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Abstract

In this paper, we study the regularity of isotropically area-minimizing
surfaces. We prove a partial regularity theorem which says that if an
W'? isotropic map from a two-dimensional disk into R*™ minimizes area,
relative to its boundary among isotropic competitors and is close enough
in W52 norm to a linear holomorphic isotropic map, then it is smooth
in the interior. Furthermore, we prove that the solution to the isotropi-
cally constrained Plateau problem exists and has a smooth interior with
possibly isolated singularities.

1 Introduction

In [S-W], Schoen and Wolfson used variational approach to study the existence
of special Lagrangian surfaces. They pointed out that if a smooth closed La-
grangian submanifold in a K&hler-Einstein manifold is stationary for the volume
functional among all Lagrangian variations, then it is in fact minimal(hence
special Lagrangian). Thus they suggested that minimizing area among all La-
grangian cycles in a homology class will lead to the production of a closed special
Lagrangian submanifold if the minimizer is smooth. However, the smoothness
of the area minimizers is not so clear. Schoen and Wolfson studied this regular-
ity problem in two-dimensional case. They proved that a Lagrangian map from
a 2-dimensional disk to a 4-dimensional Kéhler manifold which minimizes area
among all Lagrangian maps in the same homology class is in fact a branched
immersion away from a finite set of points. As a consequence, they produced
branched immersed 2-dimensional Lagrangian cycles with finite number of sin-
gularities which minimizes area among its Lagrangian homology class.

In this present paper, using the similar approach of Schoen and Wolfson,
we extend their regularity result to higher CO-dimensions. We study the con-
strained area minimizing problem among the class of isotropic surfaces. In
particular we concentrate on the following two-dimensional isotropically con-
strained Plateau problem in R?™.

*Dept of Mathematics, Stanford Univ. CA 94305 USA email: giu@math.stanford.edu



Let w = Y ,_, dz* Ady* be the standard symplectic form on R*". A surface
Y is called isotropic if w|y;, = 0. Let D; be the unit disk in R2. Let I be a
closed piecewise C! Jordan curve in R?" which bounds some isotropic disk. It
is natural to ask whether I" bounds an isotropic disk which has the least area
among all isotropic disks bounded by I'. More precisely, define

XF’] = {l S W1’2(D1,R2n) rw = 0,
l|sp,is continous and monotone onto I'}

The isotropically constrained Plateau problem then asks two questions:
(1) Does there exist an area minimizer in this class?
(2) What is the regularity of this area minimizer if it exists?

It is fairly easy to get a positive answer to the first question. We shall
show in section 2 that the set of weakly isotropic maps is weakly closed. The
existence of area minimizer in this class then follows from standard arguments.
We will call it a weak solution to the isotropically constrained Plateau problem
(Minicozzi in his Ph.D thesis [Mi] gave the similar weak existence of the solution
to Legendrianly constrained Plateau problem).

The regularity of this solution turns out to be a much harder problem. We
shall first extend Schoen and Wolfson’s monotonicity formula for Lagrangian
stationary surfaces in R*([S-W]) to higher co-dimensional isotropically station-
ary surfaces in R?”. Consequently we deduce a partial regularity results which
says that if an W12 isotropic map from a two-dimensional disk into R?” min-
imizes area relative to its boundary among isotropic competitors and is close
enough in W12 norm to a linear holomorphic isotropic map, then it is smooth
interiorly(Theorem 5.10) . By studying the stability of isotropically stationary
tangent cones and by using the dimension reduction argument, we obtain the
interior regularity theorem which concludes that the solution to the isotropically
constrained Plateau problem is smooth away from a finite set(Theorem 7.4).

The organization of this paper is as follows:

First we introduce the weakly isotropic maps and prove the weak existence
of the solution to the isotropically constrained Plateau problem(section 2). In
section 3 we present the monotonicity for isotropically stationary surfaces. In
section 4 we prove the excess decay lemma and the consequent C'** partial
regularity theorem. The higher regularity issue(from C1* to C™) is of a sub-
tle nature and will be addressed in section 5. In section 6 we classify all the
isotropically stationary tangent cones. Then in the last section we give the
interior regularity result.

I would like very much to thank my advisor Prof. Richard Schoen, whose
superb directions and constant encouragements are the main motivation of this
paper. I would also like to thank Prof. Leon Simon and Prof. Brian White for
many useful discussions.



2 Existence of Weak solutions to the Isotropi-
cally Constrained Plateau Problem

In this section we will pose the isotropically constrained Plateau problem and
prove the weak existence result.

Let w = Y p_, dz* Ady* be the standard symplectic form in R?". A surface
Y2 C R?" is called isotropic if w|s = 0.

Definition 2.1. Let 2 C R?" be an isotropic surface. A deformation F, on
R?" is called isotropic with respect to ¥ if Fs(X) are isotropic for all small s.
Y is called isotropically stationary if

d(Area(Fs(Xs)))
ds

|s=0 =0

for any isotropic deformation Fs which is compactly supported on

We will use n = Y. p_, #¥dy* — y*dz* to denote a primitive of w in R*™, use
D, (t) to denote the disk in R? centered at ¢t with radius r, and use C,(t) to
denote 0D,.(t).

Definition 2.2 (Weakly isotropic maps). Let Q C R? be a domain. | €
WL2(Q,R?*") is called weakly isotropic if I*w = 0 for a.e. t € Q. We will use
W}’Q(Q,RQ”) to denote the set of all weakly isotropic maps.

Lemma 2.3. The set
Ty ={l€ Wp*(Dy, B") : B(l) < M}
is weakly closed, where E(l) = fDl |V1|?dt is the energy of .

Proof. Let {l;} C I'r, . Assume it converges weakly to [. Then by the lower-
semi-continuity of energy, E(I) < M. So it remains to show that [ is weakly
isotropic.

Let n = xdy —ydz be a primitive of w in R2™. Tt is easy to see that a map h is
weakly isotropic if and only if fCT(t) h*n =0 for a.e. t € Dy and r € (0,1 — |t]),
where C,.(t) is the circle centered at ¢ with radius r.

By Rellich lemma, since E(l;) < M, we might assume that(by passing to a
subsequence) {l;} converges to [ strongly in L?. Co-area formula then implies
that for a.e. Cy.(t) C D1, li|c, () converges to I|c, () strongly in L? and weakly
in W2, Hence,

lim Iin :/ I*n,
e Jo(t) C(t)
which shows that [, . I"n = 0. O

Isoperimetric inequality in the setting of isotropic surfaces is very important
to construct comparison surfaces. It is proven by Gromov[Gr] and Allcock[Al].



Proposition 2.4 (Gromov, Allcock). Given any W42 map ¢ from the unit
circle C into R2" satisfying fc ¢*(xdy —ydx) = 0, there exists a weakly isotropic
map | € WH2(D,R2™), such that | = ¢ on C and

Area(L(D)) < cLength(1(C))>.

Using the isoperimetric inequality, we are able to prove the Hélder continuity
of isotropically area minimizing maps.

Proposition 2.5. If | € W12(Dy,R?™) is weakly isotropic, weakly conformal
and minimizes area among all isotropic maps with the same boundary value.
Then there is a € (0,1) and an absolute constant ¢ such that l € CO’”(Dl/Q).
Moreover

l(P) — 1(Q)| < cA(l(D1)"/*|P — Q|", for any P,Q € Dy ».

Proof. By scaling, we may assume Area(D;) = 1. Given any p € Dy/,, let
f(r) = E(l|p,(p))- The conformality of I implies f(r) = 2Area(l|p,(p))- Since
is isotropic , we have fCT @) I*n = 0. Therefore Proposition 2.4 in additional to
the fact that [ is isotropically area minimizing, gives that

Area(l|Dr(p)) < cLength(l|Cr(p))2.
Using Co-area formula and Cauchy-Schwartz inequality, it is easy to obtain
Length(lc,(p))* < 2mrf'(r).

Therefore f(r) < crf'(r), where ¢ > 0 is an absolute constant. Integrating, we
get

fr) < (F(r)ry®)rs,

for any r < ry such that D, (p) C D;. Since p € Dy/5, we could let ry = 1/3.
Note f(1/3) < Area(D;) = 1. So we have

/ |VI|2dt < e1r°,
Dr(p)

where ¢; and c¢ are absolute positive constant. Morrey’s estimate(see [G-T])
then implies that I is C%* and

1(P) = 1(Q)] < c2|P — QI*,
for any P, @ in D5, where c; is an absolute constant. O

Definition 2.6. A weakly isotropic map | : D1 — R2" is called exact if there is
a W12 function ¢ on Dy such that d¢ = I* (zdy — ydz) (we will call ¢ a lifting
function of 1).



If an isotropic map is exact then we could use the function ¢ to lift the
map into the contact map in R?"*! with the standard contact structure o =
d¢— (zdy—ydz). More precisely, for a weakly exact isotropic map [ : D; — R*",
we can define a map [ : D; — R2"t1 by

I(t) = (I(t), 6(t)) € R, (1)

where ¢ is the lifting function. Then clearly Fa=0.

Let | : D; — R2™ be a weakly isotropic, weakly conformal and isotropically
area-minimizing map. By Proposition 2.5, [ is continuous. Therefore by locally
integrating, we see the local existence of a lifting function ¢.

Proposition 2.7. If | € W12(Dy,R?™) is weakly isotropic, weakly conformal
and minimizes area among all isotropic maps with the same boundary value.
Then 1 is locally exact.

Now we consider the isotropically constrained Plateau problem. Let I' be a
piecewise C* closed Jordan curve such that [.7) = 0. Define

Xeg={l € W;?*(Dy,R™"): (2)
l|sp,is continous and is a monotone map onto I'}
By Proposition 2.4, I bounds some isotropic disk, so AT is not empty.

Let Ar; = infjcx;. , Area(l) and let Er; = infjcx; , E(I). Classical result
in Plateau problem gives:

Lemma 2.8. Ap ;= %EF,I. Moreover if E(ly) = Er 1, then A(ly) = Ar 1.

The above lemma enables us to minimize energy instead of area. To quotient
out the conformal group of the disk, we consider a subclass. Let p1, p2 and ps
be distinct points in 0Dy and q1, g2 and g3 be distinct points on I'. Define

Xy = {1 € X1 : lop, (p) = 4,0 = 1,2,3}. (3)

We now have the following existence theorem of the isotropically constrained
Plateau problem.

Theorem 2.9. There is a weakly conformal, weakly isotropic map ly € Xr 1
such that A(lo) = Ar,1. Moreover ly is Holder continuous in the interior of Dy .

Proof. Since energy is conformally invariant, we see that

inf E(l) = Er ;. 4
zelfvl;), (1) =Erg (4)

It suffices to show that there is an energy minimizer in A} ;. Let {l;} C A} ;
such that lim; e E(l;) = Er,;. Assume {l;} converges weakly to ly in W2

sense and strongly in I? sense. The lower-semi-continuity of energy gives
E(lo) < Er,;. It suffices now to show that lo is in the class of A7 ;. Lemma 2.3



shows that Iy is weakly isotropic. Classical Courant-Lebesgue lemma(see [La])
gives that the class {l|op, : | € A} r} is equicontinuous. Therefore by Arzela-
Ascoli lemma we might assume(by passing to a subsequence) {l/;|sp, } converges
in C° sense to a continuous function ¢ : 8D; — R?™. Clearly ¢ is mono-
tone onto I' and ¢(p;) = ¢; for i = 1,2,3. We know that the trace map is
continuous from W'2(Dy, R?>") to W'/>2(dD,, R*"), and W'/?2(dD,, R*") is
compactly embedded in L?(0D;,R*®). Therefore the weak convergence of {I;}
to lp in W12(D1,R?™) implies the strong convergence of {l;|sp,} to lo|sp, in
L?(8D;,R?™). Hence we lp|ap, = ¢- So ly|ap, is continuous, monotone onto I’
and lo|sp, (p;) = ¢;- Hence ly € X[ ; and E(I) = Er ;. By Lemma 2.8, [, is the
area minimizer. The Hélder contin’uity follows from Proposition 2.5. O

3 Extension of Schoen-Wolfson’s Monotonicity
to Higher Co-dimensions

Monotonicity for two-dimensional Lagrangian stationary surfaces was obtained
by Schoen and Wolfson in [S-W]. With a slight modification we can extend their
result to higher co-dimensions.

Instead of deriving the monotonicity directly in the Lagrangian setting,
Schoen and Wolfson consider the lifting of a Lagrangian surfaces into a con-
tact space and derive the monotonicity upstairs. Let (z!,... 2™, y', ... ,y™, ¢)
be the coordinate on R2"*!. And let a = dp — 1 be the standard contact form
on R+ where n = xdy — ydz. A submanifold N* is called contact if a|x = 0.
A vector field X in R2"*+! is called a contact vector field if its flow preserves
the contact structure, i.e. Lxa = fa for some function f. Just like in the
symplectic case, any ambient function in R?"*! generates a contact vector field.

Lemma 3.1. Let h: R?2"t! 5 R be any smooth function. Define a vector field

0 0 0 0

0
+(—2h + zh, + yhy)%
Then X}, is a contact vector field(and will be called the Hamiltonian vector field
for h).

Define I : R??t! — R2™ to be the projection along ¢ direction. For vectors
Zl; Z2 in R2n+1, define
(Z1,Z2)q = (L. Zy1, 11, Z3),

where(,) is the standard Euclidean metric on R2". Note that (,)4 is not a
Riemannian metric on R?"*! since it degenerates. But it is not difficult to see
that the restriction of (, )4 to any contact linear subspace is non-degenerate.



Let | : D — R®™ be an isotropic map, where D is a 2-dimensional disk.
Assume [ is exact and isotropically stationary(in the sense that the first variation
of area is zero for compactly supported deformations of [ through isotropic
maps). Then as described in section 2, the exactness of [ gives a lifting map
[:D — R vial = (I,¢). Now let Z be any contact vector field in R*>"+!

such that Z vanishes along /(0D) and let F; be the flow generated by Z. Define
l; := F; ol and define an isotropic deformation I; of [ by

lt =1IIo th.
Then first variation of area gives

Proposition 3.2. Letl : D — R2" be an isotropic map which 4s ezact and
isotropically stationary. Let | — R2"tL be the lifting of I. If Z is a contact
vector field in R2"t! such that Z vanishes along [(0D), then

/ di'l)gZ d,u)j =0. (5)
%

Here divsZ := Ezzl (VO Z,er)a, where VO denotes the Euclidean connection

on R2"+1 and {e;}2_, is a set of orthonormal tangent vector of ¥ := (D) with
respect to the metric {,)q.

The idea to get the monotonicity is to find a proper Hamiltonian function h
and apply Proposition 3.2 to the contact vector field Xp.
Let s = 271 (2? + ¢?) and
r=v2(s% + ?)'/4, (6)

r plays the same role as the distance function and will be called the modified
distance function in R?"*1. Define

B,(0) = {P € R2"*! : r(P) < 0}. (7)
Also define a change of variables,
t =log(/s2 + ¢?), 6 = arctan g
Since (D) C R?" is isotropic, we have the orthogonal decomposition of the
tangent space of R?":

TR*™ =TI(D) ® JTI(D) ® Q (8)
where J is the standard complex structure of R2?. Let 7 : TR?"® — ) be the
orthogonal projection.

Proposition 3.3. Let h(t,0) : R*"*! — R be a smooth function. Then
dZ"l)z;Xh(t’g)
= —2he tsinf — 2hge tcosh
+(hat — o) (2| V™8]I + €| (P)||*)
+{—2h¢ + hut — hog }(V>0, V> t)a,

where P is the position vector of | in R?™,



We will prove this proposition in Appendix A.

Once Proposition 3.3 is established, we could use the exactly same argument
in Schoen-Wolfson’s paper to derive the monotonicity. For the convenience of
future use, we include the argument here.

Fix a > 0, let p,(t) to be a smooth function of ¢ such that

(1) = 1—2a2et if t <log(a?/2) —1,
P =0 it t > log(a2/2) .
Let
™ T Cl2 a2
Iy ={t0):0€(—5,5),0 < —t—log(—)—1,0 >t —log(—-) — 1},
2°2 2 2
2 2
Py = {(t,6):0 € (—3,5),6 > ~t —log(%),6 < t —log()},

T
s ={(t,0):0 € (5, )\ (T JTa).
Consider the following wave equation:

hit — hgg —2hy =0
h(t,0)=0 9)
ho (ta 0) = pa(t)

Clearly we see that the solution of equation(9) is given by

6 —2a2%e"tsinf if (¢,0) € Ty,
B = { ek if (t,0) € '3, (10)
0 if (ta 0) €y,

where ** is some smooth function. Define
G0 = P )
1
F@ = §a26_t(h§? cos® + h{® sin ).

Clearly G(® =1 and F(® =1 in I';. By scaling,

F)(t,6) = FU(t — log(a®/2),6),
G9(t,0) = GY(t —log(a®/2),0).

Schoen and Wolfson [S-W] proved the following proposition concerning F(*) and
G,

Proposition 3.4 (Schoen-Wolfson). The function F(® is non-negative. And
G satisfies 0 < G <1 for 0 e (=%, %). Furthermore, there is a fized constant
8o such that G(® — G® >0 for 0 < b < Hya.



Now by Proposition 3.3, we have
divs Xy = 4a72F — (2||VZ| |2 + e~ 2| |x(P)||>)G™. (11)
Clearly the support of A(® is contained in
_rrT
2’2
which is in fact B s5,»/4,(0) in R2"+!. Assume 0 < b < a, then h(® — h(®) is a

smooth function compactly supported in B V3enr44(0)- Therefore Proposition 3.2
and (11) gave,

{(t,0):0 € (2, 7),¢ < log(a?/2) + n/2}

a2 / F@ dus, — b2 / FO® qus (12)
P P

2 [ (G = GOVl + 27 e ln(P)|P)ds.
P

Combine Proposition 3.4 and (12), we have

Theorem 3.5 (Monotonicity). Letl: D — R?™ be a weakly isotropic, weakly
conformal, ezact, and isotropically stationary map with a contact lifting [ : D —
R?". Let ¥ = I(D). Assume [(0) = 0 and I[(OD) is outside B,(0) (defined in
(7)). Then there are constants c1 and co which only depend on Area(X) and r
such that

c1 <o 2Area(ZN BJ(O)) < e,

for any o € (0,71).

4 (C' ¢-Regularity for mapping problem

Through out this section we will assume I € W12(D,, R?") is weakly isotropic,
weakly conformal and area-minimizing among all isotropic maps with the same
boundary value. By Proposition 2.7, [ is locally exact. Therefore monotonicity
applies. Also proposition 2.5 tells us that [ is actually C%*.
We shall use a version of excess decay result to get the C1# regularity of .
First quote a reversed Poincaré type inequality which is proven by Schoen
and Wolfson [S-W].

Proposition 4.1 (Schoen-Wolfson). Assume that A(I(D2)) < ¢1, and ly is
a linear holomorphic map into a isotropic plane in R2". For any € > 0, there
exists an absolute constant ¢ and a constant 6 = §(g) such that if

[ Av-ta)P+ - wPyar <,
D>
then

/ V(I = Io)[2dt 56/ |V(l—lo)|2dt+c/ 1 — o 2dt.
D4 Do D,



Now we define the excess type quantity
EQ,lo,r) = ﬁ/ V(I — lo)[dt, (13)
D,
where Iy is a linear holomorphic map into an isotropic plane in R2”.
Lemma 4.2 (Excess Decay Lemma). Assume A(l(D1)) < c¢1. There exist

constants € > 0 and 6 € (0,1) depending only on c¢; and an absolute constant c
such that if

E(l,lp,1) +/ |1 = lo|?dt < e, (14)
Dy
then there exists a linear holomorphic map 1y into an isotropic plane such that

E(,1,8) < LB, 1o, 1), (15)

2
9—4/ = L [2dt < cE(, o, 1).
Dg

Proof. Without loss of generality, assume lo(t!,t2) = (¢!,¢2,0,0,...,0) is the
identity map of D; into the z'z?-plane. Assume the lemma is not true, then

we have a sequence of maps 1) = (21, ... 20 41 4()") such that
E(1Y 1,1) +/ 19 — |2t =, (16)
Dy

where lim;_, o, £; = 0, but none of them satisfies (15). Let E; = E(1(),ly,1).
Define
1
E;
1 ; :
—— (2?2 — ) — )2,
J
wik = L@k _ 0k g =3 op
VEj

Wt = (D — 1) — o1, (17)

w92 =

. 1 . .
(N1 — (M (M
v - T = - )
\/E_jy o
L @2 e

V)2 —
VE;

. 1 ; j
(G)k Ok _ Dk =3  p
Q= ’_Ejy B LA

7

where a, 3 1y, and p are constants to make [}, ul) =0, Ip, v =0, Ip, w =
0, and fDl ¢'%) = 0. Then clearly

/|Vu<f>|2dt+/ |W<J’>|2dt+/ |Vw(j)|2dt+/ VgD |2dt =1. (18)
D, D, D1 D,

10



Standard Poincaré inequality gives that «¢), v w( and ¢¥) are bounded
in W12, so by Alaoglu Theorem and Rellich’s Theorem we can assume(by pass-
ing to a subsequence) that they converge to u,v,w,q respectively weakly in W12
and strongly in L2. The lower-semi-continuity of energy gives

/ |Vu|2dt+/ |Vv|2dt+/ |Vw|2dt+/ |Vg|*dt < 1. (19)
D, D, D, D,

On the other hand, from (16), we know that () (¢!,¢2) converges strongly to
t'in L2 , £()2(!,42) converges strongly to t* in L? and z(Dk (¢1,#2), y(@Dk (¢!, +2)
converge strongly to 0 in L? sense.

Claim 1. u is a holomorphic from D; to z'x%-plane.

Proof. Let t = t* + /=12, z = 2! + /=122, y = y' + V/=1y%, and 2% =
zk + /=1y* for k = 3,... ,n. Then the conformality of I/) gives us

0z 9z gyl gy " 92k 9z L
ot ot ot ot = ot ot

Cauchy -Schwartz inequality implies

/ |65”_m85"(j) |dt < 22:/ |Vy(f')“|2dt+§n:/ (IVyD*|2 4|V Dkt
D1 6t 6t _azl D1 k=3 D1

(20)

) G e @) _p) 55—
Using the fact that 55(”9;]) = af,;) ‘%6;” - a(z;t t B(z;t D we get from (20) that

7(7)
/ |8gt |dt§/ V(1 - lo)2dt = E.
D1 Dl

Thus
oud
/ 4 < /B
p, Ot

Let j go to infinity, we see that u is holomorphic. O
Claim 2. There is a biharmonic function f : D; — R, such that (v',v?) = V{.
And w*, ¢* are harmonic functions on Dy for k=3,... n.

Proof. Let 1, % % k = 3,4,... ,n be smooth functions of z', 22 with compact

support in Dy = {(z!, 2?) : (z1)? + (22)? < 1}. Define §',7? to be functions of
zl, 2?2k, ... yk k=3,...,nby

o N, OFF ok 0
=Y @ ) + s a =12 (21)

11



Now let X be a vector field in the cylinder Dy x R2"2 defined by

", 9,0 ;)

It is easy to check that d(X |w) = 0. Therefore X is a symplectic vector field,
i.e. its flow F} preserves the symplectic form w(see [M-S]).

Since %) is isotropically area minimizing, by Proposition 2.5, it is C%* and
has uniform C%# bound. Hence we can assume [() — [; is pointwise small since
its L? norm is small. Therefore, F, 01 (¢!,¢?) has compact support in D; for j
sufficiently large. Since {(¥) minimizes energy, we get 4 |,—o [ b, [VFsol ) |2dt =
0. Thus we have

Vak . gk (2D 30)2) g (23)
k=37 D1
+ 3 | vk v, 2% at
k=3 /D1
2

+ Y vy vt g0z e @3 @t

a=17D1

= 0,
where V is the gradient of ¢ in D;. Using the chain rule, for example

vazk(mﬁﬁ(t),x(j)z(t)): gza( (1), 202 (1)) vzlia,

together with (21) and (23), we get

Z / (@D (1), 2 D2(8)) V2D . Y@k gy
D 81‘“

1a=1

+ ZL 81‘0‘ 33(1)1() x(j)?(t))vm(]’)a V:U(])kdt

1 a=1

N ZZ {vyma. [<j>k(t)giZ(x<i>1(t),x<ﬂ‘>2(t))

X
a=1 k=3

—y“”“(t)%(x“’l<t),w<f>2<t))]}dt

n Z/ vy . v a( sDU(8), 2002 (1))t
= 0

12



Now note that Vz(/)* = V(e — ) 4 Vt®. Therefore

n 2 i ~
oz Ik §zk oy Dk ok
1S5 ot G2 ar)

+ R
k—3’y=1 p, Ot7 dz7 p, 0t7 0z

3y(1)a %7
+ Z / ot 8ma6m7dt|
a,y=1
n 2

>3 / 9@ — || ||V O*||dt

k=3 a=1 D1

+e [ 9@ = ]| [V at
Dy

IN

+e [Ty (V2D e+ e [ (O] 9y
Dy

Dy

+e [ 9yDel- Vgt + [ | vyela
Dy

Dy

where & depends on the C* norm of #*, §* and 5. All #*, §* 5 and their
derivatives above are evaluated at (z(91(t!,12), ()2 (¢!, 12)).
Thus Cauchy-Schwartz inequality implies

'ZZ/ o0 o o0 a7 ™ (24)

k3'yl

oy 52
+ Z Y L

Rt otY 0z*0x

< EB(IY), lo 1)

S [ T e [ O 90,

k=3 a=1

By Cauchy-Schwartz,
/ [y [Ty D dt < [lyD¥ ||z B> (D, 1o, 1). (26)
Dy

Therefore combine (17), (24) and (25) we get

2 ; ~
n SwWk §zk gDk ik
|ZZ/ R Tl A T Pl (26)
k=3 v=1 1
2
+ 2

a,y=1

EE'2(19,10,1) + & (1D* | 2(ny) + 119 || 12(Dy))s
k=3

v gy
p, Ot7 Oxe0x”

dt|

IN

13



where ¥, §j* 1 and their derivatives above are evaluated at (z()* (¢!, 12), (D2 (!, 12)).
Since (9@ converges to t* strongly in L? for a = 1,2, we conclude that

%(x(j)l(t),w(jp(t)), E(x(j)l(t)jx(j)z(t)) and =221 (zD1(t), 202 (2)) con-

8$‘Y~k e Ba:‘YBzﬂ;
verge strongly in L? to 92 (t',42), 2L (¢,1?) and 527 _(t',t?) respectively.

Therefore, in view of (16) and (26) , if we view #*, §*, 7 as functions defined on
(t',12), we would get

n_ 2 k fak k a7k
SIS ([ GOy [ 000y, 27)

), o ot b, Ot7 Ot

2
o 0%u
+ 2 Bt Bteot
a,y=1 Dy

= 0.
Since #*, §*, n are arbitrary, we see that w*,q* are harmonic functions for
k=3,...,n and
2
o> 9?2
Z La_“dt =0 (28)
I, 007 B0

a, Y=

for any n € C°(D;). To show that (v',v?) is the gradient of some function we
notice that the map

(2 (2L, 2002 gl 4L @02 g3 o)y

is still isotropic for any j. Thus by Lemma 2.3, the weak limit as j goes to

infinity is still isotropic. But the weak limit is (t!,2,0,...,0,v',v%,¢%,... ,q").
Therefore
ov! ov?
= =0 29
otz ot! (29)

Now combine (28) and (29), we get the existence of a biharmonic function
f: Dy = R such that (v!,v?) = V.

(]
From standard elliptic estimates, we get
a a2 4 a|2
sup |[u® —uf|® <cr / |Vu®|*dt, (30)
D, D,
sup [v® —v¢? < cr4/ |Vo®|?dt,
D, Dy
sup |wk —wf|? < cr4/ |Vw”|?dt,
D Dy

sup |¢* — ¢f > < cr4/ |Vq*|2dt,
D, D4

14



where ug, v§,wE, gf are the linear part of the Taylor expansion of each function
at 0. Using the strong L? convergence of u(?), v, ¢ w9 | together with
(19), we get for large j

{|u? —ug|? 4 [0 — w2 4 [wD —wo|? + |¢9) — go|?}dt

Dy
< 2 fu-wl o= wl + o - wf + lg - qolde)
< c06.6
Now let
i) = 1o+ /Ej(uo + o, wo + 79, v + B9, go + )
where o), ..., u) are defined in ( 17). Then

/|m_ywagmeUmJ (31)
Do

Claim 3. we can perturb lT)j) up to order E; (in the C* morm sense) to make

)

it a linear conformal map lgj into an isotropic plane.

Proof. Notice that since vg is the gradient of a quadratic function in ¢, simple
calculation shows that

“) 0 ) O
Wl 5162 53) = O(E)).

Therefore by a linear perturbation of order O(E;) only in y* and y? direction,

we can modify f(()]) to a linear map whose image is an isotropic plane in R2".
Also since the map t + \/E (up + o?) is holomorphic, we see that the Hopf
differential of the perturbed linear map is of order O(E;)(note that we did the
previous perturbation without change the z' and z? coordinates), therefore
a perturbation of order O(E;) will make the map into a linear holomorphic
map. O

Therefore, we have the L? estimate

/um—#Wm (32)
Dy

< /”m_wmﬁ+/”p_wwﬁ
Dy Dy
< ofE; + cé?QEJ2

15



and the energy estimate

v - (33)
< [ 9o -i)pa+ [ v - i)pa
] ]
< cEj+c02EJ2
< CE]'.

Note that in (32) we can choose # = f small and &, small such that if E; <&
, then

g+ / 19 —192at < cE; (34)
Dg

Now apply (a scaled version of) Proposition 4.1 (also using (34)). For any
€ > 0, there exists an § = d(e) > 0 such that if E; <4, we get

/|V(l(f'>—l§j))|2dtga/ |V(l<j>—z§j))|2dt+co'*2/ 1@ — 1244,
Dj D Dy

(2 26
(35)
where c is an absolute constant. Combine (32) and (35) we have
672 [ |vID —19)Pat
Dg
< ca(zé)*/ V(9 — 1) 2dt + B F; + 2 E2.
Dog
Then choose 6, € and E; small we get,
G2 G _ gneg < Bi
0 VAV = 177)|7dt < > (36)
Dy

(34) and (36) give a contradiction to the hypothesis that /() does not satisfy
(15). This completes the proof of the lemma. O

Remark 4.3. Using standard iteration argument, the excess decay lemma gives
r_2/ V(I = 1g,r)|?dt < ert. (37)
D..(t)

for any t € Dyp,r > 0, where l; ;. is some linear holomorphic function into an
isotropic plane. This implies that 1 is CY* in Dyys.
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5 Higher Regularity

Unlike in the classical minimal surface case, the higher regularity for a C1#
isotropically stationary surface is rather a subtle problem.

In this section first we will apply a variational method to get a compactly
supported CV* solution to the equation divX = f, where f is a C%* function
with compact support in By, such that f B fdt = 0. Then using this result,
we construct a suitable class of C1'# isotropic variations for the isotropically
stationary surface ¥ and get the consequent Euler-Lagrangian equation. Finally
using a Schauder type estimate, we prove that ¥ is smooth.

In this section we will use B,.(z)(simply B, if z = 0) to denote the disk in
R? centered at x with radius r.

5.1 Compactly Supported Solutions to divX = f Using
Weighted Sobolev Spaces

In this subsection, we will discuss the equation divX = f where f is a C%*
function with compact support in By, such that / B, fdt = 0. We would like

to construct a solution which is both C1'# and compactly supported in B;. By
adding an additional constraint %f; - %ff = 0, we could get a C1* solution
from standard elliptic theory, but this solution does not generally have compact
support. So we shall prove the existence by minimizing a certain functional in
a weighted Sobolev space with an exponentially decay weight.

Define a weight function p : B — R by

p(z) = 1 for 2 € By /s, (38)
p(z) =e V¢, for z € By \ B34,
p > 0, in the interior of Bj.
where d(z) = dist(z,0B1) = 1 — |z|.
Notice that any derivative of p decays exponentially near the boundary and
therefore we can extend p smoothly by defining p to be identically zero outside

B;.
Define the weighted L? norm of a function by

lullzacse = ( /B pluf?dz) V2.

Define the weighted L? space L3(B1) := {u : [lullrz(s,) < co}. And define

the weighted Sobolev space H2(Bj) to be the set of all weakly differentiable
functions in By such that both u and Vu are in L2(B;). H}(Bi) is a Hilbert
space with the inner product

(u,0), := (p/*Vu, p'*Vv) 2 + (p*/?u, p'?0) L2.

For a detailed discussion of weighted Sobolev spaces, see ([C]).
Now we prove a Poincaré inequality for the weighted Sobolev space.
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Lemma 5.1. Let u € Hj(By), where p is given in (38). Then there is an
absolute constant c such that

i f - 2 < 2 .
inf |lu = Alzzs) < ellVullzz s,
Proof. Choose X to be a constant such that
min{L*{z € By : u(z) <A}, L*{z € By s u(z) > A}} > 1/3L%(By ).

where £2 is the Lebesgue measure in R2.
Standard Poincaré inequality(see [Sil] page 38) implies that for any € > 0,

/BH lu(z) — A2de < c/ Vu(z)%ds, (39)

Bl—s

where ¢ is an absolute constant(in particular independent of €). Define p(d) =
p(1 —d). Since p is a function of the distance d to the boundary of By and is
monotonically decreasing for d < 1/8, p'(d) > 0 for d < 1/8. Integrating along
¢(using (39)), we get

1/8 1/8

/ 76 / lu(z) — A\Pdads < c / 76 / Vu(z) 2dade.
0 Bl_5 0 Bl—s

Therefore

1/8
/ p'(e) / lu(z) — A dzde (40)
0 e<d<1/8

1/8
<o #O[  Vu@Pddsse [ [Vu@Pds
0 e<d<1/8

Br/s

Now co-area formula gives

1/8
/ ﬁ'(s)/ lu(z) — A|*dzde
0 e<d<1/8

1/8 1/8
= / ﬁ'(s)(/ / |Vd|™u(z) — A|*dods)de.
0 € BBl_s

Integration by parts and noticing |Vd| = 1, we have(since the boundary

18



terms vanish)

1/8
/ ﬁ'(e)/ |u(z) — A|*dzde (41)
0 e<d<1/8
1/8
_ / / PV~ u(z) — APdode.
0 OB1_¢

/ plu(z) — \?dz
d<1/8

= /51 plu(z) — A\|*dz —/ plu(z) — A\|*dz

B7/s

> / plu(z) — N\*dz — c/ lu(z) — A2dz
By Bqs

> / plu(z) — A\*dz — c/ p|Vu(z)|*dx
By Bq/s

Similarly
1/8
/ () / Vu(z) 2dode < / p|Vu(z)2de (42)
0 e<d<1/8 B1

Finally combine (40), (41) and (42), we get

/ plu(z) — AP*dz < c/ p|Vu(z)|*dz,
By

B
which completes the proof. O
We now use a variational approach to construct a compactly supported C#
solution with compact support to the equation divX = f.

For any f € C%*(B;) with compact support in By, such that fBl fdt =0,
define a functional F : H2(B1) — R by

Fw = [ @ plvuP = fpu). (43)
The Euler-Lagrangian equation of the critical point of F is
/ p(Vu, Vo) = [ fpp, (44)
By By

for any ¢ € C°(By).
Standard Schauder theory gives that if u is a weak solution of (44), then u
is C%* interiorly(since f is C%*). And in fact we have the stronger conclusion:

Lemma 5.2. Assume f € C%*(By) has compact support in Byss. If u €
H}(By) is a weak solution of (44)(p as defined in (38)), then uw is C** in
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the interior of By. Moreover if X = pVu, then by extending X to be identically
zero outside By, X becomes C1** in By and satisfies

divX = f; (45)
supportX C By;
I X1 (pa) < ellullezsy + 1fllcon(s,))-

Proof. Since p is always positive in the interior of By, standard Schauder theory
implies that u is C%* in the interior of B;. So u is a classical solution of the
equation

div(pVu) = f
in the interior of By. Let v = p'/?u, then v € L?(B;) and v satisfies
Av — %(pflAp - 27121V = f.
Since p(z) = e~1/% near the boundary, the C™* norm of (p~1Ap—2-1p=2|Vp|?)

decays like d~ V(") near the boundary. So standard Schauder theory implies that

al(

[[v]lozm(Bi_) < ce " (|[vllezsy) + | flloow(sy))-

where N is a fixed positive integer.
Let X = pVu, then

X = p1/2Vv — 2_1vp_1/2Vp.

So we see

Nl(

_1 _
XNt (By_\Bi_se) < c€™2c€” " ([[v]|L2(By) + || fllcom (1))

Therefore near boundary the C'* norm of X decays like e~ /44, Thus if we
extend X trivially outside By, the new X satisfies (45). O

Now we want to prove the existence of the weak solution to (44). We shall
do it by proving the existence of a minimizer of the functional F in H(B).

Lemma 5.3. Assume f € C%*(B;) has compact support in By and fBl fdt =

0. Then there is a minimizer u of the functional F (defined in (43)) in H}(Bi).
Moreover ||ul|2(B,) < || fllL2(B1)-

Proof. Let My := inf{F(u)|u € H;(B1)}.
Claim 4. 0> My > c||f|[22p, -

Proof. By choosing u to be identically zero, we see My < 0. To prove the lower
bound, first notice that since fBl f=0and fp=f, we get F(u) =F(u—up),
where g is any constant. So (by replacing u by u — ug for a suitable constant
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ug) the Poincaré inequality(Lemma 5.1) then gives ||u||r2(s,) < c||Vullz2(s,)-
Therefore

F(u)

v

clIVull2(s,) — el fllLzesy) - llullLz e,

\Y

Z C||VU||%§(BI) - c||f||L2(B1) : ||V“||Lg(31)-

The last line in the above inequality is a quadratic function of [|Vu|[z2(p,), the
minimum of which is ¢||f||7:z,)- O

Now assume limy_, o, F(uy) = My for a sequence {uy} C Hﬁ(Bl). Claim 4
implies that (by replacing uy by ur — ugo for a suitable constant ugg)
IVukllzz(sy) < ellfllr2(p,)- Then the Poincaré inequality(Lemma 5.1) tell us
lurllmz(By) < cllfllz2(B,)- Hence we may assume that uy converge to some
u weakly in H?(Bi) and also weakly in L2(B;). Direct method then gives
F(u) = My and [|Vullrz(s,) < c||f|[2(B,)- Therefore u is a minimizer of F
with ||ul|z2(s,) < ¢|[fl|r2(By)- O

The minimizer u is clearly a weak solution of (44). Notice ||ulr2(B,) <
| fllz2sy) < ellfllcow(sy)- Apply Lemma 5.2, we get the following result:

Proposition 5.4. Let f be a C%* function in By C R? such that support f C
By and fB2 f =0. Then there exists a C1'* vector field X in By such that

divX = f; (46)
supportX C By;
| X||cru(Bs) < el fllcon(By)-

5.2 Constructing Isotropic Variations

In this subsection we will use proposition 5.4 to construct a class of isotropic
variations for an isotropic surface . Notice a graphical surface ¥* over z'lz2-
plane given by y**, ** and y**(k = 3,... ,n and a = 1,2) is isotropic if and
only if

ay*l 6:1/*2 n or*k 6y*k 8y*k or*k

o2 ozl :kzg orl 912  Oxl Ox2 (47)

Lemma 5.5. Assume X is a C1* isotropic surface which is graphical over By
in x'z?-plane. Let #°(z',2%) , ..., 2"(a!,2?), #°(zt,22), ..., and §"(z*, 2?)
be smooth functions with compact support in By and let §' and > be CL*
functions with compact support in By. Assume
ot 07 ", 9zt gyt Oy 0z*
O O _y~0mtout oy ot 48)
0z? Ozt = Ozl 022  Ox! Ox?
oz* ogk ok oz*

-2

Ox! 0z2 Ozl 022"

21



Then the compactly supported vector field X on X defined by

is isotropically integrable, i.e. there exists a family of isotropic graphical surfaces
{2} given by y(t,z',z?), z*(t,z',2?) and y*(t,z',2%) (k = 3,...,n and
a=1,2) such that Lo = ¥ and

(), e
ot t=0 ) ot t=0

fora=1,2andk=3,...,n

ot |t 0 — y ) (49)

Proof. Let y®(0) = y®, z*(0) = z* and y*(0) = y*. Define
zF(t) = 2%(0) + tz*, y*(t) = 2*(0) + ti*

Then the isotropic constraint (47) for y(t), z*(t) and y*(¢) becomes(using
the fact that g = X is isotropic)

20 () ~y'(0) _ OW(1) —y(0) 0
0z2 ozt
= Ozx! 0x2 Ox! 0z2  Ox! 022  Oz! Ox2
n k k
tzz (L ont og* | 0" 03*

ozt Ox2 8:1:1 02

By Proposition 5.4, there exist C'>* functions A! and A? with compact sup-
port in Bs such that

ANt AN -, 0%k oyt ok ozk
57 " or = 2" 007 * 07 027

Now define
YR aY) = AR + 1R 0?) 70,2, 0.

It is then easy to see that 2¥(t), y*(¢) and y®(t) satisfies the isotropic constraint
equation (50). So the surface ¥; is isotropic for any ¢. Moreover by differenti-
ating (50) with respect to t, we see that ¥, j* and §* satisfy (49) and (48).
Therefore X is isotropically integrable. This completes the proof. O

Lemma 5.5 immediately implies the following Euler-Lagrangian equation for
isotropically stationary surfaces:
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Lemma 5.6. Assume ¥ is a C1* isotropic surface which is graphical over B
in zlz?-plane. If ¥ is isotropically stationary, then

> / Vb Viikdus + > | VPyF - VP kdps (51)
B k=3 B2

2
+> [ Vi Viidps
B

= 0,
for any smooth functions &3 (zt,2?) , ..., 3" (a!, 2?), 3(:171 ), e, G2t 2?)
with compact support in Ba and any Cl’“ functzons 7t (zt, 2?) and §%(z*, 2?)
with compact support in By such that ({8) holds. Here VE is the Riemannian
connection of the induced metric on X.

Proof. By Lemma 5.5, the vector field on X

2

X :Zw—+~k 0 +Z
k=3

is isotropically integrable. Therefore apply the standard first variation formula
to X, we get (51). O

5.3 CUY to C* and the Partial Regularity Theorem

Now we are in the position to prove that any C1* isotropically stationary surface
is smooth.

We will use the standard notation [-], .o to denote the semi-norm and
|11 k1,02 (sometimes we also use ||-||ck.x (o)) to denote the C*# norm(see [G-T]).

Proposition 5.7. Assume X is a C'* isotropic surface which is graphical over
By in x'x?-plane. If T is isotropically stationary, then ¥ is C™ in B;.

Proof. We may assume(by scaling) that

"l et (By) < & ¥l crn(py) < & 1Y% |lorn(m,) <, (52)
fork=3,...,nand a =1,2.
In lemma 5.6, if we let 24(2!,2?) , ..., 2°(z', 22), §°(2t, 22), ... , 4" (2!, 22)

be identically zero, then the Euler-Lagrangian equation for 23 becomes

/ V2 VEEdp + Z vy - VZ§%dp =0, (53)
BQ B2
for any smooth function Z*(z!, z2) and C** functions §'(z!, %) and §%(z!, z2)
with compact support in By such that

oyt 0y®> o0z oy® Oy’ 0x°

FIoA il v Rl we (54)
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For f(z',2*) € C%*(B2) with compact support in By such that [ fdt =0,
define G(f) to be the set of all T' = (I't, T'?) such that T is C** vector field on
d or, _ orz

oz2

B, with compact support in Bz an — 5.1 = f. Proposition 5.4 implies

that G(f) is not empty.
~3 3 3 7=3
Clealy for any T = gl,r?) €G(5: 5%, — 9492 ) and any IT = (I, T12) €
g(% 868z2y - 858z1y %), the vector 6(WT —1II is a compactly supported so-
lution to (54) with #* replaced by 6" %3, where 6(*) is the standard difference
quotient operator. Therefore (53) tells us (by replacing # by §(")#3)

/ V=2 - VESM B dus (55)
Q

2

+ > / Ve . VE{SMT — 1%} dpy

a=1 §2
= 0,
.3 .3 3 -3 ~3 as(h), 3 (h), 3 A~3
for any T € G(32 04 — 22022%) and I € G423 28000° _ 260" g2t
To get C1# estimates of 8" 3, we shall need the following Schauder type

estimate.

Lemma 5.8. Let a;;(z), bi(z), ¢;(z), d(z), fi(z) and g(x) be CO* functions on
B,y. Assume q1(z), ..., gm(z) are CY* functions on By and pij(z) are COF
on By, fori,k=1,2andj=1,... ,m.

Assume u(z) € C1#(Bsy) satisfies

2 2 2
Z / aijDiung0+Z/ biQODiU-{-Z/ c;uDp (56)
B2 i=1 "7 B2 i=1 "7 B2

i,j=1
+ duyp
Ba
2 ) m 2 )
= > [ Ddn+ [ gpau+ > Y [ pusDiTide
i=1 v B2 Ba j=1ik=1" B2

for any ¢ € C°(B2), and for any

T; = (T},T%) € G(D'q;D*¢ — D*q;D*¢), j=1,...m.

We assume the ellipticity condition:

2
3 ay@)Ee > AleP, (57)
1,7=1

and

llaijllcon(By) < A1, |[|billcow(By) < Aty
||ci||C°’“(Bz) <Ay, ||d||CO>H(B2) < Ag.
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Then

2
lullcrwi) < cllullcoms) + lgllcor sy + Y Ifillcorm,y — (58)

i=1
k
+ 3 Pk llcon i) 1D com (15,));
i=14,k=1
where ¢ = c¢(A, Ay).

The proof of this lemma is a slight modification of the proof of the standard
Schauder theory by scaling in [Si3] and will be left in Appendix B.

Now apply lemma, 5.8 to equation (55)(also using the small C**# norm con-
dition (52)), we get

16 23| crom (1) (59)

n 2
h h h) «
< D318 2F ooy + 116 yF coma) + D 10y o sy }

k=3 a=1
+eed 3 U108 2 | orn () + 11809 * e ()
k=3
2
+ D118y (e }-
a=1
Similarly, the same result is true for ||6§h)$k||cl,u(31)(k=4, ..., n) and

h
||5z( )yk||01,u(31)(k=3, oo, ).
To get estimates for ||5z(h)ya||cl,u(31), we use a different variation. In the

Euler-Lagrangian equation, choose #*¥ and §* to be identically zero for k¥ =
3,...,n. And let

jo = 9
- Oz’

where u is any C%* function with compact support in B;. Then the Euler
Lagrangian equation (51) becomes

2
Z/ v ye I g o, (60)
s or®

Also we have the isotropic constraint equation:

a=1,2,

o e oot ot ort o
8x2  drl = Oxl 0z2 Ozl Ox2°

(60) and (61) form a mixed order elliptic system for y' and y2. Difference
quotient and standard Schauder theory for elliptic system(see [D-N]) imply
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16y | (1) (62)

n 2
h h h) o
< D318 ¥ oo (may + 1165 * coma)) + D 10y o) }

k=3 a=1
+eel D (110 2| () + 116 yF | (B2)
k=3
2
h) o
+ 318y ) }
a=1

To proceed we need an abstract lemma which is very useful in dealing with
interior estimates(for a proof see [Si2]).

Lemma 5.9. Let S be a real valued sub-additive function on the class of all
balls in Br(xo) C R" (i.e., S(A) < Ele S(A;) whenever A C UY_, A;). Suppose
0 >0 andl >0 are given. Then there is an €9 = €9(0,1,n) > 0 such that if

S(Bo,(x)) < €0S(By(x)) +7p~"
for all B,(z) C Br(xo) and for some constant ~y(independent of p and x), then
S(Bgr(zo)) < C(0,1,n)y.
A scaled version of (59) and (62) gives

n 2
S 348, () + 10 B, @) T D0 Y B, a(e)

k=3 a=1

n 2
< Y1024, @) + 05 ) + D100 Y, (o)}
k=3 a=1

+Cp2 {318 oo () + 116 y*l|co(sa))
k=3

2
+ 31187y oo (ma) }

a=1

for any B,(z) C Bs.
Therefore applying abstract lemma 5.9 with

n 2
S(B,()) = Y (16" 2*],0 5, () + 09 b)) + D109, )5
k=3 a=1
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we get(choose € small)

n 2
h h h
ST U6z lermyy + 18 yE lornmy) + S 18852 lcrm sy
k=3 a=1
n

h h
< D 118M 2k oomyy + 1161 y* oo my))
k=3

2
h) «
+ 31168y lleogsa) }-
a=1

Let h go to 0 we see that z*, y* and y® are C**. Iterate, we get that they are
Cc. O

Finally combine Proposition 5.7 and Lemma 4.2(in particular remark 4.3),
we have

Theorem 5.10 (Partial Regularity Theorem). Letl: Dy — R*" be a weakly
conformal, weakly isotropic map which minimizes area among all the isotropic
maps with the same boundary value. Let Iy be a linear holomorphic map into an
isotropic plane. Assume 1(0) = lp(0) = 0, and Area(l(D;)) < ¢;1. Then there is
a €9 > 0 depending only on ¢y such that if

/ |V(l - l0)|2dt + / |l - l0|2dt S €0,
D1 D1

then | is a smooth immersion in Dy ;.

6 Tangent Cones

Standard technique of proving interior regularity from partial regularity involves
the study of tangent cones and the use of dimension reducing argument. In the
first part of this section, we construct tangent cones at each point of an isotrop-
ically area minimizing map. In the second part, we classify all the isotropically
stationary cones with isolated singularities and study their stability.

Proposition 6.1. Let | be a weakly conformal, exact ,isotropically stationary
map from R* to R?™. Suppose 1(0) = 0 and [ is proper( in the sense that the
pre-image of any compact set is compact). Also suppose that a=2 fw F) o dt
is constant for any a > 0, where [ is a contact lifting of | such that l~(0) =0
and F( is defined in Section3. Then 1 is a cone in the sense that the position
vector is in the tangent plane of l. Moreover the contact lifting [ in R lies

in {¢ = 0}.

Proof. First we prove that ¢ = 0. Since a2 Jro F(®) o [dt is constant for a > 0,
by the monotonicity formula (12), we see that § = constant and 71'(?) =0,
where P is the position vector of [ and 7 is the orthogonal projection onto
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Q(see (8)). Therefore ¢ = As, where A is a constant. We are going to show that
A = 0. Note the modified distance function(see section 3) r2 = 2(1+ A2)s. Now
fixed a ball By, (0)(defined in (6)). Let & : R — R be a concave cutoff function
such that:

£0) =1, if 0>ag272(1+ )7,

and £(0) = 0, &'(8) > 0 for § < a227%(1 + A?)~!. Then we see that since
r2 = 271(14 X\?)s, the Hamiltonian function £ o s is identically 1 outside By, (0).
Since [ is proper, [71(B,,(0)) is compact in R?. Therefore the function £ o s 0
is identically 1 outside a compact set in R?. Let X¢.5 be the contact vector field
defined in Lemma 3.1. Then first variation gives [y, divsX¢osdps = 0, where
¥ = [(R?). Note that

di'l))ngos = fldi’UEXs + V(fl) - X, = §IIVS - X,

where we use the chain rule of X}, operator and the fact that divs X; = 0. Using
the fact that [ is contact and the fact that ¢ = As, we get that

Vo X =AVs- X, = |Vo|%

If X # 0, then we see that [, £"|V|?duy = 0. Since ¢ is concave, ¢ = constant.
But since ¢(0) = 0 we get that ¢ = 0 in [='(B,,). The arbitrariness of ao gives
that ¢ = 0 in R2.

Now ¢ = 0 implies that the position vector Pis orthogonal to JT1(D) where
J is the standard complex structure in R?”. Note as discussed in section 3, since
I(D) is isotropic, the tangent space of R2" at the origin admits the orthogonal
decomposition:

TR*" =TI(D) @ JTI(D) ® Q
However, we already see that the orthogonal projection of P onto Q is zero(since

71'(?) = 0). Therefore, Pe TI(D), which completes the proof. O

Now we are able to construct tangent cones for an isotropically area- mi-
minizing map. Let [ : D; — R?" be weakly conformal, exact, isotropically
area minimizing. Let to € D;. For any sequence €; — 0, define rescaled maps
lj :_DEj—l — R2n by

Li(r) = 6‘1l(5j7 + to),

where &; = \/Area(I(D2:(t))) is chosen such that Area(l;(D2)) = 1. Clearly
l; is still minimizing.

The same argument in Schoen and Wolfson’s paper(also using Proposi-
tion 6.1) implies that (1) {I;}52, converges strongly in WL (R?, R?") to a weakly
conformal, exact, isotropically area-minimizing map lo : R2 — R27; (2) [, is ac-
tually a cone in the sense that the position vector lying in the tangent plane of
I; and (3) lo is a proper map with 15" ({0}) = {0}.
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We will henceforth call such a limiting map lo a tangent map of | at to (with
respect to {e;}) or a tangent cone of l at to.

The following lemma, studies the case where the image of a tangent map is
contained in a plane.

Lemma 6.2. Let lo(7) : R2 — R2™ be a tangent map of | at ty. If the image of
lo is contained in an isotropic plane, then (after o unitary coordinate change of
R?" to make the image plane be the x1xo-plane) lo(t) = at™ for some complex
constant a =# 0 and some positive integer n. In particular lo is a smooth
immersion away from the origin and the image of ly is the plane.

Proof. Because every deformation inside z;z2-plane is isotropic, lg is area min-
imizing as a map from R? to R?. Therefore, by standard harmonic function
theory, lo is a harmonic map, hence smooth in R?. Since [y is also conformal,
(by possibly reversing the orientation of R?) we see that [y is holomorphic. Since
ly is proper and Iy 1({0}) = {0}, standard complex analysis theory implies Iy is
a polynomial of the form ar™. O

Now we study double blow-ups.

Lemma 6.3. Let lo(7) be a tangent map of | atty. Let 1o € R2\ {0}. Let I1(€)
be a tangent map of lo at 9. Then the image of Iy is a plane. In particalur, by
Lemma 6.2, 11 is a smooth immersion away from the origin.

Proof. Standard blow up argument shows that the vector zo := lo(70) is actu-
ally in the tangent plane Ty, (¢)l1 (R?) for any non-zero £. Therefore the image
11 (R?) is invariant under the translation in the direction of zo. By a unitary
transformation, we may assume the direction of z is the x;-axis. Then I, (R?)
is a product of x;-axis and a one-dimensional curve y in R2"~1( which is in fact
a one-dimensional cone since I (R2) is a cone). Since I;(R?) is isotropic, this
curve v must be in R2”~2 spanned by 2, ..., Tn, ¥2, - . , Yn. It is obvious that
any deformation in R?"~2 is isotropic with respect to I; (R?). Therefore, the fact
that I; (R?) is isotropically area minimizing in R?" implies that +y is absolutely
length minimizing in R®*"~2. Since the only one-dimensional minimizing cone in
R?"~2 is a straight line or a straight ray , we see  is a line or a ray. Therefore
I1(R?) is a plane or a half plane. In any case it is contained in a plane. Then
by Lemma 6.2, the image of [; is a plane.

o

In the rest of this section we study two-dimensional isotropically stationary
cones which are smooth away from origin.

First derive a geometric version of the Euler-Lagrangian equation for isotrop-
ically stationary surfaces.

Theorem 6.4. Suppose £2 C R?" is an isotropically stationary surface with
mean curvature vector H. Then

0(H|w) =0,
d(H |w) =20,
H € JTS,
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where (3 is (0,2)-tensor on ¥ defined by B(X,Y) = E?Zl (Vo Y, IV, X), with
{ej};—1 being an orthonormal basis for TX.

Proof. To get the second equation, use Cartan’s formula, we have
d(H|w)(X,Y)=(VxH,JY)—(VyH, JX).
Let {e;}2_, is an orthonormal basis for TS. Then H = Y7, V{e;. Therefore

2 2
(VxH,JY) =Y (VxVie;,JY)=> (VxVie;JY),
j=1 7j=1

where we used the fact that JY is in (T'X)' since ¥ is isotropic.

Assume the basis {e;}7_; is normal at one point. Then using Codazzi equa-
tion(see [D]) and the fact that (V£Y, JZ) is fully symmetric for X,Y,Z in TY,
we get

k
d(H|w)(X,Y) =Y 2V, Y, ]V, X)
7j=1

This completes the proof of the second equation.

To get the third equation, note that since ¥ is isotropically stationary,
fE(H,X Yduy, = 0 for any isotropic vector field with compact support. Since
any X € (JTX)! satisfies (X |w)|s = 0, it gives rise to a (local) isotropic
variation. This implies that H € JT'X.

First variation also implies [,.(H, JV f)dpus = 0 for any f : M — R which
has compact support in X. But since H € JT'S, we get that [, (H, JV* f)dus =
0, where V* f is the projection of V f onto T'S. This implies [;,(6(H |w), f)dus =
0. The arbitrariness of f implies §(H |w) = 0. O

Remark 6.5. The theorem above is true for any isotropically stationary sub-
manfold $* in a Kihler manifold (N?",g,J), only with the second equation
d(H |w) = 28 replaced by d(H |w) = 28+2ricy, where rics(X,Y) := Rics(X,JY)
for X, Y in TX.

Now we can classify all isotroically stationary cones in R?"

Theorem 6.6. Let ¥ be an isotropic cone over the origin ( in the sense that
mpX = 3 for any X > 0, where ny : R>™ — R?" is the homothety map defined by
Mz = z/A). Assume also that ¥ is smooth away from origin and is isotropically
stationary in R®™. Then (up to a unitary transformation), the intersection
of ¥ with S>™~! is a curve v : [0,27] — R®™ parametrized by(using complex
coordinate in R*™)

eV—1ps
p+q

_ —V—1gs
2a(s) = | —2—e
2(6) = [
23(s) =0,...,2,(5) =0.

z1(s) =
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for some positive integers p and q.

Proof. Let v(6) : [0,L] — S?" ! be parametrized by arclength( i.e, ||/ (8)|| =1
for any ). Then the cone ¥ can be parametrized as

o(t,0) =ty(#), te(0,00),0¢€]0,L]
Note that an orthonormal basis for tangent planes of ¥ is given by e; = a*% =

0
~v(6) and e; = HL%@—H = 4(6). Then the mean curvature vector of X is given by
O« 26

H =V5e + Ve, =t1(%(6))*. Calculation using Theorem 6.4 gives
¥ —=boJy+~v =0, (63)

for some real constant bg. Let y(68) = (21(8),... ,2,(0)) where (z1,...,2,) is
the complex coordinate in R*" . Then (63) gives us

Zy —V—1bozr + 2, =0, fork=1,... n.
Solve it, we get

2k = cpeV TN 4 eV 1Al

where ¢ and dj, are complex constants and
) _bot+ /b5 +4 ) _bo— /b3 +4
1 — 2 ) 2 = 2 -
Moreover since {v,7) =1, {¥,4) = 1 and (¥, Jv) = 0, we have
Y pet CkCk = ﬁv

n 7 A1
Ek:l dkdk T A=A
n _
Ek:l dek = 0.

Therefore by a unitary transformation we may assume ¢; = 4/ ﬁ, cp=...=

¢n=0and d; =0,dy = /525, ds =... = dp = 0. Thus
z1(0) OA
1
z2‘(0) — VM0 4 eV That V -2

Since 7 is closed, we get (note A\ > 0 and Az < 0)

ML =2mp, ML= -2nq,
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for some positive integers q and p, where L is the length of 7. Now use the fact
that A\ A2 = —1 we deduce

)\1:\/2 Azz_\/i
q p

The theorem then follows by a reparametrization of the curve using s = 276/ L.
O

We can see that these isotropic cones are exactly those Lagrangian cones
described in Schoen and Wolfson’s paper [S-W]. By applying the second varia-
tional formula, they have proven

Proposition 6.7 (Schoen-Wolfson). The cones with |p — q| > 1 are strictly
unstable in R* for any Hamiltonian variation fizing a neighborhood of the cone
vertex. And cones with |p—q| = 1 are strictly stable in R* for any Hamiltonian
variation fixing a neighborhood of the cone vertex.

And the multiply covered cones are strictly unstable for any p and q.

Therefore those cones with |p —g| > 1 are automatically strictly unstable in
R?". And by a careful study of the second variation, we actually get that cones
with [p — g| = 1 are also strictly stable in R?".

Proposition 6.8. Those cones with |p — q| = 1 are strictly stable in R*™ for
any Hamiltonian variation firing o neighborhood of the cone vertex.

Proof. Let f: R?2™ — R be any smooth function which is supported in Bg(0) \
B.(0). Let Z = JVf be the Hamiltonian vector field. Therefore Z|x is of the
form

0

JVh+Z(fk 5t 9k5)
k=3 y

where h, fr and g are arbitrary function of z!, 2, y' and 2. Then using
second variational formula(see [S-W]) we see

3*|Z1(Vavy) = 62| (Vivn) + 63 (Viw),

where W = 30, frzos + gka - is in R?"~* and where §2|X|(Vz) denotes the
second variation with respect to the vector field Z. To prove that cones with
|[p — g = 1 are strictly stable, it suffices( since those cones are already strictly
stable in R* for any Hamiltonian variation) to show that §?|%|(Viy) > 0 for any
vector field W in R2"~%. A direct computation shows that

&[=|(Viv)
=/ {I |2 t2| |2+bot 2(WJa ) }tdtdd
[e,R] x[0,L]

where we assume () is parametrized by arclength and L is the length of the
curve.
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For notational simplicity, we only prove the case where n = 3(the general
case follows from the same argument). Assume W = fga%g + 933%3. Let z =
z3 4+ /=1y

By the L? orthogonal decomposition of W, it suffices to prove the case where
W=f (t)e\/__lz”ke/ L where k is an integer. Straightforward calculation shows
that

&*|](Vw)

R R
= L/ t|f'(t)|2dt+L¥(¥—bo)/ t2|f(t)[*dt.

Note that( without loss of generality assume p > q)

p q
bo=,/——4/=-, L=2m/pq.
iy po

Since p — ¢ = 1, 2ZZE(22k _ py) > 0 for any integer k # 0. This implies that for

any integer k
*|=|(Viv) >0,

for W = f(t)eV—12mk8/L O

7 Interior Regularity Theorem

In section 2, we showed that the weak solution to the isotropically constrained
Plateau problem exists. In this section we will prove that this weak solution is
smooth away from a finite set.

For a map [ : 2 — R?". Define regular points to be points in € at which [
is a smooth immersion. We denote the set of all regular points as Reg(l). And
define the singular set Sing(l) = 2\ Reg(l).

The following proposition says that singularities converge to a singularity.

Proposition 7.1. Let I*¥) : Dy, — R®" be a sequence of weakly conformal,
weakly exact and isotropically area minimizing maps. Assume {l(k)} converges
strongly in Wllo’cz(Dg,]RQ") to a weakly conformal, exact and isotropically area
minimizing map 1. Let t**) € Sing(I®)) N Dy. Suppose lim;_, o t*) =t,. Then
to € Sing(l).

Proof. Without loss of generality, assume tg = 0. Assume 0 is a regular point of
I. Let £; be a sequence going to 0. Define the corresponding tangent map ¢ of [
at 0, as the limit of 1;(7) = &; 'I(g;7). For each I¥) define lg.k)(r) = 6;1®) (g;).
Now for a fixed j, since {I(")} converges to I, we have an a; such that

| =

1659 — llwra oy <

<
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and since {t(*)} goes to 0, we might also assume

(o) 1
1<
€j J

Therefore, we easily get that

7).
Jlggo G =e
in WH2(Dy, R?").

Since 0 is regular for [, we see that ¢ is a linear conformal map into a isotropic
plane. Therefore, we can apply our local regularity theorem(Theorem 5.10) to
l(.aj)

j

get a constant 6 such that for sufficient large 7, is smooth immersion in Dy.

(aj) . ()
But note that ta—: is a singularity of l;a’), and tE—JJ — 0. A contradiction. [

An immediate consequence of the above proposition is the following result.

Proposition 7.2. Let [ : D; — R?® be weakly conformal, weakly exact and
isotropically area minimizing map. Let to € D1. If every tangent cone of | at
to is a smooth immersion away from the origin, then | is Hélder continuous in
Dy and is a smooth immersion in D,(to) \ {to} for some r > 0.

Proof. Without loss of generality, assume tg = 0. If ] is not smooth immersion in
any deleted neighborhood of 0, then we have a sequence of points {t;} C Sing(l)
which converges to 0. Let €; = |¢;|. Let I be the tangent cone at 0 with respect
to {e;} with the corresponding rescaled sequence {l;}. Clearly 7; = t;/e; is a
singularity of ;. Since |7;| = 1, we might assume( by passing to a subsequence)
that {r;} converges to a point 7 in the unit circle S'. By Proposition 7.1 7
should be a singularity of the limiting map /. But by hypothesis, every tangent
map at 0 is regular away from the origin. A contradiction. O

Now we are in the position to prove the main regularity theorem.

Theorem 7.3 (Interior Regularity Theorem). Letl: Dy — R?" be a weakly
conformal, weakly isotropic map which minimizes area among isotropic maps
with the same boundary value. There is a finite subset S of Dy such thatl is a
smooth immersion on D1\ S.

Proof. Let 2 be the set of points in Dy such that the image of every tangent
map is a plane. Let tg € 2. Then Lemma 6.2 says that every tangent cone of
to is a smooth immersion away from the origin. Therefore, by Proposition 7.2,
[ is a smooth immersion in a deleted neighborhood of #.

Let B = D, \ Q. For a point ¢t; € B, let Iy be a tangent cone at ¢; whose
image is not a plane. Let 79 € R? be any point away from the origin. Lemma 6.3
then says that any tangent cone of Iy at 79 is a smooth immersion away from
the origin. Therefore by Proposition 7.2, Iy is smooth immersion in a deleted
neighborhood of any point away from the origin. This implies that the singular
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set of lp is discrete. Then the fact that /o is a geometric cone implies that [y
is smooth away from the origin. Therefore, by the classification of isotropically
stationary cones(see Theorem 6.6) we see that (by Proposition 6.7) the cone
C = Io(R?) is conformal equivalent to the complex plane R? via a map & : C —
R2. Thus £olg is a weakly conformal, isotropically minimizing, proper map with
only one zero. Therefore by Lemma 6.2, we see £ ol is smooth immersion away
from the origin. This implies that [y itself is a smooth immersion away from
origin. Thus Proposition 7.2 gives that [ is a smooth immersion in a deleted
neighborhood of tg.
So combine the above two arguments, we see that Sing(l) is discrete ( hence
finite)in D;.
O

Now finally combine Theorem 2.9 and Theorem 7.3 we have the following
regularity result of the solution to the isotropically constrained Plateau problem:

Theorem 7.4. Let Dy be the unit disk in R?™. Let T be a closed piecewise C!
Jordan curve in R?" such that [.(zdy —ydx) = 0. Let

Xrr={l € WD, R"):

l|sp, is continous and is a monotone map onto T'}.

Then At is not empty and there exists an area minimizer lo among Xr 1.
Moreover, ly is Hélder continuous in Dy and is smooth immersion in the interior
of D1 with possibly isolated singularities.

APPENDIX A

In this appendix we prove proposition 3.3 in section 3.

Proposition .1. Let h(t,0) : RZ*t1 — R be a smooth function. Then

divs Xp(t,0)
= —2he tsinf — 2hge tcosh
+ (ot — o) (2| V70|13 + e[ (P)|]*)
+ {—2ht + hy — hgg}(VEG, Vzt)d

Proof. Straightforward calculation shows
ds = e!(cosfdt — sin0dh), dyp = e'(sindt + cos 8dh), (64)
and

df = e *(cosfdyp — sinfds), dt = e ‘(sin@dyp + cosbds). (65)
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Since the degenerate inner product {,)s does not involve ¢, we see that
divy Z does not depend on the % component. Therefore we shall use X =Y

to indicate that X and Y have the same % and a% components. Then

0 0 0 0
Xsmz——y—, Xym—z2— —y—.
may y@x ¢ m@x y@y

Lemma .2. Using the same notations as in proposition 3.2, we have

(ei7X8)d = ei(@), (ei7XLp>d = _ei(s)a
di’l)ng = 0, di’UgX<p = —-2.

Proof. We only prove the last equation.

2 9 d
divs X, = ;(Vek( x@m y@y)’ek)d
2 d
= Z(ek(ﬂf)% +ex(y)g s enld
k=1
2
= = (ex(@) +er(®)?)
k=1
= -2

where in the last equation we use the fact that 1 = ||ex||qs = ex(z)? + ex(y)?, for
each k=1, 2. O

Since I(D) C R?" is isotropic, we have the orthogonal decomposition of the
tangent space of R?":

TR*" = TI(D) & JTI(D) ® Q

where J is the standard complex structure of R2?. Let 7 : TR?® — (Q be the
orthogonal projection.

Lemma .3. Using the same notations as in proposition 3.2, we have

2siné
et

divs X; = — —2(V¥6,V>t)q,
divs X_g = 2||V70|[3 + e *||x(P)|,

where V> f 1= Zle ei(f)ei, and where P = (z,y) is the position vector of | in
R2"
Proof. To prove the first equation, we have
divs Xy = divg(tsXs + t‘pr)
(X5, VZt) + (VZy, Xp)a + tsdivs X + t,dive X,
= (X;,VZts)a + (V7ty, Xp)a — 2y,
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where we used the fact that divs X, = 0 and divs X, = —2.
Using (64), (65) and lemma, .2, we have

2

(VP, Xoda = D (eilts)es, Xs)a =) eilts)ei(y)

i=1

2
- Z[ei(e)ei (t) + sin @ cos Be? (6) + sin 6 cos e (t))].
i=1

Similarly

(VE(ty), Xp)a = — Z[ei(G)ei (t) — sin @ cos Be? (§) — sin  cos fe3 (t))]

i=1
Combine the three equations above, we get

diveX; = (X5, VZts)a+(VZt,, X,)a — 2t,
2
= =2 ei®)es(t) — 2t,
i=1

= —2(V¥0,V*t)y —2e 'sind,

which gives the first equation.
Similar computations yields

divs Xy = =20, + ||VZt][7 — [|[VZ0][3- (66)

Next we would like to get a relation between ||[V>t||2 and ||[V*>6]||%. Note a
calculation using (64) and (65) gives

IVEHE+IVE0E = e (IVZellg + [IV7sl13) (67)

= e} (elp) + e ().

Since [ is contact,
ei(p) = mei(y) — yei(x) = (P, Jes),

where P = (z,y) is the position vector of [ in R2". Also

ei(s) = zei(s) +yei(y) = (P, e;)
Therefore

2
IVZellZ+1IVZsll7 = D (P, Jei)* + (P,e;)?) (68)
=1
= [|P|]? - [|=(P)|]?
= 2s—||=(P)|].
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Finally combine (67) and (68), we get

1953 + 19783 = 2¢%52 - ImOIE, (69)
Hence from (66), (69) and the fact that 6, = e~* cosf, we see
divs Xy = —2||V70|[7 — e™*||m(P)|]
(]

Using the chain rule we get
divs X, = divg(tha + htXt)
(X, VZhg)g + (X, VER) g + hodivs Xg + hydivs X;.
Then direct calculation using (69), lemma .3 and the fact that (e;, Xg)q = —e;(t)
and (e;, Xi)q = e;(6) will yield the result. O

APPENDIX B

In this appendix we prove Lemma 5.8 in section 5.3

Lemma .4. Let a;j(z), bi(z), ci(z), d(z), fi(z) and g(x) be CO* functions on
Bs. Assume q1(z), ..., gm(z) are CY* functions on By and p;(z) are COH
on By, fori,k=1,2and j=1,... ,m.

Assume u(z) € CY#(Bsy) satisfies

2 2 2
> / ayDuDip+ Y / bipDiu+3 / cuD'p  (70)
B2 i=1 /B2 i=1 Y B2

i,j=1
+ duyp
Ba
2 ) m 2 ‘
= > [ Ddn+ [ geau+ > Y [ pusD'Tide
i=1 Y B2 B j=1ik=1"B2

for any ¢ € C°(B2), and for any
T; = (T},T3) € G(D'q;D*p — D*q; D*y),

31t
where G is defined in setcion 5.3. We assume the ellipticity condition:

2

3 ay(@)Eiel > Al (71)

ij=1
and
l|aij|lcon(By) < A1, |[billcow (B, < A,

llcil|lcow(By) < A1, ||d]|con(By) < Ad.

38



Then

2
lullcruy < clllullcosy) + lgllcon sy + Y Ifillconmy — (72)

i=1
m 2
+Z Z 1Pitj|lco.m (B2 [1Dgj || con(Bs))
j=1i,k=1
where ¢ = ¢(A, Ay).

Proof. We shall use a scaling argument which is a modification of the approach
in [Si3].
First consider the constant coefficients case. Assume u satisfies

Z / aijDiuDl ¢ (73)
Bo

z]l

/ szlSOdﬂ"'Z Z / pszD I dw)

ij=14,k=1
for any ¢ € C°(Bs), and for any
T = (5,1} € G(D'q;D*p — D*q;D'y),

't
where a;; are constants satisfying the elliptic condition (71).
First step is to prove that for any € > 0, there is a n = n(e, A, A1) € (0,2)
such that

2
[Du]lhB‘rl S E[DU]N7B2 + C(Z[fl]ﬂsz (74)
i=1
m 2
+> > pisllou,sa11Dg5lou52),

j=11i,k=1
where C only depends on A and A;.
Assume (74) is not true, then we have a fixed ¢y > 0, a sequence {n;}i2, — 0
and sequences {afy }2,, {u®}22,, {132, {py;}22, and {g{"}i2, such that
they satisfy (73) but

2
[Du(l)]MBm > GO[DU(”]U,Bz +l(2[fi(l)]u,32 (75)
i=1
m 2
Z Z zk]||0,u Bz||DqJ [lo,,B2)

i,k=1
By definition of [Du(],,, B,,, there are points ; and y; in By, such that

1Du® () — Du® ()| > @N) " [DuD], 5, |20 — ¥, (76)
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where N is an absolute constant. Let
o=z —yl, A =[Dul], s,
Now scale. Define
11(’)( ) = 0;17,,5\71“(1) (o1 + 7)), fi(l)( ) = 07“/\*1]‘(0 (o1 + 1), (77)
Biy(@) = Py (ow + @), (@) =0, N g (o2 + @)

Then @ is a weak solution to (73) with Bo,l—l (—2z077"), g), fi (l), ﬁggj and
(1)

g;’ in the place of Bs, aij, fi, pir; and g;. Moreover
~(1 _
[Du( )]N,Bal—l (_2:”0[_1) =1.

Then (75) and (77) imply

m 2
Z Z Ul ||pzk]||0B _1( 2zi0, )”Dq] ||0B _1( 2z10;, ) (78)
j=14,k=1

~(1)
+||plk]||OB _1( 2z10, )[Dq] ] B _1(—293101_1)
7
~(1) ~(1)
+[pikj]HaBal—1(*21'10'1_1)||qu ||0,Bal—1(*2rw,_1)

—ur (1 ~(1)
+Ul u[pgk)j]“,Byl_l (,2210.1—1) [Dq§ ]H’Bal_l (*2Z10'l_1)}

2
ri(J
+ Z[fz( )]H,Ba_l(fzzml_l)
i=1 !
< DU,
< It

Also (75) and (76) give
D@ (z) = Da®(0)| > 7 [Du], 5, > o, (79)

where z; = (y; — ml)al_l

Clearly for a fixed R > 0, Bg(0) C B, (—2z;07 ") for sufficiently large I.

Now let ¥ (z) := @ (0) + D@ (0) - be the first degree Taylor polynomial
of @ at 0. And let v (z) = a® — (. We see that v(®) is a weak solution of
(73) with Bg, E;), f(l) f((zl))( ), NEQJ —pz(i)]( ) and q() in the place of Bs, a;j,
fi, pixj and g; respectively.

Also we have

[Dv®), B, <1, |Dv®(2)| > e, Dv®(0)=0, (80)
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which in turn imply

IDv®||0. 85 < cR*, sup|v®] < cR™fH. (81)
Br

Now fix a function ¢ with compact support in Bg/s. Notice that (78) implies

that | fi(l)] u,Br 8oes to 0 as [ goes to infinity. Arzela-Ascoli lemma then gives

(by passing to a subsequence) that fi(l) - fi(”(O) converge uniformly to the zereo
function. Also by Arzela-Ascoli, vY) converge in C"**(Bg) to some function
v such that

[DvP) 5, <1, DV (2%)| 2 €0, Dul™(0) =0. (82)

where z* = lim;_, «, 2/(in particular |z| = 1).

For this fixed ¢ € C°(BRr), chooseT'; = (T},T%) € g(Dld§l)D2cp—D2(j§-l)D1cp)

such that [|Tj||c1u(pr) < C(R)||D1§§I)D2g0 D? J(.)Dlgo||co,u(BR) (the existence
of such T is given by proposition 5.4). Therefore

[IT51]1,0, B (83)
< (R)ID'G D*o — D*¢ D ¢llo.pu.Br
< C(R)D'¢"D*p — D*¢" D¢l Ba,
< CBlellr, 210G llo.u, 55

where we used the fact that quy)D%o - Dz(jj(-l)Dlgo has compact support in
Bpg. Therefore

(55, — B2 (0) D* Tl e (84)
l 2 X
< 1B = B 0)lo,B[D*Til 5 + [Boilie.be |l DFTilo,Br
< CR)l1pu5r B )52 DG 00,5 (85)

Combining (78) and (84), we see that

1 (1 ; _
(55 = P40; O) DT} < ORIl (86)
Therefore since (p Ek)J ﬁggj (0))D*T% has compact support in Bg, Arzela-Ascoli
plus (86) implies that (by passing to a subsequence), they converge(as ! goes to
o) in C%#(Bg) norm to the zero function.
To sum up, by letting I go to oo in (73) with Bg, v(®, a(l) fz.(l) - fz-(l) (0),

(1 I .
pgk)J — pik)] (0) and q( ) in the place of By, u, a;j, fi, pir; and g; respectively, we

have

/ aijDi’U(R)Dj(pd.’E =0.
Br
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for any ¢ € C°(Bg), where a;; = lim;_, a%). Notice 11(Rl)|BR1 = y(B2) for

any R; > Rs, so by letting R go to oo we get a function v defined in R? such
that
[Dv]rz < 1, [Do(z*)| > €0, Dv(0) =0, |jv]lo,, < cR™*H.  (87)

and
/ a,-]-Diijcpdm =0,
R2

for any ¢ € C°(R?). Standard harmonic function theory implies that v is
smooth and

IDDvlfo, 5/, < CR™?|[0][0,55-
In view of ( 87), we have
IDDollo, sy < CRFL.

Let R go to co we see DDv = 0. So v is a polynomial of at most degree
one, which is a contradiction to |Dv(2*)| > € and Dv(0) = 0 in (87). This
completes that proof of (74).

Now we claim that for any € > 0 and for any 6 € (0,2), there is a constant
C = C(e,0,A, A1) such that

2
[Dulus, < elDulup, +Clllullo,s, + D [filup, (88)

i=1
m 2
+ > lIpikillou, 5ol Dasllo . 52)
j=114,k=1

To prove this, given € and 6, let y € By. Apply a scaled version of (74) to
the ball By_y(y), we get an n = n(e, A, A1) such that

2
[DU’]M B, 2—6)(y) < e[Du]MBz—a(y)+0(07A’A1)(Z[fi]ﬂ,32—o(y) (89)

m 2 =
+Z Z ||psz

j=11i,k=1

0,1.Ba—o () || PG |0,1, B2 (3))

Now for € By, consider two cases. First assume x € By(1_g)(y). Then
(89) directly gives

2

< e[Dulup, + C(Y_[filuba (90)

i=1

m 2
Z > Ipikillo,u,5:11Dgjl0,u,85)
j=1ik=1

|Du(z) — Du(y)|
|z —y|#
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The second case is when |z — y| > 1(2 — §). Then interpolation inequality
implies that for any § > 0,

|Du(z) — Du(y)|
|z —yl»

IN

n*(2 —6)""sup | Dul
Bg
< 0 *(2-0)"*(66"[Duly,B, + C(8)[|ullo,B,)
Choose ¢ small enough such that n7#(2 — §)7#§ < ¢, we get

|Du(x) — Du(y)|
|z — y[~

< e[Duly,B, + C(€,0)||ullo, B

Combine the two cases, we get (88).
A scaled version of (88)(we fix § = 1) implies

2
[Dulus,0) < elDulup,) +Cr > (lullo.s + ) [fidum  (91)
i=1

m 2
+3 D Pk llouw, 521D 0,, )
j=1i,k=1

for any B,(y) C Bs
Now apply the abstract Lemma 5.9 to (91) with

S(B,(y)) = [D“]u,Bp (v)

together with interpolation inequalities, we get (72), which completes the proof
of the lemma in the constant coefficient case for the solution of equation (73).
Then by applying the standard technique of freezing coefficients , we prove the
lemma in the general case.

o

References

[Al] Allcock,D., An isoperimetric inequality for the Heisenberg groups, GAFA,
8(1998) 219-233.

[C] Corvino, J., Scalar curvature deformation and applications to general rela-
tivity, Ph.D thesis, Stanford University, 2000.

[D] Do Carmo, Manfredo,P., Riemannian Geometry, Birkhauser, 1992.

[D-N] Douglis,A., Nirenberg,L., Interior estimates for elliptic systems of equa-
tions, Comm. Pure Appl. Math. 8 (1955), 503-538.

[Fo] Folland,G., Introduction to partial differential equations, Princeton Univer-
sity Press, 1976.

43



[G-T] Gilbarg,D.,and Trudinger,N.S., Elliptic Partial Differential Equations of
Second Order, 2nd edition, Springer,1998.

[Gr] Gromov,M., Carnot-Caratheodory spaces seen from within, Progress in
Mathematics 144(1996), 79-323.

[H-L] Harvey,R., LawsonH.B.Jr, Calibrated Geometries, Acta. Math,148
(1982),47-157.

[La] Lawson,H.B., Lectures on minimal submanifolds,Vol 1, Publish or Perish,
Inc, Berkeley, 1980.

[Mi] Minicozzi,W.,Ph.D. thesis, Stanford University.

[M-S] Macduff,D., Salamon,D.,Introduction to symplectic topology, second edi-
tion, Oxford University Press, 1998.

[Mo] Morrey,C., Multiple Integrals in the Calculus of Variations, Springer-
Verlag, New York, 1966.

[Oh] Oh,Y-G, Volume minimization of Lagrangian submanifolds under Hamil-
tonian deformations, Math.Z., 212 (1993), 175-192.

[S-W] Schoen,R., and Wolfson,J., Minimizing area among Lagrangian surfaces:
the mapping problem, preprint.

[Sil] Simon,L.,Lectures on Geometric Measure Theory, proceedings of the Cen-
ter for Mathematical Analysis, Australian National University, 1984.

[Si2] Simon,L., Theorems on regularity and singularity of energy minimizing
maps, Birkhuser Verlag, c1996.

[Si3] Simon,L., Schauder estimates by scaling, Calc. Var. Partial Differential
Equations 5(1997), no. 5, 391-407.

44



