

E

1

= f

g

2

� k

^

�

( p )

� �

� 1

!

k

� ( p ) ( f

^

�

( p )

� �

� 1

!

k

) � (

^

�

( p )

� �

� 1

!

k

) E

�;b;t

2

( k ; � )

� If f

^

�

( p )

� �

� 1

!

k

is an o dd p o w er of p then:

E

2

= � f

g

2

� k

^

�

( p )

� �

� 1

!

k

� ( p ) ( f

^

�

( p )

� �

� 1

!

k

) � (

^

�

( p )

� �

� 1

!

k

) E

�;b;t

2

( k ; � )

� If

^

�

( p )

� �

� 1

!

k

= 1 then:

E

1

( A

� 1

�

+ A

� 1

� �

) + E

2

( A

� 1

�

� A

� 1

� �

) =

2 f

g

2

� k

^

�

( p )

� �

� 1

!

k

� ( p )( f

^

�

( p )

� �

� 1

!

k

) � (

^

�

( p )

� �

� 1

!

k

) E

�;b;t

2

( k ; � )

In the �rst t w o cases w e conclude at once the desired equalit y . In the last case w e conclude

that:

A

� 1

� ( p

� t

2

det Q ) �

� !

� k

( p

� t

2

det Q ) U

t

p

( �

Q; �

2

!

� 2 k

~

E

k ;��

� 1

!

k

;bp

) =

f

g

2

� k

^

�

( p )

� �

� 1

!

k

� ( p )( f

^

�

( p )

� �

� 1

!

k

) � (

^

�

( p )

� �

� 1

!

k

) U

t

p

( �

n

Q;  E

�;b;t

2

( k ; � ))

and again w e are done.

W e shall no w �x a cusp form f in S

k

(�

0

( q ) ; � ). Assume that f has F ourier expansion

P

h 2 sy mm

�

g

( Z ) h> 0

a

h

( f ) q

h

. Also if Q 2 sy mm

�

g

( Z ), Q > 0 and  : ( Z =r Z )

�

! Q

ac �

w e

in tro duce a Diric hlet series:

D

Q; 

( s ) = L ( s +

g

2

;  ��

Q

)

Q

g

2

� 1

0

L (2 s + 2 i;  

2

�

2

)

P

M 2 S L

g

( Z ) n M

+

g � g

( Z )

 (det M ) a

M Q

t

M

( f )(det M )

1 � k � s

Lemma 3.10 D

Q; 

( s ) =

P

1

n =1

d

n

n

s

with j d

n

j � C n

g +

1

2

log n for some c onstant C . In p ar-

ticular it is c onver gent for Re s > g +

3

2

.

Pr o of: W e shall establish the follo wing claims:

1. j a

h

( f ) j � C

1

(det h )

k

2

2. # f [ M ] 2 S L

g

( Z ) n M

+

g � g

( Z ) j det M = n g � C

2

n

g �

1

2

log n
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F rom these t w o it at once follo ws that:

X

M 2 S L

g

( Z ) n M

+

g � g

( Z )

a

M Q

t

M

( f )(det M )

1 � k � s

=

X

a

n

n

s

with j a

n

j � C

1

C

2

(det Q )

k

2

n

g +

1

2

log n , and hence that:

j d

n

j �

P

n = n

1

n

2

j a

n

1

j

P

n

2

= n

3

m

2

1

:::m

2

g

2

1

� C

1

C

2

(det Q )

k

2

n

g +

1

2

(log n )

P

n = n

1

n

2

n

� g

2

P

n

2

= n

3

m

2

1

:::m

2

g

2

1

� C

1

C

2

(det Q )

k

2

n

g +

1

2

(log n )

�

P

n

n

3

=1

n

� g

3

�

�

P

n

1

m

� 2 g

�

g

2

� C n

g +

1

2

log n

W e no w pro v e the t w o claims that w e made. F or the �rst recall that:

a

h

( f ) =

Z

X 2 sy mm

g

( R ) =sy mm

g

( Z )

f ( X + iY ) exp ( � � i tr ( z h ))

where z = X + iY and Y is constan t. Th us from the b ound giv en on page 335 of [Sm ] w e

see that:

j a

h

( f ) j � C

3

(det Y )

�

k

2

exp( � tr ( Y h ))

for an y Y 2 sy mm

g

( R ) with Y > 0. In particular if h

1

2

denotes the p ositiv e de�nite square

ro ot of h , putting U = h

1

2

Y h

1

2

w e see that:

j a

h

( f ) j � C

3

(det h )

k

2

(det U )

�

k

2

exp( � tr U )

for an y U > 0, as required.

F or the second claim, w e see that:

# f [ M ] 2 S L

g

( Z ) n M

+

g � g

( Z ) j det M = n g =

P

n = n

1

:::n

g

1 n

2

n

2

3

:::n

g � 1

g

� n

g � 1

P

n = mn

g

�

Q

g � 1

i =1

P

m

j =1

j

� i

�

� C n

g � 1

(log n )# f m j m j n; m > 0 g

� 2 C n

g � 1

(log n ) n

1

2

Lemma 3.11 L et f , Q ,  b e as ab ove with:

�  is primitive mo dulo r
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� q j s ( Q ) r

2

� al l prime divisors of q s ( Q ) divide r

�  � ( � 1) = ( � 1)

k

� det Q 6= 0

� either k � g + 1 and (  � )

2

6= 1 , or k � g + 3

then:

D

Q; 

( k � g ) = C ( f ; �

s ( Q ) Q

� 1

; 

� 1

~

E

k �

g

2

;� �

Q

;b

)

b

wher e C 6= 0 and b = s ( Q ) r

2

.

Pr o of: According to prop osition 2.3 of [AK ]:

D

Q; 

( s ) = c

1

c

s

2


 ( s )

� 1

L ( s ) h f ; �

Q;

�

 

E ( z ;

�s

2

+

g

2

�

k

2

; k �

g

2

; � �

Q

; b ) i

b

with c

1

6= 0 6= c

2

, 
 ( s ) =

Q

g

1

�(

s + k � i

2

), L ( s ) = L ( s +

g

2

;  �

Q

� )

Q

g

2

� 1

0

L (2 s + 2 i; �

2

 

2

) and

Re s su�cien tly large. By prop osition 2.4 of [AK] the equation remains v alid whenev er all

the terms remain de�ned. The result no w follo ws from lemmas one and t w o and the facts

that:

� h A; B i = h A j W

b

; B j W

b

i

� � �

Q

( � 1) = ( � 1)

k +

g

2

�

~

E

c

k ;�;b

= ( � 1)

g

2

� ( � 1)

~

E

k ;�

� 1

;b

(as � ( � )

c

= � ( � 1) � ( �

� 1

) ).

Lemma 3.12 L et f b e a cusp form in S

k

(�

0

( q ) ; � ) with k � 2 g + 2 , which is an eigenvalue

of the He cke op er ators and such that ef = f . L et Q 2 sy mm

�

g

( Z ) , Q > 0 b e such that

a

Q

( f ) 6= 0 . L et p

t

2

= ( p

1

; s ( Q )

g

det Q

� 1

) . Cho ose r such that it is divisible by p

2

and by

al l prime divisors of s ( Q ) and such that q j r

2

s ( Q ) . Write s ( Q ) r

2

= bp

t

1

with b prime to p .

L et T 2 T

r

with T f 6= 0 .
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Then we c an cho ose  a primitive char acter mo dulo r such that  ( � 1) = ( � 1)

k

� ( � 1)

and ( � )

2

6= 1 . Write  ��

Q

= �!

k

�

� 1

with � a char acter mo dulo bp , ! the T eichmul ler

char acter and � : ( Z =p

t

1

Z )

�

hi

! (1 + p Z ) = (1 + p

t

1

Z ) ! Q

ac �

. Then:

( f ; T e ( �

s ( Q ) Q

� 1

; 

� 1

!

2 k

�

� 2

E

�;b;t

2

( k �

g

2

; � )))

bp

t

1

6= 0

wher e e ( � E ) is de�ne d as U

� t

p

eU

t

p

( � E ) for t � max ( t

1

; t

2

+ 1) .

Pr o of: W e kno w from Lemma 3 that the left hand side is a non-zero m ultiple of:

( f ; T e ( �

s ( Q ) Q

� 1

; 

� 1

~

E

k �

g

2

;� �

Q

;bp

))

bp

t

1

( T ef ; �

s ( Q ) Q

� 1

; 

� 1

~

E

k �

g

2

;� �

Q

;bp

)

bp

t

1

whic h is itself a non-zero m ultiple of D

Q; 

( k � g ). Ho w ev er w e kno w from [A1] that in this

case D

Q; 

( s ) has an Euler expansion of degree 2 g + 1. The result th us follo ws from the

follo wing fact:

Let D ( s ) =

P

d

n

n

s

b e a Diric hlet series with j d

n

j � C n

a

. Assume that for Re s

su�cien tly large D ( s ) =

Q

p

Q

p

( p

� s

)

� 1

with Q

p

a p olynomial of b ounded degree.

Then D ( s ) is non-zero and con v ergen t for Re s > a + 1.

3.4 The General Strategy

This metho d of constructing Hida families is due to Wiles (see [Wi]).

Fix a p ositiv e in teger N and a c haracter � : ( Z =N p Z )

�

! Q

ac �

. Let O denote the

in tegers in a �nite extension of Q

p

con taining all the ' ( N ) ro ots of unit y (here ' is Euler's

phi-function), and set � = O [[ T ]]. Also let � denote the set of pairs ( k ; � ) where k is an

in teger � g + 1 and � : (1 + p Z

p

) ! Q

ac �

is a c haracter of �nite order, so that w e ma y

think of � as a c haracter:

( Z =p

r

Z )

�

hi

� ! (1 + p Z ) = (1 + p

r

Z ) � ! Q

ac �

W e shall denote the smallest p ossible c hoice of r b y r ( � ).

75



No w for I an in�nite subset of � set:

M

I

( N ; �; �) =

f F 2 �[[ q ]]

g

j F j

T =( � (1+ p )(1+ p )

k

� 1)

2 M

k

(�

0

( N p

r ( � )

) ; �!

� k

� ; O

�

) for ( k ; � ) 2 I g

where O

�

denotes the in tegers of the �eld F

O

( � (1 + p )). Also set:

M ( N ; �; �) =

f F 2 �[[ q ]]

g

j F j

T =( � (1+ p )(1+ p )

k

� 1)

2 M

k

(�

0

( N p

r ( � )

) ; �!

� k

� ; O

�

)

for all but �nitely man y ( k ; � ) 2 � g

i.e.

M ( N ; � ) =

[

I of �nite complemen t in �

M

I

( N ; � )

Note that:

� � 2 �, F 2 �[[ q ]]

g

and �F 2 M implies that F 2 M

� if F 2 M then there is a � 2 � suc h that �F 2 M

�

.

� M

I

= (1 + T � � (1 + p )(1 + p )

k

) M , ! M

k

(�

0

( N p

r ( � )

) ; �!

� k

� ; O

�

) if � � I is �nite and

( k ; � ) 2 I .

Before giving examples of elemen ts of M ( N ; � ), or as w e shall write �-adic forms, w e

m ust in tro duce Hida's idemp oten t in this con text. First w e de�ne an action of U

p

on M

compatible with sp ecialisation b y setting:

U

p

(

X

h

A

h

q

h

) =

X

h

A

ph

q

h

Then w e ha v e:

Lemma 3.13 L et I � � b e in�nite. Then

1. ther e is a unique op er ator e on M

I

c omp atible with Hida's idemp otent under sp e cial-

isation

2. eF = lim

r !1

U

r !

p

F
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3. U

p

is invertible on e M

I

.

Pr o of: W e ha v e the sp ecialisation map:

� : M

I

, !

M

( k ;� ) 2 I

M

k

(�

0

( N p

r ( � )

) ; �!

� k

� ; O

�

)

The image is certainly preserv ed b y U

p

. First w e shall sho w that the image is also closed.

F or this let F

j

2 M

I

, � ( F

j

) !

Q

I

g

i

as j ! 1 . Then if � : � !

Q

I

O

�

is the sp ecialisation

map w e ha v e that � ( a

h

( F

j

)) !

Q

a

h

( g

i

) as j ! 1 . Ho w ev er � is compact and so � � is

closed in

Q

I

O

�

. Th us w e can �nd b

h

2 � suc h that � b

h

=

Q

a

h

( g

i

). Then it is easily seen

that

P

b

h

q

h

2 M

I

and that � (

P

b

h

q

h

) =

Q

I

g

i

.

Th us the op erator e = lim

r !1

U

r !

p

preserv es � M

I

and this pro v es the �rst t w o parts. It

is easily seen that U

p

is injectiv e on e M

I

. Finally if F 2 e M

I

then for G = lim

r !1

U

r ! � 1

p

F 2

M

I

, whic h exists as lim

r !1

U

r ! � 1

p

�F exists, U

p

G = eF = F . This pro v es the last part also.

Corollary 3.1 The Hida op er ator de�ne d in the lemma satis�es the fol lowing pr op erties:

1. e

2

= e

2. if t c ommutes with U

p

then it also c ommutes with e

3. if I � J the action of e is c omp atible with M

J

� M

I

4. e extends to an op er ator on M with the same pr op erties.

These are all easy .

W e are no w in a p osition to construct some examples of �-adic forms:

Example 3.1 L et

� b b e prime to p

� � : ( Z =bp Z )

�

! Q

ac �

b e a char acter with:

{ � ( � 1) = 1

{ � = �

( p )

�

( p )

its de c omp osition into \at p " and \ away fr om p " p arts
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{ �

( p ) 2

6= 1

� Q 2 sy mm

�

g

( Z ) , Q > 0

� (det Q; p

1

) = p

t

2

� N and r b e such that p j r , s ( Q ) r

2

j N and N = bp

t

3

Then ther e is a � -adic form G

N ;Q; ;�

2 M

�

( b;  ��

Q

) such that:

G

N ;Q; ;�

j

T =( � (1+ p )(1+ p )

k

� 1)

= e ( �

Q; 

E

�;b;t

2

( k �

g

2

; � ))

in the notation of se ction two.

Pr o of: F or t � max ( t

3

; t

2

+ 1) set I

t

= f ( k ; � ) 2 � j r ( � ) � t g . Then w e can de�ne

G

( t )

2 M

I

t

to b e U

t

p

( �

Q; 

P

(det h; p

1

) = p

t

2

h 2 sy mm

�

g

( Z )

h > 0

B

h

( T ) q

h

) where:

B

h

( T ) = (det h )

� ( g +

1

2

)

f

g

^

�

( p )

�

( p )

h

�

( p )

� ( f

^

�

( p )

�

( p )

h

) � (

^

�

( p )

�

( p )

h

)

(1 + T )

log

p

( f

� 1

^

�

( p )

�

( p )

h

p

� t

2

det h )

G

�

� 1

�

h

!

�

g

2

(

(1+ T )

(1+ p )

g

� 1)

Q

l 2 P ( h )

l 6 j bp

M

l ;h

( � ( l ) h l i

g

2

(1 + T )

� log

p

l

)

Q

l 6 j f

^

�

( p )

�

( p )

h

l j b

(1 � l

g

2

h l i

g

2

g

��

h

( l )(1 + T )

� log

p

l

)

and where:

� x = ! ( x )(1 + p )

log

p

x

for x 2 Z

�

p

� G

�

( � (1 + p )(1 + p )

n

� 1) = L

( p )

(1 � n; �� !

� n

) for � as ab o v e, n > 0 an in teger and

� ( � 1) = 1.

That G

t

is in fact in M

I

t

follo ws from lemma 3.8 of section 3.3. Then U

� t

p

eG

( t )

2 M

I

t

and U

� t

p

eG

( t )

j

T =( � (1+ p )(1+ p )

k

� 1)

= e ( �

Q; 

E

�;b;t

2

( k �

g

2

; � )) again b y lemma 3.8 of section
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3.3. In particular if t

0

> t then:

U

� t

p

eG

( t )

2 M

I

t

k [

U

� t

0

p

eG

( t

0

)

2 M

I

t

0

and so G = U

� t

p

eG

( t )

2

T

t

0

� t

M

I

t

0

= M

�

and has the desired sp ecialisations.

Next w e record t w o tec hnical results ab out �-adic forms:

Lemma 3.14 1. e M ( N p; � ) = e M ( N ; � )

2. If O

0

denotes the inte gers of a �nite extension of O and �

0

denotes O

0

[[ T ]] then:

M ( N ; �; �) 


�

�

0

= M ( N ; �; �

0

)

These are b oth straigh tforw ard. W e can use part t w o to de�ne M ( N ; �; R ) for an y �-algebra

R to b e M ( N ; �; �) 


�

R .

W e no w pro v e one of the main theorems on �-adic forms:

Theorem 3.1 M

�

( N ; � ) is a �nite fr e e � -mo dule.

Pr o of: W e ma y and shall assume that N is prime to p (b y the last lemma). Note that

M

�

( N ; � ) is certainly torsion free o v er �.

Step 1 There is a constan t C suc h that dim eM

k

(�

1

( N p )) � C for all k .

Let:

�

( g )

= f

0

@

A B

C D

1

A

2 S p

2 g

( Z ) j C � 0 mo d N p; B � 0 mo d N ;

A � D � mo d N ; det A � 1 mo d p g

Then it will do to sho w that dim eM

k

(�

( g )

) is b ounded indep enden tly of k . Ho w ev er w e kno w

from prop osition 2.1 that for eac h g

0

there is a constan t C

g

0

suc h that dim eS

k

(�

( g

0

)

) < C

g

0

.

The result no w follo ws b y induction using lemma 3.5 of section 3.2.

Step 2 If C is as in step 1 then M

�

( N ; � ) do es not con tain more than C �-linearly

indep enden t elemen ts.
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Assume that F

0

; :::; F

C

w ere linearly indep enden t elemen ts of M

�

( N ; � ). Then w e can

�nd h

0

; :::; h

C

in sy mm

�

g

( Z ) suc h that the matrix ( a

h

i

( F

j

)) is non-singular. Then for k

su�cien tly large:

� F

j

j

T =((1+ p )

k

� 1)

2 eM

k

(�

1

( N p ) ; O )

� det ( a

h

i

( F

j

j

T =((1+ p )

k

� 1)

)) 6= 0

F or suc h k the F

j

j

T =((1+ p )

k

� 1)

are ( C + 1) linearly indep enden t elemen ts of eM

k

(�

1

( N p ) ; O )

, whic h is a con tradiction.

Step 3 M

�

( N ; � ) is a compact �nitely generated �-mo dule.

W e can c ho ose F

1

; :::; F

r

a maximal set of linearly indep enden t elemen ts of M

�

( N ; � ),

and w e can c ho ose h

1

; :::; h

r

in sy mm

�

g

( Z ) with � = det( a

h

i

( F

j

)) 6= 0. Then w e claim that

� M

�

( N ; � ) � h F

1

; :::; F

r

i

�

. F or if F =

P

b

j

F

j

with b

j

2 F

�

then w e ha v e the non-singular

set of equations:

a

h

i

( F ) =

X

b

j

a

h

i

( F

j

)

for \unkno wns" b

j

. As the a

h

i

( F ) and the a

h

i

( F

j

) are in �, b

j

2 �

� 1

�.

Step 4 In particular M

�

( N ; � ) = M

�

I

( N ; � ) for some subset I of � with �nite comple-

men t. Th us for almost all pairs ( k ; � ) 2 � w e ha v e that:

M

�

( N ; � ) = ( T � � (1 + p )(1 + p )

k

) M

�

( N ; � ) , ! M

k

(�

1

( N p

r ( � )

) ; O

�

)

Th us the theorem follo ws from the follo wing lemma:

Lemma 3.15 L et M b e a c omp act � -mo dule and }

i

an in�nite c ol le ction of height one

primes such that M =}

i

M is a �nite torsion fr e e Z

p

-mo dule then M is a �nite fr e e � -mo dule.

Pr o of: Let O

i

= � =}

i

. Then M =}

i

M is a �nite free O

i

-mo dule. Let M =}

i

M

�

=

O

r

i

i

. Let

r = r

i

0

= min r

i

. Then b y Nak a y ama's Lemma �

r

�

! ! M , and O

r

i

! ! ( M =}

i

M ) for all i .

Th us r = r

i

for all i and O

r

i

�

! ( M =}

i

M ). Th us if

~

� 2 �

r

is suc h that � (

~

� ) = 0 then

~

� 2 }

r

i

for all i and so

~

� =

~

0. That is � is an isomorphism.
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Corollary 3.2 Ther e exists � 2 � such that:

M

�

( N ; � ) � M

�

�

( N ; � ) � � M

�

( N ; � )

Pr o of: If F 2 M ( N ; � ) then w e kno w that w e can �nd � 2 � so that �F 2 M

�

( N ; � ), this

is enough as M

�

( N ; � ) is �nitely generated o v er �.

W e shall no w de�ne an action of the Hec k e ring T

N p

on M ( n; � ) (or M

I

( N ; � )) b y

setting:

F j T ( n ) = n

�

g ( g +1)

2

� ( n

g

)(1 + T )

g log

p

n

P

d

1

j d

2

j ::: j d

g

j n

d

g

1

:::d

g

P

D

� (det D )

� 1

(1 + T )

� log

p

det D

a

n

� 1

D h

t

D

where the second sum is tak en o v er a set of represen tativ es for:

GL

g

( Z ) n GL

g

( Z )

0

B

B

B

@

d

1

.

.

.

d

g

1

C

C

C

A

GL

g

( Z )

This is compatible with sp ecialisation. W e can similarly de�ne an action of T

�

N p

on

M ( N ; � ) 


O

Q

ac

p

whic h is compatible with sp ecialisation, b y using the form ula in section

3.2.

Lemma 3.16 T

N p

acts semi-simply on M ( N ; �; F

�

) .

Pr o of: It will do to sho w that eac h T ( n ) 2 T

N p

acts semi-simply , b ecause T

N p

is comm uta-

tiv e. Let T ( n ) ha v e c haracteristic p olynomial P ( X ), and let Q ( X ) 2 �[ X ] b e the pro duct

of the distinct irreducible factors P ( X ). It will do to sho w that Q ( T ( n )) acts as 0 on M

or equiv alen tly on M = (1 + T � � (1 + p )(1 + p )

k

) M for in�nitely man y ( k ; � ). Ho w ev er

for almost all ( k ; � ) 2 �, M = (1 + T � � (1 + p )(1 + p )

k

) M , ! M . F or suc h a pair ( k ; � )

let

�

P ( X ) and

�

Q ( X ) 2 O

�

[ X ] denote the reduction of P and Q . Let q b e de�ned from

�

P

the same w a y Q w as de�ned from P . Then q ( X ) j

�

Q ( X ). Moreo v er q ( T ( n )) = 0 as

�

P ( X ) is

the c haracteristic p olynomial of T ( n ) on a subspace of M

k

( N p

?

; �� !

� k

) on whic h T ( n ) is

kno wn to act semi-simply . Th us

�

Q ( T ( n )) = 0 and w e are done.

Before pro ving our second main theorem ab out lifting eigenforms w e state and pro v e an

algebraic lemma whic h w e shall require:
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Lemma 3.17 L et R denote the inte gers of a �nite extension of Q

p

. L et M b e a �nite torsion

fr e e R mo dule. L et T b e a c ommutative ring of op er ators on M . L et M 
 F

R

=

L

I

V

i

wher e

T acts on V

i

by a char acter �

i

: T ! R . L et a : M ! R b e a line ar form, x 2 M and

� : T ! R b e such that:

� ( � ( t ) � t ) x 2 p

A

M

� v al

p

a ( x ) � B

� rk M � C

Then for some i :

� v al

p

( � ( t ) � �

i

( t )) �

A � B

C

for al l t 2 T

� a 6� 0 on V

i

Pr o of: Let J = f i 2 I j a j

V

i

6� 0 g . Let � denote the pro jection of M to

L

J

V

i

. Then

� ( � ( t ) � t ) � ( x ) 2 p

A

� M

� v al

p

a ( � ( x )) � B

� rk � M � C

Th us w e ma y assume that a 6� 0 on all V

i

. Let M

0

=

L

M \ V

i

. Let I � T and I

0

� R b e

the annihilators of x in M =p

A

M . Then T = I

�

=

R = I

0

via � . Then w e ha v e that:

Fitt

T

( M

0

) = 0

and so Fitt

T = I

( M

0

= I M

0

) = 0

and so Fitt

R = I

0 (

L

( M \ V

i

) =�

i

( I )( M \ V

i

)) = 0

and so

Q

�

i

( I )

dim V

i

� I

0

� p

A � B

and so for some i , v al

p

�

i

( I ) �

A � B

C

as desired. (Here Fitt denotes the Fitting ideal. F or some of its prop erties see (for example)

the app endix of [MW1 ].)
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Theorem 3.2 L et f 2 eS

k

( N p

s

; �� !

� k

; O ) b e an eigenform of the He cke algebr a T

N p

, say

f j T ( n ) = � ( n ) f . L et Q 2 sy mm

�

g

( Z ) , Q > 0 b e chosen such that a

Q

( f ) 6= 0 . L et M b e

chosen prime to p such that N j M and such that if l ( 6= p ) is any prime dividing s ( Q ) , say

l

�

jj s ( Q ) , then l

� +2 i

jj M with i some p ositive inte ger. Then ther e exists a �nite extension

of F

�

, with inte gers R say, and a prime } of R ab ove (1 + T � � (1 + p )(1 + p )

k

) and

F 2 M ( M ; �; R ) such that:

� F j T ( n ) = � ( n ) F with � ( n ) 2 R

� � ( n ) � � ( n ) mo d }

for al l n such that T ( n ) 2 T

M p

.

Pr o of: W e shall �rst sho w the result for su�cien tly large k and then deduce it for all k .

Cho ose k

0

suc h that:

� k

0

� 2 g + 2

� M = M

I

for some I con taining ( k ; � ) for all k � k

0

and for all � .

Step 1 If k � k

0

then w e can �nd a non-zero f

0

= M

�

( M ; � ) = (1 + T � � (1 + p )(1 +

p )

k

) M

�

( M ; � ) with f

0

j T ( n ) = � ( n ) f

0

for all T ( n ) 2 T

M p

.

W e ma y assume f is an eigen v ector for T

�

M p

. Then w e can �nd T 2 T

M p

with f j T =

�f 6= 0 and suc h that T M

k

( M p

t

; �� !

� k

) is an eigenspace for T

M p

. Then c ho ose r and t

suc h that ( N p

s

) j s ( Q ) r

2

= M p

t

1

and p

2

j r and c ho ose  a primitiv e c haracter mo d r with

 ( � 1) = � ( � 1) and ( �

( p )

 

( p )

)

2

6= 1. Set � =  �

2

!

� 2 k

�

Q

. Then w e see from example 3.1

and lemma 3.12 and section 3.3 that:

0 6= ( f ; T eG

M p

t

1

; s ( Q ) Q

� 1

;  

� 1

!

2 k

�

� 2

; �

j

T =( � (1+ p )(1+ p )

k

� 1)

)

M p

t

1

Th us f

0

= T eG

M p

t

1

; s ( Q ) Q

� 1

;  

� 1

!

2 k

�

� 2

; �

j

T =( � (1+ p )(1+ p )

k

� 1)

is non-zero and will do.

Step 2 If k � k

0

then the theorem is true.

Cho ose R the in tegers in a �nite extension of F

�

suc h that T

M p

is diagonalisable on

M

�

( M ; �; F

R

). Let e

1

; :::; e

r

2 M

�

( M ; �; R ) b e eigen v ectors of T

M p

whic h span
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M

�

( M ; �; F

R

). Let �

i

: T

M p

! R b e the eigen v alue corresp onding to e

i

. Let U =

L

R e

i

and let T � E nd

R

( M ( M ; �; R )) b e the R -subalgebra generated b y T

M p

. Then U is a

faithful T mo dule. Let I � T b e the annihilator of f

0

. Then arguing as in the pro of

of lemma 3.17 w e see that there is a prime } ab o v e (1 + T � � (1 + p )(1 + p )

k

) suc h that

Fitt

R =}

( U = I U ) = 0. Then

Q

�

i

( I ) � } and so for some i �

i

( I ) � } , i.e. for all T ( n ) 2 T

M p

�

i

( T ( n )) � � ( T ( n )) mo d } .

Step 3 The theorem is true for all k .

W e ha v e seen (prop osition 2.1) that there is a constan t C suc h that

dim M

�

l

( N p

t

; �� !

� k

; F

O

) < C for all l . Let v al

p

( a

Q

( f )) = B . Let � b e the theta se-

ries de�ned in lemma 2.3. Then �

p

r

f 2 M

k +( p � 1) p

r ( N p

t

; �� !

� k

; O ). Moreo v er �

p

r

f �

f mo d p

r +1

, and so e ( �

p

r

f ) � f mo d p

r +1

and:

( �

p

r

f ) j

k +( p � 1) p

r T ( n ) � f j

k

T ( n )

� � ( n ) f

� � ( n )( �

p

r

f ) mo d p

r +1

as a

k +( p � 1) p

r

� a

k

mo d p

r +1

for all a . Th us also (( �

p

r

f ) j e ) j T ( n ) � � ( n )(( �

p

r

f ) j e ) mo d p

r +1

.

Th us b y the lemma pro v ed just b efore this theorem w e see that for r > B w e can �nd

f

r

2 M

k +( p � 1) p

r ( N p

t

; �� !

� k

; O ) suc h that:

� f

r

j T ( n ) = �

r

( n ) f

r

� �

r

( n ) � � ( n ) mo d p

[

r +1 � B

C

]

� a

Q

( f

r

) 6= 0

No w for r su�cien tly large this implies that w e can �nd F

r

2 M

�

( M ; �; R ) (where R denotes

the in tegers in an extension of � suc h that T

M p

is diagonalisable on M

�

( M ; �; F

R

)) suc h

that:

� F

r

j T ( n ) � �

r

( n ) F

r

� �

r

( n ) � � ( n ) mo d ( }

r

; p

[

r +1 � B

C

]

)

� }

r

is a prime of R ab o v e (1 + T � � (1 + p )(1 + p )

k +( p � 1) p

r

).
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No w there are only �nitely man y c hoices for �

r

and so there is an in�nite set S of

p ositiv e in tegers suc h that for r 2 S �

r

= � . Then:

� ( n ) � � ( n ) mo d

\

S

( }

r

; p

[

r +1 � B

C

]

)

W e claim that:

\

S

( }

r

; p

[

r +1 � B

C

]

) \ � � (1 + T � � (1 + p )(1 + p )

k

)

from whic h the theorem w ould follo w. Ho w ev er this inclusion follo ws from the t w o facts:

� ( }

r

; p

[

r +1 � B

C

]

) \ � = ( p

[

r +1 � B

C

]

; (1 + T � � (1 + p )(1 + p )

k +( p � 1) p

r

))

� ( p

[

r +1 � B

C

]

; (1 + T � � (1 + p )(1 + p )

k +( p � 1) p

r

)) � ( p

[

r +1 � B

C

]

; (1 + T � � (1 + p )(1 + p )

k

))

The �rst of these is easy and the second not m uc h harder. (In general if R

1

� R

2

are t w o

rings with prime ideals }

1

and }

2

where }

1

= }

c

2

, and if a 2 R

1

then ( a; }

2

)

c

= ( a; }

1

). T o

pro v e this one reduces at once to the case R

1

, R

2

in tegral domains and }

1

= }

2

= 0, in

whic h case it is ob vious.)

3.5 Conjectural Applications

Throughout the rest of this pap er w e shall restrict to the case g = 2, i.e. to GS p

4

. This is just

for de�niteness and b ecause g = 2 w as the case of in terest for us. F or other ev en g exactly

similar results should hold with � : Gal( Q

ac

= Q ) ! GS p

4

replaced with � : Gal( Q

ac

= Q ) !

GL

N

for suitable N , and with a suitable c haracteristic p olynomial. W e shall also mak e free

use of the follo wing conjecture:

Conjecture 3.1 L et f 2 M

k

( N ; � ) b e an eigenform of the He cke algebr a T

N

, say f j T ( n ) =

� ( n ) f . Assume k � 3 . Then ther e is a c ontinuous semi-simple r epr esentation:

� : Gal( Q

ac

= Q ) � ! GS p

4

( Q

ac

p

)

unr ami�e d outside pN and such that the char acteristic p olynomial of F rob

l

for l 6 j N p is

given by:

X

4

� � ( l ) X

3

+ ( � ( l )

2

� � ( l

2

) � l

2( k � 2)

� ( l

2

)) X

2

� l

2 k � 3

� ( l

2

) � ( l ) X + l

4 k � 6

� ( l

4

)
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Our aim in this section is to sho w that these conjectures w ould imply similar results for

ordinary �-adic forms and for ordinary eigenforms of w eigh t t w o. W e �rst pro v e a general

result on lifting group represen tations:

Prop osition 3.1 L et R b e an inte gr al domain, f }

i

g

i 2 I

b e an in�nite set of prime ide als

such that the interse ction of any in�nite subset is zer o. L et O

i

denote a �nite extension of

R =}

i

c ontaining its inte gr al closur e, and assume that F

O

i

is of char acteristic zer o. L et � b e

a gr oup and �

i

: � ! GL

N

( O

i

) a semi-simple r epr esentation. F or e ach x 2 � supp ose ther e

exists T

x

2 R with T

x

� tr ( �

i

x ) mo d }

i

.

Then ther e is an in�nite subset J � I , S an inte gr al domain �nite over R [ f

� 1

] for some

f 2 R , a semi-simple r epr esentation � : � ! GL

N

( S ) and for e ach i 2 J a prime P

i

over

}

i

, a �eld L

i

� F

O

i

, a map S= P

i

, ! L

i

such that:

S= P

i

, ! L

i

S S

R =}

i

� O

i

c ommutes and such that � mo d P

i

is c onjugate to �

i

as a r epr esentation into GL

N

( L

i

) .

W e break up the pro of in to a series of lemmas.

Lemma 3.18 L et K b e a �eld of char acteristic zer o, let A � M

N

( K ) b e a split semisim-

ple sub-algebr a and let H � GL

N

( K ) b e its normaliser. L et f a

1

; :::; a

r

g and f b

1

; :::; b

r

g

b e subsets of A e ach of which sp ans A and assume that for s = 1 ; :::; 4 we have that

tr (

Q

s

j =1

a

i

j

) = tr (

Q

s

j =1

b

i

j

) for al l s -tuples ( i

1

; :::; i

s

) 2 f 1 ; :::; r g

s

. Then ther e is an el-

ement n 2 H with na

i

n

� 1

= b

i

for al l i .

Pr o of: A is of the form

L

�

M

c

�

( K )

a

�

and without loss of generalit y w e ma y assume

( m

��

)

� ; � =1 ;:::;a

�

em b eds as

L

m

� b

�

��

, where

P

�

a

�

b

�

c

�

= N . Also assume that the notation

is suc h that for � 6= �

0

( b

�

; c

�

) 6= ( b

�

0

; c

�

0

).Let e

��

denote the idemp oten ts corresp onding to

our decomp osition of A in to simple algebras. Let e

��

=

P

�

�� i

a

i

and set f

��

=

P

�

�� i

b

i

Then w e see that:
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� e

2

��

= e

��

) tr ( e

2

��

� e

��

) a

j

= 0 8 j

) tr ( f

2

��

� f

��

) b

j

= 0 8 j

) f

2

��

= f

��

� e

��

cen tral ) tr ( e

��

a

i

a

j

) = tr ( a

i

e

��

a

j

) 8 i; j

) tr ( f

��

b

i

b

j

) = tr ( b

i

f

��

b

j

) 8 i; j

) f

��

cen tral

� c

�

= rk ( tr ( e

��

a

i

a

j

))

i;j

) c

�

rk ( tr ( f

��

b

i

b

j

))

i;j

) c

�

= dim f

��

A

�

tr e

��

= c

�

b

�

) tr f

��

= c

�

b

�

F rom this w e see that for eac h � f f

��

g is a p erm utation of f e

��

g . W e can conjugate

the b

i

's b y an elemen t of H suc h that for eac h � ; � f

��

= e

��

. Th us w e ma y without

loss of generalit y assume that this equation holds. No w �x � ; � and set a

0

i

= e

��

a

i

and

b

0

i

= e

��

b

i

. Then w e can consider a

0

i

and b

0

i

2 M

c

�

( K ) suc h that for s = 1, 2 or 3 and

( i

1

; :::; i

s

) 2 f 1 ; :::; r g

s

tr (

Q

s

j =1

a

0

i

j

) = tr (

Q

s

j =1

b

0

i

j

). Moreo v er w e need only sho w that w e

can �nd n

0

2 GL

c

�

( K ) with n

0

a

0

i

n

0

� 1

= b

0

i

for all i .

Let �

k l

=

P

�

k l i

a

0

i

and set �

k l

=

P

�

k l i

b

0

i

. Then as ab o v e w e can sho w that �

k k

form a set

of comm uting idemp oten ts eac h of trace one and suc h that

P

�

k k

= 1. Th us b y conjugation

b y some elemen t of GL

c

�

w e ma y assume that without loss of generalit y �

k k

= �

k k

. Then

w e also see that �

k k

�

k l

= �

k l

and �

k l

�

l l

= �

k l

so that �

k l

= �

k l

�

k l

for some �

k l

2 K . Then

�

k l

�

l m

= �

k m

and �

k k

= 1 so there exist �

k

2 K

�

suc h that �

k l

= �

k

�

� 1

l

. Th us w e can �nd

a diagonal matrix n

0

in GL

c

�

suc h that after conjugation b y n

0

w e ma y assume �

k l

= �

k l

for

all k and l . Then it is easily seen that a

0

i

= b

0

i

for all i .

Lemma 3.19 L et the assumptions b e as in the the or em, but assume further that � is gen-

er ate d by x

1

; :::; x

r

and that for e ach i if A

i

is the sub algebr a of GL

N

( K

i

) gener ate d by I m �

i

then A

i

is sp anne d by f �

i

( x

j

) g . Then the c onclusions of the pr op osition hold, exc ept that

we do not yet claim that � is semi-simple.
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Pr o of: Without loss of generalit y w e ma y assume that � is the free group on x

1

; :::; x

r

.

A

i

is semi-simple as it has a faithful semi-simple mo dule. W e ma y assume that A

i

is split

o v er F

O

i

. Then after conjugation and discarding some i w e ma y assume that for all i

A

i

= A 
 F

O

i

where A

�

=

L

M

c

�

( Z )

a

�

and a , ! M

N

( Z ) b y:

( x

��

) 7� ! � x

b

�

��

where the pairs ( b

�

; c

�

) are distinct for distinct � and where

P

a

�

b

�

c

�

= N .

Let 
 = f ( a

i

) 2 A

r

j the a

i

span A g , so that 
 is a sub v ariet y of r

P

a

�

c

2

�

dimensional

a�ne space de�ned o v er Q . Then b y the last lemma w e ha v e a map:


 � ! A

M

giv en b y ( a

i

) 7! ( tr

Q

s

j =1

a

i

j

) tak en o v er s = 1 ; :::; 4 and all ( i

1

; :::; i

s

) 2 f 1 ; :::; r g

s

. Consider

the p oin t T 2 A

M

( R ) de�ned b y:

T = ( T

Q

x

i

j

)

Then T mo d }

i

is in the image of 
( F

O

i

) for all i . Th us T is in the image of 
( F

ac

R

),

b ecause the image of 
 is de�ned b y some p olynomial equalities and inequalities. Th us w e

can �nd X

1

; :::; X

r

in A 
 F

ac

R

whic h span A 
 F

ac

R

and whic h satisfy tr

Q

s

1

X

i

j

= T

Q

x

i

j

for

all ( i

1

; :::; i

s

) as ab o v e. In fact all the X

i

lie in some S=R as describ ed in the prop osition.

Discard the �nite n um b er of }

i

whic h con tain f and assume (as w e ma y ) that F

R

=F

S

is

Galois. Cho ose P

i

o v er }

i

and c ho ose L

i

suc h that S= P

i

and K

i

b oth em b ed in L

i

o v er R =}

i

.

Then ( X

j

mo d P

i

) 2 
( S= P

i

) � 
( L

i

) and � ( X

j

mo d P

i

) = ( T

Q

x

i

j

mo d }

i

). Th us b y the

last lemma there is n in the normaliser of A in GL

N

( L

i

) with n ( X

j

mo d P

i

) n

� 1

= �

i

( x

j

)

for all j and so w e are done.

Pr o of of pr op osition 3.1

Let A b e de�ned as in the pro of of the last lemma. Pic k a distinguished index, sa y 0.

Let x

1

; :::; x

r

2 � b e suc h that f �

0

( x

j

) g span A 
 F

O

0

. Then rk ( T

x

j

x

k

) � dim A and so with

a �nite n um b er of exceptions whic h w e ma y discard rk tr �

i

( x

j

) �

i

( x

j

) � dim A . Ho w ev er if

f a

j

g is a �nite subset of A 
 F then rk tr ( a

i

a

j

) � dim A with equalit y if and only if they

span A . Th us w e see that w e ma y assume that the �

i

( x

j

) span A 
 F

O

i

for all i 2 I .
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No w let � b e the subgroup of � generated b y the x

i

. Then w e b y the last lemma that

w e ha v e a map � : � ! ( A 
 S )

�

� GL

N

( S ) with the notation as in the prop osition and

�

i

j

�

� � mo d P

i

. No w de�ne:

A ( S

0

)

�

� ! S

0

r

for S

0

an y S algebra b y:

a 7� ! ( tr a� ( x

i

))

This is a linear map and the image 


0

( S

0

) is th us de�ned b y the v anishing of certain linear

forms with co e�cien ts in F

S

. By in v erting some elemen t of S w e ma y assume that � is

injectiv e and that 


0

is de�ned o v er S . Then for 
 2 � let t




= ( T


 x

i

). By reduction mo d }

i

for in�nitely i w e see that t




2 


0

( S ) and hence there exists a unique � ( 
 ) with �� ( 
 ) = t




.

Then � ( 
 ) � �

i

( 
 ) mo d P

i

for all i 2 I . Th us w e ha v e � : � ! A 
 S , � � �

i

mo d P

i

for all

i 2 I . It follo ws at once that � is a represen tation.

Finally w e replace � b y �

ss

, then at almost all }

i

:

( �

ss

mo d }

i

) = ( � mo d }

i

)

ss

= �

i

Corollary 3.3 L et � b e as in se ction 3.4. L et }

i

b e an in�nite set of distinct height one

primes. F or e ach i let:

�

i

: Gal( Q

ac

= Q ) � ! GL

N

( Q

ac

p

)

b e c ontinuous r epr esentations, unr ami�e d outside some inte ger N . F or l 6 j N let c

l

( X ) 2 �[ X ]

b e monic of de gr e e N and such that:

c

l

( X ) � char

�

i

(F rob

l

)

( X ) mo d }

i

wher e char

a

( X ) denotes the char acteristic p olynomial of a . Then ther e exists R the inte gers

of a �nite extension of F

�

and:

� : Gal( Q

ac

= Q ) � ! GL

N

( F

R

)

such that c ( X ) = char

F rob

l

( X ) for al l l 6 j N .
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Pr o of: W e �rst sho w that the partial map from Gal( L= Q ) where L denotes the maximal

extension of Q unrami�ed outside N :

F rob

l

7� ! c

l

( X )

is con tin uous. Pic k an y p ositiv e in teger n and pic k some l 6 j N . Then w e w ould lik e to

sho w that for l

0

with F rob

l

0

su�cien tly close to F rob

l

w e ha v e that c

l

� c

l

0

mo d m

n

where

m is the maximal ideal of �. But

T

I ; Z

� 0

( }

i

; p

s

) = 0 and so b y compactness there exist

}

1

; :::; }

r

and s

1

; :::; s

r

suc h that

T

r

1

( }

i

; p

s

) � m

n

. Then c ho ose U

i

op en neigh b ourho o ds

of F rob

l

suc h that for l

0

with F rob

l

0

2 U

i

�

i

(F rob

l

) � �

i

(F rob

l

0

) mo d p

s

i

. Then for l

0

with

F rob

l

0

2 U =

T

U

i

c

l

� c

l

0

mo d m

n

as desired.

Th us w e can extend c uniquely to a con tin uous map:

Gal( Q

ac

= Q ) � ! Gal( L= Q ) � ! �[ X ]

Then c

�

� char

�

i

( � )

mo d }

i

for all � 2 Gal ( Q

ac

= Q ) b y con tin uit y . No w apply the prop osi-

tion and w e �nd a represen tation � : Gal ( Q

ac

= Q ) ! GL

N

( F

R

) for some appropriate R with

� mo d P

i

conjugate to �

i

for in�nitely man y i . Th us char

� (F rob

l

)

� char

�

i

(F rob

l

)

� c

l

( X ) for

in�nitely man y heigh t one primes, so � is the desired represen tation.

Before pro ving our last t w o main theorems w e pro v e one further lemma.

Lemma 3.20 L et F b e a �eld, � a gr oup, � : � ! GS p

4

( F ) � GL

4

( F ) . Then �

ss

:

� ! GL

4

( F ) pr eserves a non-de gener ate symple ctic form, so we may c onsider �

ss

: � !

GS p

4

( F ) .

Pr o of: Let 0 6= V � F

4

b e a simple � submo dule. Let hi denote the symplectic form.

Then w e are in one of the follo wing cases:

� V = F

4

and �

ss

= �

� dim V = 2, F

4

= V � V

?

. In this case w e can c ho ose a basis of F

4

with resp ect to
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whic h hi is represen ted b y

0

@

0 1

2

� 1

2

0

1

A

and � is either of the form:

� 7� !

0

B

B

B

B

B

B

@

a

�

0 b

�

0

0 a

0

�

0 b

0

�

c

�

0 d

�

0 c

0

�

0 d

0

�

1

C

C

C

C

C

C

A

in whic h case �

ss

= � or it is of the form:

� 7� !

0

B

B

B

B

B

B

@

a

�

0 b

�

�

� e

�

� �

c

�

0 d

�

�

0 0 0 f

�

1

C

C

C

C

C

C

A

when �

ss

is easily seen to preserv e hi .

� dim V = 2, V

?

= V . In this case w e can c ho ose a basis of F

4

suc h that hi is

giv en b y

0

@

0 1

2

� 1

2

0

1

A

and for all � � ( � ) =

0

@

A

�

B

�

0 D

�

1

A

. Then �

ss

is giv en b y

� 7!

0

@

A

�

0

0 D

�

1

A

and also preserv es hi .

� dim V = 1, V

?

� V , dim V

?

= 3. In this case w e can c ho ose a basis of F

4

with

resp ect to whic h hi is represen ted b y

0

@

0 1

2

� 1

2

0

1

A

and � has the form:

� 7� !

0

B

B

B

B

B

B

@

e

�

� � �

0 a

�

� b

�

0 0 f

�

0

0 c

�

� d

�

1

C

C

C

C

C

C

A

Then �

ss

also preserv es hi .
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Theorem 3.3 Assume the c onje ctur e 3.1. L et F 2 M

�

( N ; �; R ) , with N prime to p and

R the inte gers of some �nite extension of F

�

, b e an eigenform of the He cke algebr a T

N

, say

F j T ( n ) = � ( n ) F . Then ther e is a �nite extension L of F

R

and a c ontinuous r epr esentation:

� : Gal( Q

ac

= Q ) � ! GS p

4

( L )

which is unr ami�e d outside N p and such that for l 6 j N p , a prime, F rob

l

has char acteristic

p olynomial:

X

4

� � X

3

+ ( � ( l )

2

� � ( l

2

) � l

� 1

� ( l )) X

2

� � ( l ) � ( l ) X + � ( l )

2

wher e � ( l ) = l

� 3

� ( l

2

)(1 + T )

2 log

p

l

.

Pr o of: Com bining conjecture 3.1 and the corollary to the last prop osition w e at once

deduce the existence of suc h a represen tation in to GL

4

( L ). W e need only sho w that it

preserv es a non-degenerate symplectic form. Let G denote the Zariski closure of I m � , and

G

�

the connected comp onen t of the iden tit y . Let G =

`

� ( 


i

) G

�

and let � = f 
 2 � j � ( 
 ) 2

G

�

and tr � ( 
 ) 6= 0 g . Then G

�

is the Zariski closure of �. No w what w e require is a matrix

A 2 M

4

( L ) and � : f 1 ; :::; r g ! f� 1 g suc h that:

1. ( tr � ( 
 )) � ( 
 ) A

t

� ( 
 ) = ( tr � ( 


� 1

) A for all 
 in �

2. � ( 


i

) A

t

� ( 


i

) = �

i

p

det � ( 


i

) A

3.

t

A = � A

4. det A 6= 0

where

p

det � ( 


i

) is some �xed square ro ot of det � ( 


i

) whic h w e ma y assume lies in L . It

is easy to c hec k that a solution to these equations in S = P

i

for in�nitely man y heigh t one

primes P

i

of some �nitely generated extension of the in tegers of L con tained in L implies

the existence of suc h a solution in S .

( More precisely let r

�

b e the dimension of the space of matrices A satisfying con-

ditions 1), 2) and 3). Let e ( � )

1

; :::; e ( � )

r

�

b e a basis of the space of suc h matrices. That
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det(

P

e ( � )

i

�

i

) 6� 0 ma y b e expressed as F

r

�

( e ( � )

i

)( X ) 6= 0 for some p olynomial F

r

�

( e ( � )

i

( X ).

Th us w e ha v e a solution if and only if r

�

> 0 and F

r

�

( e ( � )

i

)( X ) 6= 0. Then for some � there

exists a solution of 1)-4) for in�nitely man y heigh t one primes P

i

. This implies r

�

> 0 and

F

r

�

( e ( � ))( X ) 6= 0.)

Theorem 3.4 Assume c onje ctur e 3.1. L et f 2 M

�

2

( N p

r

; �; O ) b e an eigenform of the He cke

algebr a T

N p

, say f j T ( n ) = � ( n ) f . ( O the inte gers in a �nite extension of Q

p

.) Then ther e

is a multiple M of N and a c ontinuous r epr esentation:

� : Gal( Q

ac

= Q ) � ! GS p

4

( Q

ac

p

)

which is unr ami�e d outside M p and such that if l 6 j M p then F rob

l

has char acteristic p oly-

nomial:

X

4

� � ( l ) X

3

+ ( � ( l )

2

� � ( l

2

) � � ( l

2

)) X

2

� l � ( l

2

) � ( l ) + l

2

� ( l

4

)

Pr o of: By theorem 3.2 w e can �nd an M as ab o v e; c haracters  and � suc h that  

is de�ned mo dulo M p , � is of p p o w er order and is de�ned mo dulo a p o w er of p and

� =  !

� 2

� ; R the in tegers of a �nite extension of F

�

; and F 2 M

�

( M ;  ; R ) an eigenform

for the ring of Hec k e op erators T

M p

, sa y F j T ( n ) = � ( n ) F , suc h that � � � ( n ) mo d P with

P a prime of R ab o v e (1 + T � � (1 + p )(1 + p )

2

)). Then b y the last theorem w e can �nd a

con tin uous represen tation:

� : Gal( Q

ac

= Q ) � ! GS p

4

( L )

with L a �nite extension of F

�

. Moreo v er it is unrami�ed outside M p and for l 6 j M p the

c haracteristic p olynomial of F rob

l

is congruen t mo dulo a prime ( P

0

sa y) ab o v e (1 + T � � (1 +

p )(1 + p )

2

) to the p olynomial describ ed in the statemen t of the theorem. As Gal( Q

ac

= Q )

is compact w e can �nd a �nite R

0

(the in tegers of L ) L � L

4

suc h that L 


R

0

L = L

4

and

whic h is preserv ed b y the Galois action. Then L

P

0

is free o v er R

0

P

0

and w e can c ho ose a
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basis with resp ect to whic h the symplectic form is giv en b y:

0

B

B

B

B

B

B

@

0 0 �

1

0

0 0 0 �

2

� �

1

0 0 0

0 � �

2

0 0

1

C

C

C

C

C

C

A

where �

1

j �

2

. W e ma y assume that

p

�

1

and

p

�

2

lie in R

0

, and that �

1

= 1. Let e

1

; e

2

; e

0

1

; e

0

2

b e the corresp onding basis. W e claim that L

0

= h e

1

; �

�

1

2

2

e

2

; e

0

1

; �

�

1

2

2

e

0

2

i is also preserv ed b y

Gal( Q

ac

= Q ).

Let ( a

ij

) denote an elemen t of I m � with resp ect to the basis e

1

; e

2

; e

0

1

; e

0

2

. Then:

( a

ij

)

0

B

B

B

B

B

B

@

0 0 1 0

0 0 0 �

2

1 0 0 0

0 �

2

0 0

1

C

C

C

C

C

C

A

( a

j i

) = �

0

B

B

B

B

B

B

@

0 0 1 0

0 0 0 �

2

1 0 0 0

0 �

2

0 0

1

C

C

C

C

C

C

A

with � a unit in R

0

P

0

. F rom this w e see that:

� a

11

a

33

� a

13

a

31

= �

� a

11

a

23

� a

13

a

21

� 0 mo d �

2

� a

11

a

43

� a

13

a

41

� 0 mo d �

2

� a

21

a

33

� a

23

a

31

� 0 mo d �

2

� a

21

a

43

� a

23

a

41

� 0 mo d �

2

� a

31

a

43

� a

23

a

41

� 0 mo d �

2

and so:

a

23

� = a

33

( a

11

a

23

� a

13

a

21

) + a

13

( a

33

a

21

� a

23

a

31

) � 0 mo d �

2

so that a

23

� 0 mo d �

2

. Similarly a

21

� a

43

� a

41

� 0 mo d �

2

. Th us ( a

ij

) also preserv es

the lattice L

0

as w e w an ted to sho w.
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No w reduction giv es us:

� : Gal( Q

ac

= Q ) � ! Aut ( L

0


 R

0

P

0

= P

0

; hi ) � GS p

4

( Q

ac

p

)

a con tin uous represen tation unrami�ed outside M p with the c haracteristic p olynomials of

the desired forms.
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Chapter 4

Mo dular F orms o v er an Imaginary

Quadratic Field

4.1 In tro duction

In this c hapter w e consider Hida families for GL

2

o v er an imaginary quadratic �eld. As a

b ypro duct w e are led to a metho d to exhibit torsion in the �rst homology groups of certain

shea v es on the 3-manifolds asso ciated to suc h forms.

T o explain our results let K b e an imaginary quadratic �eld whic h w e shall assume has

class n um b er one (though this is almost certainly unnecessary) and let O denote its ring

of in tegers. W e �x K

ac

� C and K

ac

� C

p

. Let p b e an o dd rational prime whic h splits

in K , and � the prime of K ab o v e p corresp onding to K

ac

� C

p

. By an ordinary cuspidal

eigenform of \w eigh t" n , lev el M , and c haracter � : ( O = M O )

�

! ( K

ac

)

�

, w e shall mean an

eigen v alue of the Hec k e op erators T

n

acting on the corresp onding space of cusp forms (see

section 4.2, but note that \w eigh t n " is the \w eigh t" corresp onding to a sheaf of dimension

( n + 1)

2

, and di�ers b y a shift of t w o from the normal terminology in the case of elliptic

mo dular forms.) with the eigen v alue of T

p

prime to � . W e shall write M = N p

r

, with N
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prime to p and decomp ose � = �

ac

� �

cy

corresp onding to ( O = M O )

�

= A � B where:

A = f � 2 ((1 + N p O ) = (1 + N p

r

O )) j � �� = 1 g � ( O = N p O )

�

B = f � 2 ((1 + N p O ) = (1 + N p

r

O )) j � = �� g

(the an ti-cyclotomic and cyclotomic parts resp ectiv ely). W e shall consider �-adic eigenforms

whic h in terp olate ordinary cuspidal eigenforms. In the simplest case an �-adic eigenform of

lev el N (prime to p ) and c haracter � (an an ti-cyclotomic c haracter of de�ned mo dulo N p

r

for some r ) is a collection a

m

( T ) 2 O

�

[[ T ]] for eac h m 2 O suc h that for eac h cyclotomic

c haracter  and non-negativ e rational in teger n :

f a

m

((1 + T ) � (1 + p )

2 n

 (1 + p )) g

are the eigen v alues of the Hec k e op erators T

m

acting on an ordinary cuspidal eigenform of

w eigh t n , lev el N p

s

(some s) and c haracter � !

� n

where ! is the T eic hm uller lifting of the

norm map ( O =p O )

�

! ( Z =p Z )

�

to a map ( O =p O )

�

! Z

�

. In general w e m ust allo w the

a

i

to lie in a �nite extension of O

�

[[ T ]].

Our main theorem (theorem 4.1) states that if w e �x n then there are only �nitely man y

�-adic eigenforms of this lev el. If moreo v er w e �x an an ti-cyclotomic c haracter � then all

but �nitely man y ordinary cuspidal eigenforms of lev el N p

s

(an y s ), w eigh t n (an y n ) and

c haracter �!

n

 (an y cyclotomic c haracter  ) lift to an �-adic eigenform. It w ould b e nice

to strengthen this result to sa y that any ordinary cuspidal eigenform lifted to a unique

�-adic eigenform. The problem here is torsion in the corresp onding homology groups (see

the commen ts follo wing theorem 4.1).

Suc h results ha v e b een pro v ed b y Hida (and Wiles) for mo dular forms o v er totally real

�elds, ho w ev er as our mo dular forms are not analytic w e can not m ultiply them together

to pro duce new ones with go o d congruence prop erties, so w e ha v e to rely completely on

the cohomology . Our argumen t falls in to t w o parts. In section 4.4 w e use the in
ation

restriction long exact sequence to \c hange lev el". In section 4.5 w e relate di�eren t w eigh ts.

Both are ac hiev ed b y dev eloping ideas of Hida ([Hi1]).

F or example in section 4.7 w e pro v e that if p is as ab o v e and p 6 j � ( p ) where � is Raman u-

jam's function ( i.e. �( z ) =

P

� ( n ) e

2 n� iz

is the cuspidal elliptic mo dular function of w eigh t
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12 for S L

2

( Z )), and if n

1

6= n

2

; n

1

; n

2

> 10; n

1

+ n

2

> 20 + r ; and n

1

� n

2

� 10 mo d p

r

( p � 1)

then

H

1

( S L

2

( O ) ; S

n

1

;n

2

) and H

1 cusp

( S L

2

( O ) ; S

n

1

;n

2

)

ha v e torsion of exp onen t divisible b y p

r

. (Here S

n

1

;n

2

is the S L

2

( O )-mo dule whic h is the

the tensor pro duct of the n

th

1

symmetric p o w er of O

2

with the natural S L

2

( O ) action and

the n

th

2

symmetric p o w er of O

2

with S L

2

( O ) action t wisted b y complex conjugation. Also

see section 4.2 for the meaning of \ cusp " in this con text.)

The rest of the pap er is organised as follo ws. Section 4.2 con tains some analytic results

w e need. Section 4.3 is somewhat tec hnical and is needed to sho w that our use of the

in
ation restriction sequence resp ects the cuspidal cohomology . (T orsion prev en ts us using

the analytic theory of Eisenstein series whic h Hida used in [Hi1].) In section 4.6 w e complete

the pro of of our main theorem and sho w ho w to construct some examples.

W e should men tion that while all the theory go es through in the case of a prime inert

in K , w e lac k an y examples in that case, so that theory ma y b e v acuous.

Notation

Most of the notation used is either standard or explained in the text. If F is a �eld F

ac

will denote its algebraic closure. C

p

will denote the completion of Q

ac

p

and O

p

the ring of

elemen ts of non-negativ e v aluation in C

p

. If � is a prime in a n um b er �eld w e shall use C

�

and O

�

for the corresp onding notions. If A is a ring with ideal I then w e shall set:

� �( I ) = f � 2 S L

2

( A ) j � �

0

@

1 0

0 1

1

A

mo d I g

� �

1

( I ) = f � 2 S L

2

( A ) j � �

0

@

1 �

0 1

1

A

mo d I g

� �

0

( I ) = f � 2 S L

2

( A ) j � �

0

@

� �

0 �

1

A

mo d I g
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W e hop e the con text will alw a ys mak e it clear whic h ring w e are talking ab out.

By a c o�nite Z

p

mo dule w e shall mean the P on triagin dual of a �nite Z

p

mo dule.

4.2 Review of Cohomology Groups and Automorphic F orms

Throughout let K b e an imaginary quadratic �eld of class n um b er one and let O denote its

ring of in tegers. The assumption that the class n um b er is one is almost certainly unnecessary

but it simpli�es the notation. Fix also an o dd rational prime p , whic h is unrami�ed in K

and a prime � of O lying ab o v e p . Note that these conditions imply that the only unit of

O congruen t to 1 mo dulo � is 1 itself. Let � denote complex conjugation.

F or an y pair of non-negativ e in tegers n

1

; n

2

w e ha v e a free

( n

1

+ 1)( n

2

+ 1) -dimensional O mo dule with an action of GL

2

( O ) (or in fact of M

2

( O ) ).It

ma y b e explicitly describ ed as S

n

1

( O

2

) � S

n

2

( O

2

) where S

n

denotes the n -th symmetric

p o w er (i.e. the maximal symmetric quotien t of the n -th tensor p o w er) and where 
 2 GL

2

( O )

acts on the �rst O

2

in the natural fashion and on the second via �
 . W e will denote this mo d-

ule S

n

1

;n

2

. If A is an O mo dule S

n

1

;n

2

( A ) will denote S

n

1

;n

2




O

A . In particular S

n

1

;n

2

( C )

can b e though t of as the irreducible �nite dimensional represen tations of Lie group S L

2

( C ) .

When w e need to tak e an O -basis w e shall alw a ys tak e the natural basis with resp ect to

whic h 
 =

0

@

a b

c d

1

A

2 M

2

( O ) acts as:

0

B

B

B

B

B

B

B

B

B

B

B

B

@

a

n

1

M n

1

a

n

1

� 1

bM : : : b

n

1

M

a

n

1

� 1

cM ( a

n

1

� 1

d + ( n

1

� 1) a

n

1

� 2

c ) M : : : b

n

1

� 1

dM

: : : :

: : : :

: : : :

c

n

1

M n

1

c

n

1

� 1

dM : : : d

n

1

M

1

C

C

C

C

C

C

C

C

C

C

C

C

A
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where M denotes the blo c k:

0

B

B

B

B

B

B

B

B

B

B

B

B

@

�a

n

2

n

2

�a

n

2

� 1

�

b : : :

�

b

n

2

�a

n

2

� 1

�c ( � a

n

2

� 1

�

d + ( n

2

� 1) � a

n

2

� 2

�c ) : : :

�

b

n

2

� 1

�

d

: : : :

: : : :

: : : :

�c

n

2

n

2

�c

n

2

� 1

�

d : : :

�

d

n

2

1

C

C

C

C

C

C

C

C

C

C

C

C

A

W e shall b e in terested in the cohomology of congruence subgroups

� < S L

2

( O ) with co e�cien ts in S

n

1

;n

2

( A ).When A = C these groups can b e studied an-

alytically . More precisely let Z denote \the quaternion upp er half plane" or \h yp erb olic

3-space", that is to sa y:

f q uater nions z = x + y k j x 2 C and y 2 R

> 0

g

Then S L

2

( C ) acts on Z and in fact on Z � S

n

1

;n

2

( A ) b y:


 =

0

@

a b

c d

1

A

: ( z ; v ) 7! (( az + b )( cz + d )

� 1

; 
 v )

If � is torsion free, � nZ is a smo oth manifold with a sheaf

~

S

n

1

;n

2

( A ) consisting of �-

in v arian t sections of Z � S

n

1

;n

2

( A ). Then it is kno wn that H

�

(� ; S

n

1

;n

2

( A )) =

H

�

(� nZ ;

~

S

n

1

;n

2

( A )). In the case A = C this group is w ell studied. See for example Harder

[Ha1],[Ha2 ] for the follo wing results.

There is a compact manifold with b oundary � nZ and an em b edding � nZ , ! � nZ whic h

is a homotop y equiv alence (the Borel-Serre compacti�cation). The shea v es

~

S

n

1

;n

2

( A ) extend

to � nZ in suc h a w a y that H

�

(� nZ ;

~

S

n

1

;n

2

( A ))

�

=

H

�

( � nZ ;

~

S

n

1

;n

2

( A )) . W e ha v e a natural

map:

H

�

( � nZ ;

~

S

n

1

;n

2

( A )) � ! H

�

( @ ( � nZ ) ;

~

S

n

1

;n

2

( A ))

W e shall denote the k ernel of this map b y H

�

cusp

(� nZ ;

~

S

n

1

;n

2

( A )) and the image b y

H

�

E is

(� nZ ;

~

S

n

1

;n

2

( A )) .

W e ha v e that:
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� H

i

cusp

(� nZ ;

~

S

n

1

;n

2

( C )) = 0 unless n

1

= n

2

and either i = 1 or 2

� H

1

cusp

(� nZ ;

~

S

n;n

( C ))

�

=

H

2

cusp

(� nZ ;

~

S

n;n

( C ))

�

=

S

n

(� ; C )

� H

0

E is

(� nZ ;

~

S

n

1

;n

2

( C )) = 0 unless n

1

= n

2

= 0 when it is equal to C

� dim H

1

E is

(� nZ ;

~

S

n

1

;n

2

( C )) =

1

2

dim H

1

( @ ( � nZ ) ;

~

S

n

1

;n

2

( C ))

� H

2

E is

(� nZ ;

~

S

n

1

;n

2

( C )) = H

2

( @ ( � nZ ) ;

~

S

n

1

;n

2

( C )) unless n

1

= n

2

= 0 in whic h case it is

of co dimension one

Here S

n

(� ; C ) = � �

U (�)

f

where U (�) is the closure of � in S L

2

of the �nite adeles of K

and where the sum is tak en o v er all cuspidal automorphic represen tations � = �

f


 �

1

of

S L

2

o v er K with �

1

the principal series represen tation of S L

2

( C ) corresp onding to the

c haracter

0

@

a �

0 a

� 1

1

A

7!

�

a

j a j

�

2( n +1)

.

This set up ma y b e describ ed in terms of group cohomology as follo ws. De�ne a (�-)

cusp to b e a �-conjugacy class of Borel subgroups of S L

2

(K) . F or B suc h a Borel w e will

denote b y [ B ] (or if necessary [ B ]

�

) the corresp onding cusp. Set �

B

= � \ B . The connected

comp onen ts of the Borel-Serre compacti�cation are in one-to-one corresp ondence with the

cusps. Set:

H

�

@

(� ; S

n

1

;n

2

( A )) =

M

[ B ]

H

�

(�

B

; S

n

1

;n

2

( A ))

This app ears to dep end on the c hoice of Borel whic h represen ts eac h cusp, ho w ev er if 
 2 �

then �


 B 


� 1 = 
 �

B




� 1

and w e get a canonical isomorphism




�

: H

�

(�

B

; S

n

1

;n

2

( A ))

�

� ! H

�

(�


 B 


� 1

; S

n

1

;n

2

( A ))

Using the facts that �

B

is its o wn normaliser in � and that if M is a

G -mo dule and g 2 G then the map g

�

: H

�

( G; M ) ! H

�

( G; M ) induced b y conjugation

b y g on G and b y translation b y g on M is the iden tit y; w e see further that:

� 


�

: H

�

(�

B

; S

n

1

;n

2

( A ))

�

� ! H

�

(�


 B 


� 1

; S

n

1

;n

2

( A )) is indep enden t of the c hoice of 
 2 �

conjugating B to 
 B 


� 1
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� The diagram:

H

�

(�

B

; S

n

1

;n

2

( A ))

r es %

H

�

(� ; S

n

1

;n

2

( A )) # 


�

r es &

H

�

(�


 B 


� 1 ; S

n

1

;n

2

( A ))

comm utes.

W e will iden tify the groups H

�

(�

B

; S

n

1

;n

2

( A )) for B represen ting a cusp [ B ] and write simply

H

�

(�

[ B ]

; S

n

1

;n

2

( A )). Restriction giv es a w ell de�ned map H

�

(� ; S

n

1

;n

2

( A )) ! H

�

@

(� ; S

n

1

;n

2

( A ))

and w e ha v e a comm utativ e diagram:

H

�

(� ; S

n

1

;n

2

( A ))

r es

! H

�

@

(� ; S

n

1

;n

2

( A ))

k o k o

H

�

(� nZ ;

~

S

n

1

;n

2

( A )) ! H

�

( @ ( � nZ ) ;

~

S

n

1

;n

2

( A ))

W e shall use H

�

cusp

(� ; M )and H

�

E is

(� ; M ) in the ob vious w a y .

If w e use the group cohomology the analytic description of

H

�

cusp

(� ; S

n

1

;n

2

( C )) giv en ab o v e remains true for � with torsion. T o see this c ho ose � � �

of �nite index and without torsion. The results for � follo w from those for � b ecause, as

w e are w orking o v er a �eld of c haracteristic 0, the Serre-Hosc hild sp ectral sequence implies

that the � cohomology is just the � n � in v arian t part of the � cohomology .

W e no w w an t to describ e the action of the Hec k e op erators on these v arious spaces.

F or this w e will w ork in the category of ( M

2

( O ) \ GL

2

( K ))-mo dules. It is easily seen b y

abstract nonsense that for � a group con tained in the semi-group ( M

2

( O ) \ GL

2

( K )) that

the cohomology functors H

�

(� ; ) de�ned on ( M

2

( O ) \ GL

2

( K ))-mo dules can b e though t of

as the righ t deriv ed functors of the �xed p oin t functor M 7! M

�

and as suc h are a univ ersal

� -functors. This will b e v ery helpful in c hec king that diagrams comm utes. When w e can

consider the maps as sp ecial instances of natural transformations b et w een suc h univ ersal

� -functors, it will do to c hec k the comm utativit y only in degree zero.
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T o describ e the Hec k e op erators let g 2 M

2

( O ) , det g 6= 0 and let �

1

; �

2

b e congru-

ence subgroups of S L

2

( O ). Then w e ha v e [�

2

: �

2

\ g �

1

g

� 1

] < 1 and so w e can de�ne a

map [�

2

g �

1

] : H

�

(�

1

; M ) ! H

�

(�

2

; M ) ,or more precisely a natural transformation b et w een

� -functors [�

2

g �

1

] : H

�

(�

1

; ) ! H

�

(�

2

; ) as follo ws:

H

�

(�

1

; M )

g

�

� ! H

�

(�

2

\ g �

1

g

� 1

; M )

cor

� ! H

�

(�

2

; M )

where the �rst map is induced b y the compatible maps :

M

g

� ! M

�

1

conj ug ation

 � �

2

\ g �

1

g

� 1

and the second map is corestriction. One can c hec k straigh tforw ardly that [�

2

g �

1

] only

dep ends on the double coset �

2

g �

1

and not on the particular c hoice of g . T o describ e

explicitly the action of [�

2

g �

1

] in degree zero and one, assume that �

2

= q 


i

(�

2

\ g �

1

g

� 1

)

(whic h is easily seen to b e equiv alen t to �

2

g �

1

= q 


i

g �

1

). Then

� [�

2

g �

1

] : M

�

1

! M

�

2

b y m 7!

P

( 


i

g ) m

� [�

2

g �

1

] : H

1

(�

1

; M ) ! H

1

(�

2

; M ) is induced b y sending a �

1

-co cycle � to the

�

2

-co cycle � 7!

P

( 


i

g ) � (( 


i

g )

� 1

� ( 


j

i

g )) where j

i

is the unique index suc h that




� 1

i

� 


j

i

2 g �

1

g

� 1

.

W e can describ e the Hec k e op erators on a top ological lev el b y considering the diagram:

�

2

\ g �

1

g

� 1

nZ

. &

�

1

nZ �

2

nZ

induced b y

Z

g

� 1

. & Id

Z Z

This giv es rise to:

H

�

(�

2

\ g �

1

g

� 1

nZ ;

~

M )

% & transfer

H

�

(�

1

nZ ;

~

M ) H

�

(�

2

nZ ;

~

M )

whic h is exactly the Hec k e op erator [�

2

g �

1

]. (Here

~

M is the sheaf constructed from M

exactly as

~

S

n

1

;n

2

w as from S

n

1

;n

2

.)
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W e also w an t to de�ne their action on the cohomology of the b oundary . The top ological

picture sho ws us ho w to do this. F or eac h cusp [C] of �

2

\ g �

1

g

� 1

w e ha v e a map:

H

�

(�

1 [ g

� 1

C g ]

; M )

g

�

� ! H

�

((�

2

\ g �

1

g

� 1

)

[ C ]

; M )

cor

� ! H

�

(�

2 [ C ]

; M )

(the corestriction map is de�ned b ecause [�

2 [ C ]

: (�

2

\ g �

1

g

� 1

)

[ C ]

] is less than

[�

2

: �

2

\ g �

1

g

� 1

] ). Summing these maps o v er [ C ] w e get:

[�

2

g �

1

] : H

�

@

(�

1

; M ) � ! H

�

@

(�

2

; M )

A certain amoun t of care is needed to k eep trac k of the iden ti�cation w e are making of

H

�

(�

B

; M ) for di�eren t Borels B represen ting the same cusp. One also has to c hec k that

it is w ell de�ned up to these iden ti�cations. Moreo v er one can easily c hec k that it dep ends

only on the double coset �

1

g �

2

and that it is compatible with the restrictions maps from

H

�

(�

i

; M ) and the previous de�nition at this lev el. F rom this w e see that Hec k e op erators

preserv e the cuspidal and Eisenstein comohology . F or example to c hec k the compatibilit y

with our previous de�nition w e m ust c hec k that

L

[ B ]

H

�

(�

1 [ A ]

; M ) !

L

[ C ]

H

�

(�

1 [ g

� 1

C g ]

; M )

g

�

!

L

[ C ]

H

�

((�

2

\ g �

1

g

� 1

)

[ C ]

; M )

- " "

H

�

(�

1

; M )

g

�

! H

�

((�

2

\ g �

1

g

� 1

) ; M )

and

L

[ C ]

H

�

((�

2

\ g �

1

g

� 1

)

[ C ]

; M )

cor

!

L

[ C ]

H

�

(�

2 [ C ]

; M ) !

L

[ B ]

H

�

(�

[ B ]

; M )

" %

H

�

((�

2

\ g �

1

g

� 1

) ; M )

cor

! H

�

(�

2

; M )

comm ute. The �rst diagram is easy . That the p en tagon comm utes follo ws from the

follo wing fact,whic h it su�ces to c hec k in degree zero:

Assume � � � with �nite index and � � C and M is a �-mo dule. Let C

1

; :::; C

s

b e represen tativ es of the �-conjugacy classes of �-conjugates of C . Then

L

H

�

(� \ C

i

; M )

cor

!

L

H

�

( C

i

; M )

conj ug ation

! H

�

( C ; M )

" r es " r es

H

�

(� ; M )

cor

� ! H

�

(� ; M )

comm utes.
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T o consider the action of the Hec k e op erators analytically w e m ust mo dify our analytic

description sligh tly . Let U b e an op en compact subgroup of GL

2

( A

f

) (here A

f

denotes the

�nite adeles of K) suc h that � = U \ GL

2

( K ) � S L

2

( O ). Then w e ha v e:

� S

n

(� ; C ) = � �

U

f

where the sum is tak en o v er all cuspidal automorphic represen ta-

tions � = �

f


 �

1

of GL

2

( K ) with �

1

the principal series represen tation of GL

2

( C )

corresp onding to the c haracter

0

@

a �

0 b

1

A

7!

�

a

j a j

�

n +1

�

j b j

b

�

n +1

j ab j

� n

.

� H

1

E is

(� nZ ;

~

S

n

1

;n

2

( C )) = G

n

1

;n

2

(� ; C ) =

L

�

I nd

GL

2

( A

f

)

B

0

( A

f

)

 

f

�

U

where the sum is tak en

o v er all Hec k e c haracters:

 =  

f

 

1

:

0

@

A

�

�

0 A

�

1

A

! C

�

for whic h  

1

:

0

@

a �

0 b

1

A

7! a �a

� n

2

b

� ( n

1

+1)

. (The induction here is not the usual

unitary induction but that in Harder [Ha2], whic h explains the sligh t discrepancy

from the cuspidal case ab o v e.)

No w assume U

1

; U

2

are as ab o v e and that g 2 GL

2

( K ), then w e get a map:

[ U

1

g

� 1

U

2

] : S

n

(�

1

; C ) = � �

U

1

f

� ! � �

U

2

f

= S

n

(�

2

; C )

b y v 7!

R

( U

1

g

� 1

U

2

)

v �

f

( x ) dx where the Haar measure dx is normalised so that

R

U

1

dx = 1. If

�

2

g �

1

= q 


u

g �

1

then U

1

g

� 1

U

2

� q U

1

g

� 1




� 1

u

. If this is in fact an equalit y then [ U

1

g

� 1

U

2

]

and [�

2

g �

1

] : S

n

(�

1

; C ) ! S

n

(�

2

; C ) coincide. This follo ws for example from results in

Harder [Ha2]. Similar results hold for the Eisenstein cohomology .

Finally in this section w e consider some sp ecial Hec k e op erators. Let T b e the abstract

comm utativ e ring o v er Z generated b y the sym b ols T

n

for n 2 O n f 0 g . F or the rest of this

section w e consider only congruen t subgroups of the form:

f

0

@

a b

c d

1

A

2 S L

2

( O ) j c � 0 mo d N ; a � d � 1 mo d M g
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where M j N . F or suc h a group �, T

n

7! [�

0

@

n 0

0 1

1

A

�] giv es an action of T on H

�

(� ; M ) .

(T o see this is a go o d de�nition one m ust c hec k that these op erators comm ute. By abstract

nonsense w e can c hec k this in degree zero where the problem reduces to sho wing that if

�

0

@

n 0

0 1

1

A

� = q � � and �

0

@

m 0

0 1

1

A

� = q � � then the cosets � � � and � � � coincide.

F or this w e refer the reader to Shim ura [Sh2 ].) Note that w e can apply the remarks of the

last paragraph to describ e these Hec k e op erators analytically , taking:

U = f

0

@

a b

c d

1

A

2

Y

v

GL

2

( O

v

) j c � 0 mo d N ; d � 1 mo d M g

(A tleast if 1 is the only unit of O congruen t to 1 mo d M .) Moreo v er w e can factorise

[ U

1

0

@

n

� 1

0

0 1

1

A

U

2

] in to a pro duct of lo cal op erators, whic h are the iden tit y for primes not

dividing n .

If �

1

> �

2

are b oth of the ab o v e form de�ned b y N

1

; M

1

; N

2

; M

2

and if n is not divisible

b y primes dividing N

1

but not N

2

, then w e ha v e a comm utativ e diagram:

H

�

(�

1

; M )

T

n

� ! H

�

(�

1

; M )

r es # # r es

H

�

(�

2

; M )

T

n

� ! H

�

(�

2

; M )

and so if N

1

and N

2

ha v e the same prime factors w e see that the restriction map is T -

equiv arian t (or as w e shall write \Hec k e equiv arian t"). (This need only b e c hec k ed in

degree zero where it follo ws b ecause w e can �nd 


i

suc h that �

1

= q 


i

(�

1

\ g �

1

g

� 1

) and

�

2

= q 


i

(�

2

\ g �

2

g

� 1

) - see Shim ura [Sh2 ].)

W e ha v e an action of ( O = N O )

�

�

=

�

0

( N ) = �

1

( N ) on H

�

(�

1

( N ) ; M ) b y conjugation. W e

shall �x �

0

( N ) = �

1

( N )

�

! ( O = N O )

�

b y

0

@

a b

c d

1

A

7! d .Then it is again easily c hec k ed that

this action comm utes with that of T , and that if N j N

0

then ( O = N O )

�

! ! ( O = N

0

O )

�

is

compatible with r es : H

�

(�

1

( N ) ; M ) ! H

�

(�

1

( N

0

) ; M ).

W e shall b e particularly in terested in the Hec k e op erators T

�

for � dividing some p o w er of

p . Th us w e recall the decomp osition for � no w of the form
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f

0

@

a b

c d

1

A

2 S L

2

( O ) j c � 0 mo d N p

r

; a � d � 1 mo d N p

s

g with r � 1 and r � s and for

� as ab o v e:

�

0

@

� 0

0 1

1

A

� = q

0

@

� u

0 1

1

A

�

as u runs o v er an y set of represen tativ es for congruen t classes of O mo d � . If � also divides

some p o w er of p w e ha v e also:

[�

0

@

� 0

0 1

1

A

�][�

0

@

� 0

0 1

1

A

�] = [�

0

@

�� 0

0 1

1

A

�]

Most essen tially w e ha v e Hida's idemp oten t. In general to an op erator T on a �nite (or

co�nite) Z

p

-mo dule H w e can de�ne an idemp oten t e

T

in E nd

Z

p

( H ) comm utes with T suc h

that T is an automorphism of e

T

H and is top ologically nilp oten t on (1 � e

T

) H (see Mazur

and Wiles [MW2 ]). In fact e

T

= lim

r !1

T

r !

. If S : H ! H

0

is a morphism b et w een �nite

Z

p

-mo dules and T ; T

0

are op erators on H and H

0

resp ectiv ely suc h that S T = T

0

S then S

restricts to a map S : e

T

H ! e

T

0

H

0

. In particular for the Hec k e op erator T

p

acting on a

�nite Z

p

-mo dule H w e will denote the corresp onding idemp oten t simply e , call it Hida's

idemp otent and write H

�

for eH , whic h w e will call the or dinary p art of H . If p = � �� in O

then w e can de�ne e

�

and e

��

similarly corresp onding to T

�

and T

��

and w e ha v e e

�

e

��

= e .

In most of the follo wing w e will restrict to the ordinary parts of mo dules, and this will b e

essen tial for our argumen ts. An y v 2 H whic h is an eigen v ector of T

p

with eigen v alue a

p -adic unit will b e preserv ed b y e . W e see that almost all of the discussion of this section

go es o v er to ordinary parts in the ob vious fashion, but one should b e a w are that restriction

do es not usually map (for example) H

�

(�

1

( N ) ; M )

�

to H

�

(�

1

( N p ) ; M )

�

when p 6 j N . (This

is \b ecause w e are going from no p in the lev el to p in the lev el".)

Although Hida's idemp oten t is initially de�ned only in the p -adic setting w e can some-

times consider it in more general situations. Fix em b eddings K

ac

� C

�

and K

ac

� C . In

particular w e ha v e �xed an extension of the � -adic v aluation to K

ac

. No w if H is a �nite
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torsion free O -mo dule with an action of T

p

then w e ha v e:

e 2 O

�

[ T

p

] � E nd

O

�

( H

�

)

\ \

K

�

[ T

p

] � E nd

K

�

( H 
 K

�

)

[ [

K [ T

p

] � E nd

K

( H 
 K )

and there is a �nite extension L=K con tained in K

�

suc h that e 2 L [ T

p

] and hence 2

E nd

C

( H 
 C ).

Then w e ha v e that:

� eS

n

(�

1

( N p

r

) ; C ) =

L

( e�

U

p

p

) 
 ( �

p

f

)

U

p

� eG

n

1

;n

2

(�

1

( N p

r

) ; C ) =

L

�

e I nd

GL

2

( K

p

)

B

0

( K

p

)

 

p

�

U

p


 V

 

p

f

where:

U

p

= f

0

@

a b

c d

1

A

2 GL

2

( O

p

) j c � 0 mo d N p

r

; d � 1 mo d N p

r

g

U

p

= f

0

@

a b

c d

1

A

2

Y

v 6 j p

GL

2

( O

v

) j c � 0 mo d N ; d � 1 mo d N g

here � = �

p


 �

p

f


 �

1

runs o v er cuspidal automorphic represen tations as b efore, where

 =  

p

�  

p

f

�  

1

is also as describ ed ab o v e, and where V

 

p

f

do es not matter v ery m uc h. If

p = � �� in O then w e ha v e moreo v er, e�

U

p

p

= e

�

�

U

�

�


 e

��

�

U

��

��

. It is kno wn that for v a prime

ab o v e p with �

U

v

v

6= 0 and for r > 0:

� �

v

sup ercuspidal implies that e

v

�

U

v

v

= 0

� �

v

= � (  ;  j : j ) implies that e

v

is unde�ned if  

i

is unrami�ed and ( N v )

1

2

 ( v ) has

p ositiv e � -adic v aluation. Otherwise the dimension of e

v

�

U

v

v

is 1 or 0 according to

whether  is unrami�ed and ( N v )

1

2

 ( v ) is a � -adic unit, or not.

� �

v

= � (  

1

;  

2

) principal series implies that e

v

is unde�ned if  

i

is unrami�ed and

( N v )

1

2

 

i

( v ) has p ositiv e � -adic v aluation for some i . Otherwise e

v

�

U

v

v

has dimension
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0, 1 or 2 corresp onding to the n um b er of  

i

( i = 1 ; 2) whic h are unrami�ed and ha v e

( N v )

1

2

 

i

( v ) a � -adic unit.

F rom this one can sho w that if p is inert in K then eG

n

1

;n

2

(�

1

( N p

r

) ; C ) = 0 and that

if p = � �� splits in K then:

eG

n

1

;n

2

(�

1

( N p

r

) ; C ) =

M

V

 

p

f

where the sum is tak en o v er c haracters  =  

p

�  

p

f

�  

1

as describ ed ab o v e with the added

condition that if  

p

:

0

@

a �

0 b

1

A

7!  

1

( a )  

2

( b ) then  

1

is unrami�ed at � and  

2

at �� . In

particular for r � 1, dim eG

n

1

;n

2

(�

1

( N p

r

) ; C ) is indep enden t of n

1

and n

2

(as 1 is the only

unit of O congruen t to 1 mo d ( N p

r

)), and dim eG

n

1

;n

2

(�

1

( N p

r

) ; C ) � dim G

n

1

;n

2

(�

1

( N ) ; C ).

This is b ecause the p part of the represen tation corresp onding to  is the principal

series represen tation coming from �

1

and �

2

where in the inert case, up to ro ots of unit y ,

p�

1

( p ) = p

n

2

+1

and p�

2

( p ) = p

n

1

+1

. While in the split case:

� p

1

2

�

1

( � ) = ��

n

2

+1

� p

1

2

�

2

( � ) = �

n

1

+1

� p

1

2

�

1

( � � ) = �

n

2

+1

� p

1

2

�

2

( � � ) = ��

n

1

+1

4.3 Cohomology of the Boundary

In this section w e w an t to describ e the ordinary part of the cohomology of the b oundary .

W e shall let M denote a �nite or co�nite Z

p

-mo dule with a con tin uous action of the m ul-

tiplicativ e semi-group M

2

( O ) \ GL

2

( K ) in the p -adic top ology . � will denote a congruence

subgroup of S L

2

( O ) of the form:

f

0

@

a b

c d

1

A

2 S L

2

( O ) j c � 0 mo d N p

r

; d � 0 mo d N p

?

g
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F or B a Borel w e shall let

~

�

B

denote the unip oten t radical of �

B

. Then

~

�

B

� �

B

and

W

B

= �

B

=

~

�

B

em b eds in to the ro ots of unit y in K and so [�

B

:

~

�

B

] is prime to p . Th us w e

ha v e:

r es : H

�

(�

B

; M )

�

� ! H

�

(

~

�

B

; M )

W

B

(from the Hosc hild-Serre sp ectral sequence).

It is kno wn that there is a bijection:

� n S L

2

( O ) =B

0

 ! f � � cusps g


 7� ! 
 B

0




� 1

where B

0

=

8

<

:

0

@

� �

0 �

1

A

9

=

;

. Then 


� 1

~

�


 B

0




� 1


 = 


� 1

� 
 \

0

@

1 O

0 1

1

A

and w e can think of

~

�

B

as an ideal in O . As B is its o wn normaliser w e can easily deduce that this ideal dep ends

only on the cusp [ B ] and not on its represen tation 
 B

0




� 1

.W e shall write

~

�

[ B ]

for this ideal.

Similarly w e can legitimately write W

[ B ]

and H

�

(

~

�

[ B ]

; M ). Then w e ha v e canonically:

H

�

@

(� ; M )

�

=

M

[ B ]

H

�

(

~

�

[ B ]

; M )

W

[ B ]

�

=

M

[ B ]

H

�

ct

(

~

�

[ B ] ; p

; M )

W

[ B ]

Here the \ ct " indicates that w e are using con tin uous cohomology ,

~

�

[ B ] ; p

denotes the closure

of

~

�

[ B ]

in O

p

and the latter isomorphism follo ws b ecause there is a bijection b et w een

~

�

[ B ]

co cycles (or cob oundaries) and con tin uous

~

�

[ B ] ; p

co cycles (cob oundaries). W e shall drop

the \ ct " from our notation in future. In the case p = � �� is split in O w e see that:

H

�

(

~

�

[ B ]

; M ) = H

�

(

~

�

[ B ] ; �

; M ) � H

�

(

~

�

[ B ] ; ��

; M )

and that the W

[ B ]

action preserv es this decomp osition. Th us w e can write:

H

�

@

(� ; M ) = H

�

@

(� ; M )

�

� H

�

@

(� ; M )

��

W e shall in tro duce the follo wing de�nitions for a cusp [ B ], and for v a prime ab o v e p :

� [ B ] is v -unr ami�e d if

~

�

[ B ] ; v

= O

v

.
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� [ B ] is v -�rst class if [ B ] has a represen tativ e 
 B

0




� 1

with 
 2 S L

2

( O ) and 
 �

0

@

� �

0 �

1

A

mo d v

s

for all s ( or equiv alen tly for s = r )

(1)

.

� [ B ] is v - thir d class if [ B ] has a represen tativ e 
 B

0




� 1

with 
 =

0

@

a �

c �

1

A

where

( c; v ) = 1. In this case an y represen tativ e has this form

(2)

and w e can c hose a repre-

sen tativ e with a � 0 mo d v

s

for an y s

(1)

.

� [ B ] is v -se c ond class if it is neither v -�rst nor v -second class.

Here the results mark ed

(1)

follo w as � � �

1

( N p

r

) and those mark ed

(2)

as � � �

0

( p ). An y

�rst class cusp is unrami�ed, as follo ws easily from the form ula:

0

@

a b

c d

1

A

0

@

1 �

0 1

1

A

0

@

a b

c d

1

A

� 1

=

0

@

1 � ac� a

2

�

� c

2

� 1 + ac�

1

A

and the fact

(1)

.

W e shall pro v e:

Prop osition 4.1 If v is any prime ab ove p and � and M ar e as ab ove then we have an

inje ction:

e

v

H

�

@

(� ; M )

v

, !

M

[ B ]

H

�

(

~

�

[ B ] ; v

; M )

wher e the sum is over v -�rst class cusps.

Before pro ving this w e shall dra w the corollary that will b e of use to us later:

Corollary 4.1 If �

1

� �

2

ar e as � ab ove and M is as ab ove then the r estriction map:

eH

�

@

(�

1

; M )

r es

, ! H

�

@

(�

2

; M )

is inje ctive (on the or dinary p art).

Pr o of : It will do to sho w that for eac h prime v ab o v e p

e

v

H

�

@

(�

1

; M )

v

r es

, ! H

�

@

(�

2

; M )

v
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Then considering the comm utativ e diagram:

e

v

H

�

@

(�

1

; M )

v

r es

� ! H

�

@

(�

2

; M )

r es # # r es

L

[ B ] v � cl ass 1

H

�

(

~

�

1[ B ] ; v

; M )

r es

!

L

[ C ]

H

�

(

~

�

2[ C ]

; M )

the prop osition tells us that the left hand v ertical arro w is injectiv e and so w e need only

sho w that the lo w er horizon tal arro w is injectiv e. But ab o v e eac h v -�rst class cusp [ B ] of

�

1

there lies a v -�rst class cusp [ C ] of �

2

, as w e see at once from the de�nition, and

H

�

(

~

�

1[ B ] ; v

; M )

�

� ! H

�

(

~

�

2[ C ] ; v

; M )

as

~

�

1[ B ] ; v

= O

v

=

~

�

2[ B ] ; v

.

W e no w turn to the pro of of the prop osition. W e shall assume p = � �� (whic h is the case

of real in terest and sligh tly harder than the inert case), and that v = � ( v = �� is exactly

the same).

Fix n suc h that n > r and �

n

� 1 mo d N ��

r

and set g =

0

@

�

n

0

0 1

1

A

. W e shall sho w

that:

� If x 2 k er ( H

�

@

(

~

� ; M )

�

!

L

[ B ] cl ass 1

H

�

(

~

�

[ B ] ; �

; M )) then

[� g �] x 2

L

[ B ] cl ass 3

H

�

(

~

�

[ B ] ; �

; M )

W

[ B ]

and this latter space is preserv ed b y [� g �].

� [� g �] :

L

[ B ] cl ass 3

H

�

(

~

�

[ B ] ; �

; M )

W

[ B ]

!

L

[ B ] cl ass 3

H

�

(

~

�

[ B ] ; �

; M )

W

[ B ]

is top ologically

nilp oten t.

from whic h the prop osition follo ws easily . T o pro v e the second assertion it will do to tak e

M of �nite cardinalit y . Pictorially this all amoun ts to [� g �] acting as follo ws:
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cusps

third class

cusps

second class

cusps

�rst class

?

?

?

6

�

top olo gic al ly

nilp otent

Let [ B ] b e a �-cusp with B = � B

0

�

� 1

, � =

0

@

a �

c �

1

A

2 S L

2

( O ), w e w an t to examine the

[ B ]-comp onen t of [� g �]. Firstly the � \ g � g

� 1

cusps ab o v e [ B ] are exactly [ 


� 1

i

B 


i

] where

� =

`

�

B




i

(� \ g � g

� 1

) or (as w e see after a small calculation) � g � =

`

�

B




i

g �. Th us the

cusps [ C ] suc h that [� g �] giv es a non-zero map from H

�

(�

[ C ]

; M ) to H

�

(�

[ B ]

; M ) are repre-

sen ted b y [ g

� 1




� 1

i

B 


i

g ], or equiv alen tly b y [ g

� 1

u

B g

u

] where g

u

=

0

@

�

n

u

0 1

1

A

as u v aries o v er

congruence classes mo d �

n

and without loss of generalit y u � 0 mo d N ��

r

. Explicitly [ C ]

is represen ted b y "B

0

"

� 1

with " =

0

@

a � uc

�

m

�

�

n � m

c �

1

A

2 S L

2

( O ) for some m . Th us if [ B ] is not

third class

( i.e. if � j c ) then w e see that � 6 j ( a � uc ) so that m = 0 and [ C ] m ust b e class one,

whic h is our �rst claim.

F or the second assertion consider [ B ] a third class cusp, whic h w e can write [ � B

0

�

� 1

]

with � =

0

@

�

2 n

a b

c d

1

A

where � 6 j d . Then if [ C ] is a third class cusp giving rise to [ B ] w e

m ust ha v e u � 0 mo d �

n

( u as ab o v e) and so w e ma y tak e u = 0 and C = "B

0

"

� 1

with
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" =

0

@

�

n

a b

c �

n

d

1

A

. Then � � 0 mo d N ��

r

and c� � d mo d �

r

implies that:

"

0

@

1 �

0 1

1

A

2 �

1

( N p

r

)

Th us [ B ] = [ C ] and the map:

[� g �] :

M

[ B ] cl ass 3

H

�

(

~

�

[ B ] ; �

; M ) � !

M

[ B ] cl ass 3

H

�

(

~

�

[ B ] ; �

; M )

splits up as a direct sum of maps:

H

�

(�

1 �

; M )

g

�

� ! H

�

(�

3 �

; M )

cor

� ! H

�

(�

2 �

; M )

where:

� �

1

=

~

�

"B

0

"

� 1

=

8

<

:

0

@

1 � �

n

ac� �

2 n

a

2

�

� c

2

� 1 + �

n

ac�

1

A

2 � j � 2 O

9

=

;

� �

2

=

~

�

� B

0

�

� 1 =

8

<

:

0

@

1 � �

2 n

ac� �

4 n

a

2

�

� c

2

� 1 + �

2 n

ac�

1

A

2 � j � 2 O

9

=

;

� �

3

= �

2

as �

2

� g � g

� 1

The map g

�

is induced b y the compatible maps M ! M , m 7! g m and �

3

, ! �

1

b y:

0

@

1 � �

2 n

ac� �

4 n

a

2

�

� c

2

� 1 + �

2 n

ac�

1

A

7� !

0

@

1 � �

n

ac ( �

n

� ) �

2 n

a

2

( �

n

� )

� c

2

( �

n

� ) 1 + �

n

ac ( �

n

� )

1

A

and cor reduces to the iden tit y .

Th us w e ma y describ e [� g �] : H

�

(

~

�

[ B ] ; �

; M ) ! H

�

(

~

�

[ B ] ; �

; M ) as the map induced b y

compatible maps M ! M b y m 7! m and

~

�

[ B ] ; �

!

~

�

[ B ] ; �

b y � 7! �

n

� . Then if M is �nite

(as a set), for some a , r es : H

�

(

~

�

[ B ] ; �

; M ) ! H

�

( �

an

~

�

[ B ] ; �

; M ) is zero, and so b y our ab o v e

description T

a

�

n

is also zero, whic h is what w e w an ted to sho w.
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4.4 Change of Lev el

The cen tral result of this section is:

Prop osition 4.2 L et N 2 O b e prime to p , let r � s � 1 and let M b e a Z

p

-mo dule. Set

G

r ;s

= (1 + N p

s

Z ) = (1 + N p

r

Z ) . Then

i) r es : eH

�

(�

1

( N p

s

) ; M )

�

� ! eH

�

(�

1

( N p

s

) \ �

0

( N p

r

) ; M )

If further eM

�

1

( N p

r

)

= 0 then

ii) r es : eH

1

(�

1

( N p

s

) \ �

0

( N p

r

) ; M )

�

� ! eH

1

(�

1

( N p

r

) ; M )

G

r ;s

and henc e

iii) eH

1

(�

1

( N p

s

) ; M )

�

� ! eH

1

(�

1

( N p

r

) ; M )

G

r ;s

The mo dules M = S

n

1

;n

2

( A ) satisfy eM

�

1

( N p

r

)

= 0 for A any O

�

-mo dule.

Pr o of: Let us establish the notation:

�

s

= �

1

( N p

s

)

S

� = �

1

( N p

s

) \ �

0

( N p

r

)

5

�

r

= �

1

( N p

r

)

Then � = �

r

�

=

G

r ;s

.

i) I claim the follo wing diagram comm utes:

H

�

(�

s

; M )

r es

� ! H

�

(� ; M )

T

r � s

p

# . # T

r � s

p

H

�

(�

s

; M )

r es

� ! H

�

(� ; M )

where the diagonal arro w is giv en b y the Hec k e op erator [�

s

0

@

p

r � s

0

0 1

1

A

�]. F rom this the

result w ould follo w at once as T

p

is in v ertible on the ordinary part of an y mo dule. F urther

it su�ces to c hec k the comm utativit y in degree 0 b y abstract nonsense, and here it follo ws

from the existence of 


u

suc h that:
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� �

s

0

@

p

r � s

0

0 1

1

A

�

s

= q 


u

�

s

� �

s

0

@

p

r � s

0

0 1

1

A

� = q 


u

�

� �

0

@

p

r � s

0

0 1

1

A

� = q 


u

�

(see Shim ura [Sh2]).

ii) W e lo ok at the in
ation-restriction sequence:

0 ! H

1

( G

r ;s

; M

�

r

)

inf

! H

1

(� ; M )

r es

! H

1

(�

r

; M )

G

r ;s

t

! H

2

( G

r ;s

; M

�

r

)

Let T

p

and hence e act on these groups b y giving them their normal action on the middle

terms and letting them act on the outer terms through their action on M

�

r

= H

0

(�

r

; M ).

Assuming for a min ute that these actions are compatible w e see that there is an exact

sequence:

0 � ! eH

1

(� ; M )

r es

� ! eH

1

(�

r

; M )

G

r ;s

� ! 0

as desired.

T o c hec k the compatibilit y assertion let � denote the map:

� = �

r

�

� ! G

r ;s

0

@

a b

c d

1

A

7� ! d

Let also g

u

b e suc h that:

�

r

0

@

p 0

0 1

1

A

�

r

= q g

u

�

r

and �

0

@

p 0

0 1

1

A

� = q g

u

�

F or 
 ; � 2 � let v = v ( u ) and w = w ( u ) b e the unique indices suc h that g

� 1

u


 g

v

and

g

� 1

v

� g

w

2 �. It is easily c hec k ed that g

� 1

u


 g

v

= 
 (and that g

� 1

v

� g

w

= � ). Then:

a) Let � 2 Z

1

( G

r ;s

; M

�

r

). Then for 
 2 �

r

:
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� inf ( T

p

� )( 
 ) = (

P

g

u

� ) 


� ( T

p

inf � )( 
 ) =

P

g

u

� ( g

� 1

u


 g

v

)

and so inf ( T

p

� ) = T

p

( inf � ).

b)Let x 2 H

1

(�

r

; M )

G

r ;s

. Then there exists � 2 C

1

(� ; M ) suc h that:

� � j

�

r

2 Z

1

(�

r

; M ) and represen ts x

� d� 2 Z

2

( G

r ;s

; M

�

r

) � C

2

(� ; M ) and represen ts t ( x )

(see Hosc hild-Serre [HS]).

T

p

t ( x ) is represen ted b y ( 
 ; � ) 7!

P

g

u

( � ( 
 � ) � 
 � ( � ) � � ( 
 )). Moreo v er consider  2

C

1

(� ; M ) de�ned b y  ( 
 ) =

P

g

u

� ( g

� 1

u


 g

v

). Then  j

�

r

2 Z

1

(�

r

; M ) and represen ts T

p

x .

Moreo v er

( d )( 
 ; � ) =

P

u

g

u

� ( g

� 1

u


 � g

w

) � 


P

u

g

v

� ( g

� 1

v

� g

w

) �

P

u

g

u

� ( g

� 1

u


 g

v

)

=

P

u

g

u

�

� ( g

� 1

u


 g

v

g

� 1

v

� g

w

) � ( g

� 1

u


 g

v

) � ( g

� 1

v

� g

w

) � � ( g

� 1

u


 g

v

)

�

=

P

u

g

u

( d� )( g

� 1

u


 g

v

; g

� 1

v

� g

w

)

=

P

u

g

u

( d� )( 
 ; � ) as g

� 1

u


 g

v

= 
 and g

� 1

v

� g

w

= �

=

P

u

g

u

( � ( 
 � ) � 
 � ( � ) � � ( 
 ))

Th us ( d ) 2 Z

2

( G

r ;s

; M

�

r

) and represen ts T

p

t ( x ), i.e. t ( T

p

x ) = T

p

t ( x ).

F or the �nal assertion that eS

n

1

;n

2

( A )

�

r

= 0 w e shall mak e an arbitrary extension of T

p

to all of S

n

1

;n

2

( A ) and sho w that:

T

p

S

n

1

;n

2

( A ) � pS

n

1

;n

2

( A )

from whic h it follo ws that eS

n

1

;n

2

( A ) and hence eS

n

1

;n

2

( A )

�

r

v anish. Cho ose a set of

represen tativ es f u g for congruence classes of O mo d p , and set:

T

p

m =

X

u

0

@

p u

0 1

1

A

:m
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Then:

T

p

m �

P

u

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

0 : : : : : : : 0 u

n

1

�u

n

2

0 : : : : : : : 0 u

n

1

�u

n

2

� 1

: : :

: : :

0 : : : : : : : 0 u

n

1

0 : : : : : : : 0 u

n

1

� 1

�u

n

2

: : :

: : :

0 : : : : : : : 0 u

n

1

� 1

: : :

: : :

: : :

0 : : : : : : : 0 1

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

m mo d �

� 0 m mo d �

as for an y c haracter � : ( O =� O )

�

! ( O =� O )

�

one has:

X

u 2 ( O =� O )

�

� ( u ) = 0

. Q.E.D.

No w de�ne H

�

n

1

;n

2

= lim

!

r

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( K

�

= O

�

)). Then H

�

n

1

;n

2

is an O

�

[[ G ]]-

mo dule where G = lim

 

G

r

with G

r

= ( O = N p

r

O )

�

. Let H

r

= k er ( G ! ! G

r

) then what w e

ha v e just sho wn amoun ts to:

( H

�

n

1

;n

2

)

H

r

= eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( K

�

= O

�

)) ( r � 1)

If � denotes the P on triagin dual this is the same as:

(

�

H

�

n

1

;n

2

)

H

r

= eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( O

�

))

W e ha v e the follo wing decomp ositions for G :

G = G

tor

� H

1

= ( O = N O )

�

� H

0

= ( O = N O )

�

� ( O =p O )

�

� H

1

Moreo v er complex conjugation acts on H

1

and w e ha v e H

1

= H

+

1

� H

�

1

where � refer to the

corresp onding eigenspaces for complex conjugation. W e can c ho ose isomorphisms Z

p

! H

�

1
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b y � 7! u

�

�

. Then

O

�

[[ G ]]

�

=

O

�

[[ H

1

]][ G

tor

]

�

=

O

�

[[ T

+

; T

�

]][ G

tor

]

the latter map b eing giv en b y u

�

$ ( T

�

+ 1). O

�

[[ H

1

]] is a complete lo cal no etherian ring,

its maximal ideal corresp onds to ( � ; T

+

; T

�

) � O

�

[[ T

+

; T

�

]].

Corollary 4.2

�

H

�

n

1

;n

2

is a �nitely gener ate d O

�

[[ H

1

]] -mo dule.

Pro of: By Nak a y ama's lemma it will do to sho w that

�

H

�

n

1

;n

2

is compact and that (

�

H

�

n

1

;n

2

)

H

1

=

(

�

H

�

n

1

;n

2

= ( T

+

; T

�

)

�

H

�

n

1

;n

2

) is �nitely generated o v er O

�

. The prop osition and the fact that

�

H

�

n

1

;n

2

= lim

 

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( O

�

)) reduces this to the w ell kno wn fact that

H

1

(�

1

( N p

r

) ; S

n

1

;n

2

( O

�

)) is a �nitely generated O

�

-mo dule.

F rom the corollary of section 4.3 w e ha v e for r � s � 1 a comm utativ e diagram with

exact ro ws:

0 ! eH

1

cusp

(�

1

( N p

s

) ; M ) ! eH

1

(�

1

( N p

s

) ; M ) ! eH

1

E is

(�

1

( N p

s

) ; M ) ! 0

# # o #

0 ! eH

1

cusp

(�

1

( N p

r

) ; M )

G

r ;s

! eH

1

(�

1

( N p

r

) ; M )

G

r ;s

! eH

1

E is

(�

1

( N p

r

) ; M )

G

r ;s

where the righ t hand v ertical arro w is an injection and where M = S

n

1

;n

2

( K

�

= O

�

). Th us

the left hand v ertical arro w is an isomorphism, and if w e set H

�

n

1

;n

2

cusp

to b e

lim

!

eH

1

cusp

(�

1

( N p

r

) ; S

n

1

;n

2

( K

�

= O

�

)) then w e see that:

� H

�

n

1

;n

2

cusp

, ! H

�

n

1

;n

2

� H

�

n

1

;n

2

cusp

is a �nitely generated O

�

[[ H

1

]]-mo dule.

� ( H

�

n

1

;n

2

cusp

)

H

r

= eH

1

cusp

(�

1

( N p

r

) ; S

n

1

;n

2

( K

�

= O

�

)) for r � 1.

4.5 Change of W eigh t

F or n

1

; n

2

in tegers set:

�

n

1

;n

2

: G = ( O = N O )

�

� H

0

! H

0

= O

�

p

! O

�

p

! O

�

�

� 7! �

n

1

��

n

2
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This extends to a homomorphism �

n

1

;n

2

: O

�

[[ G ]] ! O

�

and to a homomorphism ~�

n

1

;n

2

:

O

�

[[ G ]] ! O

�

[[ G ]] de�ned b y sending h 2 G to �

n

1

;n

2

( h ) h . Then

O

�

[[ G ]]

~�

n

1

;n

2

� ! O

�

[[ G ]]

�

n

1

;n

2

& . �

0 ; 0

O

�

comm utes. F or M an O

�

[[ G ]]-mo dule w e de�ne a t wist M ( �

n

1

;n

2

) to b e the same underlying

top ological ab elian group but with a new O

�

[[ H

0

]] action de�ned b y:

h:m = ~�

n

1

;n

2

( h ) m

Our aim is to pro v e:

Prop osition 4.3 Ther e is a c anonic al He cke e quivariant isomorphism:

H

�

n

1

;n

2

�

� ! H

�

0 ; 0

( �

n

1

;n

2

)

It also r estricts to an isomorphism on the cuspidal p arts.

Before pro ving this w e note a couple of corollaries. F rom no w on w e will use simply H

�

to denote H

�

0 ; 0

.

Corollary 4.3 L et I b e the close d ide al of O

�

[[ H

1

]] gener ate d by

f h � �

n

1

;n

2

( h ) j h 2 H

r

g then

�

H

�

=I

�

H

�

�

=

eH

1

(�

1

( np

r

) ; S

n

1

;n

2

( O

�

)) , and a similar statement

holds for the cuspidal p art.

This is clear.

Corollary 4.4

�

H

�

cusp

is a torsion O

�

[[ H

1

]] -mo dule.

Pr o of: Let I

r

denote the closed ideal generated b y f h � �

0 ; 1

( h ) j h 2 H

r

g and let R denote

O

�

[[ H

1

]] and M denote

�

H

�

. Then w e ha v e that M =I

r

M is p -torsion and that R =I

r

is free

of p -torsion. If M w ere not a torsion R -mo dule w e w ould ha v e an injection R

�

, ! M . Let N

denote the submo dule f n 2 M j 9 r 2 R with r n 2 I m � g . Then w e can de�ne � : N ! F

R
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suc h that � � � = Id

R

and there is then a non-zero constan t � 2 R suc h that �I m � � R .

Then w e ha v e for eac h r :

M =I

r

M  - N =I

r

N ! ! � I m � =I

r

� I m � ! ! ( � I m � + I

r

) =I

r

 - (( � ) + I

r

) =I

r

, ! R =I

r

No w M =I

r

M is p -torsion and th us (( � ) + I

r

) =I

r

is p -torsion and so in fact zero. Th us

� 2 I

r

8 r whic h implies � = 0 a con tradiction.

W e no w turn to the pro of of the prop osition. W e ha v e that:

H

�

n

1

;n

2

= lim

!

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( O =�

r

O ))

where the i

th

term on the righ t hand side is an O =�

r

O [( O = N p

r

)

�

]-mo dule. Call this ring

�

r

, then O

�

[[ G ]] = lim

 

�

r

and this is compatible with the ab o v e direct limit. �

n

1

;n

2

reduces

to a map �

r

! O =�

r

O .

Let

j : S

n

1

;n

2

( O =�

r

O ) � ! O =�

r

O

0

B

B

B

B

B

B

@

x

0

:

:

x

n

1

n

2

1

C

C

C

C

C

C

A

7� ! x

n

1

n

2

where w e c ho ose a basis of S

n

1

;n

2

( O =�

r

O ) as describ ed at the start of section 4.2. It is a

map of mo dules o v er the semi-group:

� = f

0

@

a b

c d

1

A

2 M

2

( O ) j ad � bc 6= 0 ; c � 0 mo d p

r

; d � 1 mo d p

r

g

It th us induces a Hec k e equiv arian t map:

j

�

: H

�

(�

1

( N p

r

) ; S

n

1

;n

2

( O =�

r

O )) � ! H

�

(�

1

( N p

r

) ; O =�

r

O )

and for r � s � 1:

H

�

(�

1

( N p

s

) ; S

n

1

;n

2

( O =�

r

O ))

j

�

� ! H

�

(�

1

( N p

s

) ; O =�

r

O )

res # # res

H

�

(�

1

( N p

r

) ; S

n

1

;n

2

( O =�

r

O ))

j

�

� ! H

�

(�

1

( N p

r

) ; O =�

r

O )
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comm utes. It is easily c hec k ed that j

�

giv es a map of �

r

-mo dules:

H

�

(�

1

( N p

r

) ; S

n

1

;n

2

( O =�

r

O )) � ! H

�

(�

1

( N p

r

) ; O =�

r

O )( �

n

1

;n

2

)

(In fact it su�ces to c hec k that for � 2 ( O =p

r

O )

�

w e ha v e

j

�

� � = �

n

1

��

n

2

( � � j

�

) and suc h an equalit y need only b e c hec k ed in degree zero where it

really is easy .)

Finally w e kno w from lemma 1.1 that j

�

is an isomorphism on ordinary parts as j :

g S

n

1

;n

2

( O =�

r

O )

�

! g ( O =�

r

O ) for g =

0

@

p

r

0

0 1

1

A

.

4.6 Cyclotomic Hida F amilies

First let us in tro duce a de�nition of an eigenform ( of the Hec k e op erators ha ving w eigh t

n , lev el N p

r

, and c haracter � : ( O = N p

r

O )

�

! K

ac �

) suited to our purp oses. First note

that it is easy to see that there are natural bijections b et w een the homomorphisms of eac h

of the follo wing forms:

� � : T ( H

1

(�

1

( N p

r

) ; S

n;n

( K

�

= O

�

))

�

) ! O

�

� � : T ( H

1

(�

1

( N p

r

) ; S

n;n

( O

�

))

�

) ! O

�

� � : T ( H

1

(�

1

( N p

r

) ; S

n;n

( K

�

))

�

) ! C

�

� � : T ( H

1

(�

1

( N p

r

) ; S

n;n

( K

�

))

�

) ! C

�

� � : T ( H

1

(�

1

( N p

r

) ; S

n;n

( O

�

))

�

) ! O

�

� � : T ( H

1

(�

1

( N p

r

) ; S

n;n

( K

�

= O

�

))

�

) ! O

�

� � : T ( H

1

(�

1

( N p

r

) ; S

n;n

( C ))

�

) ! C ( using our em b edding of K

ac

in to C

�

and C and

the fact that the eigen v alues of the Hec k e op erators are algebraic)

W e will call suc h a homomorphism an eigenform of w eigh t n , lev el N p

r

, and c haracter

� . W e will call it or dinary (resp ectiv ely cuspidal ) if it factors through the Hec k e algebra
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acting on the ordinary (resp ectiv ely cuspidal) part of the cohomology . Th us the cuspidal

eigenforms corresp ond to homomorphisms:

� � : T ( S

n

(�

1

( N p

r

) ; C )

�

) ! C

Let G; H

1

; etc. b e as in the last section. Let � = O

�

[[ H

+

1

]] and let R denote the in tegers

in the algebraic closure of F

�

. If � : G

tor

� H

�

! O

�

�

is a �nite c haracter w e shall mean

b y an (ordinary) � -adic eigenform of lev el N and c haracter � a homomorphism:

� : T ( H

� �

) � ! R

or equiv alen tly:

� : T (

�

H

� �

) � ! R

W e shall call it cuspidal if it factors through H

� �

cusp

.

F or  : H

1

! O

�

�

a �nite c haracter and n a p ositiv e in teger set:

 

n

: H

1

� ! O

�

�

h 7� ! h

2 n

 ( h )

and denote also its extension to a map � ! O

�

b y  

n

. Let }

 ;n

b e the k ernel of  

n

and Q

a prime of R ab o v e }

 ;n

. Also let ! : ( O =p O )

�

! � ( O

�

) denote the unique lifting of the

norm map ( O =p O )

�

! ( Z =p Z )

�

( i.e. the T eic hm uller c haracter). Then w e ha v e:

T (

�

H

�

�

) � ! R

# #

T ( eH

1

(�

1

( N p

r

) ; S

n;n

( O

�

))

� !

� n ) = T (

�

H

�

�

=}

 ;n

�

H

�

�

) � ! R = Q � O

�

where the v ertical arro ws are surjectiv e and the map across the b ottom making the diagram

comm ute exists and is unique. (It exists b ecause if I is the k ernel of the v ertical map on

the left then I �

p

}

 ;n

(as

�

H

�

�

is �nitely generated) and

p

}

 ;n

� k er ( T (

�

H

�

�

) ! R = Q )

b ecause }

 ;n

is con tained in this k ernel.) This just sa ys that for eac h  ; n; Q as ab o v e �

reduces mo dulo Q to a unique ordinary eigenform of w eigh t n , lev el N p

r

for su�cien tly

large r , and c haracter � !

� n

. A similar statemen t is true for cuspidal �-adic eigenforms.

W e will pro v e a partial con v erse to this.
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Theorem 4.1 Fix N 2 O . Then :

1. Ther e ar e only �nitely many cuspidal � -adic eigenforms of level N .

2. If we also �x a �nite char acter � : G

tor

� H

�

! O

�

�

then for almost al l or dinary eigen-

forms � of level N p

r

, weight n and char acter  � for some r ; n and  a cyclotomic

char acter

( i.e.  : (1 + p O = 1 + p

r

O ) ! O

�

�

and  ( � ) =  ( �� ) ) ther e is a � -adic eigenform �

of level N , a char acter �!

n

and a prime Q of R ab ove }

 ;n

such that � r e duc es to �

mo dulo Q .

3. F or al l but �nitely many �nite char acters � : G

tor

� H

�

! O

�

�

ther e ar e only �nitely

many cuspidal eigenforms of weight n , level N p

s

, and char acter � as s; n and  

vary, with  cyclotomic.

R emark It w ould b e v ery nice to b e able to strengthen part 2 to assert that w e could

lift an y ordinary cuspidal eigenform to a unique �-adic one. This is false if one do es

not restrict to the cuspidal part as the ordinary Eisenstein series come in t w o v ariable p -

adic families. Ho w ev er the examples of cuspidal forms coming either b y base c hange from

GL

2

= Q or b y theta series from grossenc haracters on a quadratic extension of K �t nicely

in to cyclotomic families. One could pro v e this strengthening if one knew that

�

H

�

cusp

w as

a free �-mo dule. This latter statemen t is equiv alen t to eH

1 cusp

(�

1

( N p ) ; S

n;n

( O

�

)) b eing

torsion free for in�nitely man y n . This is a consequence of the follo wing result, whic h in

turn follo ws easily from Nak a y ama's lemma and unique factorisation:

If �

i

2 � are in�nitely man y distinct primes (all di�eren t from p ) and M is a

compact �-mo dule then the follo wing are equiv alen t:

� M is a free �-mo dule

� for all i M =�

i

M is p -torsion free.

Pr o of : Note that part 3 follo ws from 1 and 2.

1) First note that

�

H

�

cusp �

is a �nite torsion �-mo dule for all but �nitely man y � and that
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there are no �-adic eigenforms for suc h � . (Infact O

�

[[ G ]] has only �nitely man y heigh t

one primes P suc h that

�

H

�

cusp P

6= 0 (suc h a prime is a minimal elemen t of the supp ort of

�

H

�

cusp

) and so only �nitely man y suc h that O

�

[[ G ]] = P , !

�

H

�

cusp

= P

�

H

�

cusp

.) F or the �nite set

of � for whic h

�

H

�

cusp �

is not a torsion �-mo dule it is �nite and hence T (

�

H

�

cusp �

) is a �nite

�-algebra so there are only �nitely man y �-adic eigenforms of c haracter � .

2) Let T = T (

�

H

�

�!

m

) for some m = 0 ; : : : p � 2. Then for n � m mo d ( p � 1)

T ! ! T ( H

1

(�

1

( N p

r

) ; S

n;n

( O

�

))

� 

), and an ordinary eigenform � of w eigh t n c haracter

� can b e though t of as a map T

�

! O

�

. If k er � is not a minimal prime ideal then there

is a prime P suc h that k er � strictly con tains P and suc h that T = P , ! R and so � can b e

lifted. But T has only �nitely man y minimal prime ideals (as it is �nite o v er an in tegral

domain) and so there are only �nitely man y maps T

�

! O

�

whose k ernel is a minimal prime

of depth 2. This implies that there are only �nitely man y eigenforms � as in the theorem

of w eigh t n � m mo d ( p � 1) whic h can not b e lifted to a �-adic eigenform, whic h at once

implies the result.

Finally in this section w e w ould lik e to giv e some examples to sho w that our theory is

not v acuous. Although one could describ e these examples v ery precisely w e shall con ten t

ourselv es with an existence theorem.

Prop osition 4.4 Assume that p = � �� is split in K then:

1. L et N 2 Z b e prime to p and such that ther e is an or dinary cuspidal eigenform of

weight k � 2 and level N p

r

for some r for GL

2

= Q . Then ther e is a cuspidal � -adic

eigenform over K of level N .

2. If � : ( O =p

r

O )

�

! C

�

�

is an anticyclotomic char acter

(i.e. � ( �� ) = � ( � )

� 1

for � 2 (1 + p O ) ) then ther e is an inte ger N prime to p

and a char acter 0 � : ( O = N O )

�

! C

�

�

and a � -adic eigenform over K of level N and

char acter � 0 � .

Pr o of : 1) This comes from base c hange.

More precisely if the assumptions of the prop osition hold then w e kno w from the w ork

of Hida (see for example [Hi1]) that as r v aries there are in�nitely man y ordinary cuspidal
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eigenforms of lev el N p

r

and w eigh t k for GL

2

= Q . Hence there are in�nitely man y cuspidal

automorphic represen tations � = �

p


 �

p

f


 �

1

of GL

2

= Q suc h that:

� �

1

is the discrete series represen tation whose in�nitessimal c haracter has Harish-

Chandra parameter (

1

2

;

3

2

� k ) 2 C

2

= X

�

( T )

C

where w e iden tify X

�

( T ) with Z

2

b y

( n; m ) :

0

@

a 0

0 b

1

A

7! a

n

b

m

.

� �

p

is either a principal series or sp ecial represen tation � (  

1

;  

2

) with (sa y)  

1

unram-

i�ed and  

1

( p ) a p -adic unit.

Let ~� = ~�

p


 ~�

p

f


 ~�

1

denote the base c hange of � to GL

2

=K . Then ~�

1

is the irreducible

principal series corresp onding to the c haracter:

0

@

a �

0 b

1

A

7� !

�

a

j a j

�

n +1

j a j

� n

�

�

b

j b j

�

n +1

j b j

� n

(T o c hec k this one switc hes to the corresp onding represen tations of the W eil groups W

R

and W

C

. �

1

corresp onds to:

W

R

= C

�

o f 1 ; c g � ! GL

2

( C )

b y c 7� !

0

@

0 � 1

1 0

1

A

C

�

3 z 7� !

0

@

z

1

2

�z

3

2

� k

0

0 z

3

2

� k

�z

1

2

1

A

and so ~�

1

is the represen tation corresp onding to :

W

C

= C

�

� ! GL

2

( C )

z 7� !

0

B

@

�

z

j z j

�

k � 1

j z j

2 � k

0

0

�

�z

j z j

�

k � 1

j z j

2 � k

1

C

A

whic h corresp onds to the Langlands' quotien t of the principal series describ ed ab o v e, whic h

is in fact irreducible.)
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Th us ( e ~�

U

p

p

) � ( ~�

p

f

)

U

p

, ! eH

1 ; cusp

(�

1

( N p

r

) ; S

k � 2 ;k � 2

( C )) where:

U

p

= f

0

@

a b

c d

1

A

2 GL

2

( O

p

) j c � 0 mo d N p

r

; d � 1 mo d N p

r

g

U

p

= f

0

@

a b

c d

1

A

2

Y

v 6 j p

GL

2

( O

v

) j c � 0 mo d N ; d � 1 mo d N g

Moreo v er �

U

p

p

6= 0 (resp. ( �

p

f

)

U

p

6= 0) implies that ~�

U

p

p

6= 0 (resp. ( ~�

p

f

)

U

p

6= 0). As p is split

for v j p ~�

v

= �

p

and e

v

~�

v

= e�

p

6= 0.

In summary w e ha v e for eac h k � 2 a cuspidal automorphic represen tation ~� = ~�

p




~�

p

f


 ~�

1

suc h that:

0 6= ( e ~�

U

p

p

) � ( ~�

p

f

)

U

p

, ! eH

1 ; cusp

(�

1

( N p

r

) ; S

k � 2 ;k � 2

( C ))

Th us b y theorem 4.1 w e are done.

2) This comes from using the W eil lifting.

More precisely let L=K b e a quadratic extension whic h is Galois o v er Q and in whic h

� and �� split. Let �

1

; �

2

; ��

1

; ��

2

b e the em b eddings L , ! K

ac

, with the �rst t w o extending

the iden tit y on K and with ��

i

( � ) = �

i

( � ) . Let 1 1 ; 1 2 b e the in�nite places corresp onding

to �

1

and �

2

; and let v 1 ; v 2 ; v 1 ; v 2 b e the primes ab o v e p corresp onding to �

1

; �

2

; ��

1

; ��

2

.

W e can �nd an in teger M prime to p , all whose prime divisors split from K to L , and whic h

is suc h that, for eac h n � 0, there are grossenc haracters �

1

; �

2

of l suc h that:

�

�

1 1

: C

�

� C

�

� ! C

�

( a; b ) 7� !

�

a

j a j

�

n +1

j a j

� n

�

�

b

j b j

�

n +1

j b j

� n

� conductor( �

1

) divides M

� �

2

is a �nite c haracter

� conductor( �

2

) divides M ( v 2)

1

v 1

1

� �

2 v 2

� �

2 v 1

: ( Z

�

p

)

2

! C

�

equals �

�

� �

�

: ( Z

�

p

)

2

! C

�
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(This is p ossible b ecause for � in a subgroup of �nite index in the units of L , �

i

� 2 R

> 0

for

i = 1 ; 2 and so �

1 1

( � ) = 1.) In this case p

1

2

�

1 v 1

( v 1) and p

1

2

�

1 v 2

( v 2) are v 1-adic units.

Then let # denote the W eil lifting of �

1

�

2

to an automorphic represen tation of GL

2

=K .

Then:

� # is cuspidal as �

1 1 1

6= �

1 1 2

� #

1

is the principal series represen tation corresp onding to:

0

@

a �

0 b

1

A

7� !

�

a

j a j

�

n +1

j a j

� n

�

�

b

j b j

�

n +1

j b j

� n

� #

�

is the principal series represen tation � ( �

1

; �

2

) with �

1

unrami�ed, p

1

2

�

1

( � ) a v 1-

adic unit and �

2

j

O

�

�

= �

�

j

O

�

�

� #

��

is the principal series represen tation � ( �

0

1

; �

0

2

) with �

0

1

unrami�ed, p

1

2

�

0

1

( � � ) a v 1-

adic unit and �

0

2

j

O

�

��

= �

��

j

O

�

��

� ( #

p

f

)

U

p

6= 0 where U

p

is as ab o v e with N = M

2

Th us:

0 6= ( e#

U

p

p

) 
 ( #

p

f

)

U

p

, ! eH

1

(�

1

( N p

r

) ; S

n;n

( C ))

with U

p

also as ab o v e, for some r . As this is true for a single v alue of N and for all n � 0

w e are done b y theorem 4.1.

4.7 T orsion

Lastly w e shall use our results to exhibit torsion in the �rst homology group of certain

shea v es. First w e shall recall brie
y what is ob vious. There are four things w e migh t lo ok

at whic h fall b y P on triagin dualit y in to t w o pairs:

1. torsion in H

1

with co e�cien ts in S

n

1

;n

2

( O )  ! lac k of p -divisibilit y in H

1

with

co e�cien ts in S

n

1

;n

2

( K = O ).
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2. torsion in H

1

with co e�cien ts in S

n

1

;n

2

( O )  ! lac k of p -divisibilit y in H

1

with

co e�cien ts in S

n

1

;n

2

( K = O )

The ob vious w a y to lo ok for torsion is to consider the long exact sequence corresp onding

to:

0 � ! S

n

1

;n

2

( O )

�

� ! S

n

1

;n

2

( O ) � ! S

n

1

;n

2

( O =� O ) � ! 0

In cohomology this giv es for � a congruence subgroup:

0 � ! S

n

1

;n

2

( O =� O )

�

� ! H

1

(� ; S

n

1

;n

2

( O ))

�

� ! 0

whic h in some sense describ es explicitly the torsion in this case. Ho w ev er in homology w e

get:

H

2

(� ; S

n

1

;n

2

( O )) � ! H

2

(� ; S

n

1

;n

2

( O =� O )) � ! H

1

(� ; S

n

1

;n

2

( O ))

�

� ! 0

whic h seems to b e v ery little help as H

2

is as m ysterious as H

1

. (Dually if w e lo ok at

0 ! O =� O ! K = O

�

! K = O ! 0 w e again see that w e get an answ er for ii) but not for i).)

Our metho ds allo w us to sa y something ab out case i) in the case n

1

6= n

2

.

Theorem 4.2 Fix n

1

; n

2

with n

1

6= n

2

, and supp ose

dim eH

1 ; cusp

(�

1

( N p

r

) ; O

�

) > 0 , which is c ertainly the c ase if ther e is a � -adic eigenform

of level N . Then for t � s � r with n

1

� n

2

� 0 mo d p

t � s

, H

1

(�

1

( N p

s

) ; S

n

1

;n

2

( O

�

)) and

H

1 ; cusp

(�

1

( N p

s

) ; S

n

1

;n

2

( O

�

)) have torsion of exp onent at le ast p

t

.

Notes : 1) Examples of v alues of N and p for whic h w e can apply the theorem are

pro vided easily b y prop osition 4.4 of the last section.

2) If H

1 ; cusp

(�

1

( N p

s

) ; S

n

1

;n

2

( O

�

)) has torsion of exp onen t of order p

t

then the same is

true for the relativ e homology H

1

( �

1

( N p

s

) nZ ; @ ( �

1

( N p

s

) nZ ) ;

~

S

n

1

;n

2

( O

�

)) as w e see from

the exact sequence:

: : : � ! H

1

( @ ( � nZ ) ;

~

M ) � ! H

1

(� nZ ;

~

M ) � ! H

1

( � nZ ; @ ( � nZ ) ;

~

M ) � ! : : :

3) These are not the most precise results that can b e pro v ed b y these metho ds but giv e

a go o d indication of the t yp e of question that can b e treated.
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4) W e could deduce a less precise theorem from our general theory using comm utativ e

algebra, but w e shall go bac k to the metho d of pro of as it yields more precise information

more easily .

Pr o of : Without loss of generalit y r = s � 1.

W e ha v e from the pro of of theorem 4.1 an isomorphism:

j

�

: eH

1

(�

1

( N p

t

) ; S

n

1

;n

2

( O =�

t

O ))

�

� ! eH

1

(�

1

( N p

t

) ; O =�

t

O )

As n

1

� n

2

� 0 mo d p

t � r

w e ha v e that x

n

1

�x

n

2

� 1 mo d �

t

8 x 2 G

t;r

= (1 + �

r

O ) = (1 + �

t

O ) then this map is G

t;r

equiv arian t. In this case prop o-

sition 4.2 tells us that:

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( O =�

t

O ))

�

� ! eH

1

(�

1

( N p

r

) ; O =�

t

O )

The long exact sequence corresp onding to:

0 ! S

n

1

;n

2

( O =�

t

O ) ! S

n

1

;n

2

( K

�

= O

�

)

�

t

! S

n

1

;n

2

( K

�

= O

�

) ! 0

and the fact that eS

n

1

;n

2

( K

�

= O

�

)

�

1

( N p

r

)

= 0 (see the last part of prop osition 4.2) imply

that:

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( O =�

t

O ))

�

=

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( K

�

= O

�

))

�

t

and hence that:

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( K

�

= O

�

))

�

t

�

=

eH

1

(�

1

( N p

r

) ; K

�

= O

�

)

�

t

or dualising:

eH

1

(�

1

( N p

r

) ; S

n

1

;n

2

( O

�

)) 
 O =�

t

O

�

=

eH

1

(�

1

( N p

r

) ; O

�

) 
 O =�

t

O

The theorem no w follo ws at once, recalling that

dim eH

1 E is

(�

1

( N p

r

) ; S

n

1

;n

2

( K

�

)) = dim eH

1 E is

(�

1

( N p

r

) ; K

�

). The same argumen ts ap-

ply to the cuspidal parts.

W e can somewhat extend these results on torsion to the case in whic h p do es not divide

the lev el. The crucial result will b e:
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Prop osition 4.5 L et N b e prime to p ; n

1

, n

2

, n p ositive r ational inte gers with n

1

; n

2

> n ;

n

1

+ n

2

� 2 n + r ; n

1

� n

2

� n mo d p

r

. Then we have a map of �

1

( N p

r

) -mo dules:

j : S

n

1

;n

2

( O =�

r

O ) � !� ! S

n;n

( O =�

r

O )

such that if I = [�

1

( N )

0

@

p

r

0

0 1

1

A

�

1

( N p

r

)]

j

� 1

�

then j

�

� I = T

p

r

and so:

I : eH

�

(�

1

( N p

r

) ; S

n;n

( O =�

r

O )) , ! H

�

(�

1

( N ) ; S

n

1

;n

2

( O =�

r

O ))

This map pr eserves the cuspidal p arts.

Pr o of: This follo ws from lemma 1.1 of section 1.1 b ecause if g =

0

@

p

r

0

0 1

1

A

then

�

1

( N ) g �

1

( N p

r

) = �

1

( N p

r

) g �

1

( N p

r

) q

`

�

1

( N p

r

) g

i

�

1

( N p

r

) where eac h g

i

is of the form

0

@

� �

0 p �

1

A

(see Shim ura [Sh2 ]). The fact that this preserv es the cuspidal part can easilly

b e c hec k ed as in section 4.2. F rom this w e deduce:

Corollary 4.5 Under the same assumptions as the pr op osition we have:

eH

�

(�

1

( N p

r

) ; S

n;n

( O =�

r

O )) , ! H

�

(�

1

( N ) ; S

n

1

;n

2

( K

�

= O

�

))

This map pr eserves cuspidal p arts.

Pr o of: This follo ws from the long exact sequence corresp onding to:

0 ! S

n

1

;n

2

( O =�

r

O ) ! S

n

1

;n

2

( K

�

= O

�

)

�

r

! S

n

1

;n

2

( K

�

= O

�

) ! 0

and the fact that:

S

n

1

;n

2

( K

�

= O

�

)

�

1

( N )

= S

n

1

;n

2

( K

�

= O

�

)

S L

2

( O )

= 0

Corollary 4.6 L et N b e prime to p and n

1

6= n

2

; n p ositive r ational inte gers with n

1

; n

2

>

n ; n

1

+ n

2

� 2 n + r ; n

1

� n

2

� n mo d p

r

. If dim eH

1

cusp

(�

1

( N p

r

) ; S

n;n

( C )) > 0 then

H

1 ; cusp

(�

1

( N ) ; S

n

1

;n

2

( O

�

)) and H

1

(�

1

( N ) ; S

n

1

;n

2

( O

�

))

have torsion of exp onent divisible by �

r

.
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Pr o of: This follo ws as in the pro of of theorem 4.2 using the fact that

dim eG

n;n

(�

1

( N p

r

) ; C ) � dim G

n

1

;n

2

(�

1

( N ) ; C ) whic h w as noted at the end of section 4.2.

F or example taking n = 10 w e �nd:

Example 4.1 Assume that p splits in K and p 6 j � ( p ) wher e � is R amanujam's function ( i.e.

p is or dinary for �( z ) =

P

� ( n ) e

2 n� iz

, the cuspidal el liptic mo dular function of weight 12

for S L

2

( Z ) ), and if n

1

6= n

2

; n

1

; n

2

> 10 ; n

1

+ n

2

> 20 + r ; and n

1

� n

2

� 10 mo d p

r

( p � 1)

then

H

1

( S L

2

( O ) ; S

n

1

;n

2

) and H

1 cusp

( S L

2

( O ) ; S

n

1

;n

2

)

have torsion of exp onent divisible by p

r

.
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