
MOD 2 AND MOD 5 ICOSAHEDRAL REPRESENT A TIONS

1

N.I. Shepherd{Barr on and R. T a ylor

2

DPMMS, Cam bridge Univ ersit y , 16 Mill Lane, Cam bridge CB2 1SB, U.K.

In tro duction

W e shall call a simple ab elian v ariet y A= Q mo dular if it is isogenous (o v er Q )

to a factor of the Jacobian of a mo dular curv e. In this pap er w e shall call a

represen tation � : G

Q

! GL

2

(

�

F

l

) mo dular if there is a mo dular ab elian v ariet y A= Q ,

a n um b er �eld F = Q of degree equal to dim A , an em b edding O

F

, ! End ( A= Q ) and

a homomorphism � : O

F

!

�

F

l

suc h that � is equiv alen t to the action of G

Q

on the

k er � torsion p oin ts of A . If � is mo dular in our sense then there exists a Hec k e

eigenform f and a homomorphism from the ring generated b y its F ourier co e�cien ts

to

�

F

l

suc h that T r � (F rob

p

) is congruen t to the eigen v alue of T

p

on f mo dulo k er �

for almost all primes p . (One ma y further assume either that f is of w eigh t 2

and cuspidal, or that it has lev el coprime to l .) If � is irreducible then � b eing

mo dular is equiv alen t to the existence of a Hec k e eigenform f related to � in this

w a y . (This follo ws from the results of [AS].) Ho w ev er if � is reducible then our

de�nition app ears to b e stronger than requiring the existence of suc h an f , ev en if

w e insist that f b e cuspidal of w eigh t 2. (This is b ecause the existence of suc h an

f dep ends only on the semi-simpli�cation of � not on � itself.)

Serre [S2] has conjectured that an y con tin uous irreducible homomorphism � :

G

Q

! GL

2

(

�

F

l

) with o dd determinan t is mo dular. V ery little is kno wn ab out

this conjecture. It has b een pro v ed for represen tations � : G

Q

! GL

2

( F

2

) and

� : G

Q

! GL

2

( F

3

). In b oth cases this can b e ac hiev ed b y lifting � to a con tin uous

o dd irreducible represen tation G

Q

! GL

2

( O ), where O is the ring of in tegers of

some n um b er �eld, and then using the Langlands-T unnell theorem whic h asserts

that this latter represen tation is mo dular of w eigh t 1 (see [L] and [T]). This mak es

essen tial use of the fact that GL

2

( F

2

) and GL

2

( F

3

) are soluble.

The purp ose of this pap er is to treat Serre's conjecture in t w o further cases where

the image of � is no longer soluble. W e sho w that if � : G

Q

! GL

2

( F

5

) is unrami�ed

at 3 and has determinan t the cyclotomic c haracter then � is mo dular. W e also sho w

that if � : G

Q

! GL

2

( F

4

) is unrami�ed at 3 and 5 then � is mo dular. W e do this

b y pro ving �rst that � (up to t wist) can b e realized on resp ectiv ely the 5{division

p oin ts on an elliptic curv e o v er Q and the 2{division p oin ts of an Ab elian surface

with m ultiplication b y O

Q (

p

5)

o v er Q . (In fact w e pro v e this o v er an y giv en �eld of

c haracteristic zero. Since S L

2

( F

4

) is isomorphic to A

5

, this can b e stated as follo ws:

giv en an y quin tic p olynomial o v er a �eld K of c haracteristic zero, its splitting �eld

can b e obtained b y adjoining �rst the square ro ot of the discriminan t d and then the
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2-division p oin ts of an ab elian surface with m ultiplication b y O

Q (

p

5)

de�ned o v er

K (

p

d ).) W e then use a recen t result of Wiles (see [W]), as completed in [TW] and

extended in [D], to sho w that these ab elian v arieties are mo dular (using resp ectiv ely

their 3-adic and the

p

5-adic T ate mo dules). W e remark that the rami�cation

conditions arise for tec hnical reasons and do not seem to b e essen tial to the metho d.

On the other hand the restriction on the determinan t for represen tations to GL

2

( F

5

)

do es seem to b e essen tial to the metho d.

Wiles has ask ed (priv ate comm unication) whether in fact an y con tin uous inde-

comp osable homomorphism � : G

Q

! GL

2

(

�

F

l

) with o dd determinan t is mo du-

lar. He has (unpublished) answ ered this question a�rmativ ely for represen tations

� : G

Q

! GL

2

( F

3

), b y exploiting the fact that in this case an y o dd, reducible but

indecomp osable represen tation m ust ha v e dihedral image. Our metho ds giv e an

a�rmativ e answ er to Wiles' question for represen tations � : G

Q

! GL

2

( F

5

) whic h

ha v e determinan t the cyclotomic c haracter and whic h are unrami�ed at 3; as w ell

as to represen tations � : G

Q

! GL

2

( F

4

) whic h are unrami�ed at 3 and 5.

The question of realizing Galois groups of n um b er �elds as the action of Galois

on division p oin ts of Ab elian v arieties, esp ecially elliptic curv es, has a long history ,

going bac k at least to Hermite [H]; see also Klein [K] and for a mo dern explanation

Serre [S1]. Our results seem to b e new for the group GL

2

( F

4

), while one of us

(R T) explained to Wiles in 1992 that the Shim ura-T aniy ama conjecture implied

the result for GL

2

( F

5

) (see [W]).

x 1. Elliptic curv es and mo d 5 represen tations.

If N � 3 is an in teger w e will let X

N

= Q denote the �ne mo duli sc heme of elliptic

curv es E with an isomorphism E [ N ]

�

=

�

N

� Z = N Z , where �

N

denotes the group

sc heme of N

th

ro ots of unit y and where the isomorphism tak es the W eil pairing on

E [ N ] to the standard pairing on �

N

� Z = N Z :

( �

1

; a

1

) � ( �

2

; a

2

) 7! �

a

1

2

=�

a

2

1

:

W e will let E ! X

N

denote the univ ersal elliptic curv e. It is kno wn that X

N

= Q is

smo oth, geometrically irreducible and of dimension 1. W e will let X

N

denote the

unique smo oth pro jectiv e mo del of its function �eld. Then X

N

� X

N

. (In fact

X

N

is the �ne mo duli space of generalised elliptic curv es all whose geometric �bres

are either smo oth or N -gons together with a lev el N structure in the ab o v e sense

(see [DR]).)

If w e �x a primitiv e N

th

ro ot of unit y �

N

then the action of S L

2

( Z = N Z ) on

( �

N

� Z = N Z ) = Q ( �

N

) induces a homomorphism

�

N

: S L

2

( Z = N Z ) � ! Aut( E ! X

N

)( Q ( �

N

)) :

Moreo v er if �

N

: G

Q

! ( Z = N Z )

�

denotes the cyclotomic c haracter then w e ha v e

that

� ( �

N

( � )) = �

N

� �

�

N

( � ) 0

0 1

�

�

�

�

N

( � )

� 1

0

0 1

��

:

Because of the uniqueness of the smo oth pro jectiv e mo del w e see that this action

extends uniquely to one on X

N

.
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Let K b e a �eld of c haracteristic zero. Let � : G

K

! GL

2

( Z = N Z ) b e a con tin uous

represen tation with det � = �

N

. W e de�ne

�

�

: G

K

� ! Aut( E ! X

N

)( K )

b y

� 7� ! �

N

�

� ( � )

�

�

N

( � )

� 1

0

0 1

��

:

This is a 1-co cycle; that is, �

�

( � � ) = �

�

( � ) � ( �

�

( � )). W e de�ne E

�

! X

�

to b e the

t wist of E ! X

N

b y �

�

, and w e will denote b y X

�

� X

�

the t wist of X

N

� X

N

.

If x 2 X

�

( K ) and if E

x

denotes the �bre of E

�

ab o v e x then the action of G

K

on

E

x

[ N ] is via the represen tation � , i.e.

i ( � a ) = � ( � ) i ( a ) :

Lemma 1.1. If � : G

K

! GL

2

( F

5

) and det � = �

5

then X

�

�

=

P

1

= Q .

Pr o of. It is w ell kno wn that X

5

�

=

P

1

= Q . (See for instance [RS]. Alternativ ely note

that X

5

is geometrically isomorphic to P

1

and has a p oin t de�ned o v er Q . One

suc h is pro vided b y the elliptic curv e y

2

� 10 xy � 11 y = x

3

� 11 x

2

another b y the

generalised elliptic curv e with smo oth lo cus G

m

� Z = 5 Z .) W e can think of �

�

as

giving an elemen t of H

1

( G

K

; P S L

2

( K )). W e m ust sho w that this elemen t is trivial.

It su�ces to sho w that it comes from an elemen t of H

1

( G

K

; S L

2

( K )) = (0). F or

this it su�ces to c hec k that �

5

: S L

2

( F

5

) ! P S L

2

( K ) lifts to a homomorphism

~

�

5

: S L

2

( F

5

) ! S L

2

( K ) also satisfying

~

�

5

��

�

5

( � ) 0

0 1

�

�

�

�

5

( � )

� 1

0

0 1

��

= � (

~

�

5

( � )) ;

for all � 2 G

K

and � 2 S L

2

( F

5

).

Note that �

5

: P S L

2

( F

5

) , ! P S L

2

( K ). As P S L

2

( F

5

) has no t w o dimensional

non-trivial represen tation and a unique non-trivial double co v er (see [A] page 2) w e

see that the preimage of �

5

( S L

2

( F

5

)) in S L

2

( K ) is isomorphic to S L

2

( F

5

). Th us

�

5

lifts to a homomorphism

~

�

5

: S L

5

( F

5

) ! S L

2

( K ), and moreo v er as S L

2

( F

5

) is

p erfect this lift is unique. Because of this uniqueness w e see that

� 7� ! � (

~

�

5

)

��

�

5

( � )

� 1

0

0 1

�

�

�

�

5

( � ) 0

0 1

� �

m ust equal

~

�

5

, as desired.

Theorem 1.2. L et K b e a �eld of char acteristic zer o and let � : G

K

! GL

2

( F

5

)

b e a homomorphism with det � = �

5

. Then ther e exists an el liptic curve E =K such

that � is e quivalent to the r epr esentation of G

K

on E [5] , and if K is a numb er �eld

we may further supp ose that the image of G

K

in Aut( E [3]) c ontains S L

2

( F

3

) .

Pr o of. F or the �rst part w e need only note that X

�

has a K -rational p oin t b eing a

non-empt y Zariski op en subset of P

1

=K . F or the second part let Y

�

=X

�

denote the

quotien t of

f ( a; b ) 2 ( E

�

�

X

�

E

�

)[3] jh a; b i 6= 1 g
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b y the equiv alence relation ( a; b ) � ( � a; b ). Then geometrically Y

�

is isomorphic to

X

15

and so is geometrically irreducible. Moreo v er Y

�

! X

�

is �nite of degree 24.

If K is a n um b er �eld w e can �nd (b y Hilb ert irreducibilit y) a p oin t x 2 X

�

( K )

suc h that if y is a p oin t of Y

�

ab o v e x then [ K ( y ) : K ] = 24. Then if E denotes

the �bre of E

�

at x w e see that the action of G

K

on E [5] is via � . Moreo v er

[ K ( E [3]) : K ] � 24, and so, as GL

2

( F

3

) has a unique subgroup of index 2, w e see

that the image of G

K

in Aut( E [3]) con tains S L

2

( F

3

).

W e remark that lemma 1.1 remains v alid with the prime 3 replacing 5. Essen tially

the same argumen t applies, since P S L

2

( F

3

) has a unique non-trivial double co v er

and although S L

2

( F

3

) is not p erfect it has no c haracter of order t w o. Ho w ev er, there

are represen tations � : G

K

! GL

2

( Z = 4 Z ) with cyclotomic determinan t that cannot

b e realized on the 4-division p oin ts of an elliptic curv e. F or example, supp ose that

K = Q , c is complex conjugation and � ( c ) =

�

� 1 2

2 1

�

. Then � cannot b e lifted

to a � -adic represen tation for an y � dividing 2.

x 2. Ab elian surfaces with trivial lev el 2 structure.

Let W = F

2

4

and �x an alternating pairing h ; i : W � W ! F

2

b y

( a

1

; a

2

) � ( b

1

; b

2

) 7! tr

F

4

= F

2

( a

1

b

2

� a

2

b

1

) :

Let � = (1 +

p

5) = 2, let O = Z [ � ], let � denote the non-trivial in v olution of O = Z and

iden tify O = 2

�

=

F

4

. W e will denote the group of automorphisms of W as an F

2

v ector

space together with its alternating pairing b y S p

4

( F

2

). W e will denote b y S L

2

( F

4

)

the subgroup preserving the O structure. W e will let

f

S L

2

( F

4

) denote the subgroup

generated b y S L

2

( F

4

) and the elemen t � . There is a bijection f i; j g 7! w

f i;j g

from

cardinalit y 2 subsets of f 1 ; :::; 6 g to W � f 0 g suc h that: w

f i;j g

+ w

f j;k g

= w

f i;k g

if

i; j; k are all distinct; w

f i;j g

+ w

f k ;l g

= w

f m;n g

if f i; j; k ; l ; m; n g = f 1 ; :::; 6 g ; and

h w

S

; w

T

i � # S \ T mo d 2 (see [DO] page 142). Fix suc h an isomorphism. It giv es

rise to an isomorphism S

6

~! S p

4

( F

2

), and hence to an em b edding ~| :

f

S L

2

( F

4

) , ! S

6

.

This em b edding arises from the action of

f

S L

2

( F

4

) on its Sylo w 5-subgroups, suitably

n um b ered.

By a principally p olarised ab elian surface with full lev el 2 structure w e shall

mean an ab elian surface A together with a principal p olarisation � : A ~! A

_

and an

isomorphism � : W ~! A [2] whic h tak es the W eil pairing on to our standard pairing

on W . By an HB principally p olarised ab elian surface with full lev el 2 structure

w e shall mean the same data but in addition a homomorphism i : O ! End( A )

suc h that for all x 2 O w e ha v e i ( x )

_

� � = � � i ( x ) and suc h that the action

of O on A [2] matc hes (via � ) that on W . W e will let A

2

= Q denote the coarse

mo duli sc heme of principally p olarised ab elian surfaces with full lev el t w o structure

and H

2

= Q the coarse mo duli sc heme of HB principally p olarised ab elian surfaces

with full lev el t w o structure. Note that A

2

has a natural action of S p

4

( F

2

) and

that H

2

has a natural action of

f

S L

2

( F

4

) (where � acts b y sending ( A; �; i; � ) to

( A; �; i � � ; � � � )). W e ha v e a natural morphism H

2

! A

2

, compatible with the

inclusion

f

S L

2

( F

4

) , ! S p

4

( F

2

).

W e will also let H

2

p

5

denote the �ne mo duli space of quin tuples ( A; �; i; � ; � )

where ( A; �; i; � ) is a principally p olarised HB ab elian surface with full lev el t w o
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structure and where � : �

5

� Z = 5 Z ~! A [

p

5] tak es the standard pairing on �

5

� Z = 5 Z

to the W eil pairing on A [

p

5]. (W e remark that one can de�ne a W eil pairing on

A [

p

5] b y pulling bac k the standard pairing b et w een A [

p

5] and A

_

[

p

5

_

] and using

the fact that i (

p

5)

_

� � = � � i (

p

5).) Equiv alen tly H

2

p

5

is the mo duli space of

sextuples ( A; �; i; � ; C ; P ) where ( A; �; i; � ) is a principally p olarised HB ab elian

surface with full lev el t w o structure, C � A [

p

5 ] is a subgroup of order 5 and

P 2 A [

p

5 ] � C . (Asso ciate ( A; �; i; � ; � ) to ( A; �; i; � ; � ( �

5

) ; � (1 ; 1)). Con v ersely

giv en ( A; �; i; � ; C ; P ) de�ne � b y � (1 ; 1) = P and � ( � ; 0) = Q

�

where Q

�

2 C and

the W eil pairing of Q

�

and P equals � .)

W e ha v e the usual analytic description of H

2

p

5

as

�

2

p

5

n GL

+

2

( R )

2

=K

1

;

where �

2

p

5

is the subgroup of S L

2

( O ) consisting of matrices congruen t to 1 mo d-

ulo 2

p

5; GL

+

2

( R ) denotes the elemen ts of GL

2

( R ) of p ositiv e determinan t and

K

1

denotes the comm utator in GL

+

2

( R )

2

of an elemen t I

0

satisfying I

2

0

= � 1

( I

0

is unique up to conjugation and m ultiplication b y ( � 1 ; � 1)). In particular

H

2

p

5

is geometrically irreducible. (W e brie
y recall ho w this analytic descrip-

tion of H

2

p

5

is obtained. If w e �x a primitiv e 5

th

ro ot of unit y in C then to

giv e a quin tuple ( A; �; i; � ; � ) = C is the same as giving the follo wing data. A

�nitely generated torsion free O -mo dule � of rank 2; a p erfect alternating pair-

ing e : � � � ! Z suc h that e ( ax; y ) = e ( x; ay ) if a 2 O and x; y 2 �; an

isomorphism � : W ~! (1 = 2�) = � as F

4

-v extor spaces with an alternating pairing;

an isomorphism � : F

2

5

~! (1 =

p

5�) = � taking the standard alternating pairing on F

2

5

to the one induced b y e on (1 =

p

5�) = �; and an elemen t I 2 Aut

O 


Z

R

(� 


Z

R )

suc h that I

2

= � 1 and ( x; y ) 7! e ( x; I y ) is a symmetric p ositiv e de�nite bilinear

form on � 


Z

R . Because O has class n um b er 1 w e ma y tak e � = O

2

, e to b e

the pairing ( x

1

; x

2

) � ( y

1

; y

2

) 7! tr

Q (

p

5) = Q

( x

1

y

2

� x

2

y

1

) =

p

5) and � and � to b e

the ob vious maps. The automorphisms of this structure are �

2

p

5

. It remains to

describ e the p ossible c hoices for I . As Aut

O 


Z

R

(� 


Z

R )

�

=

GL

2

( R )

2

, w e need a

pair I = ( I

1

; I

2

) 2 GL

2

( R )

2

suc h that I

2

= � 1. Then w e ha v e automatically that

( x; y ) 7! e ( x; I y ) is symmetric. There is a unique GL

2

( R )

2

-conjugacy class of p os-

sible I , whic h splits in to four GL

+

2

( R )

2

-conjugacy classes. A unique one of these

mak es ( x; y ) 7! e ( x; I y ) p ositiv e de�nite.)

W e no w pro ceed to describ e some concrete mo dels for H

2

and A

2

. Our aim is

simply to in tro duce a certain mo del Y for H

2

and to pro v e prop osition 2.5.

Let A

�

2

(resp. H

�

2

) denote the Satak e compacti�cation of A

2

(resp. H

2

). Then

there is an em b edding A

�

2

, ! P

4

giv en b y the mo dular forms of w eigh t 2 (whic h

are spanned b y the 4

th

p o w ers of the 10 ev en theta-n ulls). Moreo v er the image is

a quartic h yp ersurface and the action of S p

4

( F

2

) is b y linear transformations of P

4

(see [vG] pages 217-218). Consider the map H

�

2

� !A

�

2

, ! P

4

. It is giv en b y some

space of w eigh t 2 mo dular forms on H

2

. This space m ust b e

f

S L

2

( F

4

)-in v arian t.

The full space of w eigh t t w o mo dular forms on H

2

giv es an em b edding H

�

2

, ! P

4

and the image is the in tersection of a quadric and a quartic (see [vG] page 190-

191). Moreo v er the action of

f

S L

2

( F

4

)

�

=

S

5

is b y its p erm utation represen tation

on P

4

(lo c. cit.). Th us the map H

�

2

� ! A

�

2

� P

4

is giv en b y pro jection on to an

f

S L

2

( F

4

)-in v arian t subspace of P

4

. Using the explicit equations (o v er C ) for the

image of H

�

2

, ! P

4

it is not hard to see that none (of the 3) pro jections to prop er
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in v arian t subspaces is injectiv e on H

2

. Th us the w eigh t t w o mo dular forms on A

2

m ust restrict to the whole space of w eigh t t w o mo dular forms on H

2

. Moreo v er

H

�

2

� A

�

2

� P

4

, with A

�

2

a quartic h yp ersurface and H

�

2

the in tersection of a quadric

and a quartic. Degree considerations sho w that H

�

2

is a quadric section of A

�

2

. The

in tersection of the singular lo cus of A

�

2

(i.e. A

�

2

� A

2

) with H

�

2

is con tained in the

singular lo cus of H

�

2

(i.e. H

�

2

� H

2

) (b ecause H

2

! A

2

).

Consider the space P

n

1

= P GL

2

n ( P

n

1

)

ss

(see for example [DO]). There is a natural

map � : P

n +1

1

! P

n

1

, whic h is easily seen to b e a P

1

-bundle in the Zariski top ology

on the stable lo cus ( P

n

1

)

s

(see c hapter I I of [DO]). It also comes equipp ed with

n -sections s

1

; :::; s

n

whic h are induced b y the maps

s

i

: P

n

1

� ! P

n +1

1

a

1

� ::: � a

n

7! a

1

� ::: � a

n

� a

i

:

The symmetric group S

n

acts on P

n

1

and P

n +1

1

so that these actions comm ute with

� and so that

� � s

i

= s

� i

� � :

The v ariet y P

6

1

can b e iden ti�ed with the closed subset of P

5

de�ned b y

P

6

1

z

i

=

P

6

1

z

3

i

= 0 (see page 16 of [DO]). Note that Out ( S

6

)

�

=

C

2

(see [A] page 4). If w e

denote the em b edding P

6

1

, ! P

5

b y � then w e ha v e that for all z 2 P

6

1

and all

� 2 S

6

:

( � � � ( z ))

�

y

( i )

= ( � ( z ))

i

where y : S

6

! S

6

is some non-inner automorphism. (If it w ere inner w e could assume

that ( � � � ( z ))

� i

= ( � ( z ))

i

. Then the � 1 eigenspace of the in v olution � = (12) on

( R

6

1

)

1

(see [DO] page 9) w ould ha v e dimension 1, but in the notation of [DO] page

15 b oth t

0

and t

2

are � 1 eigen v ectors, a con tradiction.) The stable lo cus ( P

6

1

)

s

coincides with the smo oth lo cus of P

6

1

(see [DO] page 31) whic h can b e iden ti�ed

as P

6

1

less the 15 S

6

-conjugates of (1 : 1 : 1 : � 1 : � 1 : � 1). (Although [DO] w ork

o v er C the argumen ts for these facts w ork equally w ell o v er Q .)

Ov er the op en subset U of P

6

1

where the sections s

1

; :::; s

6

are distinct, w e ha v e

a principally p olarised ab elian surface with full lev el t w o structure obtained as the

Jacobian of a h yp erelliptic curv e o v er U whic h maps 2 : 1 to P

7

1

j

U

rami�ed exactly at

s

1

; :::; s

6

. This giv es a morphism U ! A

2

, whic h is injectiv e on geometric p oin ts b y

T orelli's theorem. As P

6

1

and A

2

are b oth three dimensional w e obtain a birational

equiv alence P

6

1

� !A

�

2

whic h giv es an isomorphism b et w een U and the op en subset

of A

2

corresp onding to Jacobians. Under this equiv alence the S p

4

( F

2

) action on

A

2

is compatible with the S

6

action on P

6

1

under our isomorphism S p

4

( F

2

)

�

=

S

6

(see [DO] page 142).

Lemma 2.1. The bir ational e quivalenc e b etwe en P

6

1

� P

4

and A

�

2

� P

4

is given by

pr oje ctive duality (up to an automorphism of P

4

).

Pr o of. By Thomae's form ula (see [M] page 120), the fact that A

�

2

, ! P

4

is giv en b y

the 4

th

p o w ers of the 10 ev en theta-n ulls and the form ulae in [DO] pages 15-17 w e

see that it is giv en b y quadratic expressions in the co ordinates of P

6

1

� P

4

. As a

represen tation of S

6

these span a space isomorphic to Symm

2

W

5

�

=

W

1

� W

5

� W

9

where W

i

is an irreducible represen tation of dimension i . As the rational map

P

6

1

� ! A

�

2

� P

4

is equiv arian t for a linear S

6

action on P

4

w e see that it is giv en
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7

b y the unique irreducible 5-dimensional space of quadratic functions on P

6

1

� P

4

.

Suc h a space is pro vided b y the space spanned b y the partial deriv ativ es of the

de�ning equation of P

6

1

� P

4

. The lemma follo ws. �

Let Y denote the smo oth cubic surface in P

4

de�ned b y

P

5

1

y

i

=

P

5

1

y

3

i

= 0.

Note that the p erm utation action of S

5

on P

4

preserv es Y and so w e get an action of

S

5

on Y (so that ( � ( y ))

� i

= ( y )

i

). Let Y

1

denote Y less the 10 S

5

-conjugates of (0 :

0 : 0 : 1 : � 1), let

~

Y denote Y blo wn up in the 10 S

5

-conjugates of (0 : 0 : 0 : 1 : � 1)

and let Y

0

denote Y less the 15 lines whic h are S

5

conjugate to ( s : � s : t : � t : 0).

According to [vG] pages 190-191 w e ha v e the follo wing facts. The surface Y is

birationally equiv alen t to H

�

2

in suc h a w a y that the

f

S L

2

( F

4

) action on H

�

2

go es

o v er to the S

5

action on Y under an isomorphism

f

S L

2

( F

4

)

�

=

S

5

(whic h is unique

up to inner automorphism: this can b e easily deduced from Out ( A

5

)

�

=

C

2

, see [A]

page 2). W e �x suc h a birational equiv alence and the corresp onding isomorphism

f

S L

2

( F

4

)

�

=

S

5

. Moreo v er Y

0

b ecomes isomorphic to an op en subset of H

2

. The

birational map Y � ! H

�

2

� P

4

is giv en (up to automorphism of P

4

) b y

( y

1

: ::: : y

5

) 7! (1 =y

1

: ::: : 1 =y

5

) :

It can b e factored Y  

~

Y ! H

�

2

, where

~

Y ! H

�

2

con tracts the strict transforms

of the �v e h yp erplane sections Y \ f y

i

= 0 g to the �v e singular p oin ts of H

�

2

but

is otherwise an isomorphism. (The argumen ts of [vG] are o v er C but w ork equally

w ell o v er Q . T o explain this w e will use for the rest of this paragraph the notation

of pages 190-191 of [vG]. Note that the sheaf of w eigh t t w o mo dular forms on X

�

,

the set of cusps and the action of

f

S L

2

( F

4

) are all de�ned o v er Q . As eac h cusp is

stabilised b y a di�eren t subgroup of

f

S L

2

( F

4

) w e see that eac h cusp is individually

de�ned o v er Q . The Eisenstein series E

i

span the space of w eigh t 2 mo dular forms.

The only ones that v anish at all cusps except cusp 0 are the scalar m ultiples of E

0

.

Th us replacing E

0

b y some scalar m ultiple w e ma y assume that it is de�ned o v er

Q . As a subgroup of

f

S L

2

( F

4

) of index 5 �xes the line generated b y E

0

w e see that

E

0

has 5

f

S L

2

( F

4

)-conjugates all de�ned o v er Q . Replacing the E

i

b y these new

conjugates, it is no w clear that the argumen ts of [vG] w ork o v er Q .)

W e will let E denote the sum of the exceptional divisors of

~

Y ! Y and

~

H the

pull bac k of the h yp erplane section H of Y . Note that the sum of the exceptional

divisors of

~

Y ! H

�

2

is the sum of the strict transforms of the 5 h yp erplane sections

Y \ f y

i

= 0 g of Y . Hence it is linearly equiv alen t to 5

~

H � 3 E .

Lemma 2.2. Y c ontains 6 disjoint lines e ach de�ne d over Q (

p

5) which ar e p er-

mute d amongst themselves by the action of A

5

.

Pr o of. The A

5

orbit of the line

f t

1

(1 : � 1 : � : � � : 0) + t

2

(0 : � � : � : � 1 : 1)) g

will do. �

Corollary 2.3. The pul l b ack under

~

Y ! H

�

2

� P

4

of a hyp erplane se ction is

line arly e quivalent to 4

~

H � 2 E .

Pr o of. The rational map Y � !H

�

2

� P

4

is giv en b y a system of quartics whose

only base p oin ts are the 10 S

5

-conjugates of (0 : 0 : 0 : 1 : � 1). Th us the pull
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bac k to

~

Y of a h yp erplane section is 4

~

H plus a divisor supp orted on the exceptional

divisors of

~

Y ! Y . Because the S

5

action on

~

Y is compatible with a linear action

on H

�

2

� P

4

w e see that the pull bac k of a h yp erplane section of H

�

2

de�nes an

S

5

-in v arian t class in Pic(

~

Y ). Th us it is of the form 4

~

H + mE . On the other hand

if E

1

denotes the preimage of (0 : 0 : 0 : 1 : � 1) in

~

Y then the image of E

1

in H

�

2

is the conic consisting of p oin ts ( a : b : c : 0 : 0) suc h that ab + bc + ca = 0. Th us

� m = ( E

1

; 4

~

H + mE ) = 2 and the corollary follo ws. �

The image of H

2

in A

2

con tains a p oin t corresp onding to a Jacobian (e.g. the

Jacobian of y

2

= x ( x

5

� 1)). Th us the comp osite of rational maps

j : Y � !H

�

2

� ! A

�

2

� ! P

6

1

mak es sense. The actions of

f

S L

2

( F

4

)

�

=

S

5

and of S

6

are compatible with ~| :

f

S L

2

( F

4

) , ! S

6

.

Lemma 2.4. The r ational map j is in fact a morphism and, up to c onjugation by

an element of S

6

is given by

j : Y � ! P

6

1

�

=

Z

( y ) 7! (4 y

2

1

� s : 4 y

2

2

� s : 4 y

2

3

� s : 4 y

2

4

� s : 4 y

2

5

� s : s ) ;

wher e s = y

2

1

+ y

2

2

+ y

2

3

+ y

2

4

+ y

2

5

.

Pr o of. The action of S

5

on

~

Y is compatible with a linear action on P

6

1

� P

4

and so

the pull bac k under j of a h yp erplane section of P

6

1

de�nes an S

5

in v arian t class in

Pic(

~

Y ). The map H

�

2

, ! A

�

2

� ! P

6

1

� P

4

is giv en b y a linear system of cubics whose

only base p oin ts are the in tersection of H

�

2

with the singular lo cus of A

�

2

and so are

con tained in the singular lo cus of H

�

2

. Th us the pull bac k of a h yp erplane section

of P

6

1

to

~

Y is of the form 3(4

~

H � 2 E ) plus a divisor supp orted on the exceptional

divisors of

~

Y ! H

�

2

. Using the S

5

in v ariance w e see that it m ust in fact b e

3(4

~

H � 2 E ) � r (5

~

H � 3 E ) = (12 � 5 r )

~

H + 3( r � 2) E ;

where r 2 Z

� 0

.

W e will sho w that under

~

Y � ! P

6

1

an irreducible comp onen t E

i

of E gets

con tracted to a p oin t. According to [vG] pages 190-191 the image of E

i

in H

�

parametrises principally p olarised ab elian surfaces whic h split as a pro duct of t w o

elliptic curv es. Hence b y [vG] page 217 w e see that the image of E

i

in A

�

is con-

tained in the lo cus of v anishing of some theta-n ull. Ho w ev er it is not di�cult to

see that the h yp erplane de�ned b y the v anishing of a theta-n ull is tangen t to A at

ev ery p oin t on its in tersection with A . It follo ws that E

i

is con tracted to a p oin t in

P

6

1

. (T o v erify the fact that the h yp erplane de�ned b y the v anishing of a theta-n ull

is tangen t to A at ev ery p oin t of con tact with A w e use the mo del of A

�

� P

5

giv en

in the notation of page 217 of [vG] b y s

1

= s

2

2

� 4 s

4

= 0. W e see that the singular

lo cus of A

�

consists of the S

6

conjugates of the line ( r : r : s : s : t : t ) where

r + s + t = 0. Finding the six sets of �v e disjoin t lines of singularit y w e see that

with a suitable n um b ering the triple f �

12

; �

13

; �

23

g (see [vG] page 216) b ecomes

the set of lines f ( r : s : t : r : s : t ) ; ( r : s : t : s : t : r ) ; ( r : s : t : t : r : s ) g . The

unique h yp erplane con taining these three lines is x

1

+ x

2

+ x

3

= x

4

+ x

5

+ x

6

= 0
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and so the 10 S

6

-conjugates of this h yp erplane are the 10-h yp erplanes de�ned b y

the v anishing of an ev en theta-n ull. These h yp erplanes eac h meet A

�

in a quadric

tak en with m ultiplicit y 2.

Hence either w e ha v e ( E ; (12 � 5 r )

~

H + 3( r � 2) E ) = 0 or

~

Y � ! P

6

1

has base p oin ts

on E . W e deduce that either r = 2 or that all p oin ts in the in tersection of E with

an exceptional divisor of

~

Y � ! H

�

2

are in the base lo cus of

~

Y � ! P

6

1

(b ecause the

base lo cus is S

5

in v arian t). In the latter case ((12 � 5 r )

~

H + 3( r � 2) E ; 5

~

H � 3 E ) � 30

and so r � 2. On the other hand (12 � 5 r )

~

H + 3( r � 2) E m ust b e e�ectiv e so that

r � 2. W e deduce that r = 2 and that the pull bac k under j of a h yp erplane section

is linearly equiv alen t to 2 H on Y .

Let V � j 2 H j b e the linear system de�ning j . As a represen tation of S

5

w e ha v e

V � Symm

2

V

4

�

=

V

1

� V

4

� V

5

, where V

1

is the trivial represen tation, V

1

� V

4

is the

5-dimensional p erm utation represen tation and V

5

is an irreducible 5-dimensional

represen tation. Th us V = V

1

� V

4

and is spanned b y y

2

1

; :::; y

2

5

. Using the S

5

-

symmetry and letting s = y

2

1

+ ::: + y

2

5

w e see that up to comp osition with an

elemen t of S

6

j : ( y

1

: ::: : y

5

) 7� ! ( Ay

2

1

+ B s : ::: : Ay

2

5

+ B s : � ( A + 5 B ) s ) :

In order that ( A + 5 B )

3

s

3

�

P

5

i =1

( Ay

2

i

+ B s )

3

v anish on Y it is easy to c hec k that

w e m ust ha v e A=B = � 4. Th us j has the form describ ed in the lemma as is easily

c hec k ed to b e ev erywhere de�ned. �

W e remark that the map Y , ! P

6

1

describ ed in [vG] pages 191, 218 and 220 is

not the one induced b y their mo duli space in terpretation . The correct map is the

one giv en in the ab o v e lemma.

W e see that j ( Y

1

) � ( P

6

1

)

s

. W e will let C denote the pull bac k to Y

1

of P

7

1

=P

6

1

.

W e will no w summarise what w e will need from the pro ceeding calculations.

Prop osition 2.5. The surfac e H

2

is bir ational ly e quivalent to Y . Under this e quiv-

alenc e Y

0

emb e ds as an op en subset of H

2

and the action of S

5

on Y matches with

the action of

f

S L

2

( F

4

) on H

2

under an isomorphism S

5

�

=

f

S L

2

( F

4

) (which is unique

up to inner automorphism). Mor e over ther e is a P

1

-bund le for the Zariski top olo gy

C = Y

1

which has an action of

f

S L

2

( F

4

) c omp atible with the action on Y

1

and six

se ctions s

1

; :::; s

6

such that if � 2

f

S L

2

( F

4

) then

� � s

i

= s

~| ( � ) i

� � :

If y is a ge ometric p oint of Y

0

then the princip al ly p olarise d ab elian surfac e which

is p ar ametrise d by y c an b e r e alise d as the Jac obian of the genus 2 curve which

maps 2 : 1 to C

y

r ami�e d exactly at s

1

( y ) ; :::; s

6

( y ) . Over the

f

S L

2

( F

4

) -c onjugates

of (1 : � 1 : 1 : � 1 : 0) the six se ctions s

1

; :::; s

6

c o alesc e in p airs.

Pr o of. The only part whic h needs further explanation is the �nal sen tence. Note

that j (1 : � 1 : 1 : � 1 : 0) = (0 : 0 : 0 : 0 : � 1 : 1). Also from the form ulae

in [DO] pages 15-17 w e see that (0 : 0 : 0 : 0 : � 1 : 1) parametrises 6-tuples

( P ; Q; R ; R ; Q; P ) with P ; Q; R distinct p oin ts in P

1

. �

As H

2

is a coarse mo duli space w e can not hop e for a univ ersal family of ab elian

surfaces o v er H . Ho w ev er one migh t hop e for a univ ersal family of Kummer surfaces,
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or what comes to m uc h the same thing a univ ersal family of conics with six mark ed

p oin ts. Our family C is probably suc h a family . A t least it has a natural action of

f

S L

2

( F

4

) and from a geometric �bre of this family w e can reconstruct the ab elian

surface asso ciated to that p oin t in Y

0

. W e can not use C to construct a univ ersal

family of ab elian surfaces as there is no canonical c hoice of gen us 2 curv e mapping

2 : 1 to C rami�ed at the 6 mark ed p oin ts. Also note that our calculations sho w

that C extends to a larger op en set (namely Y

1

) than one migh t ha v e exp ected.

This will b e crucial in the sequel.

The surface Y is not rational o v er Q . It will b e useful to replace it b y a related

v ariet y X whic h is rational. In fact X will b e a certain blo w up of the restriction of

scalars from Q (

p

5) to Q of Y �

Q

Q (

p

5). More precisely consider the blo w up X

0

of Y � Y along its diagonal. It has an in v olution t whic h switc hes the t w o factors

and an action of

f

S L

2

( F

4

) whic h comm utes with t and is compatible with the t w o

pro jections X

0

! Y . W e also ha v e a rational map

� : X

0

� ! Y

whic h tak es a pair ( y

(1)

; y

(2)

) to the third p oin t of in tersection of the line through

y

(1)

and y

(2)

with Y . The rational map � is w ell de�ned outside the strict transforms

of the sub v arieties L � L � Y � Y as L runs o v er lines lying in Y . Also � is compatible

with the

f

S L

2

( F

4

) actions on X

0

and Y . W e will let X denote the t wist of X

0

b y

the homomorphism

G

Q

! Gal( Q (

p

5 ) = Q ) ~! f 1 ; t g � Aut( X

0

= Q ) :

Then X inherits an action of

f

S L

2

( F

4

) and a rational map � : X

0

� ! Y compatible

with the

f

S L

2

( F

4

) actions, all still de�ned o v er Q . W e note that X is birationally

equiv alen t o v er Q to the restriction of scalars from Q (

p

5) to Q of Y �

Q

Q (

p

5).

W e let X

1

� X denote the lo cus where � is de�ned and maps to Y

1

. W e note that

the complemen t of X

1

in X has co dimension at least 2. W e will also let D denote

the pull bac k via � of C to X

1

. It inherits an action of

f

S L

2

( F

4

) and six sections

s

1

; :::; s

6

.

Ov er some non-empt y op en subset X

0

� X , s

1

; :::; s

6

are distinct and w e can

form an ab elian surface A=X

0

as the Jacobian of a gen us 2 curv e o v er X

0

whic h

maps 2 : 1 to D rami�ed exactly at s

1

; :::; s

6

. Then A comes with a principal

p olarisation � : A ! A

_

and an isomorphism � : A [2] ~! W whic h tak es the W eil

pairing to the standard pairing on W . Note ho w ev er that the construction of A is

not canonical and that A do es not ha v e an action of S L

2

( F

4

). Let x (resp. x ) denote

the generic (resp. geometric generic) p oin t of X . F rom the in terpretation of Y

0

as

a coarse mo duli space w e see that there is an em b edding i : O , ! End( A

x

) whic h

is compatible via � with the mo duli theoretic in terpretation of Y and suc h that the

action of O (via i ) on A

x

[2] matc hes that on W . In fact there is a unique suc h map

i . F or if i

0

w ere a second suc h map then i

0

= f � i � f

� 1

for some automorphism

f of A

x

whic h is the iden tit y on A

x

[2]. W e see that the represen tation T

2

( f ) on

the 2-adic T ate mo dule of A can only ha v e eigen v alues � 1. Supp ose that f 6= � 1.

Then (1 + f ) A m ust b e an elliptic curv e, A m ust b e isogenous to (1 + f ) A � (1 � f ) A

and w e ha v e a non-zero isogen y

(1 + f ) A � ! A � ! (1 � f ) A;
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where the �rst map is m ultiplication b y i (

p

5) and the second (1 � f ). This will

all b e de�ned o v er a non-empt y op en subset U of some �nite co v er of H

2

. Then

w e can map U to the j -line b y taking z to the j -in v arian t of (1 + f ) A

z

. It is

easy to see that this morphism has coun table �bres and so m ust in fact ha v e �nite

�bres, a con tradiction. Th us f = � 1 and i

0

= i . In particular w e see that i is

stable under the action of Gal( k ( x ) =k ( x )) and so de�ned (non-canonically) o v er

k ( x ). Th us replacing X

0

b y a smaller non-empt y op en subset w e see that there is

a homomorphism i : O , ! End( A ) suc h that i ( a )

_

� � = � � i ( a ) for all a 2 O and

suc h that the actions of O on A [2] and W matc h under � .

W e will let

~

X

0

= f ( a; b ) 2 ( A �

X

0

A )[

p

5] jh a; b i 6= 1 g = �

where ( a; b ) � ( a

0

; b

0

) if and only if ( a; b ) = � ( �a

0

; b

0

) for some � 2 F

�

5

. (Although

the construction of A is non-canonical, A

x

is canonical and the only automorphisms

of ( A

x

; �; i; � ) are � 1. Th us at least generically the construction of

~

X

0

is canonical

(i.e. if w e start with a di�eren t h yp erelliptic curv e mapping 2 : 1 to F w e get in

some neigh b ourho o d of the generic p oin t of X

0

the same v ariet y

~

X

0

! X

0

).)

Lemma 2.7. After p erhaps again shrinking X

0

,

~

X

0

is ge ometric al ly irr e ducible.

Pr o of. W e shall w ork o v er C . W e can p erform the same construction o v er some

non-empt y op en subset Y

00

� Y

0

, except that w e will use the equiv alence relation

( a; b ) � ( a

0

; b

0

) if and only if ( a; b ) = ( �a

0

; b

0

) for some � 2 F

�

5

. W e obtain a v ariet y

Z = Y

00

whic h has an action of f� 1 g whic h asso ciates ( y ; [( a; b )]) with ( y ; [( � a; � b )]).

W e will denote b y

~

Y

0

the quotien t Z = f� 1 g . Using the fact that the construction

of

~

X

0

is generically canonical w e see that (after p erhaps shrinking X

0

)

~

X

0

=

~

Y

0

�

Y

00

X

0

. After p erhaps again shrinking X

0

w e ma y supp ose that

~

X

0

dominates

X

0

. Assume for no w that

~

Y

0

is irreducible. The general �bres of X

0

! Y

00

and

hence of

~

X

0

!

~

Y

0

are irreducible (in fact birationally equiv alen t to Y ). If y is the

generic p oin t of Y

00

then

~

Y

0

y

is a �eld and

~

X

0

y

is irreducible. Th us the generic �bre

of

~

X

0

! X

0

is irreducible and hence

~

X

0

is irreducible.

It remains to sho w that

~

Y

0

is irreducible. W e ha v e a family

~

A = Z of principally

p olarised HB ab elian surfaces with full lev el 2-structure and with a subgroup C �

A [

p

5] of order 5 and a p oin t P 2

~

A [

p

5] � C . (Let

~

A = Z �

Y

00

A and o v er a p oin t

( y ; [( a; b )]) let C b e the subgroup generated b y a and let P = b .) Th us w e get a

map Z ! H

2

p

5

o v er Y

00

! H

2

. Lo oking at p oin ts one sees that Z ! H

2

p

5

factors

through a map

~

Y

0

! H

2

p

5

. Because [

~

Y

0

: Y

00

] � 60 and [ H

2

p

5

: H

2

] = 60 w e see

that

~

Y

0

is birationally equiv alen t to H

2

p

5

and hence irreducible. �

x 3. Ab elian surfaces with t wisted lev el 2 structure.

W e will no w �x b oth a �eld K of c haracteristic zero and a homomorphism

� : G

K

! S L

2

( F

4

). If V =K is a v ariet y with an action of S L

2

( F

4

) de�ned o v er K

w e will let V

�

denote the t wist of V b y � : G

K

! S L

2

( F

4

) ! Aut( V )( K ). Th us w e

ha v e

D

�

� ! X

1

�

� X

�

# #

C

�

� ! Y

1

�

� Y

�

:
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D

�

=X

1

�

is no w a P

1

-bundle in the � etale top ology , but not necessarily in the Zariski

top ology . W e ha v e sections s

1

; :::; s

6

: X

1

�

� K ! D

�

� K suc h that for all � 2 G

K

� ( s

i

) = s

~| � � ( � ) i

:

In particular the collection f s

1

; :::; s

6

g is de�ned o v er K .

Lemma 3.1. The surfac e Y

�

is bir ational ly e quivalent to P

2

over K (

p

5) . X

�

is

bir ational ly e quivalent to P

4

over K .

Pr o of. By lemma 2.2 there is a system of six disjoin t lines on Y

�

collectiv ely de�ned

o v er K (

p

5). Blo wing them do wn w e obtain a v ariet y V whic h is geometrically

isomorphic to P

2

and has a zero cycle of degree 10 rationally de�ned o v er K (

p

5),

namely the S L

2

( F

4

) orbit of (1 : � 1 : 0 : 0 : 0) 2 Y ( K ). As 10 is coprime to 3 w e see

that V ~! P

2

o v er K (

p

5 ). (Because on V

_

the line bundle O (1)

�

=

O (10) 
 (


2

V

_

)


 3

is de�ned o v er K (

p

5).) F or the second part note that X

�

is birationally equiv alen t

o v er K to the restriction of scalars from K (

p

5 ) to K of Y

�


 K (

p

5). �

Prop osition 3.2. D

�

=X

1

�

is a P

1

bund le in the Zariski top olo gy.

Pr o of. W e will use Br

2

( V ) to denote H

2

et

( V ; G

m

)[2], the 2-torsion in the cohomo-

logical Brauer group of V . W e m ust c hec k that [ D

�

] 2 Br

2

( X

1

�

) is trivial. If [ L : K ]

is o dd then Br

2

( X

1

�

) , ! Br

2

( X

1

�


 L ), and so w e ma y reduce to the case that the

image of � is con tained in a Sylo w 2-subgroup of S L

2

( F

4

). (W e thank Bogomolo v

for p oin ting this out to us.)

The natural inclusion

Br

2

( K ) , ! Br

2

( X

1

�

)

is an isomorphism b ecause

Br

2

( X

1

�

)

�

=

Br

2

( X

�

)

�

=

Br

2

( P

4

=K )

�

=

Br

2

( K )

(using resp ectiv ely: purit y for the cohomological Brauer group ([G3] corollary 6.2),

birational in v ariance of the cohomological Brauer group ([G3] theorem 7.4) and the

calculation of the cohomological Brauer group of pro jectiv e space ). Th us if x is

an y K -rational p oin t of X

1

�

then the map Br

2

( X

1

�

) ! Br

2

( K ) obtained b y taking

the �bre at x is an isomorphism. W e see that it su�ces to �nd a K -rational p oin t

on D

�

.

Supp ose as w e ma y that im � acts on Y so as to �x the �rst co ordinate. Then

(0 : 1 : 1 : � 1 : � 1), (0 : 1 : � 1 : 1 : � 1) and (0 : 1 : � 1 : � 1 : 1) 2 Y ( K ) all de�ne

K -rational p oin ts on Y

1

�

. Ab o v e these p oin ts the �bre of C

�

has a rationally de�ned

cycle of degree 3 (coming from the sections s

1

; :::; s

6

, see corollary 2.6) and so splits.

W e can �nd a Sev eri-Brauer v ariet y C

0

�

! Y

�

suc h that C

0

�

j

Y

1

�

� C

�

(purit y of the

cohomological Brauer group: [G3] corollary 6.2, and the cohomological description

of the Brauer group of a regular surface: [G2] theorem 2.1). The �bre of C

0

�

at

these three p oin ts will also b e split and so the restriction of C

0

�

to eac h of the three

copies of P

1

that mak e up ( Y \ f y

1

= 0 g )

�

is split (as Br

2

( K ) ~! Br

2

( P

1

=K )). W e

deduce that ab o v e an y K -rational p oin t of ( Y

1

\ f y

1

= 0 g )

�

there is a K -rational

p oin t of C

�

. Th us it su�ces to �nd a K -rational p oin t of X

1

�

whic h maps under �

to a p oin t of ( Y \ f y

1

= 0 g )

�

.
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Let L denote the line f (0 : s : � s : t : � t ) g � Y . Let y 2 L

�

( K ) and supp ose

that, considered as a p oin t of Y ( K ), y 6= (0 : 1 : � 1 : 1 : � 1), (0 : 1 : � 1 : � 1 : 1),

(0 : 1 : � 1 : 0 : 0) or (0 : 0 : 0 : 1 : � 1). Consider the blo w up of Y

�

at y less the

strict transform of L

�

, whic h w e will denote b y V . It has an in v olution w whic h

maps a p oin t y

0

to the third p oin t of in tersection of the line y y

0

with Y . Let V

0

denote the t wist of V b y the homomorphism

G

K

� ! Gal ( K (

p

5 ) =K ) , ! f 1 ; w g � Aut( V =K ) :

Then V

0

is isomorphic o v er K to the �bre of � at y . On the other hand V

0

has

a K -rational p oin t, namely the in tersection of the exceptional divisor with the

strict transform of the conic ( Y \ T

y

Y � L )

�

. This concludes the pro of of the

prop osition. �

The same argumen ts used b efore lemma 2.7 allo w one to deduce the follo wing

corollary .

Corollary 3.3. Ther e is a non-empty Zariski op en subset X

0

( � ) � X

1

�

, a prin-

cip al ly p olarise d HB ab elian surfac e ( A ( � ) ; �; i ) =X

0

( � ) and an isomorphism � :

( A ( � ) � K )[2] ~! W such that for al l � 2 G

K

� � � = � ( � ) � � :

Note that as S L

2

( F

4

) do es not act on A=X

0

w e can not de�ne A

�

directly . The

ab elian surface A ( � ) ma y b e though t of as a substitute.

W e will let

~

X

0

( � ) = f ( a; b ) 2 ( A ( � ) �

X

0

( � )

A ( � ))[

p

5] jh a; b i 6= 1 g = �

where ( a; b ) � ( a

0

; b

0

) if and only if ( a; b ) = � ( �a

0

; b

0

) for some � 2 F

�

5

. Again,

although the construction of A ( � ) is non-canonical, generically the construction of

~

X

0

( � ) is canonical. Th us o v er K w e ha v e that

~

X

0

( � ) is birationally equiv alen t to

~

X

0

and in particular

~

X

0

( � ) is absolutely irreducible (b y lemma 2.7).

Theorem 3.4. Supp ose that K is a �eld of char acteristic 0 and supp ose that � :

G

K

! S L

2

( F

4

) is a c ontinuous homomorphism. Then ther e is an ab elian surfac e

A=K to gether with a princip al p olarisation � : A ! A

_

and an emb e dding i : O , !

End( A ) (b oth de�ne d over K ) such that

(1) � � i ( a ) = i ( a )

_

� � for al l a 2 O ;

(2) the action of G

K

on A [2]

�

=

F

2

4

is e quivalent to � ;

(3) and, if K is a numb er �eld, the action of G

K

on A [

p

5]

�

=

F

2

5

is via a homo-

morphism G

K

� GL

2

( F

5

) whose image c ontains S L

2

( F

5

) .

Pr o of. Cho ose a p oin t x 2 X

0

( � )( K ). If K is a n um b er �eld w e ma y , b y Hilb ert

irreducibilit y , assume that if ~x 2

~

X

0

( � ) is a p oin t ab o v e x then [ K ( ~ x ) : K ] = 60. Let

A = A ( � )

x

. The only part of the theorem that is not ob vious is part 3. So supp ose

that K is a n um b er �eld. If G denotes the image of G

K

in GL

2

( F

5

)

�

=

Aut( A [

p

5])

then w e ha v e that

# G

�

G \

� �

� 0

0 �

�

�

�

�

�

� = � 1 ; � 2 F

�

5

�

= 60 :

An easy bit of group theory no w sho ws that G � S L

2

( F

5

). �
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Corollary 3.5. Supp ose K is a �eld of char acteristic zer o, f 2 K [ X ] is a quintic

p olynomial with discriminant d and L=K is the splitting �eld for f . Then ther e is

a princip al ly p olarise d HB ab elian surfac e A=K (

p

d ) such that L = K (

p

d )( A [2]) .

Hermite [H] sho w ed that in the situation of this corollary there is a solv able

extension K

1

=K and an elliptic curv e E =K

1

suc h that K

1

( E [5]) � L . Ho w ev er w e

do not in general ha v e equalit y , nor ev en an equalit y b et w een K

1

( E [5]) and L ( �

5

).

Apparen tly Kronec k er found this lac k of equalit y unsatisfactory (see [K]).

W e remark, in the con text of Theorem 3.4, that if F is a real quadratic �eld in

whic h 2 is inert suc h that ev ery � : G

K

! S L

2

( F

4

) can b e realized on A [2] for some

ab elian surface A=K with m ultiplication b y O

F

, then necessarily F = Q (

p

5). The

reason is that then w e could, for an y prime p � 1 mo d 5, �nd an ab elian surface

with m ultiplication b y F suc h that 5 divides the image of inertia at p in Aut ( T

2

A )

and hence in Aut( T

�

A ) for all � not dividing p . Th us [ F

�

( �

5

) : F

�

] � 2 for all but

�nitely man y primes � and so [ F ( �

5

) : F ] � 2. Th us F = Q (

p

5).

x 4. Applications.

Theorem 4.1. Supp ose that � : G

Q

! GL

2

( F

5

) has determinant the cyclotomic

char acter and that # � ( I

3

) j 10 ; then � is mo dular.

Pr o of. After t wisting b y a c haracter w e ma y replace the third condition b y the

assumption that � ( I

3

) is unip oten t. Then b y Theorem 1.2 w e can �nd an elliptic

curv e E = Q suc h that �

E ; 5

�

=

� and �

E ; 3

is surjectiv e on to GL

2

( F

3

). Then w e see b y

considering the action of I

3

on the 5-adic T ate mo dule of E that E is semi-stable

at 3. Hence b y [D], E is mo dular and so � is mo dular. �

Theorem 4.2. Supp ose that A= Q is an A b elian surfac e, � : A ! A

_

is a princip al

p olarisation, and i : O ! End ( A ) is an emb e dding al l de�ne d over Q and such

that � � i ( a ) = i ( a )

_

� � for al l a 2 O . Supp ose mor e over that A has semi-stable

r e duction at 3 and 5 and that the r epr esentation of G

Q (

p

5)

on the

p

5 division of

A is irr e ducible. Then A is mo dular (i.e. a factor of the Jac obian of a mo dular

curve).

Pr o of. Let � : G

Q

! GL

2

( F

5

) denote the represen tation of G

Q

on A [

p

5]. The W eil

pairing on A [

p

5] sho ws that det � is the cyclotomic c haracter. Also � ( I

3

) has order

1 or 5 b ecause A has semi-stable reduction at 3. Th us b y theorem 4.1 � is mo dular.

Let � : G

Q

! GL

2

( O

p

5

) denote the represen tation of G

Q

on the

p

5-adic T ate

mo dule of A . Then � is either 
at or Selmer (in the sense of Wiles [W]), det � is the

cyclotomic c haracter and the reduction of � mo dulo

p

5 is mo dular and irreducible

when restricted to G

Q (

p

5)

. By [D], � is mo dular and hence b y F altings isogen y

theorem A is mo dular. �

W e remark that w e ha v e in fact pro v ed the follo wing more general result, whic h

it ma y b e con v enien t to record here.

Theorem 4.2�. L et F b e a total ly r e al numb er �eld of de gr e e d and let � b e a

prime of O

F

with norm 5 (r esp. 3 ). L et A= Q b e an ab elian d -fold with semi-

stable r e duction at 3 and 5 (r esp. at 3 ). Supp ose that ther e is an isomorphism

i : F ~! End ( A ) 


Z

Q . This gives rise to a r epr esentation (wel l de�ne d up to semi-

simpli�c ation) �

A;�

: G

Q

! GL

2

( O

F

=� ) . We further supp ose that this r epr esentation
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is absolutely irr e ducible when r estricte d to Q (

p

5) (r esp. Q (

p

� 3) ). Then A is

mo dular.

W e should �rst explain what w e mean b y �

A;�

. Cho ose an ab elian v ariet y A

0

isogenous to A with an em b edding O

F

, ! End( A

0

). Then let �

A;�

denote the

action of G

Q

on A

0

[ � ]. If for one c hoice of A

0

this is absolutely irreducible it is for

all c hoices of A

0

and is indep enden t of the c hoice of A

0

.

Th us to pro v e the prop osition w e ma y assume that R = O

F

. W e ma y c ho ose

a p olarisation � on A and it is kno wn that the Rosati in v olution it induces on

i ( O

F

) m ust b e p ositiv e and hence the iden tit y . W e see that the action of G

Q

on T

�

A

�

=

O

2

F ;�

has determinan t the cyclotomic c haracter and so det �

A;�

is the

cyclotomic c haracter. The result no w follo ws exactly as in the previous prop osition.

W e remark that the case � has norm 3 is due to Wiles et al (see [W], [TW], [D]).

Theorem 4.3. Supp ose that � : G

Q

! GL

2

( F

4

) is a r epr esentation which is unr am-

i�e d at 3 and 5 . Then � is mo dular.

Pr o of. Twisting, w e ma y replace GL

2

( F

4

) b y S L

2

( F

4

). By theorem 3.6 w e can

�nd an ab elian surface A= Q , a principal p olarisation � : A ! A

_

and an em b edding

i : O , ! G

Q

all de�ned o v er Q and suc h that

(1) � � i ( a ) = i ( a )

_

� � for all a 2 O ;

(2) � is equiv alen t to the represen tation of G

Q

on A [2];

(3) the represen tation of G

Q (

p

5)

on A [

p

5] is irreducible.

It is not hard to see that the action of the inertia groups I

3

and I

5

on the 2-adic

T ate mo dule of A can b e conjugated (separately) to lie in the group of matrices of

the form

�

�

1 �

0 1

�

:

Th us, p ossibly after replacing A b y a quadratic t wist, w e ma y also assume that

A is semi-stable at 3 and 5. Th us, b y theorem 4.2, A is mo dular; and hence � is

mo dular.
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