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In tro duction

Let K b e a n um b er �eld. W e will let G

K

denote its absolute Galois group;

and for eac h �nite prime } of K w e will let G

}

� G

K

denote a decomp osition

group for } , I

}

� G

}

the inertia subgroup and F rob

}

2 G

}

=I

}

the arithmetic

F rob enius elemen t. These are all uniquely de�ned up to conjugation in G

K

.

W e will also let N } denote the cardinalit y of the residue �eld of } . If � : G

K

!

GL

d

( C ) is a con tin uous represen tation then it has �nite image. F ollo wing Artin

[A2] w e in tro duce the L -function

L ( �; s ) =

Y

}

det (1 � �

I

}

(F rob

}

)( N } )

� s

)

� 1

;

where the pro duct is o v er all �nite primes of K and where �

I

}

denotes the

represen tation of G

}

=I

}

on the I

}

in v arian ts of � . This de�nition is easilly

seen to indep enden t of the c hoices of G

}

, I

}

and F rob

}

. The pro duct con-

v erges for the real part of s greater than 1. Brauer [B ] sho w ed that L ( �; s ) has

meromorphic con tin uation to the whole complex plane and satis�es a certain

functional equation relating the v alues at s and 1 � s . Artin [A2] conjectured

that L ( �; s ) is holomorphic except for a p ossible p ole at s = 1 when the triv-

ial represen tation is a constituen t of � . Because an y suc h represen tation is

semi-simple and b ecause L ( �

1

� �

2

; s ) = L ( �

1

; s ) L ( �

2

; s ) w e see that it suf-

�ces to treat the case where � is irreducible. It is no w generally exp ected

(the \strong Artin conjecture") that in the case where � is irreducible there

should b e a cuspidal automorphic represen tation � ( � ) of GL

n

( A

K

) suc h that

L ( � ( � ) ; s ) = L ( �; s ). This implies Artin's original conjecture, but app ears to

b e strictly stronger. When Artin made his conjecture he w as already a w are

that in the case dim � = 1 the existence of � ( � ) follo ws from class �eld theory

([A1]) and that the holomorph y of L ( � ( � ) ; s ) had b een established ev en earlier

b y Hec k e ([He ]). Artin also sho w ed that if � is induced from a one dimen-

sional represen tation � of the Galois group G

L

of a �nite extension L=K then

L ( �; s ) = L ( �; s ) and hence the Artin conjecture is also true for � . Ho w ev er

ev en in this case the strong Artin conjecture is still not kno wn in general (but

it is kno wn if L=K is normal and soluble (see [A C ])). The Artin conjecture

itself is still op en for d -dimensional represen tations for an y d � 2, ev en if

K = Q .

F or the rest of this article w e will restrict atten tion to t w o dimensional con-

tin uous irreducible represen tations � : G

K

! GL

2

( C ). Suc h represen tations

can b e classi�ed according to the image of the asso ciated pro jectiv e represen-

tation pro j( � ) : G

K

! P GL

2

( C ). It is kno wn that the image of pro j( � ) is

either the dihedral group D

2 n

of order 2 n for some n � 2, the alternating
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group A

4

, the symmetric group S

4

or the alternating group A

5

. In the case

that the image of pro j( � ) is dihedral then Artin pro v ed that L ( �; s ) is holo-

morphic and the strong Artin conjecture is also kno wn to b e true. (In this

case � is induced from a one dimensional represen tation of the Galois group

of a quadratic extension.)

Langlands [L], using his theory of base c hange, succeeded in treating the

strong Artin conjecture when the image of pro j( � ) is A

4

. He also treated some

cases where K = Q and the image of pro j ( � ) is S

4

. T unnell [T ] com bining

Langlands tec hniques with the existence of non-normal cubic base c hange for

GL

2

of Jacquet, Piatetski-Shapiro and Shalik a (see [JPSS ]), treated the general

case where the image is S

4

. These metho ds relied essen tially on the solubilit y

of A

4

and S

4

and seem to o�er little insigh t in to the so called icosahedral case

where the image of pro j( � ) is A

5

.

In this article w e will describ e an approac h to the strong Artin conjecture

for o dd, icosahedral represen tations � : G

Q

! GL

2

( C ). By o dd w e mean that

det � ( c ) = � 1, with c denoting complex conjugation. I �rst outlined this ap-

proac h to Wiles in 1992 when I learn t of his progress on the Shim ura-T aniy ama

conjecture. Since then some progress has b een made on this approac h and it

is p erhaps time to describ e the o v erall strategy in prin t. In the �rst section

w e will recall some bac kground material. In the next section w e will sk etc h

the basic strategy , and in the last t w o sections w e will �ll out this sk etc h

somewhat.

1 Notation and bac kground

In this section w e shall establish some notation and recall some basic facts

ab out mo dular forms. W e will let H denote the upp er half complex plane. By

a mo dular form of w eigh t k and lev el N w e shall mean a holomorphic function

f : H ! C suc h that

1. f (( az + b ) = ( cz + d )) = ( cz + d )

k

f ( z ) for all

 

a b

c d

!

2 �

1

( N ),

2. for all

 

a b

c d

!

2 S L

2

( Z ) and for the real part of z in an y b ounded

in terv al, f (( az + b ) = ( cz + d )) ! 0 as the imaginary part of z tends to

in�nit y .

Here �

1

( N ) denotes the set of

 

a b

c d

!

2 S L

2

( Z ) suc h that c � d � 1 �

0 mo d N . W e will let S

k

( N ) denote the �nite dimensional complex v ector
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space of mo dular forms of w eigh t k and lev el N . This space has a natural action

of ( Z = N Z )

�

b y d 7! h d i , where f jh d i ( z ) = ( cz + d )

� k

f (( az + b ) = ( cz + d )) for

an y

 

a b

c d

!

2 S L

2

( Z ) with c � 0 mo d N and d � d mo d N . An y f 2 S

k

( N )

can b e expressed

1

X

n =1

c

n

( f ) q

n

;

where q = e

2 � iz

.

If p 6 j N is a prime n um b er w e de�ne an op erator T

p

on S

k

( N ) b y

f j T

p

( z ) =

1

X

n =1

c

np

( f ) q

n

+

1

X

n =1

c

n

( f jh p i ) q

np

:

If p j N is a prime then w e de�ne an op erator U

p

on S

k

( N ) b y

f j U

p

( z ) =

1

X

n =1

c

np

( f ) q

n

:

F or an y n 2 Z

� 1

w e de�ne an op erator T ( n ) on S

k

( N ) b y the form ulae

1. T ( mn ) = T ( m ) T ( n ) if ( m; n ) = 1,

2. T ( p

r

) = U

r

p

if p j N ,

3.

P

1

r =0

T ( p

r

) X

r

= (1 � T

p

X + p

k � 1

h p i X

2

)

� 1

if p 6 j N .

W e ha v e the useful form ula c

1

( f j T ( n )) = c

n

( f ). Finally w e de�ne S

p

=

p

k � 2

h p i = ( T ( p )

2

� T ( p

2

)) =p if p 6 j N .

W e let T

k

( N ) denote the Z -algebra generated b y h d i for d 2 ( Z = N Z )

�

, b y

T

p

for p 6 j N and b y U

p

for p j N all acting on S

k

( N ). It is also the Z -algebra

generated b y the T ( n ) for all n 2 Z

� 1

acting on S

k

( N ). It is comm utativ e and

�nitely generated as an ab elian group. The pairing

S

k

( N ) � ( T

k

( N ) 


Z

C ) � ! C

( f ; T 
 � ) 7� ! �c

1

( f j T ) :

is p erfect. F or an y ring R w e de�ne S

k

( N ; R ) = Hom

Z

( T

k

( N ) ; R ). If R � C

then S

k

( N ; R ) is simply the space of f 2 S

k

( N ) with c

n

( f ) 2 R for all n . An

elemen t f 2 S

k

( N ; R ) is called an eigenform if the map f : T

k

( N ) ! R is a

ring homomorphism. F or R � C , f is an eigenform if and only if f (as an

elemen t of S

k

( N )) is a common eigen v ector for all the elemen ts of T

k

( N ).
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Supp ose l j N . Then Hida in tro duced the idemp oten t e = lim

n !1

U

n !

l

2

T

k

( N ) 
 Z

l

. It has the prop ert y that U

l

is a unit in e ( T

k

( N ) 
 Z

l

) and is

top ologically nilp oten t in (1 � e )( T

k

( N ) 
 Z

l

). No w supp ose l 6 j N . Then Hida

sho w ed that there exists a �nite torsion free � = Z

l

[[ X ]]-algebra T

0

( N ) with

distinguished elemen ts T ( n ) for all n 2 Z

� 1

suc h that for an y k � 1 and an y

r � 0 there is a map

T

0

( N ) = ((1 + X )

l

r

� (1 + p )

l

r

( k � 1)

) T

0

( N ) ! ! e ( T

k

( N l

1+ r

) 
 Z

l

)

whic h tak es T ( n ) to T ( n ) for all n and whic h is an isomorphism after tensoring

with Q

l

if k � 2. (See [H2]. W e remark that there are v arious normalisations

one can use here. In our normalisation if p is a prime � 1 mo d N l and if

p = (1 + l )

s

in Z

l

then pS

p

= (1 + X )

s

in T

0

( N ).) If l � 5 then it is kno wn

that T

0

( N ) is free o v er � and that for k � 2 the ab o v e maps are isomorphisms

b efore tensoring with Q

l

(see [H1]). If k = 1 then it is kno wn that in general

the ab o v e surjection is not an isomorphism ev en after tensoring with Q

l

(see

[MW ]).

The quotien t Y

1

( N )

an

= �

1

( N ) nH can b e algebraised to a smo oth irre-

ducible curv e Y

1

( N ) = C with smo oth compacti�cation X

1

( N ). W e let cusps

denote the reduced divisor X

1

( N ) � Y

1

( N ). If N � 5 then Y

1

( N ) is the

(�ne) mo duli space for elliptic curv es with a p oin t of exact order N . In this

case the pull bac k along the zero section of of the relativ e di�eren tials of the

univ ersal elliptic curv e o v er Y

1

( N ) giv es a line bundle ! = Y

1

( N ). This line

bundle has a natural extension to X

1

( N ) whic h w e shall also denote ! . Then

S

k

( N ) = H

0

( X

1

( N ) ; !


 k

( � cusps )). All these ob jects ha v e natural mo dels

o v er Z , except that the extension of ! to X

1

( N ) ma y only b e de�ned o v er

Z [1 = N ] (see [KM ]).

Supp ose that l 6 j N and let S S � Y

1

( N ) 
 F

l

denote the �nite set of p oin ts

whic h parametrise sup ersingular elliptic curv es. F or eac h x 2 S S c ho ose T

x

2

O

Y

1

( N ) 
 W ( F

l

) ; x

suc h that O

^

Y

1

( N ) 
 W ( F

l

) ; x

�

=

W ( F

l

)[[ T

x

]]. If r 2 l

Q

\ [1 ; 1 =l ) w e

let S S

<r

denote the union o v er x 2 S S of the lifts x of x with j T

x

( x ) j

l

< r . If

r 2 l

Q

\ (1 ; 1 =l ] w e let X

1

( N )

>r

denote the Q

l

p oin ts x of X

1

( N ) whic h either

do not reduce to a p oin t of S S or reduce to x 2 S S but j T

x

( x ) j

l

> r . Both

S S

>r

and X

1

( N )

<r

are admissible op en subspaces of the rigid space attac hed

to X

1

( N ) 
 K for a suitable �nite extension K = Q

l

(dep ending on r ). If r

1

< r

2

then X

1

( N ) = X

1

( N )

>r

1

[ S S

<r

2

is an admissible co v er. These de�nitions do

not dep end on the c hoice of the parameters T

x

.

In this paragraph supp ose again that N � 5 and that l 6 j N . Also supp ose

that r 2 l

Q

\ (1 ; l

� l = (1+ l )

]. If l 6 j n then there is a natural Hec k e op erator

T ( n ) on H

0

( X

1

( N )

>r

; !


 k

) with the usual e�ect on q -expansions. The theory
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of the canonical subgroup (see [K]) allo ws us to de�ne an action of U

l

on

H

0

( X

1

( N )

>r

; !


 k

) and hence of the Hec k e op erators T ( n ) for all n . It also

giv es a map

S

k

( N l ; K )

( Z =l Z )

�

, ! H

0

( X

1

( N )

>r

; !


 k

)

whic h is equiv arian t for all the Hec k e op erators T ( n ). (Here ( Z =l Z )

�

acts

via ( Z =l Z )

�

, ! ( Z = M l Z )

�

.) A t least if l � 5 then e is naturally de�ned on

H

0

( X

1

( N )

>r

; !


 k

) and

eH

0

( X

1

( N )

>r

; !


 k

)

�

=

Hom

�

( T

0

( N ) ; K )

( Z =l Z )

�

:

Here � acts on K b y letting X act b y m ultiplication b y (1 + l )

k � 1

� 1 and

d 2 ( Z =l Z )

�

sends f to p

2 � k

f � S

p

where p is a prime with p � 1 mo d N and

where p � d mo d l . (See [Go]. These results remain true for k = 1, as seems

to b e w ell kno wn to exp erts, but see [BT ] for a pro of.)

W e no w turn our atten tion to Galois represen tations. Let m b e a maximal

ideal of T

k

( N ) (resp. T

0

( N )) with residue �eld k ( m ) of c haracteristic l . There

is a unique con tin uous semi-simple represen tation �

m

: G

Q

! GL

2

( k ( m ))

whic h is unrami�ed at all primes p 6 j N l and satis�es tr �

m

(F rob

p

) = T

p

and

det �

m

(F rob

p

) = pS

p

at these primes. If �

m

is absolutely reducible w e call m

Eisenstein. If m is not Eisenstein then there is a unique con tin uous represen ta-

tion �

m

: G

Q

! GL

2

( T

k

( N )

m

) (resp. GL

2

( T

0

( N )

m

)) whic h is unrami�ed at all

primes p 6 j N l and satis�es tr �

m

(F rob

p

) = T

p

and det �

m

(F rob

p

) = pS

p

at these

primes (see [C]). If � : T

k

( N )

m

! R (resp. � : T

k

( N )

m

! R ) is a lo cal map to

a no etherian complete lo cal ring R then w e will let �

�

: G

Q

! GL

2

( R ) denote

� � �

m

. If � : T

k

( N ) ! Q

l

is a ring homomorphism then there is a unique

con tin uous irreducible represen tation �

�

: G

Q

! GL

2

( Q

l

) whic h is unrami�ed

at all primes p 6 j N l and satis�es tr �

�

(F rob

p

) = T

p

and det �

�

(F rob

p

) = pS

p

at

these primes. All the represen tations describ ed in this paragraph are called

mo dular.

Let us mak e some remarks on these Galois represen tations. Firstly if � :

G

Q

! GL

2

( C ) is a con tin uous represen tation then the strong Artin conjecture

holds for � if and only if for some isomorphism i : C

�

! Q

l

the comp osite i � �

is mo dular.

Secondly w e remark that Serre (see [S]) has conjectured that an y o dd,

irreducible, t w o dimensional represen tation of G

Q

o v er a �nite �eld is mo dular.

Thirdly w e remark that if � : G

Q

! GL

2

( k ) is absolutely irreducible and

mo dular ( k a �nite �eld) then � = �

m

for m a maximal ideal of T

2

( N l

2

) where

l 6 j N . If moreo v er �

I

l

is not trivial w e ma y tak e m to b e a maximal ideal of

T

2

( N l ) suc h that U

l

mo d m is an eigen v alue of �

I

l

(F rob

l

) (see [E]). A t the
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p ossible cost of increasing N w e ma y also assume that U

p

2 m for all p j N

(elemen tary to v erify).

F ourthly w e remark that w e ha v e the follo wing criterion for mo dularit y

whic h is rather easy to pro v e. Supp ose A= Q is an ab elian v ariet y of dimension

d and that there exists an em b edding i : O

K

, ! End ( A= Q ), where K is a

n um b er �eld of degree d . Supp ose that for one prime � the represen tation

of G

Q

on the T ate mo dule T

�

A is mo dular. Then for all primes �

0

of K the

represen tations of G

Q

on b oth T

�

0

A and on A [ �

0

] are b oth mo dular.

W e �nish this section b y summarising some recen t lifting theorems of Wiles

[W], T a ylor-Wiles [TW ] and Diamond [D]. W e will summarise three di�eren t

theorems. Supp ose that l 6 j N and l 6= 2. Let m b e a maximal ideal of T

2

( N ) in

case 1, of T

2

( N l ) in case 2 and of T

0

( N ) in case 3. Supp ose that m con tains

U

p

for all p j N . Supp ose also that �

m

j

Q (

p

( � 1)

( l � 1) = 2

l )

is absolutely irreducible

and that �

m

j

G

l

do es not act b y scalars. Let R b e a complete no etherian lo cal

W ( k ( m ))-algebra with �nite residue �eld and let � : G

Q

! GL

2

( R ) b e a

con tin uous represen tation lifting � and unrami�ed outside N l . Supp ose �nally

that:

1. in the �rst case ,det � j

I

l

is the cyclotomic c haracter and for eac h op en

ideal a of R there is a �nite 
at group sc heme G= Z

l

suc h that � mo d a

is equiv alen t to the action of G

l

on G ( Q

l

);

2. in the second case, � j

G

l

�

 

�

1

� �

0 �

2

!

with �

1

tamely rami�ed, �

2

unrami�ed and U

l

� ( �

2

mo d m

R

) 2 m ;

3. in the third case, � j

G

l

�

 

� �

0 �

2

!

with �

2

unrami�ed and U

l

� ( �

2

mo d

m

R

) 2 m ;

Then there exists a unique homomorphism � : T

2

( N )

m

! R in the �rst case,

T

2

( N l ) ! R in the second case, T

0

( N ) ! R in the third case, suc h that

� � �

�

, � ( U

p

) = 0 if p j N and in the second and third cases � ( U

l

) = �

2

(F rob

l

).

2 The basic strategy

Let � : G

Q

! GL

2

( C ) b e an o dd, icosahedral represen tation. Because �

has �nite image w e ma y supp ose (p ossibly after conjugation), that the image

of � is con tained in GL

2

( E ) for some n um b er �eld E . Let � b e a prime of

E with residue c haracteristic l . Then w e ma y supp ose (p ossibly after another

6



conjugation) that � : G

Q

! GL

2

( O

E ; ( � )

) (where O

E ; ( � )

denotes the lo calisation

of the ring of in tegers of E at � ). Let � denote the reduction of � mo dulo � .

In [BT] Kevin Buzzard and I pro v e the follo wing theorem.

Theorem 1 Supp ose that l � 5 , that � is unr ami�e d at l and that the or der

of � ( G

l

) is divisible by a prime other than l . Supp ose also that � is mo dular.

Then the str ong A rtin c onje ctur e holds for � .

It ma y b e useful to discuss the v arious assumptions in this theorem. The

assumptions that � b e unrami�ed at l can b e w eak ened (see some forthcoming

w ork of Buzzard). Whether it is reasonable to hop e it can b e remo v ed en tirely

is not clear to me. P erhaps it can b e a v oided b y using base c hange. The

assumption that the order of � ( G

l

) is divisible b y a prime other than l seems

to b e of a tec hnical nature. The assumption that l � 5 also seems to b e of

a tec hnical nature. This restriction comes not from the pap er [BT ], but from

the pap ers cited therein. My exp ectation is that this restriction is only serious

if l = 2 and then it is only serious for the in v oking of the lifting theorems

summarised at the end of the last section. In these the assumption l 6= 2 is

b eing used in an imp ortan t w a y in at least t w o places. The lifting theorems are

pro v ed b y �rst reducing the lev el to a certain minimal case (follo wing Rib et

[R] and others), lifting in the minimal case (using the metho d of T a ylor-Wiles

[TW ]) and then extending to the more general case again (using the metho d

of Wiles [W ]). Both the �rst t w o steps use l 6= 2 in a signi�can t w a y . The �rst

uses an auxiliary prime p 6� 1 or 0 mo d l . The second requires a n umerical

coincidence in Galois cohomology for the metho d to w ork, whic h b ecomes

delicate if l = 2. The �rst use of l 6= 2 is curren tly b eing in v estigated b y Rib et

and his studen t Da vid Jones. In this case it seems lik ely that the di�cult y

can b e a v oided b y imp osing an additional lo cal assumption that 2 divides the

order of � ( I

p

) for some p 6= 2. The second use of l 6= 2 is curren tly b eing

in v estigated b y Mark Dic kinson for his Harv ard PhD. Let me form ulate as a

conjecture a generalisation of this theorem whic h I am hop eful will b e pro v en

in the near future.

Conjecture 1 Supp ose that � is unr ami�e d at l , that the or der of � ( G

l

) is

divisible by a prime other than l and that if l = 2 then 2 divides the or der of

� ( I

p

) for some p 6= l . Supp ose also that � is mo dular. Then the str ong A rtin

c onje ctur e holds for � .

The �nal assumption in the theorem and conjecture, that � is mo dular, is

a sp ecial case of a conjecture Serre's conjecture [S]. In general it is probably

v ery deep. Ho w ev er in the sp ecial case l = 2, Shepherd-Barron and I ha v e the

follo wing partial result ([ST]).
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Theorem 2 Supp ose l = 2 and � is unr ami�e d at 3 and 5 , then � is mo dular.

Corollary 1 Supp ose that � is unr ami�e d at 2 , 3 and 5 . Supp ose mor e over

that pro j( � )( G

2

) has o dd or der and that pro j( � )( I

p

) has even or der for some

p 6= 2 . If c onje ctur e 1 is true then the str ong A rtin c onje ctur e is true for � .

It ma y b e helpful to commen t on the rami�cation assumptions in theorem 2.

They result from restrictions in the a v ailable lifting results for mo dular Galois

represen tations (see [W ], [TW ], [D]). One can exp ect them to b e w eak ened

in the near future, but it is less clear ho w so on it will b e p ossible to remo v e

them en tirely . In fact using the results of [CDT ] one ma y already reduce the

assumption at 3 from b eing unrami�ed to b eing tamely rami�ed.

In the rest of this pap er w e will commen t brie
y on the pro ofs of theorems

1 and 2. Both rely in an essen tial w a y on the w ork of Wiles [W] as completed

b y Wiles and the author [TW ].

3 Mo d 2 icosahedral represen tations.

W e ha v e isomorphisms F

�

2

� S L

2

( F

2

)

�

! GL

2

( F

2

) and S L

2

( F

2

)

�

! P S L

2

( F

2

).

The only subgroups of GL

2

( F

2

) isomorphic to A

5

are those conjugate to

S L

2

( F

4

). (This can b e seen b y examining the mo d 2 mo dular c haracters

of A

5

.) Th us to pro v e theorem 2 w e m ust sho w that an y con tin uous represen-

tation � : G

Q

! S L

2

( F

4

) whic h is unrami�ed at 3 and 5 is mo dular.

The k ey construction in [ST ] is the pro of of the existence of a princi-

pally p olarised ab elian surface ( A;  ) = Q , together with an em b edding i :

Z [(1 +

p

5) = 2] , ! End (( A;  ) = Q ) suc h that the represen tation of G

Q

on A [2]

is equiv alen t to � . (In fact w e can ensure that the represen tation of G

Q

on

A [

p

5] has image the whole of GL

2

( F

5

) and (b y t wisting) that A has semi-

stable reduction at 3 and 5.) T o mak e this construction one examines the

appropriate t wisted coarse mo duli space. This space is birationally a cubic

surface Y

�

in P

3

. More sp eci�cly Y

�

is (birationally) the t wist of the sub v ariet y

Y � P

4

de�ned b y y

1

+ y

2

+ y

3

+ y

4

+ y

5

= y

3

1

+ y

3

2

+ y

3

3

+ y

3

4

+ y

3

5

= 0, b y

� : G

Q

! S L

2

( F

4

)

�

=

A

5

� Aut ( Y ). (Here A

5

acts on Y b y p erm uting the

co ordinates.) The v ariet y Y

�

is itself a cubic surface in P

3

whic h is in fact

unirational: if X

�

denotes the restriction of scalars from Q (

p

5) to Q of Y

�

then w e sho w that X

�

is rational and b ecause Y

�

is a cubic surface collinearit y

giv es a dominan t rational map � from X

�

to Y

�

. As Y

�

is not a �ne mo duli

space, rational p oin ts on Y

�

do not necessarily corresp ond to rationally de�ned

ab elian surfaces. Ho w ev er b y a rather explicit calculation w e sho w that this is

8



the case for the rational p oin ts � ( X

�

( Q )). (W e obtain the assertion ab out the

action on A [

p

5 ] b y com bining the ab o v e argumen t with a Hilb ert irreducibilit y

argumen t (as Wiles do es in [W]).)

Once w e ha v e constructed the desired triple ( A; �; i ) w e sho w that T

p

5

A is

mo dular and deduce that A [

p

2] is also. By the results of Wiles [W], T a ylor-

Wiles [TW ] and Diamond [D], to sho w that T

p

5

A is mo dular it su�ces to

sho w that A [

p

5] is mo dular.

In fact one can sho w that if �

0

: G

Q

! GL

2

( F

5

) is an y represen tation with

determinan t the cyclotomic c haracter and whic h is tamely rami�ed at 3 then

�

0

is mo dular. The argumen t is similar. One �nds an elliptic curv e E = Q whic h

realises �

0

on its 5 division p oin ts. (This seems to b e implicit in w ork going

bac k to Hermite, but w e could not �nd it explicitly in the literature.) Using

Hilb ert irreducibilit y w e ma y ensure (follo wing Wiles) that the represen tation

of G

Q

on E [3] has image GL

2

( F

3

). Then, b y [D ], T

3

E is mo dular and so

E [5] is also. (In 1992 I explained to Wiles ho w this argumen t could b e used

to sho w that the Shim ura-T aniy ama conjecture implied Serre's conjecture for

represen tations G

Q

! GL

2

( F

5

) with determinan t the cyclotomic c haracter. He

later com bined the argumen t with Hilb ert irreducibilit y as part of his attac k

on the Shim ura-T aniy ama conjecture.)

4 l -adic represen tations unrami�ed at l

W e will no w brie
y discuss the pro of of theorem 1. In fact it is no more

di�cult to pro v e a stronger theorem. W e will put ourselv es in the follo wing

situation. Let O denote the ring of in tegers of a �nite extension of Q

l

, � its

maximal ideal and k its residue �eld. Let � : G

Q

! GL

2

( O ) b e a con tin uous

represen tation whic h is rami�ed only at a �nite set of primes. Let � denote

the reduction of � mo dulo � . In [BT ] w e pro v e the follo wing theorem, whic h

is stronger than theorem 1.

Theorem 3 Supp ose that l � 5 and that

1. � is unr ami�e d at l ;

2. � is mo dular;

3. � j

G

Q (

p

( � 1)

( l � 1) = 2

)

is absolutely irr e ducible;

4. � (F rob

l

) has two distinct eigenvalues.

Then � has a �nite image and the str ong A rtin c onje ctur e is true for � .
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This theorem also pro vides some evidence for a conjecture of F on taine and

Mazur (see [FM ]) that an y con tin uous l -adic represen tation of G

Q

whic h is

rami�ed at only �nitely man y primes and is �nitely rami�ed at l (i.e. the

image of I

l

is a �nite group) has �nite image. As far as w e are a w are the

only previous evidence for this conjecture w as in the case of one dimensional

represen tations. It also giv es a hin t ab out ho w to pro v e theorem 1: one should

try to only exploit the �niteness of � ( I

l

), not the �niteness of � ( G

Q

).

Let � and � b e the t w o eigen v alues of � (F rob

l

). W e ma y supp ose that �

and � lie in O . Because � is mo dular w e can �nd, p erhaps after in terc hanging

� and � , a homomorphism f

�

: T

2

( N l ) ! k suc h that

1. N is not divisible b y l ;

2. f

�

( T

p

) = tr � (F rob

p

) for p 6 j N l ;

3. p f

�

( S

p

) = det � (F rob

p

) for p 6 j N l ;

4. f

�

( U

l

) = � ;

5. f

�

( U

p

) = 0 for p j N .

W e can then pro duce a second homomorphism f

�

: T

2

( N l ) ! k with the same

prop erties except that f

�

( U

l

) = � . The construction of f

�

is a deep theorem.

T o stress ho w surprising the existence of f

�

is, it ma y b e w orth remarking

that an y lifts f

�

and f

�

of f

�

and f

�

to homomorphisms T

2

( N l ) ! Q

l

will

di�er on most Hec k e op erators T

p

. Gross [Gr ] giv es a construction for all

l , but dep enden t on some unpro v en functorialities in some rigid cohomology .

Coleman and V ollo c h [CV ] then ga v e an unconditional construction but one

whic h excludes the prime l = 2.

W e can no w apply the lifting results of Wiles, T a ylor-Wiles and Diamond

summarised at the end of section 1 to pro duce homomorphisms F

�

and F

�

:

T

0

( N ) ! O suc h that

1. F

�

( T

p

) = tr � (F rob

p

) for p 6 j N l ;

2. pF

�

( S

p

) = det � (F rob

p

) for p 6 j N l ;

3. F

�

( U

l

) = � ;

4. F

�

( U

p

) = 0 for p j N .

and similarly for F

�

. Here again w e are using l 6= 2, this time in what ma y b e

a more serious w a y (see section 2).
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Because det � is unrami�ed at l w e see that F

�

and F

�

factor through

T

0

( N ) =X T

0

( N ). Th us, at least if l � 5, they de�ne sections of ! o v er the

rigid space X

1

( N )

>l

� l= (1+ l )

. W e in tro duce F = ( � F

�

� � F

�

) = ( � � � ) and

F

0

= ( F

�

� F

�

) = ( � � � ). Then F =

P

1

n =1

a

n

q

n

is formally a w eigh t one lev el

N normalised eigenform, while F

0

=

P

1

n =1

a

n

q

l n

. W e ha v e that

1. a

p

= tr � (F rob

p

) for p 6 j N (including p = l );

2. a

p

= 0 for p j N .

In [BT ] w e fabricate from F

0

a rigid section of ! o v er S S

<l

� 1 = (1+ l )

whic h w e

sho w matc hes F on S S

<l

� 1 = (1+ l )

\ X

1

( N )

>l

� l= (1+ l )

. Gluing and applying rigid

GA GA w e see that F extends to a classical w eigh t one mo dular form suc h that

�

f

� � . Th us � has �nite image and the strong Artin conjecture holds for � .
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