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In tro duction

F on taine and Mazur ha v e made the follo wing extremely in
uen tial conjecture

(see [FM]).

Conjecture A Supp ose that

� : Gal ( Q

a c

= Q ) � ! GL

n

( Q

a c

l

)

is a c ontinuous irr e ducible r epr esentation such that

1. � is r ami�e d at only �nitely many primes

2. and the r estriction of � to the de c omp osition gr oup at l is p otential ly

semi-stable in the sense of F ontaine.

Then � o c curs in the l -adic c ohomolo gy (with r esp e ct to a T ate twist of the

c onstant she af ) of some variety de�ne d over Q .

W e remark that it is no w kno wn that if � do es o ccur in the l -adic cohomol-

ogy of some v ariet y de�ned o v er Q then (1) and (2) m ust hold. W e also remark

that it w ould follo w from this conjecture that there is an in teger w (dep end-

ing on � ) suc h that for almost all p the eigen v alues of � (F rob

p

) are algebraic

and for eac h em b edding in to C ha v e absolute v alue p

w = 2

. Finally w e remark

that, com bining this conjecture with conjectures of Langlands, one further ex-

p ects that � has the same L -series as a cuspidal automorphic represen tation

of GL

n

( A ), and so in particular its L-series has holomorphic con tin uation to

C (except for a p ossible p ole at s = 1 when n = 1) and satis�es a functional

equation (whic h can b e made precise).

The case n = 1 of the conjecture has b een kno wn to b e true for some

time. Besides this the only kno wn cases are for n = 2 where the metho ds

of Wiles [W], T a ylor-Wiles [TW ] and Skinner-Wiles [SW1 ] ha v e b een used to

v erify some cases of the conjecture. Except for a couple of isolated examples

(see [SBT ] and [Dic ]) these metho ds ha v e b een restricted to the case where

� has pro-soluble image. The purp ose of this pap er is to v erify the F on taine-

Mazur conjecture in a signi�can t n um b er of cases where the image of � is not

pro-soluble. More precisely w e pro v e the follo wing theorem and its corollaries.

(Here, and in the rest of this pap er, c denotes complex conjugation and � the

l -adic cyclotomic c haracter.)

Theorem B L et l b e an o dd prime and

� : G

Q

� ! GL

2

( Q

ac

l

)

a c ontinuous irr e ducible r epr esentation such that
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� � is unr ami�e d at al l but �nitely many primes,

� det � ( c ) = � 1 ,

� and

� j

G

l

�

�

�

n

�

1

�

0 �

2

�

for some n 2 Z

> 0

and some �nitely r ami�e d char acters �

1

; �

2

for which

( �

n

�

1

�

� 1

2

)( I

l

) is not pr o- l .

Then ther e is a total ly r e al �eld E , a r e gular algebr aic cuspidal automorphic

r epr esentation � of GL

2

( A

E

) and a plac e � of the �eld of c o e�cients of �

ab ove l such that �

� ;�

(the � -adic r epr esentation asso ciate d to � ) is e quivalent

to � .

Com bining this with a result of Brylinski-Lab esse [BL], Langlands' cyclic

base c hange [L] and a theorem of Brauer w e obtain the follo wing corollary .

Corollary C Ke ep the assumptions of the or em B and cho ose an isomorphism

i : Q

a c

l

�

! C . F or al l but �nitely many primes p the tr ac e and determinant of

� (F rob

p

) lie in Q

ac

and we have

j i (tr � (F rob

p

)) j � 2 p

n= 2

:

We de�ne the L -function of � with r esp e ct to i to b e

L ( i�; s ) = (1 � i�

1 ;I

l

(F rob

l

) =l

s � n

)

� 1

(1 � i�

2 ;I

l

(F rob

l

) =l

s

)

� 1

Q

p 6= l

i det(1 � �

I

p

(F rob

p

) =p

s

)

� 1

;

e c ept we dr op the factor (1 � i�

1 ;I

l

(F rob

l

) =l

s � n

)

� 1

if n = 1 and �

1

= �

2

. This

c onver ges uniformly absolutely for the r e al p art of s su�ciently lar ge. We also

de�ne the c onductor N ( � ) to b e the pr o duct

N ( �

1

) N ( �

2

)

Y

p 6= l

N ( � j

G

p

) ;

exc ept we r eplac e N ( �

1

by l if n = 1 and �

1

= �

2

is unr ami�e d, and we dr op

the factor N ( �

1

) if n = 1 and �

1

= �

2

is r ami�e d. (Her e N ( � j

G

p

) (r esp.

N ( �

i

) ) is the usual c onductor of � j

G

p

(r esp. �

i

).)

The function L ( i�; s ) has unique mer omorphic c ontinuation to the whole

c omplex plane and satis�es a functional e quation

N ( � )

s= 2

(2 � )

� s

�( s ) L ( i�; s ) = W N ( � )

( n +1 � s ) = 2

(2 � )

s � 1 � n

�( n + 1 � s )

L ( i ( � 
 �

n

(det � )

� 1

) ; n + 1 � s ) ;

wher e j W j = 1 .
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In particular this has the follo wing consequence.

Corollary D Supp ose that A= Q is an ab elian variety, M is a numb er �eld

with [ M : Q ] = dim A and that j : O

M

, ! End ( A= Q ) . Then the L-function

of A (r elative to an emb e dding M , ! C ) has mer omorphic c ontinuation to the

whole c omplex plane and satis�es a functional e quation

N ( A )

s= 2

(2 � )

� s

�( s ) L ( A; s ) = W N ( A )

(2 � s ) = 2

(2 � )

s � 2

�(2 � s ) L ( A

_

; 2 � s ) ;

wher e N ( A ) denotes the c onductor of A and wher e j W j = 1 .

Alternativ ely com bining theorem B with a result of Blasius and Roga wski

[BR] and restriction of scalars, w e obtain the follo wing corollary .

Corollary E Ke ep the assumptions of the or em B and if n = 1 further assume

that

� for some prime p 6= l we have

� j

G

p

�

�

�� �

0 �

�

:

Then � o c curs in the l -adic c ohomolo gy (with c o e�cients in some T ate twist

of the c onstant she af ) of some variety over Q . If n = 1 then ther e exists a

numb er �eld M , a prime � of M ab ove l , an ab elian variety A= Q of dimension

[ M : Q ] and an emb e dding O

M

, ! End ( A= Q ) such that � is e quivalent to the

r epr esentation on the � -adic T ate mo dule of A .

Com bining this corollary with (a sligh t generalisation of ) the main result

of [Ram ] w e get the follo wing theorem, whic h ma y lend some supp ort to a v ery

imp ortan t conjecture of Serre (see [S2]).

Theorem F Supp ose that l is an o dd prime and that

� : G

Q

� ! GL

2

( F

a c

l

)

is a c ontinuous irr e ducible r epr esentation such that det � ( c ) = � 1 and

� j

G

l

�

�

�

1

�

0 �

2

�

with �

1

j

I

l

6= �

2

j

I

l

. Then ther e exists a numb er �eld M , a prime � of M

ab ove l , an ab elian variety A= Q of dimension [ M : Q ] and an emb e dding

O

M

, ! End ( A= Q ) such that � is e quivalent to the r epr esentation of G

Q

on

A [ � ] .
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W e remark that w e ha v e not tried to optimise the conditions in these results

and some impro v emen t is certainly p ossible.

Let us brie
y describ e the pro of of theorem B. Let � denote a reduction of

� . The case where � is reducible is the main result of [SW1]. The case where

� is irreducible but soluble follo ws from the results of [L], [T u], [W], [TW ],

[Dia1 ] and [SW3 ]. In this pap er w e treat the case where � has insoluble image.

By the metho ds of [W ] and [TW ] and their extension to totally real �elds b y

Diamond ([Dia2 ]), F ujiw ara ([F]) and Skinner and Wiles ([SW2 ] and [SW3]),

the k ey p oin t here is to pro v e that � j

Gal ( E

ac

=E )

is mo dular for some totally real

�eld E .

T o describ e ho w w e do this, let us for simplicit y assume that � has cyclo-

tomic determinan t. W e �nd totally real �elds E and M , a rational prime p

and an ab elian v ariet y A=E suc h that

� p and l are unrami�ed in E ,

� dim A = [ M : Q ],

� there is an em b edding i : O

M

, ! End ( A=E ),

� there is a prime � j l of O

M

suc h that A [ � ]( E

ac

) is equiv alen t to � j

Gal ( E

ac

=E )

as a Gal ( E

ac

=E )-mo dule,

� A has go o d ordinary reduction at all primes of O

E

ab o v e p ,

� there is a prime } of O

M

ab o v e p suc h that the action of Gal ( E

ac

=E )

on A [ } ]( E

ac

) is of the form Ind

Gal ( E

ac

=E )

Gal ( L

ac

=L )

� for some totally imaginary

quadratic extension L=E not con tained in E ( �

p

) and some c haracter �

of Gal ( L

ac

=L ).

Giv en suc h E , M , p and A the ab o v e men tioned results of Diamond, F ujiw ara

and Skinner and Wiles sho w that the } -adic T ate mo dule of A is mo dular and

hence that � is mo dular.

Ha ving made a suitable c hoice for M and p the problem of �nding a suit-

able E and A comes do wn to a problem of constructing p oin ts on certain

Hilb ert-Blumen tal mo dular v arieties o v er totally real �elds in whic h p and

l are unrami�ed. T o this end w e emplo y the follo wing general criterion of

Moret-Bailly [M] whic h reduces the problem to lo cal problems at 1 , l and p .

Theorem G (Moret-Bailly) L et K b e a numb er �eld and S a �nite set of

plac es of K . Ther e is a unique maximal extension K

S

=K (inside a given al-

gebr aic closur e of K ) in which al l plac es of S split c ompletely. (F or example,
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Q

f 1g

is the maximal total ly r e al �eld.) Supp ose that X= Sp ec K is a ge ometri-

c al ly irr e ducible smo oth quasi-pr oje ctive scheme and that, for al l v 2 S , X ( K

v

)

is non-empty. Then X ( K

S

) is Zariski dense in X .

Notation

Throughout this pap er l will b e an o dd rational prime.

If K is a p erfect �eld w e will let K

ac

denote its algebraic closure and G

K

denote its absolute Galois group Gal ( K

ac

=K ). If moreo v er p is a prime n um b er

di�eren t from the c haracteristic of K then w e will let �

p

: G

K

! Z

�

p

denote

the p -adic cyclotomic c haracter and !

p

the T eic hm uller lift of �

p

mo d p . In the

case p = l w e will drop the subscripts and write simply � = �

l

and ! = !

l

.

If K is a lo cal �eld w e will let W

K

denote the W eil group of K . If K is a

n um b er �eld and x is a �nite place of K w e will write G

x

for a decomp osition

group ab o v e x , I

x

for the inertia subgroup of G

x

and F rob

x

for an arithmetic

F rob enius elemen t in G

x

=I

x

. W e will also let O

K

denote the in tegers of K , d

K

the di�eren t of K and k ( x ) denote the residue �eld of O

K

at x . W e will let c

denote complex conjugation on C .

W e will write �

N

for the group sc heme of N

th

ro ots of unit y . W e will write

W ( k ) for the Witt v ectors of k . If G is a group, H a normal subgroup of

G and � a represen tation of G , then w e will let �

H

(resp. �

H

) denote the

represen tation of G=H on the H -in v arian ts (resp. H -coin v arian ts) of � .

Supp ose that A=K is an ab elian v ariet y with and action of O

M

for some

n um b er �eld M o v er a p erfect �eld K . Supp ose also that X is a �nite index

O

M

-submo dule of a free O

M

-mo dule. If X is free with basis e

1

; :::; e

r

then b y

A 


O

M

X w e shall simply mean A

r

. Note that for an y ideal a of O

M

w e ha v e

a canonical isomorphism

( A 


O

M

X )[ a ]

�

=

A [ a ] 


O

M

X :

In general if Y � X � a Y with Y free and a a non-zero ideal of O

M

then w e

will set

( A 


O

M

X ) = ( A 


O

M

a Y ) = ( A [ a ] 


O

M

X= a Y ) :

This is canonically indep enden t of the c hoice of Y � X and again w e get an

iden ti�cation

( A 


O

M

X )[ a ]

�

=

A [ a ] 


O

M

X :

If X has an action of some O

M

algebra then A 


O

M

X canonically inher-

its suc h an action. W e also get a canonical iden ti�cation ( A 


O

M

X )

_

�

=
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A

_




O

M

Hom ( X ; Z ). Supp ose that � : A ! A

_

is a p olarisation whic h in-

duces an in v olution c on M . Note that c equals complex conjugation for ev ery

em b edding M , ! C . Supp ose also that f : X ! Hom ( X ; Z ) is c -semilinear

for the action of O

M

. If for all x 2 X � f 0 g , the totally real n um b er f ( x )( x )

is totally strictly p ositiv e then � 
 f : A 


O

M

X ! ( A 


O

M

X )

_

is again a

p olarisation.

If � is an ideal of O

M

prime to the c haracteristic of K w e will write �

A;�

for

the represen tation of G

K

on A [ � ]( K

ac

). If � is prime w e will write T

�

A for the

� -adic T ate mo dule of A , V

�

A for T

�

A 


Z

Q and �

A;�

for the represen tation of

G

K

on V

�

A . W e ha v e a canonical isomorphism T

�

( A 


C

M

X )

�

! ( T

�

A ) 


O

M

X .

Supp ose that F is a totally real n um b er �eld and that � is an algebraic

cuspidal automorphic represen tation of GL

2

( A

F

) with �eld of de�nition (or

co e�cien ts) M � C . In some cases, including the cases that �

1

is regular

and the case �

1

is w eigh t (1 ; :::; 1), then it is kno wn that M is a CM n um-

b er �eld and that for eac h prime � of O

M

there is a con tin uous irreducible

represen tation

�

� ;�

: G

F

! GL

2

( M

�

)

canonically asso ciated to � . (See [T a1] for details.) W e ma y alw a ys conjugate

�

� ;�

so that it is v alued in GL

2

( O

M ;�

) and then reduce it to get a con tin uous

represen tation G

F

! GL

2

( O

M

=� ). If for one suc h c hoice of conjugate the

resulting represen tation is irreducible then it is indep enden t of the c hoice of

conjugate and w e will denote it �

� ;�

.

1 A p oten tial v ersion of Serre's conjecture

Supp ose that l is an o dd prime and that k = F

l

is a �nite extension. Supp ose

also that F is a totally real �eld and that

� : G

F

� ! GL

2

( k )

is a con tin uous represen tation suc h that

� � has insoluble image,

� for ev ery place v of F ab o v e l w e ha v e

� j

G

v

�

�

��

� 1

v

�

0 �

v

�

� and for ev ery complex conjugation c , det � ( c ) = � 1.
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F or v a prime of F ab o v e l let

e

F

v

denote the smallest totally tamely rami�ed

extension of F

v

o v er whic h �

v

b ecomes unrami�ed.

Let � denote a primitiv e # k

�

ro ot of unit y and let N

0

= Q ( � ;

p

1 � 4 l ).

Note that l is unrami�ed in N

0

and that eac h prime of N

0

ab o v e l has residue

�eld isomorphic to k . Cho ose a prime �

0

of N

0

ab o v e l and an isomorphism

O

N

0

=�

0

�

=

k . F or v a prime of F ab o v e l set

�

v

= �

b

v

((1 +

p

1 � 4 l ) = 2)

[ k ( v ): F

l

]

with b

v

c hosen so that �

v

� �

v

( �

v

) mo d �

0

for �

v

2 G

e

F

v

a lift of F rob

v

. Let

e�

v

denote the unique c haracter from W

F

v

to N

�

0

whic h,

� if �

2

v

6= 1, tak es �

v

to �

v

and on inertia is the T eic hm uller lift of �

v

� and, if �

2

v

= 1, is the T eic hm uller lift of �

v

.

Cho ose an o dd prime p 6= l suc h that

� at all primes w of F ab o v e p , � is unrami�ed and � (F rob

w

) has distinct

eigen v alues,

� p splits completely in the Hilb ert class �eld of N

0

,

� p splits completely in ( F

ac

)

k er( �

� 1

det � )

� and p is coprime to �

v

� �

c

v

for all places v of F ab o v e l .

Also c ho ose a prime }

0

of N

0

ab o v e p . F or eac h place w of F ab o v e p c ho ose

�

0

w

2 Z [(1 +

p

1 � 4 l ) = 2] with norm p (p ossible b ecause p splits completely in

the Hilb ert class �eld of Q ((1 +

p

1 � 4 l ) = 2)) and set

�

w

= �

a

w

�

0

w

with a

w

c hosen so that �

w

is congruen t mo dulo � to an eigen v alue of � (F rob

w

).

Lemma 1.1 L et p b e a r ational prime, O the inte gers of a �nite extension of

Q

p

and F the r esidue �eld of O . L et K b e a total ly r e al �eld and L=K a total ly

imaginary quadr atic extension in which every plac e of K ab ove p splits. L et

S b e a �nite set of �nite plac es of K which split in L and supp ose S c ontains

al l plac es of K ab ove p . L et S

L

b e a set of plac es of L ab ove S which c ontains

exactly one plac e ab ove every element of S .

L et � : G

K

! O

�

b e a c ontinuous homomorphism

� which takes every c omplex c onjugation to � 1

7



� and which is of the form �

n

p

times a �nite or der char acter for some n 2 Z .

A lso for e ach x 2 S

L

let  

x

: G

L

x

! F

�

b e a c ontinuous homomorphism.

Then ther e is a �nite extension of the fr action �eld of O with inte gers O

0

and r esidue �eld k

0

, and a c ontinuous char acter  : G

L

! ( O

0

)

�

such that

� for al l x 2 S

L

,  j

G

L

x

is �nitely r ami�e d and r e duc es to  

x

� and det Ind

G

K

G

L

 = � .

Pr o of: W e can c ho ose a c haracter  

0

: G

L

! ( O

0

)

�

suc h that

� �

� 1

p

det Ind

G

K

G

L

 

0

has �nite order

� and  

0

j

I

x

is �nite order for all x 2 S

L

.

Lo oking for  of the form  

n

0

 

0

w e reduce to the case that n = 0. W e ma y

also supp ose that S

L

generates the class group of L .

F or x 2 S

L

let  

x

: L

�

x

! O

�

b e the c haracter corresp onding b y class �eld

theory to the T eic hm uller lift of  

x

. Let �

0

b e the c haracter of A

�

K

asso ciated

b y class �eld theory to � times the quadratic c haracter of G

K

with k ernel G

L

.

W e m ust �nd a c haracter  : A

�

L

=L

�

! ( O

0

)

�

whic h restricts to �

0

on A

�

K

and

to  

x

on L

�

x

for all x 2 S

L

. Let L

�

S

(resp. K

�

S

) denote the subgroup of L

�

(resp. K

�

) whic h is supp orted on S

L

(resp. S ). Let T denote the set of �nite

places of K whic h are not in S and at whic h �

0

is rami�ed. F or x 2 T c ho ose

an extension  

x

of �

0

j

O

�

K;x

to O

�

L;x

. Let

 

0

: (

Y

x 2 S

L

�

x

�

Y

x 2 T

O

�

L;x

) =K

�

S

� ! ( O

0

)

�

denote the unique c haracter whic h

� coincides with �

0

on (

Q

x 2 S

K

�

x

�

Q

x 2 T

O

�

K ;x

) =K

�

S

,

� coincides with  

x

on L

�

y

for y 2 S

L

� and whic h coincides with  

x

on O

�

L;x

for x 2 T .

It su�ces to �nd a con tin uous c haracter

 : (

Y

x 2 S

L

�

x

�

Y

y 2 T

O

�

L;y

�

Y

y 62 S [ T

( O

�

L;y

= O

�

K ;y

)) =L

�

S

� ! ( O

0

)

�

8



whic h extends  

0

. Equiv alen tly w e m ust �nd a con tin uous c haracter

Y

y 62 S [ T

( O

�

L;y

= O

�

K ;y

) � ! ( O

0

)

�

whic h coincides with  

0

on L

�

S

=K

�

S

.

As  

0

has �nite order it su�ces to sho w that an y �nite index subgroup of

L

�

S

=K

�

S

con tains the preimage of some op en subgroup of

Q

y 62 S [ T

O

�

L;y

= O

�

K ;y

.

Considering the comm utativ e diagram

L

�

S

=K

�

S

c � 1

, ! L

�

S

# #

Q

y 62 S [ T

O

�

L;y

= O

�

K ;y

c � 1

, !

Q

y 62 S [ T

O

�

L;y

;

and recalling that L

�

S

is a �nitely generated ab elian group, w e see that w e only

need pro v e that for an y p ositiv e in teger n the subgroup ( L

�

S

)

n

� L

�

S

con tains

the preimage of some op en subgroup of

Q

y 62 S [ T

O

�

L;y

. This is presumably w ell

kno wn, see for instance lemma 2.1 of [T a2]. 2

Th us w e ma y c ho ose a quadratic extension L=F and a con tin uous c haracter

 : G

L

! ( N

ac

0 ;}

0

)

�

suc h that

� L is a totally imaginary �eld not con tained in F adjoin a primitiv e p

th

ro ot of 1;

� eac h place v of F ab o v e l splits as v

1

v

c

1

in L and  j

W

L

v

1

= e�

v

in

( O

N

0

=}

0

)

ac

;

� eac h place w of F ab o v e p splits as w

1

w

c

1

in L and  j

G

w

1

is unrami�ed

and tak es arithmetic F rob enius to a lift of �

w

2 O

N

0

=}

0

;

� and det Ind

G

F

G

L

 = �

p

.

Let  : G

L

! (( O

N

0

=}

0

)

ac

)

�

denote the reduction of  . Note that for an y

prime v of F ab o v e l w e ha v e  j

G

v

1

6=  

c

j

G

v

1

(as �

v

� �

c

v

is coprime to p ).

Cho ose N = N

0

b e a Galois CM extension suc h that

� primes ab o v e l split in N = N

0

,

� primes ab o v e p are unrami�ed in N = N

0

� and there is a prime } ab o v e }

0

suc h that  has image in O

N

=} .

9



Let � denote a prime of O

N

ab o v e �

0

and let M denote the maximal totally

real sub�eld of N .

By an ordered in v ertible O

M

-mo dule w e shall mean an in v ertible O

M

-

mo dule X together with a c hoice of connected comp onen t X

+

x

of ( X 
 M

x

) � f 0 g

for eac h in�nite place x of M . By the standard ordered in v ertible O

M

-mo dule

O

+

M

w e shall mean ( O

M

; f ( M

�

x

)

0

g ), where ( M

�

x

)

0

denotes the connected com-

p onen t of 1 in M

�

x

. By an M -HBA V o v er a �eld K w e shall mean a triple

( A; i; j ) where

� A=K is an ab elian v ariet y of dimension [ M : Q ],

� i : O

M

, ! End ( A=K )

� and j : O

+

M

�

! P ( A; i ) is an isomorphism of ordered in v ertible O

M

-

mo dules.

Here P ( A; i ) is the in v ertible O

M

mo dule of symmetric (i.e. f

_

= f ) homomor-

phisms f : ( A; i ) ! ( A

_

; i

_

) whic h is ordered b y taking the unique connected

comp onen t of ( P ( A; i ) 
 M

x

) whic h con tains the class of a p olarisation. (See

section 1 of [Rap].)

Lemma 1.2 F or e ach plac e v of F ab ove l we c an �nd an M -HBA V ( A

v

; i

v

; j

v

)

over F

v

such that

� A

v

either has p otential ly go o d or dinary r e duction or p otential ly multi-

plic ative r e duction,

� the action of G

v

on A

v

[ � j

M

] is e quivalent to � j

G

v

� and the action of G

v

on A

v

[ } j

M

] is e quivalent to  

v

1

�  

v

c

1

.

Pr o of: First supp ose that �

2

v

= 1, so that (b y t wisting) w e ma y supp ose

that �

v

= 1. The extension � j

G

v

is describ ed b y a class in

q 2 H

1

( G

v

; k ( � ))

�

=

F

�

v

= ( F

�

v

)

l




F

l

k

�

=

F

�

v




Z

d

� 1

M

=� d

� 1

M

:

W e ma y c ho ose

q

0

2 F

�

v




Z

} d

� 1

M

� F

�

v




Z

d

� 1

M

suc h that q

0

reduces to q 2 F

�

v




Z

d

� 1

M

=� d

� 1

M

. No w set q = q

0

q

1

, where w e c ho ose

q

1

2 F

�

v




Z

}� d

� 1

M

suc h that tr

M = Q

( av ( q

1

)) > � tr

M = Q

( av ( q

0

)) for all totally

p ositiv e elemen ts a 2 O

M

. According to section 2 of [Rap ] there is a M -HBA V

( A

v

; i

v

; j

v

) =F

v

suc h that A

v

( F

ac

v

)

�

=

(( F

ac

v

)

�


 d

� 1

M

) = O

M

q as a O

M

[ G

v

]-mo dule.

This triple su�ces to pro v e the lemma in this case.
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Secondly supp ose that �

2

v

6= 1. By the theory of Honda and T ate w e can

�nd a simple ordinary ab elian v ariet y A

0

=k ( v ) of dimension [ Q ( �

v

) : Q ] = 2

and an isomorphism i

0

: O

Q ( �

v

)

�

! End ( A=k ( v )) suc h that A

0

[ l ]( k ( v )

ac

) is

isomorphic to O

Q ( �

v

)

= ( �

c

v

) and �

v

is the F rob enius endomorphism of A

0

=k ( v ).

Cho ose a p olarisation �

0

: A

0

! A

_

0

. The corresp onding Rosati in v olution

m ust corresp ond to complex conjugation on O

Q ( �

v

)

. Set A

1

= A

0




O

Q ( �

v

)

O

N

,

an ordinary ab elain v ariet y of dimension [ M : Q ] o v er k ( v ) with an em b edding

i

1

: O

N

, ! End ( A

1

=k ( v )). Then A

1

[ l ]( k ( v )

ac

)

�

=

O

N

= ( �

c

v

) and �

v

is the

F rob enius endomorphism. The p olarisation �

0

and the pairing

O

N

� O

N

� ! O

Q ( � )

( a; b ) 7� ! tr

N = Q ( � )

( ab

c

)

de�nes a p olarisation �

1

: A

1

! A

_

1

suc h that the �

1

-Rosati in v olution acts as

c on O

N

. The c hoice of �

1

mak es Hom

O

M

( A

1

; A

_

1

) isomorphic to a fractional

ideal a of O

N

. The symmetric elemen ts then corresp ond to a \ M with the order

structure coming from the subset of totally p ositiv e elemen ts. If w e replace

A

1

b y A

1

= A

1

[ b ] for some ideal b of O

N

then P ( A

1

; i

1

) is replaced b y abb

c

\ M

with the order structure coming from the totally p ositiv e elemen ts. The norm

map from the class group of N to the class group of M is surjectiv e, b ecause

the Hilb ert class �eld of M is con tained in that of N and b eing totally p ositiv e

is disjoin t from N o v er M . Th us replacing A

1

b y A

1

= A

1

[ b ] for a suitable b w e

ma y supp ose that ( A

1

; i

1

j

O

M

) extends to a M -HBA V ( A

1

; i

1

j

O

M

; j

1

).

Let e�

0

v

denote the unique con tin uous unrami�ed extension of e�

v

j

W

e

F

v

to a

c haracter

G

v

� ! O

�

N ; ( �

c

v

)

�

=

O

�

M ;l

:

Serre-T ate theory tells us that liftings of the triple ( A

1

; i

1

j

O

M

; j

1

) to O

e

F

v

are parametrised b y the extensions of M

l

= O

M ;l

( e�

0

v

) b y �

l

1


 O

M

(( e�

0

v

)

� 1

) as

Barsotti-T ate groups o v er O

e

F

v

; that is b y a subgroup

H

1

f

( G

e

F

v

; O

M ;l

( � ( e�

0

v

)

� 2

)) � H

1

( G

e

F

v

; O

M ;l

( � ( e�

0

v

)

� 2

)) :

(If e�

2

v

6= 1 then

H

1

f

( G

e

F

v

; O

M ;l

( � ( e�

0

v

)

� 2

)) = H

1

( G

e

F

v

; O

M ;l

( � ( e�

0

v

)

� 2

)) ;

while if e�

2

v

= 1 then H

1

f

( G

e

F

v

; O

M ;l

( � ( e�

0

v

)

� 2

)) corresp onds b y Kummer theory

to

( O

�

e

F

v

)

^


 O

M ;l

� (

e

F

�

v

)

^


 O

M ;l

;
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where X

^

denotes l -adic completion of X .) W e will write ( A

x

; i

x

; j

x

) for the

lift corresp onding to an elemen t x of the group H

1

f

( G

e

F

v

; O

M ;l

( � ( e�

0

v

)

� 2

)). If

� 2 Gal (

e

F

v

=F

v

) then

� ( A

x

; i

x

; j

x

) = ( A

� x

; i

� x

; j

� x

) :

If 
 2 O

N

then i

1

( 
 ) lifts to a homomorphism from ( A

x

; i

x

; j

x

) to ( A

y

; i

y

; j

y

)

if and only if 
 


c

= 1 and 


2

x = y , where w e let O

N

acts on O

M ;l

via the

map O

N

! O

N ;�

c

v

�

=

O

M ;l

. Th us to giv e a triple ( A; i; j ) o v er F

v

whic h

restricts to some lift of ( A

1

; i

1

; j

1

) o v er

e

F

v

is the same as giving a c haracter

 : Gal (

e

F

v

=F

v

) ! �

1

( N ) and an elemen t x 2 H

1

f

( G

e

F

v

; O

M ;l

( � ( e�

0

v

)

� 2

)) suc h

that � x =  ( � )

2

x for all � 2 Gal (

e

F

v

=F

v

), i.e. b y con tin uous c haracters

�

0

: G

v

! O

�

M ;l

with �

0

j

W

e

F

v

= e�

v

j

G

e

F

v

and elemen ts

x 2 H

1

( G

e

F

v

; O

M ;l

( � ( �

0

)

� 2

))

Gal ( L=K )

\ H

1

f

( G

e

F

v

; O

M ;l

( � e�

� 2

v

)) :

Note that

H

1

( G

e

F

v

; O

M ;l

( � ( �

0

)

� 2

))

Gal ( L=K )

\ H

1

f

( G

e

F

v

; O

M ;l

( � e�

� 2

v

))

is a subgroup of H

1

( G

v

; O

M ;l

( � ( �

0

)

� 2

)), and equals H

1

( G

v

; O

M ;l

( � ( �

0

)

� 2

)) if

( �

0

v

)

2

6= 1.

Cho ose x 2 H

1

( G

v

; O

M ;l

( � e�

� 2

v

)) so that its � -comp onen t

x

�

2 H

1

( G

v

; O

M ;�

( � e�

� 2

v

))

maps to the class of the extension � j

G

v

in H

1

( G

v

; O

M

=� ( ��

� 2

v

)). This is p os-

sible as H

2

( G

v

; O

M ;�

( � e�

� 2

v

)) = (0) (as it is dual to H

0

( G

v

; M

�

= O

M ;�

( e�

2

v

))).

Finally let ( A

v

; i

v

; j

v

)) =K corresp ond to ( e�

v

; x ). 2

Lemma 1.3 F or e ach plac e w of F ab ove p ther e is an M -HBA V ( A

w

; i

w

; j

w

)

over F

w

such that

� A

w

has go o d or dinary r e duction,

� the action of G

w

on A

w

[ � j

M

] is e quivalent to � j

G

w

� and the action of G

w

on b oth A

v

[ } j

M

] is e quivalent to  

w

1

�  

w

c

1

.

Pr o of: This is pro v ed in the same w a y as lemma 1.2 but is m uc h easier so

w e lea v e the details to the reader. 2
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Lemma 1.4 F or e ach in�nite plac e x of F ther e is an M -HBA V ( A

x

; i

x

; j

x

)

over F

x

.

Pr o of: Cho ose an elliptic curv e E =F

x

and set A

x

= E 


Z

O

M

. Let i

x

b e the

canonical action of O

M

on A

x

. Finally A

x

has a p olarisation corresp onding to

the unique principal p olarisation on E and the pairing O

M

� O

M

! Z whic h

sends ( a; b ) 7! tr ( ab ). This sho ws that P ( A

x

; i

x

)

�

=

O

+

M

. 2

Let V

�

=F b e the t w o dimensional ( O

M

=� )-v ector space sc heme corresp ond-

ing to � and �x an alternating isomorphism a

�

of V

�

with its Cartier dual. Also

let V

}

b e the t w o dimensional ( O

M

=} )-v ector space sc heme corresp onding to

Ind

G

F

G

L

 and �x an alternating isomorphism a

}

of V

}

with its Cartier dual. As

in section 1 of [Rap] w e see that there is a �ne mo duli space X=F for quin-

tuples ( A; i; j; m

�

; m

}

) where ( A; i; j ) is an M -HBA V, m

�

: V

�

�

! A [ � ] and

m

}

: V

}

�

! A [ } ] suc h that a

�

corresp onds to the j (1)-W eil pairing on A [ � ]

and a

}

corresp onds to the j (1)-W eil pairing on A [ } ]. (T o de�ne the mo duli

problem o v er a general base one m ust pro ceed as in section 1 of [Rap]. T o see

that the mo duli space is �ne note that k er ( GL

2

( O

M ;�

) ! ! GL

2

( O

M

=� )) has

no elemen t of �nite order other than the iden tit y .) As in section 1 of [Rap]

one can see that X is smo oth and one can describ e for an y in�nite place x of

F the complex manifold X ( F 


F

x

C ) as a quotien t of the pro duct of [ M : Q ]

copies of the upp er half complex plane and deduce that X is geometrically

connected.

It follo ws from lemmas 1.2, 1.3 and 1.4 that for an y place x of F ab o v e l , p

or in�nit y w e ha v e X ( F

v

) 6= ; . (Note that � j

G

x

and (Ind

G

F

G

L

 ) j

G

x

are reducible

and so an y alternating isomorphisms of V

�

� F

x

or V

}

� F

x

with its Cartier dual

are equiv alen t.) Applying a theorem of Moret-Bailly [M], whic h w e recalled

in the in tro duction (theorem G), w e obtain a totally real �eld E =F in whic h

ev ery place ab o v e l and p split completely and a M -HBA V ( A; i; j ) =E suc h

that

� the represen tation of G

E

on A [ � ] is equiv alen t to � j

G

E

� and the represen tation of G

E

on A [ } ] is equiv alen t to (Ind

G

F

G

L

 ) j

G

E

.

Note that (Ind

G

F

G

L

 ) j

G

E

is absolutely irreducible, b ecause for an y place x of E

ab o v e p the restriction of  to the t w o places of LE ab o v e x are di�eren t. Also

note that A has semi-stable reduction at an y prime x of E ab o v e p , b ecause

A [ � ] is unrami�ed at x and k er ( GL

2

( O

M ;�

) ! ! GL

2

( O

M

=� )) has no elemen t

of �nite order other than the iden tit y . Finally note that T

}

A is ordinary at

an y prime x of E ab o v e p , b ecause A is semistable at x , E

x

�

=

Q

p

and the

I

x

-coin v arian ts of A [ } ] are non-trivial.
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In some cases w e can conclude a little more.

Lemma 1.5 Supp ose that v is an unr ami�e d plac e of F ab ove l and that x

is a plac e of E ab ove v . Supp ose also that �

2

v

j

I

v

= �

n

j

I

v

for some inte ger

0 � n < l � 1 . Supp ose �nal ly that if � j

G

v

is semisimple then n 6= 1 . Then the

r epr esentation of G

x

on T

�

A 
 Q

l

has the form

�

� ( �

0

v

)

� 1

�

0 �

0

v

�

wher e �

0

v

is a tamely r ami�e d lift of �

v

.

Pr o of: T o pro v e the lemma w e ma y �rst replace A b y A 


O

M

O

N

and then

replace A b y a t wist so that

� the represen tation of G

x

on A [ � ] has the form

�

��

1

�

0 �

2

�

with �

2

unrami�ed and �

1

j

I

x

� �

� n

� and the represen tation of G

x

on A [ } ] has the form  

1

�  

2

with  

2

unrami�ed and  

1

j

I

x

= !

� n

.

W e m ust sho w that the represen tation of G

x

on T

�

A 
 Q

l

has the form

�

��

0

1

�

0 �

0

2

�

where �

0

2

is an unrami�ed lift of �

2

.

Lo oking at the action of G

x

on T

}

A w e see that either A has m ultiplicativ e

reduction o v er E

x

or it has go o d reduction o v er E

x

( �

l

). If it has m ultiplicativ e

reduction then �

1

is unrami�ed and the result is clear.

Supp ose it has go o d reduction o v er E

x

( �

l

). W e will also denote b y A the

Neron mo del of A o v er W ( k ( x )

ac

)[ �

l

]. The only p ossible simple sub quotien ts of

the �nite 
at group sc heme A [ � ] =W ( k ( x )

ac

)[ �

l

] are Z =l Z and �

l

. As there are

no non-trivial extensions of Z =l Z b y Z =l Z nor of �

l

b y �

l

o v er W ( k ( x )

ac

)[ �

l

]

w e see that there is a short exact sequence

(0) � ! �

[ O

N

=� : F

l

]

l

� ! A [ � ] � ! ( Z =l Z )

[ O

N

=� : F

l

]

� ! (0)

o v er W ( k ( x )

ac

)[ �

l

]. (W e are using connected-etale exact sequence and the fact

that Lie ( A [ � ] � F

a c

l

) has dimension [ O

N

=� : F

l

].) In particular A has ordinary

reduction. If � j

G

v

is not semi-simple w e are done.
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So supp ose � j

G

v

is semi-simple. Then I

x

either acts on Lie ( A [ � ] � F

ac

l

) b y

�

� n

or �

� 1

, according as A [ � ]

0

� ��

1

or �

2

as G

x

-mo dules. (See section 5 of

[Ed ].) If it acted b y �

� 1

then it w ould also act b y !

� 1

on some sub quotien t

of A [ } ] (see app endix B of [CDT]). Hence �

1

j

I

x

= ! , whic h w e are assuming

do es not o ccur when A [ � ] is semi-simple as a G

x

-mo dule. 2

Because (Ind

G

F

G

L

 ) j

G

E

is mo dular w e ma y apply theorem 5.1 of [SW3] to

deduce that T

}

A is mo dular and hence that T

�

A is mo dular. Th us w e ha v e

pro v ed the follo wing theorem in the case that � has insoluble image. The case

that � has soluble image follo ws from kno wn cases of the strong Artin conjec-

ture (see [T u], and [R T] for ho w to use congruences to ensure the regularit y of

� ).

Theorem 1.6 Supp ose that l is an o dd prime and that k = F

l

is a �nite exten-

sion. Supp ose also that F is a total ly r e al �eld and that

� : G

F

� ! GL

2

( k )

is a c ontinuous irr e ducible r epr esentation such that

1. for every plac e v of F ab ove l we have

� j

G

v

�

�

��

� 1

v

�

0 �

v

�

2. and for every c omplex c onjugation c we have det � ( c ) = � 1 .

Then ther e is a �nite Galois total ly r e al extension E =F in which every prime

of F ab ove l splits c ompletely, a r e gular algebr aic cuspidal automorphic r epr e-

sentation � of GL

2

( A

E

) and a plac e �

0

of the �eld of c o e�cients of � ab ove l

such that �

� ;�

0

� � j

G

E

.

Mor e over E , � and �

0

may b e chosen so that the fol lowing holds. If x is

an unr ami�e d prime of E ab ove l such that

� �

2

x

j

I

x

= �

n

j

I

x

� and � ( I

x

) do es not c onsist of sc alar matric es,

then

�

� ;�

0

j

G

x

�

�

� ( �

0

x

)

� 1

�

0 �

0

x

�

wher e �

0

x

is a tamely r ami�e d lift of �

x

.
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Corollary 1.7 Supp ose that l is an o dd prime and that k = F

l

is a �nite exten-

sion. Supp ose also that F is a total ly r e al �eld and that

� : G

F

� ! GL

2

( k )

is a c ontinuous irr e ducible r epr esentation such that for every c omplex c onju-

gation c we have det � ( c ) = � 1 . Then ther e is a �nite Galois total ly r e al

extension E =F in which every prime of F ab ove l is unr ami�e d with inertial

de gr e e at most 2 , a r e gular algebr aic cuspidal automorphic r epr esentation �

of GL

2

( A

E

) and a plac e �

0

of the �eld of c o e�cients of � ab ove l such that

�

� ;�

0

� � j

G

E

.

Mor e over let T denote the set of unr ami�e d primes v of F ab ove l such

that � ( I

v

) do es not c onsist of sc alar matric es and

� j

G

v

�

�

�

v ; 1

�

0 �

v ; 2

�

with ( �

2

�

� 1

1

) j

I

v

= �

n

j

I

v

for some n 2 Z = ( l � 1) Z . Then we may cho ose E , �

and �

0

so that for any plac e x of E ab ove a plac e v 2 T we have

�

� ;�

0

j

G

x

�

�

�

0

x; 1

�

0 �

0

x; 2

�

wher e �

0

x; 2

is a tamely r ami�e d lift of �

v ; 2

.

2 Applications

Theorem 2.1 L et l b e an o dd prime and

� : G

Q

� ! GL

2

( Q

ac

l

)

a c ontinuous irr e ducible r epr esentation such that

� � is unr ami�e d at al l but �nitely many primes,

� det � ( c ) = � 1 ,

� and

� j

G

l

�

�

�

n

�

1

�

0 �

2

�

for some n 2 Z

> 0

and some �nitely r ami�e d char acters �

1

; �

2

for which

( �

n

�

1

�

� 1

2

)( I

l

) is not pr o- l .
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Then ther e is a �nite Galois total ly r e al extension E = Q , a r e gular algebr aic

cuspidal automorphic r epr esentation � of GL

2

( A

E

) and a plac e �

0

of the �eld

of c o e�cients of � ab ove l such that �

� ;�

0

� � .

Pr o of: Let � denote a reduction of some conjugate of � whic h is v alued

in GL

2

( O

Q

ac

l

). If � is reducible then the theorem follo ws from theorem A of

[SW1]. If � is induced from a c haracter of a real quadratic �eld then � is

mo dular (of w eigh t 1) and so the theorem follo ws from theorem 5.1 of [SW3 ].

Otherwise � remains irreducible on restriction to an y totally real �eld. In this

case the theorem follo ws from com bining corollary 1.7 with theorem 5.1 of

[SW3]. 2

Corollary 2.2 Ke ep the assumptions of the or em 2.1 and cho ose an isomor-

phism i : Q

a c

l

�

! C . F or al l but �nitely many primes p the tr ac e and determi-

nant of � (F rob

p

) lie in Q

ac

and we have

j i (tr � (F rob

p

)) j � 2 p

n= 2

:

We de�ne the L -function of � with r esp e ct to i to b e

L ( i�; s ) = (1 � i�

1 ;I

l

(F rob

l

) =l

s � n

)

� 1

(1 � i�

2 ;I

l

(F rob

l

) =l

s

)

� 1

Q

p 6= l

i det(1 � �

I

p

(F rob

p

) =p

s

)

� 1

;

e c ept we dr op the factor (1 � i�

1 ;I

l

(F rob

l

) =l

s � n

)

� 1

if n = 1 and �

1

= �

2

. This

c onver ges uniformly absolutely for the r e al p art of s su�ciently lar ge. We also

de�ne the c onductor N ( � ) to b e the pr o duct

N ( �

1

) N ( �

2

)

Y

p 6= l

N ( � j

G

p

) ;

exc ept we r eplac e N ( �

1

by l if n = 1 and �

1

= �

2

is unr ami�e d, and we dr op

the factor N ( �

1

) if n = 1 and �

1

= �

2

is r ami�e d. (Her e N ( � j

G

p

) (r esp.

N ( �

i

) ) is the usual c onductor of � j

G

p

(r esp. �

i

).)

The function L ( i�; s ) has unique mer omorphic c ontinuation to the whole

c omplex plane and satis�es a functional e quation

N ( � )

s= 2

(2 � )

� s

�( s ) L ( i�; s ) = W N ( � )

( n +1 � s ) = 2

(2 � )

s � 1 � n

�( n + 1 � s )

L ( i ( � 
 �

n

(det � )

� 1

) ; n + 1 � s ) ;

wher e j W j = 1 .
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Pr o of: W e will simply sk etc h the pro of. the �rst assertion follo ws on com-

bining theorem 2.1 with theorem 3.4.6 of [BL]. This implies the uniform

absolute con v ergence of the L-function in some righ t half-plane.

By Brauer's theorem (see for instance [S1], theorems 16 and 19 in sections

8.5 and 10.5 resp ectiv ely), w e ma y �nd �eld F

j

� E suc h that Gal ( E =F

j

) is

soluble, c haracters �

j

: Gal ( E =F

j

) ! ( Q

ac

)

�

and in tegers n

j

suc h that the

trivial represen tation of Gal ( E = Q ) has the form

X

j

n

j

Ind

G

Q

G

F

j

�

j

:

Let �

j

also denote the corresp onding c haracter of A

�

F

j

=F

�

j

. By the argumen t

of the last paragraph of the pro of of theorem 2.4 of [T a2], w e see that there is

a regular algebraic cuspidal automorphic represen tation �

j

of GL

2

( A

F

j

) suc h

that � j

G

F

j

� �

�

j

;l

. Then

L ( i�; s ) =

Y

j

L ( �

j


 ( �

j

� det ) ; s )

n

j

:

2

Corollary 2.3 Supp ose that A= Q is an ab elian variety, M is a numb er �eld

with [ M : Q ] = dim A and that j : O

M

, ! End ( A= Q ) . Then the L-function

of A (r elative to an emb e dding M , ! C ) has mer omorphic c ontinuation to the

whole c omplex plane and satis�es a functional e quation

N ( A )

s= 2

(2 � )

� s

�( s ) L ( A; s ) = W N ( A )

(2 � s ) = 2

(2 � )

s � 2

�(2 � s ) L ( A

_

; 2 � s ) ;

wher e N ( A ) denotes the c onductor of A and wher e j W j = 1 .

Pr o of: By the last corollary it su�ces to �nd a prime � of M suc h tha T

�

A

is ordinary at l . Fix a prime � of M . Using the W eil b ound, w e see that it

su�ces to �nd a prime l > 3 whic h is unrami�ed in M , at whic h A has go o d

reduction, whic h do es not divide the residue c haracteristic of � and suc h that

tr �

A;�

(F rob

l

) 6= 0 :

The construction of suc h a prime l is a standard application of the Ceb otarev

densit y theorem. 2

Corollary 2.4 Ke ep the assumptions of the or em 2.1 and if n = 1 further

assume that
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� for some prime p 6= l we have

� j

G

p

�

�

�� �

0 �

�

:

Then � o c curs in the l -adic c ohomolo gy (with c o e�cients in some T ate twist

of the c onstant she af ) of some variety over Q . If n = 1 then ther e exists a

numb er �eld M , a prime � of M ab ove l , an ab elian variety A= Q of dimension

[ M : Q ] and an emb e dding O

M

, ! End ( A= Q ) such that

�

A;�

� �:

Pr o of: The �rst part follo ws b y com bining theorem 2.1 with theorem 2.5.1

of [BR] and using restriction of scalars.

By theorem 2.1 and (for instance) theorem 4.12 (and prop osition 2.5) of

[H] there is a a totally real �eld E , a n um b er �eld N , a prime �

0

of N ab o v e

l , an ab elian v ariet y B =E of dimension [ N : Q ] and an em b edding O

N

, !

End ( B =E ) suc h that

�

B ;�

0

� � j

G

E

:

Let C denote the restriction of scalars from E to Q of B . Then

End

O

N

( C = Q ) 


Z

Q

�

=

P �

r

M

i =1

M

i

;

where all simple constituen ts of P are non-ab elian and where M

i

are �nite

extensions of N . W e ha v e a corresp onding decomp osition up to isogen y

C � A

P

�

r

M

i =1

A

i

;

where O

M

i

�

! End

O

N

( A

i

= Q ). Note that

V

�

0

C

�

=

Ind

G

Q

G

E

V

�

0

B

�

=

X � Y

where X � � but X is not equiv alen t to an y sub quotien t of Y . By F altings

theorem (End

O

N

( C = Q ) 


Z

Q )

�

0

has a corresp onding decomp osition P

X

� P

Y

where P

X

, ! End ( X ) and P

Y

, ! End ( Y ). Th us for some c hoice of i = 1 ; :::; r

and some prime �

i

of M

i

ab o v e �

0

w e ha v e V

�

i

A

1

= X . T ak e M = M

i

, � = �

i

and A = A

i

. 2

Our �nal theorem results b y com bining the last with a b eautiful result of

Ramakrishna [Ram ] (but see theorem 1.3 of [T a2] for the precise form ulation

w e are using here).

19



Theorem 2.5 Supp ose that is an o dd prime and that

� : G

Q

� ! GL

2

( F

a c

l

)

is a c ontinuous irr e ducible r epr esentation such that det � ( c ) = � 1 and

� j

G

l

�

�

�

1

�

0 �

2

�

with �

1

j

I

l

6= �

2

j

I

l

. Then ther e exists a numb er �eld M , a prime � of M

ab ove l , an ab elian variety A= Q of dimension [ M : Q ] and an emb e dding

O

M

, ! End ( A= Q ) such that � is e quivalent to the r epr esentation of G

Q

on

A [ � ] .
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