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Introduction

In this paper we extend the results of [Tay4| from the ordinary to the crys-
talline, low weight case. The underlying ideas are the same. However this
extension allows us to prove the meromorphic continuation and functional
equation for the L-function of any regular (i.e. distinct Hodge numbers) rank
two “motive” over Q. We avoid having to know what is meant by “motive”
by working instead with systems of [-adic representations satisfying certain
conditions which will be satisfied by the [-adic realisations of any “motive”.
More precisely by a rank 2 weakly compatible system of l-adic representa-
tions R over Q we shall mean a 5-tuple (M, S,{Q,(X)},{pa}, {n1,n2}) where

e M is a number field;

S is a finite set of rational primes;

e for each prime p ¢ S of Q, Q,(X) is a monic degree 2 polynomial in
M[X];

e for each prime A of M (with residue characteristic [ say)
P GQ — GLQ(M)‘)

is a continuous representation such that, if [ ¢ S then p,|g, is crys-
talline, and if p ¢ S U {l} then p, is unramified at p and p)(Frob,) has
characteristic polynomial @,(X); and

e ny,ny are integers such that for all primes A of M (lying above a rational
prime [) the representation p,|g, is Hodge-Tate with numbers n; and na,

—

ie. pa®g QFF = (My®q Q) (—m1) & (My®g, Qf°)(—n2) as My Qg Q-
modules with M)-linear, Qf¢-semilinear Gg,-actions.

We call R regular if ny # ng and det py(c¢) = —1 for one (and hence all) primes
A of M. We remark that if R arises from a regular (distinct Hodge numbers)
motive then one can use the Hodge realisation to check that det py(c) = —1
for all A\. Thus we consider this oddness condition part of regularity. It is
not difficult to see that either all the p, are absolutely reducible or all are
absolutely irreducible. In the former (resp. latter) case we call R reducible
(resp. irreducible). Then we prove the following theorem.

We will call R strongly compatible if for each rational prime p there is a
Weil-Deligne representation WD, (R) of Wy, such that for primes A of M not
dividing p, WD, (R) is equivalent to the Frobenius semi-simplification of the



Weil-Deligne representation associated to py|q,. If R is strongly compatible
and if i : M — C then we define an L-function L(iR, s) as the infinite product

L(iR,s) = [ [ L,(iWD,(R)" & |Art '] *)""
p

which may or may not converge. Fix an additive character ¥ = [[ ¥, of A/Q
with U (z) = €?™V=1* and a Haar measure dz = [[dz, on A with dz., the
usual measure on R and with dz(A/Q) = 1. If, say, n; > ny then we can also
also define an e-factor €(iR, s) by the formula

e(iR,s) =+ 1 " [ e(iWD,(RS)" ® |Art ~'|;%, ¥, dz,).

p

(See [Tat] for the relation between l-adic representations of Gg, and Weil-
Deligne representations of Wg,, and also for the definition of the local L and
e-factors.)

Theorem A Suppose that R = (M, S, {Q.(X)},{pr}, {n1,n2})/Q is a regu-
lar, irreducible, rank 2 weakly compatible system of l-adic representations with
n1 > ng. Then the following assertions hold.

1. For all rational primesp ¢ S and for alli : M — C the roots of i(Q,(X))
have absolute value p~("1+72)/2

2. R s strongly compatible.

3. For alli: M — C, the L-function L(iR,s) converges to a meromorphic
function in Res > 1 — (ny + n2)/2, L(iR, s) has meromorphic continu-
ation to the entire complex plane and satisfies a functional equation

(27) "I (s 40y L(IR, s) = €(iR, s)(2m)* ™2 1D(1 —ng — s)L(iRY,1 — s).

For example suppose that X/Q is a rigid Calabi-Yau 3-fold, where by
rigid we mean that H*!(X(C),C) = (0). Then the zeta function (x(s) of
X has meromorphic continuation to the entire complex plane and satisfies a
functional equation relating (x(s) and (x(4 — s). A more precise statement
can be found in section six.

Along the way we prove the following result which may also be of interest.
It partially confirms the Fontaine-Mazur conjecture, see [FM].

Theorem B Let | > 3 be a prime and let 2 < k < (I + 1)/2 be an integer.
Let p : Go — GLy(Qf°) be a continuous irreducible representation such that
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e p is ramifies at only finitely many primes,

e detp(c) = —1,

e plg, is crystalline with Hodge-Tate numbers 0 and 1 — k.
Then the following assertions hold.

1. There s a Galois totally real field F' in which | is unramified, a requ-
lar algebraic cuspidal automorphic representation m of GLy(Ar) and an
embedding X\ of the field of rationality of m into Q¢ such that

® Pr " P‘Gp;
e 7, is unramified for all places x of E above l, and

e 1, has weight k.

2. If p is unramified at a prime p and if a is an eigenvalue of p(Frob,) then
a € Q* and for any isomorphism i : Q¢ = C we have

‘Z'O{|2 _ p(kfl)/Q‘

3. Fiz an isomorphism i : Q¢ = C. There is a rational function L;;(X) €
C(X) such that the product

L(ip,s) = Lii(I7*)"  idet(1 — pg,(Frob,)p~*)~"
p#l

converges in Res > (k+1)/2 and extends to a meromorphic function on
the entire complex plane which satisfies a functional equation

(21)~°T'(s) L(ip, s) = WN(p)*?7*(27)* *T'(k — s)L(i(p" ® " 1), k — s),

where € denotes the cyclotomic character, where N(p) denotes the con-
ductor of p (which is prime to 1), and where W is a complex number.

(W is given in terms of local e-factors in the natural way. See section 6
for details.)

4. If k = 2 further assume that for some prime p # | we have

€X  *
fla (0 X)'

Then p occurs in the l-adic cohomology (with coefficients in some Tate
twist of the constant sheaf) of some variety over Q.
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For further discussion of the background to these results and for a sketch
of the arguments we use we refer the reader to the introduction of [Tay4].

The first three sections of this paper are taken up generalising results of
Wiles [W2] and of Wiles and the author [TW] to totally real fields. Previous
work along these lines has been undertaken by Fujiwara [Fu] (unpublished) and
Skinner and Wiles [SW2]. However the generalisation we need is not available
in the literature, so we give the necessary arguments here. We claim no great
originality, this is mostly a technical exercise. We hope, however, that other
authors may find theorems 2.6, 3.2 and 3.3 of some use.

In the fourth and fifth sections we generalise some of our results from [Tay4]
about a potential version of Serre’s conjecture. This is the most original part of
this paper. The main result is theorem 5.7. Finally in section six we combine
theorems 3.3 and 5.7 to deduce the main results of this paper which we have
summarised above.

Notation

Throughout this paper [ will denote a rational prime, usually assumed to be
odd and often assumed to be > 3.

If K is a perfect field we will let K denote its algebraic closure and Gx
denote its absolute Galois group Gal (K*/K). If moreover p is a prime number
different from the characteristic of K then we will let €, : Gx — Z; denote
the p-adic cyclotomic character and w, the Teichmuller lift of €, mod p. In the
case p = | we will drop the subscripts and write simply € = ¢, and w = w;. We
will let ¢ denote complex conjugation on C.

If K is an [-adic field we will let | | denote the absolute value on K
normalised to take uniformisers to the inverse of the cardinality of the residue
field of K. We will let I denote the inertia subgroup of Gk, Wk denote the
Weil group of K and Frobx € Wx/Ix an an arithmetic Frobenius element.
We will also let Art : K* = W2P denote the Artin map normalised to take
uniformisers to arithmetic Frobenius elements. Please note these unfotunate
conventions. We apologise for making them. (They are inherited from [CDT].)
By an n-dimensional Weil-Deligne representation of W over a field M we shall
mean a pair (r, N) where r : Wx — GL,(M) is a homomorphism with open
kernel and where N € M, (M) satisfies

r(c)Nr(o)™' = |Art o[ N

for all 0 € Wx. We call (r, N) Frobenius semi-simple if r is semi-simple. For



n € Zso we define a character wg,, : Ix — (K*)* by
win(0) = o ln*\l/i)/ v/

We will often write w, for wg, ,. Note that wg; = w.

Now suppose that K/Q is a finite unramified extension, that O is the
ring of integers of a finite extension of K with maximal ideal A and that
2 <k <I[l-1 Let MFkox denote the abelian category whose objects are
finite length Ok ®z, O-modules D together with a distinguished submodule
DY and Frobg ® 1-semilinear maps ¢;_; : D — D and g : D° — D such that

® 1 i|po =1¥ 1y, and
e Imy; ;+Imypg=D.

Also let MF g,0/an x denote the full subcategory of objects D with A" D = (0).
If D is an object of MFk o, we define D*[1 — k| by

e D*[1 — k] =Hom (D, Q,/Z);
e D*[1 — k] =Hom (D/D°, Q/%);

o pik(f)(2) = f(I* 2 +y), where z = p1_(2) + po(y);
e 0o(f)(2) = f(z mod D°), where z = 1 _4(z) mod (¢uD°).

There is a fully faithful, O-length preserving, exact, (O-additive, covariant
functor M from MFk o to the category of continuous O[Gk|-modules with
essential image closed under the formation of sub-objects. (See [FL], especially
section 9. In the notation of that paper M(D) = U¢(D*), where D* is D*[1—k|
with its filtration shifted by k — 1. The reader could also consult section 2.5
of [DDT], where the case k = 2 and K = Q) is discussed.)

If K is a number field and z is a finite place of K we will write K, for
the completion of K at x, k(x) for the residue field of x, w, for a uniformiser
in K, G, for a decomposition group above z, I, for the inertia subgroup of
G, and Frob, for an arithmetic Frobenius element in G,/I,. We will also
let Ok denote the integers of K, 0k the different of K and k(z) denote the
residue field of Ok at z. If S is a finite set of places of K we will write K¢
for the subgroup of K* consisting of elements which are units outside S. We
will write Ag for the adeles of K and || || for | | : A — R*. We also
use Art to denote the global Artin map, normalised compatibly with our local
normalisations.



We will write puy for the group scheme of N** roots of unity. We will write
W (k) for the Witt vectors of k. If G is a group, H a normal subgroup of
G and p a representation of G, then we will let p" (resp. py) denote the
representation of G/H on the H-invariants (resp. H-coinvariants) of p. We
will also let p* denote the semisimplification of p, ad p denote the adjoint
representation and ad °p denote the kernel of the trace map from ad p to the
trivial representation.

Suppose that A/K is an abelian variety with an action of Oy, for some
number field M over a perfect field K. Suppose also that X is a finite index
Opr-submodule of a free Op-module. If X is free with basis ey, ..., e, then by
A ®p,, X we shall simply mean A". Note that for any ideal a of O); we have
a canonical isomorphism

(A ®o,, X)[a] = Ala] ®o,, X.

In general if Y D X D aY with Y free and a a non-zero principal ideal of Oy,
prime to the characteristic of K then we will set

(A®oy X) = (A ®o, aY)/(Ala] ®o,, X/aY).

This is canonically independent of the choice of Y D X and again we get an
identification
(A Rou X)[a] = A[a] ®o,, X.

If X has an action of some O), algebra then A ®p,, X canonically inherits
such an action. We also get a canonical identification (A ®p,, X)" = AY ®0,,
Hom (X, Oy). Suppose that u : A — AV is a polarisation which induces
an involution ¢ on M. Note that ¢ equals complex conjugation for every
embedding M < C. Suppose also that f : X — Homop,, (X,0p) is c-
semilinear. If for all z € X — {0}, the totally real number f(x)(z) is totally
strictly positive then 4 ® f: A ®p,, X = (A ®p,, X)" is again a polarisation
which induces ¢ on M.

If A is an ideal of Oy prime to the characteristic of K we will write p4 , for
the representation of Gx on A[A](K“). If X is prime we will write T\ A for the
A-adic Tate module of A, VA for T\A ®z Q and p4 » for the representation of
G on V3 A. We have a canonical isomorphism Ty (A®e,, X) — (ThA) ®o,, X.

Suppose that M is a totally real field. By an ordered invertible O);-module
we shall mean an invertible Oj/-module X together with a choice of connected
component X of (X ® M,) — {0} for each infinite place z of M. If a is a
fractional ideal in M then we will denote by at the invertible ordered Oy;-
module (a, {(M))%}), where (M *)? denotes the connected component of 1 in
M. By an M-HBAV over a field K we shall mean a triple (4,1, j) where
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e A/K is an abelian variety of dimension [M : Q)

o i: Oy < End(A/K)

e and j : (0,;)" = P(A,i) is an isomorphism of ordered invertible O ;-
modules.

Here P(A, 1) is the invertible Oy module of symmetric (i.e. f¥ = f) homomor-
phisms f : (A,i) — (AY,7") which is ordered by taking the unique connected
component of (P(A,i) ® M,) which contains the class of a polarisation. (See
section 1 of [Rap].)
If A is a prime of M and if z € 0,; then j(z) : A — AV gives rise to an
alternating pairing
€5,z,0 - T)‘A X T,\A — Zl(l)

This corresponds to a unique Oy »-bilinear alternating pairing
et TAA X ThA — 0,/ (1),

which are related by e;, o = tr oe;,. The pairing xflem is independent of x
and gives a perfect Oy »-bilinear alternating pairing

€;: T)\A X T/\A — OM,)\(l),

which we will call the j-Weil pairing. (See section 1 of [Rap|.) Again using
the trace, we can think of e; as an Oy »-linear isomorphism

¢ : T\A® 0, — Homgz, (ThA,Zi(1)).
More precisely
€i(a®@y)(b) = tr (ye;(a,b) = ejao(z'ya,b).
The same formula (for z € 9, —ad,,; ) gives rise to an Oy y-linear isomorphism
¢;: Ala] ®o,, 05, — Ala]",

which is independent of x and which we will refer to as the j-Weil pairing on
Alal.

Suppose that F' is a totally real number field and that 7 is an algebraic
cuspidal automorphic representation of GLy(Ar) with field of definition (or
coefficients) M C C. (That is M is the fixed field of the group of automor-
phisms o of C with omr = w. By the strong multiplicity one theorem this
is the same as the fixed field of the group of automorphisms o of C with
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om, = m, for all but finitely many places x of F.) We will say that 7, has
weight (k, @) € legm (ER) . 7Hom (FR) if for each infinite place 7 : F < R
the representation 7, is the (k, — 1)* lowest discrete series representation of
GLy(F,) = GLy(R) (or in the case k; = 1 the limit of discrete series repre-
sentation) with central character a — a? k=—2wr  Note that k, + 2w, must
be independent of 7. If m, has weight ((k,..., k), (0,...,0)) we will simply say
that it has weight k. In some cases, including the cases that 7., is regular
(i.e. k, > 1 for all 7) and the case 7., has weight 1, it is known that M is
a CM number field and that for each rational prime [ and each embedding
A M — Q¢ there is a continuous irreducible representation

Pr GF — GLQ(M)‘)

canonically associated to . For any prime z of F' not dividing [ the restriction
prlc, depends up to Frobenius semi-simplification only on 7, (and ). (See
[Tay1] for details.) We will write pmA|§{°}FT = WD,y (7;), where WDy (7,) is a
semi-simple two-dimensional representation of Wg, . If 7, is unramified then
WD, (7,) is also unramified and WD, (7, )(Frob,) has characteristic polyno-
mial

X? —t,X + (Nz)s,

where t, (resp. s,) is the eigenvalue of

GL0r) T GLOR)
(resp. of
GLOn) T 0 6Li0n)))
on g 2(O%)  An explicit description of some other instances of WD, (7,,) may

be found in section 4 of [CDT].

We may always conjugate p, » so that it is valued in GLy(O)y) and then
reduce it to get a continuous representation Gr — GLy(Fy¢). If for one such
choice of conjugate the resulting representation is irreducible then it is inde-
pendent of the choice of conjugate and we will denote it p, .

1 [-a ic mo ular forms on efinite quaternion
algebras

In this section we will establish some notation and recall some facts about
[-adic modular forms on some definite quaternion algebras.
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To this end, fix a prime [ > 3 and a totally real field F' of even degree in
which [ is unramified. Let D denote the division algebra with centre F' which
ramifies exactly at the set of infinite places of F'. Fix a maximal order Op
in D and isomorphisms Op, = My(Op,) for all finite places z of F. These
choices allow us to identify GLy(A%) with (D ®g A*)*. For each finite place
x of F' also fix a uniformiser w, of Op,. Also let A be a topological Z;-algebra
which is either an algebraic extension of (;, the ring of integers in such an
extension or a quotient of such a ring of integers.

Let U = U, be an open compact subgroup of GLy(A%) and let 1 :
(A®)*/F* — A* be a continuous character. Also let 7: U, — Aut (IW,) be a
continuous representation of A on a finite A-module W, such that

—1
T|Ulﬁ(9;’l = WUmO;J-

We will write W, ,, for W, when we want to think of it as a U(A%¥)*-module
with U acting via 7 and (A%)* by 1.
We define S, 4(U) to be the space of continuous functions

f:D*\GLy(AY) — W,
such that
o f(gu) =7(w) 1f(g) for all g € GLy(A¥) and all u € U, and
o f(g2) =v(2)f(g) for all g € GLy(AY) and all z € (AX)*.
If
GLy(AY) = [[ D t:U(AF)"

then B
Srp(U) = @ W T
fo— (f(t))i

The index set over which 7 runs is finite.

Lemma 1.1 Each group (U(A®)* N t;'D*t;)/F* is finite and, as we are
assuming | > 3 and | is unramified in F, the order of (U(A®)* Nt; ' D*t;)/F*
18 not divisible by [.

Proof:Set V.= Joc Op.,- Then we have exact sequences

(0) — (UV Nt 'D¥=1) {1} — (U(AR)* Nt D) [ F* —
(((AF) )V O E)/(F*)* — (0)

9



and
(0) — OF/(O5)* — ((AF))*V N FX)/(F*)? — H[2] — (0),

where H denotes the class group of Op. We see that (((A®)*)2VNE>)/(F*)?
is finite of 2-power order. Moreover UV Nt; ' DI**=1¢, is finite. For [ > 3 and [
unramified in F, D* and hence UV Nt; ' D4=1¢; contain no elements of order
exactly /. The lemma follows. O

Corollary 1.2 If B is an A-algebra then
S, w(U)®4B = S.4,84(U).

If z fl, or if x|l but 7|y, = 1, then the Hecke algebra A[U,\GLy(F,)/U,]
acts on S, ,(U). Explicitly, if

U.hU, = MU,

then

([UhU,)f)(9) = Z f(ghs).

Let Uy denote , GLy(Op,). Now suppose that n is an ideal of Op and
that, for each finite place = of F' diving n, H, is a quotient of (Op,/n,)*.
Then we will write H for  H, and we will let Ux(n) = Upn(n), denote
the open subgroup of GLy(A% ) defined by setting Uy (n), to be the subgroup
of GLy(Op,) consisting of elements

a b

c d

with ¢ € n, and, in the case z|n, with ad~! mapping to 1 in H,.
If z fin then we will let T, denote the Hecke operator

w, 0

Uil ] vu)

and S, the Hecke operator

wy, 0
0 w,

{UH(n) UH(n)} :
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If z|n and, either z /l or z|l but 7|y, u) = 1, then we will set

h 0
)= |Uat) 10 Un(m)
for h € H, and h a lift of h to Op,; and
_ o 0 -
Us, = |Un(n) Un(n)|;
L 0 1 .
and _ .
Vo = ltum) Y v
Wy ~— I H 0 wx H ] 9
and
wy, 0
Swm = UH(n) 0 Dy UH(ﬂ)
For z|n we note the decompositions
Uam)e 70 0 Une= T Uaw)
ack(x)
and
1 0 w, 0
ack(x)
and
w, 0 w0
Un(n)s 0 w, Un(n), = 0 w, Un(n)a,

where @ is some lift of a to Op,.

We will h; 44(Ug(n)) denote the A-subalgebra of End 4(S;,4(Un(n))) gen-
erated by T, for z fin and by U, for z|n but z {I. It is commutative. We will
call a maximal ideal m of h, 44 (Ug(n)) FEisenstein if it contains 7, — 2 and
S, — 1 for all but finitely many primes x of F' which split completely in some
finite abelian extension of F'

For k € 75 and we will let Symm *2(A?) denote the space of homogeneous
polynomials of degree k£ — 2 in two variables X and Y over A with a GLy(A)-
action via

a b Z = f(aX + ¢Y,bX + dY).

b
d f (X7Y):f (X’Y) d
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Let A be an Oy, algebra for some extension L/Q; containing the images of all
embeddings F — Q. Suppose that (k, ) € ZEc{m (FQ) o 7Hom (FQ°) ig such
that k, + 2w, is independent of 0. We will write (k@) A for the representation

of GL3(Ory) on Wiiiw)a = ®U:F—>Qac Symm *7 (AQ) via

g — ®0:F~>ch (Symm kﬁiQ(Ug) ® detwa (Ug))

(U). Let St“" Aw(U) denote (0)

unless (k, @) = ((2,...,2), (w, ..., w)), in which case let it denote the subspace of
S(M)’A@(U) consisting of functions f which factor through the reduced norm.
Set

We will also write S(E,ﬁ),A,w(U) for ST(M),A@

Sia).aUi) = hm Sty .U X Th).

It has a smooth action of GLQ(A%O’Z) (by right translation). If (k,@) =
((k,...,k), (0, ...,0)) then we will often write k in place of (k, ). Set

Soaw = 1_1%1 So. 44 (U)

and

trlv

Ap = hm S;rXQ/,(U).
They have smooth actions of GLQ(A%O).

Lemma 1.3 Suppose that (E,w) € ZHom (BQ) o gHom (FO) gy = k, —

1 + 2w, is independent of o. Also suppose that ¢ : Af/F* — (QF)* is
a continuous character satisfying ¥ (a) = (Na)'™™ for all a in a non-empty
open subgroup of F)*. Choose an isomorphism i : Q¢ = C. Define i(k, W) =
(ik,iw) € 720 x ZHom (PO by (ik). = k1, and (i), = wi1,. Also
define ; : AL/F* — C* by ¢;(2) = i(N2)* '(2))(Nzoo)' ™. Then we
have the following assertions.

1. 5. )08 (1) is a semz’—simple admissible representation of GLy(AX")

and S Qac (Ul) — S -' Qac (Ul X Ul)

2. There is an isomorphism
riv ~U oo U,
(St U0/ S35 e o (UD) e C = Pt @ "

where ™ runs over reqular algebraic cuspidal automorphic representations
of GLy(Afr) such that w4 has weight (k, W) and such that m has central
character V.
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3. Soqeey 15 a semi-simple admissible representation of G Ly(A¥) and
U
5’2,@76,1/; = S2,Q;“,¢(U)-
4. There is an isomorphism

S,qoe y ®gue i C = x)e ™

X s

where T runs over reqular algebraic cuspidal automorphic representations
of GLy(Ap) such that m has weight 2 and such that w has central char-
acter Vo, and where x runs over characters (AP )* /FZ_ o — (Qf¢)* with

x> = .

Proof: We will explain the first two parts. The other two are similar. Let
C>®(D*\(D ®qg A)* /Ui, 1) denote the space of smooth functions

D*\(D ®q A)* JU; —s C

which transform under Ay by 1. Let 7. denote the representation of D}
on W, = W(,; @),Q5 ®; C via

9 — ®pogee (Symm ¥ 2 (iog) @ det" (iog)).
Then there is an isomorphism

S Ur) — Hom px (W, C*(D"\(D &g A)" /Ui, 1s0))

(R).0p
which sends f to the map
yr— (g— ?/(Too(goo)flT(E,w),Qgc (90)f(9>)))-

Everything now follows from the Jacquet-Langlands theorem. O

There is a pairing
Symm *72(A?) x Symm *72?(4?) — A

defined by
(fi, f2) = (f1(0/0Y, —0/0X) fo(X,Y))| x=y 0.

By looking at the pairing of monomials we see that

(frfo) = (=) fo. f1)
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and that if 2 < k <[+ 1 then this pairing is perfect. Moreover if

€ GLy(A)

Yy — a b
¢ d
then

<uf1,uf2>

= (f1(a0/0Y — c0/0X,b0/0Y — d0/0X)fs(aX + cY,bX +dY))|x—y-o
(
(

fi((detw)0/OW, —(det u)0/Z) fo( Z, W))| z2=w=0
det u)*2(f1, f2),

where Z = aX 4+ cY and W = bX + dY. This extends to a perfect pairing
W(E,zﬁ),A X W(;;u;),A — A such that

(uz,uy) = (Ndetu)” {z,y)

for all z,y € W .. and all u € GLy(Op;). Here w = k, + 2w, — 1, which is
independent of o.

We can define a perfect pairing Sk a4 (Un(n)) X Sk aw(Un(n)) — A by
setting (f1, f2) equal to

(fi(2), fo(2))¥(det 2) 7 (F(Un(n)(AF)* Na™ D*x)/F*) 7,
a

X

where [z] ranges over D*\(D ®g A>®)* /Uy (n)(A¥)*. (We are using the fact
that #(Ug(n)(A®)*Na ' D*x)/F* is prime to [.) The usual calculation shows
that

([Unr (W) gUn ()] f1, f2)u ) = $(det g)(fr, [Un (0)g™ U (0)] f2) s (w)-

Now specialise to the case that A = O is the ring on integers of a finite
extension of Q;. We will write simply Az 4 ,(Un(n)) for Az 4 0, (Un(n)). It
follows from lemma 1.3 and the main theorem [Tay1] that there is a continuous
representation

p: Gr— GLa(hg ) (Un(n) o Q)
such that
e if x /nl the p is unramified at = and tr p(Frob,) = T}; and
o detp =e(rpoArt 1),
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From the theory of pseudo-representations (or otherwise, see [C2]) we deduce
that if m is a non-Eisenstein maximal ideal of hj z ,(Un(n)) then p gives rise
to a continuous representation

pm s G — GLa(h ) (U (1))m)
such that
e if z fnl the p, is unramified at x and tr p,(Frob,) = T}; and

o detpy = €(¢p o Art ).

From the Cebotarev density theorem we see that Az ;) ,,(Un(n))m is generated
by U, for z|n but x I and by T, for all but finitely many z fin.

We will write p,, for (pw mod m). If ¢ : b 5 ,(Un(n))m — R is a map of
local O-algebras then we will write p, for ¢pn. If R is a field of characteristic

[ we will sometimes write p,, instead of py.

Lemma 1.4 Let (l;, W) be as above. Suppose that x fn is a split place of F
above | such that 2 < k, < |l — 1. If m is a non-Eisenstein mazimal ideal
of hg g, (Un(n)) and if I is an open ideal of hj gz ,(Un(n))m then ((pn ®
e “=)mod I)|g, is of the form M(D) for some object D of  Fp, ok with
D # D° £ (0).

Proof: Combining the construction of p, with the basic properties of M
listed in the section of notation, we see that it suffices to prove the following.
Suppose that 7 is a cuspidal automorphic representation of GLo(Ap) such
that 7 is reqular algebraic of weight (E, w). Let M denote the field of def-
inition of w. Suppose that x is a split place of F above | with ©, unrami-
fied. Let M denote the algebraic closure of M in C and fix an embedding
A M* — Q. Let 7: F' — M be the embedding so that X\ o T gives rise to
x. Suppose that 2 < k, <1 —1. If I is a power of the prime of Oy induced
by A, then (pr ® € “7)|g, mod I is of the form M(D) for some object D of

sz,OM,A,kT with D 7£ DO 7'é (0)

By the construction of p,, in [Tayl], our assumption that (p, , mod \)
is irreducible, and the basic properties of M, we see that it suffices to treat
the case that m, is discrete series for some finite place y (cf [Tay2]). Because
2 < k;, <1—1, it follows from [FL] that we need only show that p, ) is
crystalline with Hodge-Tate numbers —w, and 1 — k; — w,. In the case 7, is
discrete series for some finite place y this presumably follows from Carayol’s
construction of p,  [C1] and Faltings theory [Fal, but for a definite reference
we refer the reader to theorem VII.1.9 of [HT] (but note the different, more
sensible, conventions in force in that paper). O
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Corollary 1.5 Suppose that x /n is a split place of F. Suppose that (E, w) is
as above and that 2 < k, <1 — 1. If m is a non-Fisenstein mazximal ideal of
_ ko — 14 (I+1)wy kg —1)+ (141w,

M) (U (0)) then By[1, ~ wiy " H D g i D3 Dwe 6

wkz+wzfl *
0 wve
Proof: This follows easilly from the above lemma together with theorem
5.3, proposition 7.8 and theorem 8.4 of [FL]. O
The following lemma is well known.
Lemma 1.6 Suppose that x is a finite place of F' and that 7 is an irreducible

admissible representation of GLy(F). If x1 and x2 are two characters of F*,

let m(x1,x2) denote the induced representation consisting of locally constant
functions GLy(F') — C such that

Foo0 g = xa@xalbla/blf(g)

(with G Lo(F')-action by right translation). Let Uy (resp. Us) denote the sub-
group of elements in GLy(Op,) which are congruent to a matriz of the form

1 *
01 mod (w,)
(resp.

I mod (w?)).

S %

1. If 7Y #£ (0) then m is a subquotient of some m(x1, X2) where the conduc-
tors of x1 and xo are < 1.

2. 1If the conductors of x1 and xs are < 1 then

1

7T(X1,X2)U
18 two dimensional with a basis eq, ey such that
Uy, e = (Nx)l/QXi(wm)ei

and
(hyei = xi(h)e;
for h € (Op,/z)*.
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3. If V2 # (0) then m is either cuspidal or a subquotient of some 7(x1, X2)
where the conductors of x1 and x2 are equal and < 1.

4. If  is cuspidal then dim 72 < 1 and U, acts as zero on w2.

5. If x1 and x2 have conductor 1 then w(x1, x2)"? is one dimensional and
U, acts on it as 0.

6. If x1 and x2 have conductor O then m(x1, x2)U? is three dimensional and
U, acts on it with characteristic polynomaial

X(X — (N2)'x1(w2))(X — (N2)'Pxa(w.)).

As a consequence we have the following lemma.
Lemma 1.7 Suppose that £ : hyy(Up(n))m — Q¢ and that x /.

1. If z(n) = 1 and if & is any extension of £ to the subalgebra of
End (Sk,0,4(Un(n))m) generated by hyy(Un(n))m and (h) for h € H,

then
* %

where X, (Artw,) = {(Ug,) and, for u € Of,, we have x,(Artu) =
§'((u)).
2. If x(n) = 2 and H, = {1} then either {(U,,) = 0 or £&(Ug,) is an
eigenvalue of £(pm)|a, (o) for any o € G, lifting Frob,.
We also get the following corollary.
Corollary 1.8 1. Ifzfl, z(n) =1 and UZ,_ — (Nz)i(w,) ¢ m then

* %

where x(Art @,) = Ug, and x,(Artu) = (u) for u € Op,. In particu-
lar (h) € hgy(Ug(n))w for all h € H,.

2. Ifx fl, x(n) =2, H, = {1} and U, € m then Uy, = 0 in hy(Up(n))m.

3. If I is coprime to n and for all x|n we have z(n) = 2, H, = {1} and
U, € m, then the algebra hy(Up(n))n is reduced.

Proof: The first part follows from the previous lemma via a Hensel’s lemma
argument. For the second part one observes that by the last lemma {(U,,) =0
for all £ : hg 4 (Ug(n))m — Q. Hence by lemma 1.6 we have that U,, = 0 on
Sk,0ee 4 (Un(n))m. The third part follows from the second. O
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2 Defor ation rings an Hecke alge ras I

In this section we extend the method of [TW] to totally real fields. This relies
crucially on the improvement to the argument of [TW] found independently by
Diamond [Dia] and Fujiwara (see [Fu], unpublished). Following this advance
it has been clear to experts that some extension to totally real fields would be
possible, the only question was the exact extent of the generalisation. Fujiwara
has circulated some unpublished notes [Fu]. Then Skinner and Wiles made a
rather complete analysis of the ordinary case (see [SW2]). We will treat the
low weight, crystalline case. As will be clear to the reader, we have not tried
to work in maximal generality, rather we treat the case of importance for this
paper. We apologise for this. It would be very helpful to have these results
documented in the greatest possible generality.

In this section and the next let F' denote a totally real field of even degree
in which a prime [ > 3 splits completely. (As the reader will be able to check
without undue difficulty it would suffice to assume that [ is unramified in F'.)
Let D denote the quaternion algebra centre F' which is ramified at exactly
the infinite places, let Op denote a maximal order in D and fix isomorphisms
Opz = My(Op,) for all finite places z of F. Let 2 < k < [ — 1. Let
Y AL /F* — (QF°)* be a continuous character such that

e if z fl is a prime of F' the ¢|O; =1,
¢ Ul (1) = (Nup* *, and
e ¢(1 o Art ) reduces to det p,.

For each finite place z of F' choose a uniformiser w, of Op,. Suppose that
¢ : hyee (Ug) — Fi¢ is a homomorphism with non-Eisenstein kernel, which
we will denote m. Let O denote the ring of integers of a finite extension K/Q,
with maximal ideal A such that

e K contains the image of every embedding F' — ¢,
e 9 is valued in O,
e there is a homomorphism 5: hi.04(Up)m — O, and

e all the eigenvalues of all elements of the image of p, are rational over
O/
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For any finite set X of finite places of F' not dividing [ we will consider the
functor Dy, from complete noetherian local O-algebras with residue firld O/
to sets which sends R to the set of 15 + Msy(mpg)-conjugacy classes of liftings
p: Gp — GLy(R) of p, such that

e p is unramified outside [ and ¥,
o detp=e(poArt '), and

e for each place z of F' above [ and for each finite length (as an O-module)
quotient R/I of R the O|G,]-module (R/I)? is isomorphic to M(D) for
some objevt D of  Fp, o

This functor is represented by a universal deformation
P - Gp — GLQ(RE)

(This is now very standard, see for instance appendix A of [CDT].)
Now let 3 be a finite set of finite places of F' not dividing [ such that if
x € ¥ then

e Nz =1mod !,
e D4 is unramified at 2 and p4(Frob,) has distinct eigenvalues o, # [3,.

By Hensel’s lemma the polynomial X% — T, X + (Nz)y(w,) splits as (X —
A ) (X — Bg) in hy 0.4(Up)m, where A, mod m = a, and B, mod m = f3,. For
r € ¥ we will let A, denote the maximal I-power quotient of (Op/z)*. We
will let ny = ) X, AE = ey Am; UO,E = U{l}(ng); and Ul’g = UAE (le;).
We will let my, denote the ideal of either hy (Upx) or hgy(Upx) generated by

o [;
o T, —trpy(Frob,) for z flny; and
e U, —a,forxel.

Lemma 2.1 Let 3 satisfy the assumptions of the last paragraph.

1. If x € X then psla, ~ Xaz® Xgz where Xo, mod Mgy, is unramified and
takes Frob, to .

2. Xaz © Art|O; factors through A., and these maps make Ry into a
O[Ax]-module.
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3. The universal property of Ry, gives rise to a surjection of O[Ax]-algebras
Ry —» hk,w(Ul,E)mg
under which py, pushes forward to pp,.

Proof: The first part is proved in exactly the same manner as lemma 2.44
of [DDT]. The second part is the clear. The third part is clear because for
z Myl we have tr py(Frob,) — T, while for z € ¥ we have x,.(@;) — Uy, .
O

Lemma 2.2 The map

n: Skow(Uos—o})ms_my — Sk0.4(Uos)my,
Fooo Afo o0

0 w,

f

18 an isomorphism which induces an isomorphism
1 Py (Uos)ms = Py (Uon— (o) Jmp_ gy -

Proof: The map 7 is well defined because U, on =no A,. It is injective
with torsion free cokernel because the composition of n with the adjoint of
the natural inclusion Sk,(’),1/;(U0,Z—{z}) — Sk’@’¢(U0’E) is lAm — B, ¢ my. As
Qz/Be # (Nx)*!, no lift of py with determinant €() o Art 1) has conductor at
x exactly x. Thus

1 0
S0 (U )my, = (Sk0,4(Uos—{23) + 0 o Sk,0.4(Uo,2—{2}))my -
As
Ue(it - 0 R = @fi+ N o) - ~ ° f
w. (J1 0 w, 2) = (dzf1+ xwwm2—0wm 1

and the matrix
T, (Nz)p(w,)
-1 0

has eigenvalues A, and B, which are distinct mod m, the lemma follows. O

We remark that Sy 0 (U1 ) is a Ay-module via h — (h).

Lemma 2.3 1. ZhGAz <h> : Sk,O,w(Ul,E)AE :> Sk’(gﬂp(Uo’z).
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2. Skoy(Urx) is a free O[Ag]-module.
Proof: The second assertion follows from the first as we can compute that
dim Sk,(g,w(ULg) Ko K = [U()’g : UI,E] dim Sk,O,zb(UO,Z) Qo K.

(We use the fact that [Uyx : U x] is coprime to #(Ups(A¥)* Nz tD*z)/F*
for all z € (D ®qg A>)*.)

Using the duality introduced above it suffices to check that the natural
map

Sk.o.4(Uos) ®0 K/O — (Sk.o.4(Urs) ®o K/O)~=

is an isomorphism. This is immediate from the definitions and the fact that
LI#(Ups(AF)* Nz™'D*x)/F* for all z € (D ®g A®)*. O

As S04 (Urs)my is a direct summand of Sy 04 (Usx), we deduce the fol-
lowing corollary.

Corollary 2.4 1. S;04(Urs)me.as — Skow(Us)m compatibly with a map
Pk (Urs)ms — Pk (Uo)m sending T, to T, for x fins, (h) to 1 for h €
Ay, and Uy, to A, for x € X.

2. Skow(Urs)my s a free O[As]|-module.

Suppose that p : Gr — GLy(O/A\") is a lifting of py corresponding to some
map Ry — O/A\". If x is a place of F above [ and if (O/\")? = M(D) as a
G,-module, then we set
H(Gy,ad"p) = HY(G,,ad *p) NIm (Bxt jyip, (D, D) — H'(G,,ad p)).
Exactly as in section 2.5 of [DDT| we see that

Im (Ext iz, o0, (D, D) — H'(Gy,ad p)) = (O/A")* @ HY(Gy, ad °p).

If two continuous O|G,]-modules have the same restriction to I, then one is
in the image of M if and only if the other is. We conclude that the image of
the composite
tr n
Ext hfom,k(D, D) — HY(G,,adp) — H'(G,, O/\")

is at least one dimensional (coming from unramified twists) and hence that

#H(Go,ad ") [#(O /N3 H" (Ga, ad "By).
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We will let HL(Gr,ad’p) denote the kernel of the map

H'(Gp,ad%) — H'(I;,ad’p)®  H'(G.,ad’p)/H}(Gy,ad ).
m/{/ngl m‘l
The trace pairing (a,b) — trab gives a perfect duality on ad Oﬁ¢. For z|l
we will let H}(G,,ad Oﬁ¢(1)) denote the annihilator in H'(G,,ad 0ﬁ¢(1)) of

H}(G,,ad %p,) under Tate local duality. We will also let Hy(Gr,adp,(1))
denote the kernel of the restriction map from H'(Gp,ad Oﬁ¢(1)) to

anzl Hl(ImaadOﬁ¢(1))® reX Hl(GmaadOﬁqb(l))@
2|l H'(G,,ad Oﬁ¢)/H}(Gm,ad 0ﬁ¢(1)))
so that
Hi(Gp,ad%p4(1)) = ker(Hy(Gp,ad %py(1)) —  H'(G./1,,ad°p,(1))).

TzEN

A standard calculation (see for instance section 2.7 of [DDT]) shows that shows
that
Hi(Gp,ad%p,) = Hom o(mp, /my,_, O/)),

so that Ry can be topologically generated by dim H&(Gr, ad 0ﬁ¢) elements as
an O-algebra. A formula of Wiles (see theorem 2.19 of [DDT]) then tells us
that Ry can be topologically generated as an OJ-algebra by

#3 + dim Hy,(Gr,ad p,(1))
elements.

Lemma 2.5 Suppose that the restriction of p, to F(\/(—=1)=1/21) is irre-
ducible. Then for any m € Z~o we can find a set ¥, of primes such that

1. #%,, = dim Hj (Gp, ad °p4(1)),

2. Ry, can be topologically generated by dim Hj(G,ad 0ﬁ¢(1)) elements as
an O-algebra,

3. if x € ¥ then Nz = 1 mod I"™ and py(Frob,) has distinct eigenvalues o
and .
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Proof: By the above calculation we may replace the second requirement by
the requirement that Hy,(Gp,ad 0ﬁ¢(1)) = (0). Then we may suppress the first
requirement, because any set satisfying the modified second requirement and
the third requirement can be shrunk to one which also satisfies the first require-
ment. (Note that for z satisfying the third requirement H'(G,/I,,ad 0ﬁ¢(1))
is one dimensional.) Next, by the Cebotarev density theorem, it suffices to
show that for [y] € Hj(Gp,ad Oﬁ¢(1)) we can find 0 € Gy such that

® olpim) =1,

e py(0) has distinct eigenvalues, and

o (o) & (0 — 1)ad0ﬁ¢.

Let F,, denote the extension of F((;=) cut out by ad 5. Finally it will suffice
to show that

1. H(Gal(F,,/F),ad’s(1)) = (0); and

2. for any non-trivial irreducible Gal (F,,/F)-submodule V of ad °p, we can

find o € Gal(F,,/F(¢n)) such that ad’p,(c) has an eigenvalue other
than 1 but o does have an eigenvalue 1 on V.

(Given [y] € Hj(GF,adp4(1)) the first assertion tells us that the O/A-span
of 7GF,, contains some non-trivial irreducible Gal (F,,/F)-submodule V' of
ad 0ﬁ¢. Let o be as in the second assertion for this V. Then for some ¢’ € G,
we will have

Y(0'0) = y(0') +7(0) & (0 — 1)ad °p,.)

Because [ > 3 is unramified in F', we see that [F((;) : F] > 2 and so, by
the argument of the penultimate paragraph of the proof of theorem 2.49 of
[DDT], HY(Gal (F,,/F),ad"p(1)) = (0).

Suppose that V' is an irreducible Gal (F},,/ F')-submodule of ad Oﬁ¢ and write
ad0ﬁ¢ =VeW. f W =(0) any 0 € Gal (F,,/F({)) with an eigenvalue
other than 1 on ad 0ﬁ¢ will suffice to prove the second assertion. Thus suppose
that W # (0). If dimW = 1 then py is induced from a character of some
quadratic extension E/F and any o ¢ Gg will suffice to prove the second
assertion (as F is not a subfield of F((m)). If dimW = 2 then Gy acts
on V via a quadratic character corresponding to some quadratic extension
E/F and py is induced from some character x of Gp. Let X' denote the
Gal (E/F)-conjugate of x. Then any o € Gg(¢,m) with x/x'(o) # 1 will suffice
to prove the second assertion. (Such a o will exist unless the restriction of
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ad’p, to E( (—1)0-1/2]) is trivial in which case p, becomes reducible over
F( (=1)¢=1/2]), which we are assuming is not the case.) O

Combining lemma 2.5, corollary 2.4 and theorem 2.1 of [Dia] we obtain the
following theorem.

Theorem 2.6 Keep the notation and assumptions of the second and fourth
paragraphs of this section and suppose that the restriction of p, to the absolute

Galois group of F( (—1)=1/2]) is irreducible. Then the natural map
RQ) — hk’¢(U0)m

is an isomorphism of complete intersections and Sy, 4(Uo)m 15 finite free as a

hi(Up)m-module.

3 efor ation rings an ecke alge ras II

In this section we use analogues of Wiles’ arguments from [W2] to extend the
isomorphism of theorem 2.6 from ) to any .

We will keep the notation and assumptions of the last section. (X will again
be any finite set of finite places of I not dividing l.) Let pg5: Gr — GLy(O)

denote the Galois representation corresponding to 5 (a chosen lift of ¢). The
universal property of Ry gives maps

Ry, — Ry -2 O.

We will denote the kernel by ps. A standard calculation (see section 2.7 of
[DDT]) shows that

Hom o(px/p3, K/O) = Hy(Gr, (ad"p) ® K/O),
where
HY(Gr. (ad’p) © K/O) = lim HY (G, (ad"p) @ A" /O).
In particular we see that

#ker(ps/p3, — po/py) = #(Hy(Gp, (ad*p) @ K/O)/Hy (G, (adp) @ K/ O))
divides

pes #H (I, (ad°p) © K/O)%
= Len #H(G,, (ad’p) © K/O(-1))
= wex #O/(1 — Nz)((1 + Nz)?det p(Frob,) — (Nz)(tr pFrob,))O.
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Let n%; denote the product of the squares of the primes in ¥ and set Uy =
Upy(ng). Let hy = hipy(Us)my, and Sy = Sp0,y(Us)my, where my is the
maximal ideal of hy ., (Us) generated by

o )\
o T, —trpg(Frob,) for z flny;, and
o U, forzxeck.

The Galois representation py, induces a homomorphism Ry — hy which takes
tr px(Frob,) to T, for all z /nil. Corollary 1.8 tells us that for z € ¥ we have
Ug, = 0 in hy and that hy is reduced. In particular the map Ry, — hy is
surjective.

From lemma 1.3, lemma 1.6 and the strong multiplicity one theorem for
GLy(Ap) we see that dim(Sy, ®o K)[ps]| = 1.

We can write

Sy, ®o K = (Sy, ®0 K)[ps] ® (Sz ®o K)[Ann ,  (pshs)].

We set
Qs = Sx/(Sslps] ® Ss[Ann py (pshs)]).

By theorem 2.4 of [Dia] and theorem 2.6 above, we see that

#Qp = #p0/05-

Let wy, € GLy(AY) be defined by w,, = 15 if z ¢ ¥ and

0
T om0

if z € ¥. Then wy, normalises Uy;. We define a new pairing on S 0.4(Us) by

(ffo) = ¥(w)) " (frowsfo).

TEY

Because ( , ) is a perfect pairing so is ( , ). Moreover the action of any

element of hy ,(Uy) is self adjoint with respect to ( , ), so that ( , )’ restricts
to a perfect pairing on Sy. Choose a perfect O-bilinear pairing on Sx[ps], let
Jx. denote the natural inclusion

Js 52[@2] — Sy,
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and let 51 denote the adjoint of jg with respect to ( , )’ on Sy and the chosen
pairing on Sy [px]. Then one sees that

it Qs = Sxlps]/ibSslpx).
If z finf, then define

iyt Skow(Us) — Sk,O,w(UEU{m})
by
Wlf) = (Noy(@)f o 0 Tt gy f

z T

It is easy to check that 7, commutes with T, for y)(ln’m{m} and with Ug,, for
y € 2. Moreover U, i, = 0 and so

iw : SZ — SEU{x}-

Moreover i,Ss[ps] C SsupyPsugey]- We will let il denote the adjoint of i,
with respect to the pairings ( , )’ on Sy and Syygy. (We warn the reader
that the former is not simply the restriction of the latter.) An easy calculation
shows that il equals

Wy

(@) (No)UsUse) - TlUs 57

and hence that
il 0y = Y (wa) (N2)(1 — N2 )(T; — (14 Nz)*(w,)).
The following key lemma is often referred to as Thara’s lemma.
Lemma 3.1 Syx(,}/1,Sx% is [-torsion free.

Proof: It suffices to check that

ip . Sk’o/A,¢(UE)m’E — Sk,O/AﬂP(UEU{x})

mfzu{z}

is injective, or even that the localisation at m§, of the kernel of

Sk,@/x,w(Uz)g — Sk,O/A,w(UZU{z})
1 0 1 0
(fi, fo, f3) +— fi+ 0 =, fo+ 0 w2 f3

vanishes.
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Let V denote the subgroup of elements u € Us, with

Uy = Ek] mod w,.
We see that .
1 0 1 0

and that Uy, is the subgroup of GLy(AY) generated by V and

Thus the sequence
0) = SkoneUs) = Skopmy(V)® Skone(V) = Skomag(Usufay)
1 0

0 o,

(f1, f2) > f1+<1 0 )f2

0 wy,

1s exact.
Hence it suffices to show that the localisation at m§; of the kernel of

Skopw(Us)? — Skone(V)

(Ff) — ht o o

f2

vanishes. However if (f1, f2) is in the kernel then f; is invariant by the subgroup
of GLy(A%) generated by Us, and

1 0 1 0
Wy 0 w, ’

i.e. by UgSLy(F).

First suppose that £ = 2. Then, by the strong approximation theorem,
we see that f; is invariant by right translation by any element of SLy(A$),
so that f; € Sng/A’¢(Ua). Any maximal ideal of hsy(Us) in the support of
Sk6 /x4 (Us) is Eisenstein.

Now suppose that 3 < k < [ — 1. By the strong approximation theorem,
given any g € GLy(A¥) and any u € GLy(Op;) we can find a 6 € D* N

gUsSLy(F,)g ! such that

g, '6gr = umod [.
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Then

fi(g) = f1(69) = fi(g(g "09)) = fi(gu) = v " fi(g),
so that

filg) e Q) Symm**((O/1)*)"2(Om) = (0).

OFJ—)O/A
Thus f1 =0. 0
In particular we see that i,Ss[ps] = Syufe}[@xu{zy]- Thus

Sslps]/jtil Sslps]
Selps]/iL(1 — N2)(Nz)(T2 — (1 + Nz)*)(w,))Sx[ps),

Qsufay

1R

and so
#0500 = #0s#0/(1 — Nz)((Nz)tr p(Frob,)* — (1 + Nz)* det p(Frob,)).

We conclude that
#(pz/0%) |[#Qs

for all ¥ (which contains no prime above /). Combining this with theorem 2.4
of [Dia] we see obtain the following theorem.

Theorem 3.2 Keep the notation and assumptions of the second and fourth
paragraphs of section 2 and suppose that the restriction of py to the absolute
Galois group of F( (=1)=1/2]) is irreducible. If ¥ is a finite set of finite
places of F' not dividing | then the natural map

Ry — hg
1 an isomorphism of complete intersections and Sy, is a free hs-module.
As an immediate consequence we have the following theorem.

Theorem 3.3 Let | > 3 be a prime and let 2 < k < | — 1 be an integer.
Let F be a totally real field of even degree in which | splits completely. Let
p: Gp = GLy(Oqee) be a continuous irreducible representation unramified
outside finitely many primes and such that for each place x of F' above | the
restriction plg, is crystalline with Hodge-Tate numbers 0 and 1 — k. Let p
denote the reduction of p modulo the mazimal ideal of Ogge. Assume that the

restriction of p to F( (=1)=1/2]) is irreducible and that there is a reqular

algebraic cuspidal automorphic representation m of GLy(Ap) and an embedding
A My — Qf° such that
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o ﬁﬂ',A ~ ﬁ;
e 1, is unramified for every finite place x of F', and
e 1. has weight k.

Then there is a reqular algebraic cuspidal automorphic representation ©' of
GLy(Ar) and an embedding X' : My — Q¢ such that p ~ pon and 7l has
weight k.

Proof: We need only remark that det p/ det p, ) has finite [-power order and
so by twisting 7 we may suppose that det p = det p,, (as {1 > 2). O

4 A potential version of Serre’s conjecture

In this section we will prove the following result, which we will improve some-
what in section 5.

Proposition 4.1 Let | > 2 be a prime. Suppose that p : Gg — GLo(F}¢) is
a continuous odd representation with pl;, ~ wy ' @ wé(kfl) for some integer
2 < k <. Then there is a Galois totally real field F of even degree in which
[ splits completely, a reqular algebraic cuspidal automorphic representation m

of GL2(Ar) and an embedding \ : M — Q¢ such that

1. ﬁ‘GF ~ ﬁﬂ',)\;
2. Ty has weight 2; and

3. for each place x of F above |, WDy (m,) is tamely ramified and

(WD (m)|7, mod A) = wh™ (1) g k1),

We remark that the key improvement of this over results in [Tay4]| is the
condition that [ split completely in F'. This may seem minor but it will be
crucial for the arguments in section 5 and the proof of theorem 5.7. We now
turn to the proof of the proposition.

Suppose that p is valued in GLy(k') for some finite field &' C Ff¢ and
let k denote the unique quadratic extension of k' in Fy¢. We must have that
plg, = Ind %2 6. Set 1 = e 1 det p, let N denote the minimum splitting field for
1 and f, its conductor. Thus N is a cyclic totally real extension of Q. Choose
an imaginary quadratic field M in which [ remains prime and which contains

29



only two roots of unity. Let d;; denote the unique non-trivial character of
A* JQ*NAY, and let fy; denote the conductor of §y. Choose a totally real
field E” such that E”M contains a primitive 2#k™ root of unity (. Note that
the inertial degree of [ in E” is even.

Choose a continuous character xo : M* (Mg x Oy ) — (E"M)* which
extends the canonical inclusion on M * (use, for instance, the finiteness of M*)
and let fo denote the conductor of xq. Also choose two distinct odd primes p;
and p, such that for s = 1,2

e Y is unramified above p;po;

e p is unramified at p;, which is not equal to [;
e p(Frob,,) has distinct eigenvalues; and

e p; splits in the Hilbert class field of M.

Set w = 2w M#HF(Om /Ul fofiOm)*, where wgny denotes the number of
roots of unity in £”M. Let S; denote set of rational primes dividing ff,fof,
let S5 be a finite set of rational primes disjoint from S; which split in M and
such that the primes of M above S; generate the class group of M, and set
So = S1USyU{l, p1,p2}. Asin the proof of lemma 1.1 of [Tay4] we can find an
open subgroup Wy of s Oy /Z; such that WoN Mg, /Qg C (Mg, /Qg,)".
Let w' denote the index of Wy in g Oj;,/Zy . Then we can choose a Galois
(over Q) totally real field E’ such that

e "D E";
e [’ contains a primitive ww’ root of 1; and
e Yo extends to a continuous character xo : Ay, — (E'M)*.

(If Xo : A}; — C* is any extension of x, then Xoc(Xo) o foo | | has finite order
and is valued in R, and so is identically 1. Hence ¢(Xo) = Xg ' s oo | | and

Xo is valued in a CM field.)

Let E denote the maximal totally real extension of E’ which is unramified
outside Ipyps and tamely ramified at these primes. Choose primes gp; and g9
of EM above p; and py respectively. Also choose a prime A of EM above [
and an embedding k < Opgy /A such that the composite of the Artin map
I} — Oj;, with the natural map Oy, — (Opm/A)* coincides with wy b
I, - k* C (Ogp/N)*. Let p: Gal(N/Q) — (EM)* be the unique character
reducing modulo A to @. For i = 1,2 we can find «; € (p; N M)Ogny which
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reduces modulo A to an eigenvalue of p(Frob,,) and which satisfies o;af = p;.
(First choose o € M N p; satisfying a}(c})® = p; and then multiply «; by a
suitable root of unity in E"M.)

Lemma 4.2 Let a’ denote the product of all primes of E above lpipy and factor
'Oy g = aa®, where p1poM|a. There is a unit n € O with n = ¢ mod a.

Proof: Let ¢ denote the image of ¢ in Og//(a' N Og/) = Oppr/(aN Opyy).
Let H denote the maximal totally real abelian extension of E which is un-
ramified outside Ip;p, and which is tamely ramified above each of these three
primes. Thus H/E' is Galois and Gal (H/E) is the commutator subgroup of
Gal (H/E'). In particular the transfer map Gal (E/E') — Gal(H/E) van-
ishes. By class field theory we can identify (O /a’)*/O5 as a subgroup of
Gal(E/E') and (Og/a)* /O, as a subgroup of Gal (H/E) in such a way that
the natural map

(Op/a')* /O — (Op/a)"/Of

corresponds to the transfer map on Galois groups and so is trivial. The lemma
follows. O

Lemma 4.3 There is a continuous character x : Ay, — (EM)* such that

e X|ux is the canonical inclusion;

° X|(9;u 1s the unique character of order prime to | with

X‘o;“(m) = 2" F mod 1

for allz € Oy y;
e fori=1,2, x is non-ramified above p; and x|um,, (p;) = ci; and

o Xlax = wmyg|| || Mo where durjq is the unique non-trivial character of
A JQ*NAY,, || || is the product of the usual absolute values and i is
the projection onto R*.

Proof: Note that xo|ax = v0um/g|| || "ise, Wwhere v is a finite order character
of A*/Q*R* with conductor dividing fof§fr. We look for x = xoxi1. Thus
we are required to find a finite order continuous character x; : Ay, /M* —
(EM)* such that

1

® Xi|lax =pv 7, and
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#1?
latter compatible with ,uy’l\zlx (because ﬁ\zlx takes z to (z mod 1)27%).

e X1 has prescribed, finite order restriction to M, MJ and O]TM, the

Note that pr~' has conductor fuf,fofs- Also note that for i = 1,2 the unit
a; = a;xo(w,,) ' satisfies aq;af = 1 for all complex conjugations ¢ and so is a
root of unity. Thus the specified restrictions have orders dividing wgw s in the
first two cases and #(On/fmfufofiOnm) ™ in the third case.

We can find a character

X1,5 : qu — (EM)”"
q€So
with the desired restrictions to o Qg , M, M/, and O3, and with order

dividing w. As

(M x Oy g)/Mg, = Ay /M M,

q
q€So0 %S0

it suffices to find a character

x50 O/ Z; — (EM)”
q¥%So

which coincides with x; 5, on Mg /Qj . One can choose such a character which
is trivial on W, and so has order dividing w’. O

We remark that as x(cox)|| ||iz} has finite image contained in the totally
positive elements of E* we must have x(cox) = || || ico-
If x is a place of EM above a place z' of M, let x, denote the character

AL /MY — (EM)
a +— x(a)a,'

where a, denotes the 2’ component of a embedded in (EM) via the natural
map M, — (EM),.

Set b = Ap1gp2 and by = b N E, so that Og/by = Ogy /A X Opy /1 X
Ogm /2. Let Wy, 0/Q denote the finite free group scheme with Og-action
which has

Wi 0(Q*) = Op/bo(1) & Op/by.

By the standard pairing on Wy, o we shall mean the map Wy, o ®(9ED;;] — W;X),o
which corresponds to the pairing

(z1,91) X (22, y2) = Y2T1 — Y122.
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We will let X/Q denote the moduli space for quadruples (A,1,j, «), where
(A,i,j) is an E-HBAV and a : Wy, 0 — A[bg] takes the standard pairing
on Wy, o to the j-Weil pairing on A[bg]. As by is divisible by two primes
with coprime residue characteristic we see that X is a fine moduli space. As
in section 1 of [Rap] we see that X is smooth and geometrically connected
(because of the analytic uniformization of its complex points by a product of
copies of the upper half complex plane).
Let I" denote the set of pairs

(7:€) € GL2(Op/bo) X OF 50/(OF _; (bo))2

such that
edety =1 mod by.

Here Of ., denotes the set of totally positive elements of O, and Op _, )

denotes the set of elements of O which are congruent to 1 modulo by. The
group I' acts faithfully on X via

(f)/’ 6)(A’ i)j) a) = (A’ i?] o 8717 Qo 771)'
The action of Gg on the group of automorphisms of X preserves I' and we
have

e(o) 0 e(c)™t 0 .
1 Y

a(v,€) = o1 Y o

The set H'(Gg,T) is in bijection with the set of pairs (R, 1) where R : Gg —
GLy(Op/by) is a continuous representation and ¢ : Gg — Op 5/(Of _, (ho))Q
is a continuous homomorphism with

e "det R = ¢ ! mod by.
This pair corresponds to the cocycle

@0 o

(R¥)0)= Rlo)

Thus to any such pair we can associated a twist Xg,/Q of X/Q.

Next we will give a description of the F' rational points of Xp, for any
number field F. Let N’ denote the splitting field of ¢). Let Wr/Q denote the
finite free group scheme with an action of O such that

WR(QGC) = OE/[JO S5 OE/[JO
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with Galois action via R. By the standard pairing on Wg/N' we shall mean
the map Wr®0p, 0, — W) (defined over N') which corresponds to the pairing

(71,71) X (72,92) —  Y2%1 — Y1T2.

Then F rational points of Xg, correspond to quadruples (A,1,7, ), where
(A,i,j)/N'F is an E-HBAV and where 3 : Wy — A[bg] such that

e under [ the standard pairing on Wg and the j-Weil pairing on A[bg]
correspond, and

e for all 0 € Gal (N'F/F) there is an isomorphism
Kot 0(Ai) = (A1)

such that o(j) = k% o jo(o)™ for some lifting ¥ (o)™~ € O, of (o) and
such that for some lifting 0™~ € G of o

commutes, where the left vertical arrow is ¢~ o § and the right one is .

We will be particularly interested in two pairs (R,v) defined as follows.
For o € Gal (N/Q) we can write u(o) = ¢ 2™ for some integer m,. Define

e = (¢ € Ofpi_y oy and ¥(0) = Npaymn, = 0™ As

772#k>< _ (_n#kx)2 c (02’51 (bo))2,
we see that

¥ : Gal(N/Q) — Of 50/(0f (bo))2
is a homomorphism. Let
_ G G

R;=p@Ind g’ xp, ®Ind ;° xo,

and G G G
Rp;n = Ind (;%,XA @ Ind G%,Xm @ Ind G%[va

so that e 'det R, = ¢ 'det Rp;n = p. Then (R5,¢) and (Rpin, ) define
elements of H'(Gg,T') and we will denote the corresponding twists of X by
Xz and Xp;, respectively. Note that X5 and Xp;, become isomorphic over

Qla ana sz and R
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Lemma 4.4 Suppose that F' is a number field. If X5 has an F-rational point
then there exists an abelian variety B/ F of dimension [EM : Q|, an embedding
i': Ogm — End (B/F), and an isomorphism (' between B[b|(F*) and R5.

Proof: Suppose that (A,i,7,8)/FN is a quadruple corresponding to an F'-
rational point of X, as above. Also, for 0 € Gal(NF/F) let k, : cA = A
be the maps of the last but one paragraph. Set B = A ®o, Ogy and let ¢’
denote the natural map Ogy — End (B). Let 5 denote the composite

Wi, — Albg] — Albg] ®0, Op/b = Blb].

Define fy : Oy — Hom o, (Opm, Og) by fo(a)(b) = trgam/eab® and set
f=7(1) ® fy a polarisation of B. Also set

K. =Ky ®ny:0B — B.

We see that k! commutes with the action of Ogy, that of = (k])Y fk! and
that for any lifting 6™~ € G of ¢

o Blb]
T T
R5(o™

WRF L)) WRﬁ
commutes, where the left vertical arrow is 0~ o’ and the right one is 8’. As the
quadruple (B,#', f, ') has no non-trivial automorphisms (because any auto-
morphism of (B, ', f) has finite order and because b is divisible by two primes
with distinct residual characteristic), we see that k, o (k) = k.. Thus we can
descend (B,i') to F in such a way that ' also descends to an isomorphism

B': Wg, — B[b] over F. O

Lemma 4.5 Xp;, has a Q-rational point and hence X5 has rational points
over Qy, Q,,, Q,, and over R.

Proof: Fix an embedding 7 : M — C and let ® denote the C'M-type
for EM consisting of all embeddings EM — C which restrict to 7 on M.
Let (05),)” denote the ordered Op-module {d € 05, : tr gm/pd = 0} with
(Opy ®ro R)T the subset with positive imaginary part under o ® 7. From
the theory of complex multiplication (see [Lang], particularly theorem 5.1 of
chapter 5) we see that there is

e an abelian variety A/M of dimension [E : QJ;
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e an embedding i : Oy — End (A/M);

e an isomorphism j : (0,),)” — P(A4,i|e,); and

~

e for each prime q of E a Galois invariant isomorphism og : O q(xq) —

T,A
such that

e the action of EM on LieTAis  _40; and

e for any d € (0g),)” which is totally positive the j(d)-Weil pairing on
TyA is given by

T Xy — tr gy pdry©.

(For the existence of j note that if f is a polarisation of 7A/C such that
the f-Rosati involution stabilises and acts trivially on E, then the f-Rosati
involution also stabilises EM and acts on it via complex conjugation. This
follows from the fact that EM is the centraliser of E in End (7A/C).) As
x(cox) = (|| ||7%e0) © Nas/g, we see that for o € Gy we have
tr pa/mdag (o) aq(0y) = €(0)tr pa/mdag(€)og(y) .

Thus the quadruple (A, |0, , ( ; o) mod by) defines a point in Xp;,(M).
As x(xoc) = (|| || Mioop) © Nasjq, we see that cox o Ny = xocoNyayum
and so over NM there is an isomorphism between (A, 1, j, {ag}) and (cA,co
ioc,coj,{coagoc}). Thus the point in Xp;(M) C Xpip(INM) defined by
(A,ilog: J, (4 q) mod bp) is invariant under ¢ and so lies in Xp;(Q). O

Combining the last two lemmas with a theorem of Moret-Bailly (see theo-
rem G of [Tay4]) we see that we can find a Galois totally real field F' of even
degree in which [, p; and ps split completely, an abelian variety B/F of di-
mension [EM : M] and an embedding i : Ogy — End (B/F) such that B[\
realises p and, for i = 1,2, B|p;] realises Ind gi(xm mod ;). As both B[}]
and B[gp,| are unramified at any prime above p;, we see that B has semi-stable
reduction at any prime above p;. As p; splits completely in F' and as B[]
is reducible as a representation of the decomposition group of any prime of F
above p;, we see that T, B is an ordinary representation of the decomposition
group at any prime of F' above p;. If = is a prime of F' above [ then I, acts on

both B[p;] and Blps] via a);“*““) ® @ékf(lﬂ) where wy @ I, — Of,, is tamely
(1) g =tk (141
) :

ramified and reduces mod A to wy. Thus I, acts on T, B by @g (
Because Ind gl;M(Xm) is modular, theorem 5.1 of [SW2] tells us that there is a
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algebraic, cuspidal automorphic representation 7 of GLy(Ar) of weight 2 and
an embedding M, < EM such that p, , is equivalent to T,,, B. (Alternatively
one may appeal to the main theorem of [SW1], theorem 3.3 of this paper and
a standard descent argument.) It follows that in addition p, ) is equivalent to
Ty B. This completes the proof of proposition 4.1.

Using Langlands base change [Langl] we immediately obtain the following
corollary.

Corollary 4.6 Let | > 2 be a prime. Suppose that p : Go — GLo(F}¢) is

. : = - (k-1 :
a continuous odd representation with p|;, ~ wg g w2( ) for some integer

2 < k <1. Then there is a Galois totally real field F' of even degree in which
l splits completely, a reqular algebraic cuspidal automorphic representation m
of GL2(Ar) and an embedding \ : M — Q¢ such that

1. ﬁ‘GF ~ ﬁﬂ',)\;
2. T has weight 2;
3. the central character of > is unramified; and

4. for each place x of F above |, WDy(7,) is tamely ramified and

(VV])/\(ﬂ-alc)‘Iac mOd )\) =] w;c*(l‘i’l) D wék—(l.g_l).

5 Change of weight

In this section we will prove various refinements of proposition 4.1, but first
we shall discuss some results about congruences between modular forms.

Let F' be a totally real field of even degree in which a prime [ > 3 splits
completely. Let n denote an ideal of Op coprime to I. Let ¢ : (A¥)*/F* —
(Qf°)* be a continuous character trivial on O, if x {l and on (1 + (OF,) if
z|l. Suppose further that there exists i € (Z/(l — 1)Z) such that for a € O,
¥(a) is congruent to (Na)* modulo the maximal ideal of Ogge.

Let D denote the division algebra with centre F' ramified at exactly the
infinite places of F'. Let Op be a maximal order in D and fix an isomorphism
Opz = My(Op,) for each finite place z of F'. We will write

e Uy(n,l) for Upy(nl), and

o Ul(ﬂ,l) for U(@F/lop)x(nl).
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We will let 77 denote the character Uy(n,1)/U;(n,1) — (F$¢)* which sends u,
with
* %

u =
l x d )

to (Nd mod 1)’. We will also let n* denote the Teichmuller lift of 7}". For any
Ogge-algebra R, there is a natural embedding

Sniery(Uo(n, 1)) = Spiory(Ui(n,1)) = Sa kg (Ui(n,1)),

which is equivariant for the action of T, and S, for all z /In, and for U,
for zjn. The image is the subset of S; g (Ui(n, 1)) where (h) = 1 for all
h € (Op/lOp)*. If ¢ : hyig, ,(Us(n, 1)) — F¢ has non-Eisenstein kernel then
for x|l we have

det ﬁ¢|]z = w1+i.

The operators Uy, and V5, on Sy pue ,(Ur(n, 1)) commute with the action
of (h) for h € (Op/lOr)* and hence preserve S ,(Up(n,l)). We will let
hei 5, (Uo(n,1))" (vesp. hyig, 4 (Uo(n,1))") denote the commutative subalgebra
of the endomorphisms of Sz ,,(Up(n, 1)) generated by hzi g, (Us(n, 1)) and Ug,
(resp. Vg, ) for all z|l. If ¢ : hyi g, 4 (Uo(n, 1)) — Fj° and ¢(Ug, ) # 0 then

X1 *

where yo is unramified and xs(Frob,) = ¢(Uy,) (see [W1]).
If f1 € S5 y(Uo(n, 1)) and fo € Si—i ,-1(Up(n, 1)) then define (f1, f2) to be

fi(@) fa(zw) (#(Uo(n, D) (AF)* Na ' D*)/F*)

[z]€ D*\(D®gA>)/Uo(n,l) (A3 )%

where
0 1

Wy = (n) 0

Wz
if x /I and w, = 15 if z|l. This is easily seen to be a perfect pairing. Moreover
a standard calculation shows that the adjoint of S, is S !, the adjoint of T,
is S, 'T,, the adjoint of U, for z|n is S_'U,, and the adjoint of Uy, for
x|l is SV, Thus if ¢ : hyig, ,(U(n,1)) — Fj then there is also a ho-
momorphism ¢* : hy-i g, 41 (Uo(n, 1)) — Fy* satisfying ¢*(T,) = ¢(S.) ' o(T%)
and ¢*(S,) = ¢(S,;)"'. Moreover if ¢ extends to hyig, ,(Up(n,1))" so that
#(Vw,) # 0 then ¢* extends to hy—iy, ,—1(Up(n, 1)) with ¢*(Ug,) # 0. We
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deduce that py. = pg(1). Hence if ¢ : hei g, ,(Uo(n, )" — Fi¢ and ¢(V,) # 0
then
€X1 *

where x; and Y, are unramified.
We will denote by I* the induced representation from Up(n,l) to Ug(n) of
It is a tesnor product I where I' is the induction from Up(n,l), to

z|l *z

-
GLy(Or,) of '. We can realise I’ concretely as the space of functions

0: k(z)* — {(0,0)} — Fge
such that 6(a(z,y)) = a'6(z,y) for all a € k(z)*. The action of GLy(Op,) is
via (uf)(z,y) = 0((z, y)u). We have an isomorphism

Siip(Uo(,1)) = Spi g (Un (n))
under which f € Sgi ,(Ug(n,1)) corresponds to F' € Spi (Un(n)) if

f(g) ::1?(9)((0a1)z)

and
F(g)(as,bs) = f(gu ")
where u € GLy(Op,) and

for all x|l.
Now suppose that 0 < i <[ — 2. If z is a prime of F' above [ then we have
an exact sequence

(0) — Symm'((F¥)?) — I! — Symmlil*’.((]F‘l“)Q) ® det” — (0).

The first map is just the natural inclusion of homogeneous polynomials of
degree 7 into the space of homogeneous functions of degree i. The second map
sends a homogeneous function # onto the polynomial

(s, t)(tX — sY) 17
(sit)€P! (k(z))
Thus for any subset T of the set of places of F' above [ we have a submodule
I, C I'" with
Ir=  Symm'((F))e I

z¢gT zeT
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These give rise to subspaces

Sz g (Uo(n,1)) C S, (Uo(n, 1))

with
Sai w0 (Uo(n, 1)) & Siape (Un(n))

as a module for the Hecke operators T, and S, for all z /In and for U, for all
z|n.
The following lemma is a variant of an unpublished result of Buzzard (see

[B]).

Lemma 5.1 For any set T of places of F' above | and for any place x & T of
F above | there is an injection

Ko+ Sy 0gay (Uo(0, 1))/ Sgi 0 (Uo(n, 1)) = Sgi (U (n, 1))

which is equivariant for the actions of T, and S, for all y /l and for Uy, for
z|n, and such that the composite

Sﬁi,¢,TU{m}(U0(n> l)) HHE Sﬁi,w,T(UU(na l)) — Sﬁi,@b,TU{m}(UO(nu l))
coincides with 'V, .

Proof: Define Uy(T') C Ug(n) by Uy(T'), = Up(n, 1), if y € T and Uy(T"), =
Up(n), otherwise. Let 7 denote the representation

( 7)e( Symm>"((F°)?)
yeT y&T

of Up(T),. If = ¢ T is a place of F' above [, let 77, denote the representation

(7 el Symm “((F;©)*) ® (Symm '™ ~((F7)*) @ det’)

yeT ygTU{x}
of Up(T');. Then the exact sequence

(0) — Sﬁi7¢7T(Ug(n, l)) — Sﬁi,w,TU{m}(UO(n, l)) N
> S (Uo(n, 1)/ Sgipr (Uo(m, 1)) — (0)

is identified to the exact sequence
a B
(0) — Srpw(Uo(T) — Sopiuy(Uo(T U{z})) == Sy, (Uo(T)) — (0),

40



where
a(f)(g) = f(9)(0,1),
and
BHGIX.Y), = f(QU(s,t)*l)(tX _ sy)lflfi
(s:t)EP! (k(x))
with u(s,t) € GLy(Op,) congruent to

*
s t
modulo z.
Now define
K1 Srpw(Uo(T)) — Srppy e (Uo(TU {2}))
by
5(f)(g) = flg7)(1,0),
where

1 0

T

To see this is well defined the only slightly subtle point is that if u € Uy(n, 1),

then
k(f)(gu) = flgv(y ' uy))(1,0).
= (detu)' f(g7)((1,0).(v "u"'y))
= (detu)'f(g7)(nz(u)/ detu,0),
= n.(u)"" f(g7)(1,0),
= n.(u)"'w(f)(9)-

Moreover « is clearly injective and equivariant for the action of T, and S, if
y fln and for U, for z|n. Finally we have

(ko B))9) = (aperrry £ lgruls, ) 7E
= ser floruls, 1))
= (szf)(g)

as we can take
10
u(s,1) = : 1
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Corollary 5.2 There is a natural surjection
hagi ae o (Uo (1, 1)) = hitamee (Un(n))

which takes T, to T, and S, to S, for all y fin and which takes Uy, to Uy, for
all z|n. If m is a mazimal ideal of hyi gec ,,(Ug(n, 1)) such that for any x|l there
is some mazimal ideal m of Ry gee ,,(Ug(n,1))" extending m and containing
V., then hipapee 4 (Up(n))m # (03 This assumption will be verified if m is
non-FEisenstein and the kernel of a homomorphism ¢ : hyi ,,(Up(n, 1)) — Fj°
such that for all x|l
— EX1 *

with x1 and xo unramified.

Proof: Choose a minimal 7" such that Sz, 7(Up(n,1))m # (0). If T = () then
Skee (U (n))m # (0) and the corollary follows. Thus suppose that x € T
and set 7" =T — {z}. By our minimality assumption we see that

Sgi 0 (Uo (1, 1) ) = (Sxipr (Uo(0, 1))/ Sz (Uo(0,1)) ) - Syt .0 (Uo (1, 1) )m

and the composite coincides with V. Thus V_ is an isomorphism on
the space Spi ;7 (Up(n,1))m and Vg, does not lie in any maximal ideal of
hai—2 pac ,(Up(n, 1))" above m, a contradiction. O

We also have the following lemma, which generalises results of Ash and
Stevens [AS]. We write Uy for y GL2(Opy).

Lemma 5.3 If k € Z>y and if ¢ : hypoe 4 (Up) — F¢ is a homomorphism,
then there is a homomorphism (D) : hy i1 e 4 (Uo) — F}¢ such that for all
places y Jl we have (DG)(T,) = (T,)(Ny) and (D)(S,) = #(5,)(Ny)”.

Proof: If f € Sy pae »(Up) then the function

(Df)(9) = f(9)(|[N det g||(N det g,))~",

where || || : (A®)* — QZ, denotes the product of the usual p-adic absolute
values, lies in STk,W@(N det),w(eoArrl)(Uﬂ)' Moreover if T, f = af (resp. S,f =

bf) then T,(Df) = a(Ny)(Df) (resp. S,(Df) = b(Ny)(Df)). Thus it suffices
to exhibit an embedding

STk,w;lce@(N det),lp(eoArrl)(UO) - Sk+l+1,JF?C,¢(eoArt”)(U0)
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compatible with the action of T, and S, for all y /I. By lemma 1.1 it suffices
to exhibit a GLy(Op,)-equivariant embedding

(Symm *72(k(z)?) ® det) — Symm 1 (k(x)?),

T T

or simply GLy(Op,)-equivariant embeddings
Symm "2 (k(z)?) ® det < Symm " (k(z)?)

for all z|l. Because [ splits completely in F' such an embedding simply results
from multiplication by X'Y — XY! as we see from the following calculation.
For a,b,c,d € F; we have

(aX 4+ cY) (X +dY) — (aX + cY)(bX + dY)!
= (aX'+cY)(bX +dY) — (aX +cY)(bX! +dY?)
= (ad — be)(X'Y — XY).

O

We now turn to our improvements to proposition 4.1. First we have the
following lemma.

Lemma 5.4 Let [ > 3 be a prime. Suppose that p : Gog — GL2(IFy°) is a
continuous odd representation with p|y, ~ wéfl &) wé(kfl) for some integer 2 <
k <. Then there is a Galois totally real field F' in which | splits completely,
a reqular algebraic cuspidal automorphic representation m of GLo(Ar) and an

embedding X\ : M, — Q¢ such that

1. ﬁ‘GF ~ ﬁﬂ',)\;
2. T has weight 2; and

3. for each place  of F' above l, 7, has conductor dividing x.

Proof: Let F, m, A be as provided by corollary 4.6. Let ¢ : (A% )*/F* —
(Qg°)* be the character such that ()90 Art ~') equals the determinant of p, .
Thus 1 is unramified away from [. Let ng denote the prime to [ part of the
conductor of m. Let D be the division algebra with centre F' which is ramified
at exactly the infinite places of F'. Let Op be a maximal order in D and fix
an isomorphism Op , = M;(Op,) for each finite place x of F'. Let O denote
the ring of integers of Qj°.

Let x; denote the character Fj; — O which sends a to the Teichmuller
lift of a* "1, Let ©(xx) denote a model over O of the representation of
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GLy(7;) — GLy(F;) denoted the same way in section 3.1 of [CDT]. Let ©
denote the representation zu@(Xk) of GLy(Op;). From proposition 4.1,
lemma 1.3 and lemma 4.2.4 of [CDT] we see that there is a homomorphism

Qsl : h9k,0,¢0 (UHO (no)) B F?c

such that ker ¢; is non-Eisenstein and py, ~ plg;-
By lemma 3.1.1 of [CDT] we see that ©,®F{“ has a Jordan-Holder sequence
with subquotients

Br—  Symm*2(F<)?) @  (Symm' ' ¥((F9)?) @ det* )
x¢T zeT

where T' runs over sets of places of F' above [, and where, if £k = [, we only
have one subquotient namely 7' = (). Thus for some T, ¢; factors through
PRy e o (Uny (o). It then follows from corollary 1.5 that for z € T' we must
have p|;, ~ ws '@ Wi or

1 *

0 wkfl

Thus in fact ¢1 must factor thI’Ollgh hR@’Ig;zc ’¢0(UH0 (110)) = hk,]F?’Cﬂ/)o(UHo (1‘10)).
It follows from the first part of corollary 5.2 that ¢, gives rise to a map

b0 : hyp—2,0,90 (Uny (o)) — BT
such that ker ¢ is non-Eisenstein and p,, ~ p|g,. The proposition follows. O

Combining the lemma 5.4 with the main theorem of [SW1], we immediately
obtain the following corollary.

Corollary 5.5 Let | > 3 be a prime. Suppose that p : Gog — GLo(F¢) is a

continuous odd representation with p|, ~ w§ ™' @ wé(kfl) for some integer 2 <

k <. Then there is a Galois totally real field F' in which | splits completely,
a regqular algebraic cuspidal automorphic representation m of GLo(Ar) and an
embedding X\ : M, — Q¢ such that

1. ﬁ‘GF ~ ﬁw,)\;
2. T has weight 2;
3. for each finite place x of F' not dividing [, m, is unramified; and

4. for each place x of F above [, the conductor of m, divides x.
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Now we can use corollary 5.2 to obtain a further refinement of proposition
4.1.

Lemma 5.6 Let | > 3 be a prime. Suppose that p : Gg — GLo(F©) is
a continuous odd representation with pl;, ~ wi ' @ wé(k_l) for some integer
2 < k <. Then there is a Galois totally real field F' of even degree in which
[ splits completely, a reqular algebraic cuspidal automorphic representation m

of GLy(Ar) and an embedding \ : M, — Q¢ such that

1. ﬁ‘GF ~ ﬁﬂ',)\;
2. T has weight k; and

3. m, is unramified at every finite place x of F.

Proof: Now let F', w, X\ be as provided by corollary 5.5. Also denote by
Yo @ (AR)*/F* — (Q¢)* be the character such that e(1y o Art ') equals
the determinant of p, y. Thus 1)y is unramified away from /. Note also that
if a € O, then ¢y(a) is the Teichmuller lift of (Na)>~* mod I. Let D be the
division algebra with centre F' which is ramified at exactly the infinite places of
F. Let Op be a maximal order in D and fix an isomorphism Op , = My(Op)
for each finite place z of F'. Let Uy = ’ GLy(Op,). There is a homomorphism

¢0 : hﬁk—2’]F;zc’¢0(U0(OF,l)) — IF?C
with ker ¢g non-Eisenstein and py, ~ plg,. By corollary 5.2 this factors

through Ay, pae 4, (Up) and the proposition follows. O

Finally we have the following version of our potential version of Serre’s
conjecture.

Theorem 5.7 Let | > 3 be a prime. Suppose that p : Gg — GLo(Fy¢) is
a continuous irreducible odd representation with p|g, irreducible. Then there
1s a Galois totally real field F' of even degree in which | splits completely, a
reqular algebraic cuspidal automorphic representation m of GLy(Ar) and an
embedding X\ : M, — Q¢ such that

1. ﬁ‘GF ~ ﬁﬂ,)\;

2. Too has weight ks, where k5 is the weight associated to p|g, by Serre in

[S]; and

3. m, 1s unramified for every finite place x of F.
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Proof: From the definition of k; we see that there is an integer 0 < c < [—1
such that 2 < k; —c(l+1) <land (p Q€ )| ~ wgﬁflfc(lﬂ) ® w;(krl)fc(lﬂ).
By lemma 5.6 we can find a Galois totally real field F' of even degree in which [
splits completely and a regular algebraic cuspidal automorphic representation

7 of GLy(AR) such that

1. (p®e€ °)|a, is equivalent to p, , for some prime A|l and some embedding
k(A) = Fe;

2. Ty has weight k; — c(l 4+ 1); and
3. 7, is unramified at every finite place z of F.
By lemma 1.3 we can find, for some character v, a homomorphism
¢t hiy—c(u)mee,4 (Uo) — B

with non-Eisenstein kernel such that 5, = (p ® € ¢)|g,. The theorem now
follows from lemma 5.3. O

6 pplications

Combining theorem 2.1 of [Tay4|, theorem 5.7, theorem 3.3 and a standard
descent argument (see for example the proof of theorem 2.4 of [Tay3|) we
obtain our main theorem.

Theorem 6.1 Letl > 3 be a prime and let 2 < k <1 — 1 be an integer. Let
p:Gg — GLy(Oge) be a continuous irreducible representation such that

e p is ramifies at only finitely many primes,
e detp(c) = -1,
e plg, is crystalline with Hodge-Tate numbers 0 and 1 — k.

Let p denote the reduction of p modulo the mazimal ideal of Ogge. If plg, is

irreducible assume that p restricted to Q( (—1)=1/21) is irreducible. (This
will be the case if, for instance, 2k # 1 + 3.) Then there is a Galois totally
real field F' in which | is unramified with the following property. For each
subfield E C F with Gal (F/E) soluble there is a regular algebraic cuspidal
automorphic representation g of GLy(Ag) and an embedding \ of the feild of
coe cients of g into Q¢ such that
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g pﬂ'E,A ~ p|GEJ
o Tp, 1s unramified for all places x of E above [, and
® Tpo has weight k.

Combining this with theorem 3.4.6 of [BL] we deduce the following corol-
lary.

Corollary 6.2 Keep the assumptions of theorem 6.1. If p is unramified at
a prime p and if o is an eigenvalue of p(Frob,) then a € Q™ and for any
isomorphism i : Q¢ = C we have

|ZO/|2 < p(kfl)/Q‘

Continue to assume that p satisfies the hypotheses of theorem 6.1. If p # [
and if i : Q¢ = C then we define

Ly(ip, X) = idet(1 — pg,(Frob,) X) € C[X].
Corollary 6.2 tells us that

L'(ip,s) = Ly(ip,p°)~"
p#l
defines a meromorphic function in Res > (k + 1)/2.
Choose a non-trivial additive character ¥ = ¥, : A/Q — C* with
ker U, = Z; and ¥, (z) = e2™V =1z Algo choose a Haar measure dz = dx, on

Ap with dz . the usual measure on R, with dz;(7;) = 1 and with dz(Ap/F) =
1. If p # I we will let WD(p|g,) denote the Weil-Deligne representation asso-
ciated to p|g,. Then we define

. k . 11—
e(ip,s) = v —1 e(iWD(p"|q,) ® |Art 1| %, 0, dx,).
p#l

(See [Tat].) Note that €(ip,s) = WN*/2=5 where W is independent of s and
where N is the (prime to [) conductor of p. The proof of corollary 2.2 of [Tay4]
then gives the following corollary.

Corollary 6.3 Keep the assumptions of theorem 6.1 and let i : Q¥ = C.
There is a rational function Li(p, X) such that if we set

L(ip,s) = L'(ip, s)Ly(ip,1*) "

then L(ip,s) has meromorphic extension to the entire complex plane and sat-
isfies the functional equation

(2m)*T(s)L(ip, s) = €(ip, s)(2m)* *T'(k — s)L(i(p¥ @ " '), k — ).
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The proof of corollary 2.4 of [Tay4] also gives us the following result.

Corollary 6.4 Keep the assumptions of theorem 6.1 and if k = 2 further
assume that for some prime p # | we have

€EX *

p|GpN 0 X

Then p occurs in the l-adic cohomology (with coe cients in some Tate twist
of the constant sheaf) of some variety over Q.

By a rank d weakly compatible system of l-adic representations R over Q
we shall mean a 5-tuple (M, S, {Q,(X)},{ps},{n1,...,na}) where

e M is a number field;

S is a finite set of rational primes;

e for each prime p ¢ S of Q, Q,(X) is a monic degree d polynomial in
M[X];

e for each prime A of M (with residue characteristic [ say)
P GQ — GLd(M)\)

is a continuous representation such that, if I ¢ S then p,|g, is crystalline,
if p ¢ SU{l} then p, is unramified at p and p,(Frob,) has characteristic
polynomial @,(X); and

e {nq,...,ng} is a multiset (i.e. set with multiplicities) of integers such that
for all primes A of M (lying above a rational prime [) the representation
pala, is Hodge-Tate with numbers {ny, ..., ngq}.

We will call {nq,...,nq} the Hodge numbers of R. We will call R strongly
compatible if for each rational prime p there is a Weil-Deligne representation
WD, (R) of W, such that for primes A of M not dividing p, WD,(R) is equiv-
alent to the Frobenius semi-simplification of the Weil-Deligne representation
associated to py|g,. We will call a rank 2 weakly compatible system R regular
if the Hodge numbers are distinct and for one, and hence all, primes \ of M
we have det py(c) = —1.

We remark that whatever is meant by a “motive”, the [-adic realisations
of a “motive” would give rise to weakly compatible systems of [-adic repre-
sentations which are generally expected to be strongly compatible. Moreover
one can use the Hodge realisation to see that if the Hodge numbers of a rank
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2 “motive” are distinct then the associated system of [-adic representations
is regular in the above sense. This explains the perhaps somewhat unnatural
definition of regularity given above.

The following lemma is an easy consequence of the characterisation of one
dimensional Hodge-Tate representations of Gg.

Lemma 6.5 IfR/Q is a rank 2 weakly compatible system of l-adic representa-
tions and if py is absolutely reducible for one X\, then py is absolutely reducible
for all \.

We will call a rank 2 weakly compatible system of [-adic representations
reducible if the hypothesis (and hence the conclusion) of the previous lemma
holds. Otherwise we call it irreducible.

Theorem 6.6 Suppose that R = (M, S, {Q.(X)}, {p»}, {n1,n2})/Q is a regu-
lar, irreducible, rank 2 weakly compatible system of l-adic representations with
n1 > Nay.

1. For all rational primesp ¢ S and for alli : M — C the roots of i(Q,(X))
have absolute value p~("1+72)/2

2. R s strongly compatible.
3. Fixi: M — C. If we define

LGR,s) =  L,(iWD,(R)",s)"

and

(iR, s) =™ €(iWD,(RS)" ® |Art |, ¥, d,)

p

then the product defining L(iR,s) converges to a meromorphic function
in Res > 1—(n1+na)/2 and L(iR, s) has meromorphic continuation to
the entire complex plane and satisfies a functional equation

(27) "I (s 41y L(IR, s) = €(iR, s)(27)* T2 101 —ng — s) L(iRY,1 — s).

Proof: We may assume that ny; = 0. For all but finitely many primes A\ of
M the representation p, satisfies the hypotheses of theorem 6.1. The first part
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follows immediately from corollary 6.2. Choose one such prime A and fix an
embedding My C Qj°. Let F' be as in theorem 6.1 and write

Gal (F/Q)
1= m;Ind ¢, (F/E,)

J

where m; € Z, Gal (F/E;) is soluble and x; is a character of Gal (F//E;). For
each j we have a regular algebraic cuspidal automorphic representation 7; of
G Ly(Ag,) with field of coefficients M; and an embedding A; : M; — Qf¢ such
that

Prig ™ p>\|GE'j‘
We see in particular that \; : M; — M. Thus any embedding X' : M — Qff

gives rise to an embedding \; : M; — Qj°. From the Cebotarev density
theorem we see that

Prj Ny ™ PA"GE].
and hence that

Gal (
Px = m;Ind o) gcf%))%,x @ X;j-

j
As the Py, are strongly compatible (see [Tayl]), the same is true for the
px. (To check compatibility of the nilpotent operators in the Weil-Deligne
representations one notices that it suffices to check that they are equal after
any finite base change.) Moreover we see that

L(iR,s) =  L(m; ® (x;j o Art o det), s)™

and that
€(iR,s) =  €(mj @ (x; o Art odet),s)™
J
and the third part of the theorem follows. O

As an example suppose that X/Q is a rigid Calabi-Yau 3-fold. Let X'/Z
denote a model for X. Also let (x(s) denote the zeta function of X, so that

(x(s) = Cxplp™)7,

where (x,(7") is a rational function of T" and for all but finitely many p we
have

Cva(T) — (1 T[k(w):Fp])

20



where z runs over closed points of X x F,. If we set

ZX(S) _ ((g _ 1)(8 _ 3))—1(27T)—sdimH2(X((C),R)F(S _ 1)dimH2(X(<C),R)“:1

D(s — 2)Hm P OR™ (),

then we have that

Zx(S) = AB572ZX(4 - 8)

where B is a non-zero rational number and where A = +1. (To see this note

that

HO(X % @, Q) = @ and HY(X x Q*, Q) = Qi(-3);
Hl(X X Qac}@l) = HS(X X Qac}@l) = (0)7

H?%(X(C),C) = H%?(X(C),C) = (0) and so by Lefschetz’s theorem
there is finite dimensional Q-vector space W with a continuous action of
G such that

H*(X x Q™ Q) =W ®q Q(-1)
and

HY(X xQ",Q) =W ®q Q(-2)

for all rational primes [; and

{H3(X x Q,Q,)} forms a regular, rank two weakly compatible system
in the above sense.

Thus it suffices to combine the above theorem with the functional equation
for Artin L-series.)
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