Derived Algebraic Geometry VI: E[k]-Algebras

October 30, 2009

Contents

1 Foundations 5
1.1 The E[k]-Operads . . . . . . . o o i e 6
1.2 The Additivity Theorem . . . . . . . . . . . . 8
1.3 Tterated Loop Spaces . . . . . . . . . . e 20
1.4 Coherence of the Little Cubes Operads . . . . . . . . . . ... . . . . ..., 26
1.5 Tensor Products of E[k]-Algebras . . . . . . . . . ... . 29
1.6 Nonunital Algebras . . . . . . . .« . e 38

2 Applications of Left Modules 47
2.1 Algebras and their Module Categories . . . . . . . . . . . . . . .. .. 48
2.2 Properties of Moda(C) . . . . . . . o 55
2.3 Behavior of the Functor © . . . . . . . . . .. 63
2.4 The co-Operad LMod . . . . . . . . . . e 69
2.5 Centralizers and Deligne’s Conjecture . . . . . . . . . . . .. 72
2.6 The Adjoint Representation . . . . . . . . . . . . . ... 82
2.7 The Cotangent Complex of an E[k]-Algebra . . . . . . . . ... ... .. ... ... 89

3 Factorizable Sheaves 92
3.1 Variations on the Little Cubes Operads . . . . . . . . . . . ... ... ... ... . ...... 93
3.2 Little Cubes in a Manifold . . . . . . . . . . . ... 96
3.3 The Ran Space . . . . . . . . . e 101
3.4 Topological Chiral Homology . . . . . . . . . ... .. 107
3.5 Properties of Topological Chiral Homology . . . . . . . . .. ... ... ... ... ....... 111
3.6 Factorizable Cosheaves and Ran Integration . . . . . . . .. ... ... .. ... ....... 114
3.7 Digression: Colimits of Fiber Products . . . . . . . . . .. ... .. ... ... ... ...... 120
3.8 Nonabelian Poincare Duality . . . . . . . . . ... . L 126

A Background on Topology 133
A.1 The Seifert-van Kampen Theorem . . . . . . . . . . . .. ... ... .. ... ... ...... 134
A2 Locally Constant Sheaves . . . . . . . . . 138
A.3 Homotopy Invariance . . . . . . . . . . .. e 141
A4 Singular Shape . . . . . . . 145
A5 Constructible Sheaves . . . . . . . . L 147
A.6 oo-Categories of Exit Paths . . . . . . . . . . 152
A.7 Exit Paths in a Simplicial Complex . . . . . . . . . . ... 157
A.8 A Seifert-van Kampen Theorem for Exit Paths . . . . . .. ... . ... ... ... ... ... 159
A.9 Digression: Complementary Colocalizations . . . . . . . .. ... ... ... ... ...... 162
A.10 Exit Paths and Constructible Sheaves . . . . . . . . .. .. ... . ... 165



A.11 Embeddings of Topological Manifolds . . . . . . ... ... ... ... ... ... ... 172

A12 Verdier Duality . . . . . . . . oL 176
Generalities on co-Operads 182
B.1 Unitalization . . . . . . . . . e 183
B.2 Disintegration of co-Operads . . . . . . . . . . L 185
B.3 Transitivity of Operadic Left Kan Extensions . . . . . . ... ... ... ... ... ...... 194
B.4 A Coherence Criterion . . . . . . . . . . . . e 197
B.5 Coproducts of co-Operads . . . . . . . . . . e e e 207
B.6 Slicing co-Operads . . . . . . . . . . e e 212
B.7 Wreath Products of co-Operads . . . . . . . . . .. . 217



Introduction

Let X be a topological space equipped with a base point x. We let QX denote the loop space of X, which
we will identify with the space of continuous map p : [-1,1] — X such that f(—1) = * = f(1). Given a
pair of loops p,q € QX, we can define a composite loop p o ¢ by concatenating p with ¢: that is, we define
pogq:[—1,1] — X by the formula

q2t+1) if —1<t<0
(pog)(t) = :

p2t—1) f0o<t<1.
This composition operation is associative up to homotopy, and endows the set of path components myQX
with the structure of a group: namely, the fundamental group m (X, *). However, composition of paths is
not strictly associative: given a triple of paths p,q,r € X, we have

r(4t+3) if —1<t< S r(2t+1) if —1<t<0
(po(gor))(t)=qqt+1) if F<t<0 ((pog)or)(t)=qq4t—1) ifo<t<i
p(2t—1) f0<t<I1. p(dt—3) if3<t<1

The paths po (gor) and (po q) o r follow the same trajectories but are parametrized differently; they are
homotopic but not identical.

One way to compensate for the failure of strict associativity is to consider not one composition operation
but several. For every finite set S, let Rect((—1,1) x S, (—1,1)) denote the collection of finite sequences of
maps {fs:(—1,1) = (=1,1)}ses with the following properties:

(a) For s # t, the maps f; and f; have disjoint images.
(b) For each s € S, the map fs is given by a formula fs(t) = at + b where a > 0.

If X is any pointed topological space, then there is an evident map
6: (0X)% x Rect((—1,1) x S, (~1,1)) — QX,

given by the formula
ift=fs (t/)

otherwise.

9({ps}ses, {fs}ses)(t) _ {Zs(t’)

Each of the spaces Rect((—1,1) x S,(—1,1)) is equipped with a natural topology (with respect to which
the map 6 is continuous), and the collection of spaces {Rect((—1,1) x S,(—1,1))}; can be organized into a
topological operad, which we will denote by €;. We can summarize the situation as follows:

() For every pointed topological space X, the loop space QX carries an action of the topological operad
Cy.

Every point of Rect((—1,1) x S,(—1,1)) determines a linear ordering of the finite set S. Conversely, if
we fix a linear ordering of S, then the corresponding subspace of Rect((—1,1) x S, (=1, 1)) is contractible. In
other words, there is a canonical homotopy equivalence of Rect((—1,1) x S, (=1, 1)) with the (discrete) set of
linear orderings of S. Together, these homotopy equivalences determine a weak equivalence of the topological
operad C; with the associative operad (see Example 1.1.7). Consequently, an action of the operad €; can be
regarded as a homotopy-theoretic substitute for an associative algebra structure. In other words, assertion
(*) articulates the idea that the loop space QX is equipped with a multiplication which associative up to
coherent homotopy.

If X is a pointed space, then we can consider also the k-fold loop space Q¥ X, which we will identify with
the space of all maps f : [~1,1]¥ — X which carry the boundary of the cube [~1, 1]* to the base point of X.



If k> 0, then we can identify QFX with Q(QF~1X), so that Q¥X is equipped with a coherently associative
multiplication given by concatenation of loops. However, if & > 1, then the structure of Q¥ X is much richer.
To investigate this structure, it is convenient to introduce a higher-dimensional version of the topological Cy,
called the little k-cubes operad. We begin by introducing a bit of terminology.

Definition 0.0.1. Let OF = (—1,1)* denote an open cube of dimension k. We will say that a map
f:OF — OF is a rectilinear embedding if it is given by the formula

flxe,. . xp) = (@121 + by, ..o apey + by)

for some real constants a; and b;, with a; > 0. More generally, if S is a finite set, then we will say that a
map OF x S — OF is a rectilinear embedding if it is an open embedding whose restriction to each connected
component of O x S is rectilinear. Let Rect(O" x S, OF) denote the collection of all rectitlinear embeddings
from OF x S into OF. We will regard Rect(O* x S, 0F) as a topological space (it can be identified with an
open subset of (R*)1).

The spaces Rect(O* x S, 0%) determine a topological operad, called the little k-cubes operad; we will
(temporarily) denote this operad by Cj. Assertion (%) has an evident generalization:

(+') Let X be a pointed topological space. Then the k-fold loop space QFX carries an action of the
topological operad Cy.

Assertion (x") admits the following converse, which highlights the importance of the little cubes operad
G in algebraic topology:

Theorem 0.0.2 (May). Let Y be a topological space equipped with an action of the little cubes operad Cy.
Suppose that Y is grouplike (Definition 1.3.2). Then Y is weakly homotopy equivalent to QFX, for some
pointed topological space X.

A proof of Theorem 0.0.2 is given in [61] (we will prove another version of this result as Theorem 1.3.16,
using a similar argument). Theorem 0.0.2 can be interpreted as saying that, in some sense, the topological
operad Cj encodes precisely the structure that a k-fold loop space should be expected to possess. In the
case k = 1, the structure consists of a coherently associative multiplication. This structure turns out to be
useful and interesting outside the context of topological spaces. For example, we can consider associative
algebras in the category of abelian groups (regarded as a symmetric monoidal category with respect to the
tensor product of abelian groups) to recover the theory of associative rings.

A Dbasic observation in the theory of structured ring spectra is that a similar phenomenon occurs for
larger values of k: that is, it is interesting to study algebras over the topological operads C; in categories
other than that of topological spaces. Our goal in this paper is to lay the general foundations for such a
study, using the formalism of oo-operads developed in [50]. More precisely, we will define (for each integer
k > 0) an oo-operad E[k] of little k-cubes by applying the construction of Notation C.4.3.1 to the topological
operad Cj (see Definition 1.1.1). We will study these operads (and algebras over them) in §1.

In [49], we develop a general theory of associative algebras and (right or left) modules over them. This
theory has a number of applications to the study of E[k]-algebras, which we will describe in §2. For example,
we prove a version of the (generalized) Deligne conjecture in §2.5.

The description of the oco-operads E[k] in terms of rectilinear embeddings between cubes suggests that
the the theory of E[k]-algebras is closely connected with geometry. In §3, we will make this connection more
explicit by developing the theories of factorizable (co)sheaves and topological chiral homology, following ideas
introduced by Beilinson and Drinfeld in the algebro-geometric context.

We conclude this paper with two appendices. The first, §A, reviews a number of ideas from topology
which are relevant to the subject of this paper. A large portion of this appendix, concerning the theory
of constructible sheaves and co-categories of exit paths, is not really needed. However, it can be used to
provide an alternative description of the co-category of constructible (co)sheaves studied in §3.6. Our second
appendix, §B, develops several aspects of the general theory of co-operads which are used in the body of this
paper, but are not covered in [50].



Remark 0.0.3. We should emphasize that the little cubes operads and their algebras are not new objects
of study. Consequently, many of the ideas treated in this paper have appeared elsewhere, though often in
a rather different language. It should not be assumed that uncredited results are due to the author; we
apologize in advance to any whose work does not receive the proper attribution.

Notation and Terminology

For an introduction to the language of higher category theory (from the point of view taken in this paper),
we refer the reader to [46]. For convenience, we will adopt the following conventions concerning references
to [46] and to the other papers in this series:

(T) We will indicate references to [46] using the letter T.
(S) We will indicate references to [48] using the letter S.

)
)
(M) We will indicate references to [49] using the letter M.
(C) We will indicate references to [50] using the letter C.
(D) We will indicate references to [51] using the letter D.
)

(B) We will indicate references to [55] using the letter B.

We will use the notation of [50] throughout this paper. In particular, for every integer n > 0, we let (n)°
denote the finite set {1,...,n}, and (n) = {1,...,n,*} the finite set obtained by adjoining a base point to
(n)°. We let T denote the category whose objects are the finite sets (n), and whose morphisms are maps of
finite sets f : (m) — (n) such that f(x) = x.

Acknowledgements

I would like to thank John Francis, Dennis Gaitsgory, and Mike Hopkins for numerous conversations con-
cerning the subject matter of this paper. I would also like to thank the National Science Foundation for
supporting this research (via NSF grants DMS-0757293 and DMS-0943108).

1 Foundations

Our goal in this section is to introduce the oco-operads {E[k]}r>0 of little k-cubes, and to verify their basic
properties. We begin in §1.1 with a review of the relevant definitions. In §1.2, we will prove an important
additivity result (Theorem 1.2.2), which asserts that endowing an object A of a symmetric monoidal co-
category € with the structure of an E[k + k']-algebra is equivalent to equipping A with E[k]-algebra and
E[k']-algebra structures, which are compatible with one another in a suitable sense. In particular, since E[1]
is equivalent to the associative oo-operad (Example 1.1.7), we can think of an E[k]-algebra A € Algg(C)
as an object of € which is equipped with k& compatible associative multiplications.

One of the original applications of the little cubes operads in topology is to the study of k-fold loop
spaces. In §1.3, we will return to this setting by considering E[k]-algebra objects in the oco-category 8 of
spaces. In particular, we will revisit a classical result of May, which establishes the equivalence between a
suitable co-category of E[k]-spaces and the oco-category of k-fold loop spaces (Theorem 1.3.16).

Outside of topology, the little cubes operads have found a number of algebraic applications. For these
purposes, it is important to know that there is a good theory not only of E[k]-algebras A, but of modules
over such algebras. In §1.4 we will prove the existence of such a theory by verifying that the operads E[k]
are coherent in the sense of Definition C.3.1.10. The proof makes use of a general coherence criterion which
we establish in §B.4.



In §1.5, we will study the formation of tensor products of E[k]-algebras. More precisely, we will give a
simple “generators and relations” description of the tensor product A ® B in the case where A and B are
free (Theorem 1.5.1).

In §3, we will give a geometric reformulation of the theory of E[k]-algebras, using the formalism of
factorizable (co)sheaves. In this context, it is convenient to work with nonunital algebras. In §1.6, we
will show that there is not much difference between the theories of unital and nonunital E[k]-algebras.
More precisely, we will show that for any symmetric monoidal co-category €%, the oo-category AlgE[k](G) is
equivalent to a subcategory of Alggfy, (C) which can be explicitly described (Theorem 1.6.6).

1.1 The E[k]-Operads

Our goal in this section is to define the little cubes co-operads E[k] for k > 0, which are our main object of
study throughout this paper. We begin by unfolding the definition of the topological operads € described
in the introduction.

Definition 1.1.1. We define a topological category INE[k] as follows:

(1) The objects of E[k] are the objects (n) € T,

(2) Given a pair of objects (m), (n) € E[k}, a morphism from (m) to (n) in E[k] consists of the following
data:

— A morphism a : (m) — (n) in T
— For each j € (n)° a rectilinear embedding 0% x a~1{j} — OF.

(3) For every pair of objects (m), (n) € E[k], we regard Homﬁ[k]«m), (n)) as endowed with the topology
induced by the presentation

Homg,,({m), (n)) = H H Rect(O% x f=1{j},0%).

fi(m)—(n) 1<j<n

(4) Composition of morphisms in E[k’] is defined in the obvious way.
We let E[k] denote the nerve of the topological category E[k].

Corollary T.1.1.5.12 implies that E[k] is an oo-category. There is an evident forgetful functor from E[k]
to the (discrete) category I', which induces a functor E[k] — N(T').

Proposition 1.1.2. The functor E[k] — N(T') ezhibits E[k] as an oco-operad.

Proof. We have a canonical isomorphism E[k] ~ N®(0O), where O denotes the simplicial colored operad
having a single object OF with Mulo({C*};cr, C*) = Sing X for X the space consisting of all rectilinear
embeddings f : [[;c; 0% «— OF. Since O is a fibrant simplicial colored operad, E[k] is an oc-operad by virtue
of Proposition C.4.3.6. O

Definition 1.1.3. We will refer to the co-operad E[k] as the oo-operad of little k-cubes.

Remark 1.1.4. Let Env(E[k]) be the symmetric monoidal envelope of E[k], as defined in §C.1.6. We can
describe the oo-category Env(E[k]) informally as follows: its objects are topological space which are given
a finite unions [, OF of the standard cube O, and its morphisms are given by embeddings which are
rectilinear on each component. The symmetric monoidal structure on Env(EE[k]) is given by disjoint union.



Remark 1.1.5. The mapping spaces in the topological category IE[kJ] are closely related to configuration
spaces. If I is a finite set and M is any manifold, we let Conf(I; M) denote the space of all injective
maps from I into M (regarded as an open subset of M'). Evaluation at the origin 0 € O* induces a map
6 : Rect(OF x I,0%) — Conf(I;0%). We will prove that this map is a homotopy equivalence.

Let Rect(0F x I, OF) denote the collection of all maps OF x I — OF which are either rectilinear embeddings,
or factor as a composition

OF x I — I — Ok,

Then @ factors as a composition
Rect(0F x I,0) % Rect(0F x I,0%) & Conf(I; 0%)

where 6 is the open inclusion and 6" is given by evaluation at the origin 0 € O¥. We claim that both 6’ and
0" are homotopy equivalences:

(i) For every map f € Rect(OF x I,0F), let €(f) denote the infumum over i,j € I of the distance from
F(OF x {i}) to f(OF x {j}) and the distance from f(O* x {i}) to the boundary of O*. We then define
a family of maps {f:}:e[0,1] by the formula

. . te
fe(xy, ... xp,4) = f(z1, ..., 2k,0) + %(1’1, ceey L)

This construction determines a map H : Rect(O* x I,0F) x [0,1] — Rect(0OF x I,0%) such that
H|Rect(O* x I,0F) x {0} is the identity map and H carries (Rect(O* x I,0%) x (0,1]) into the open
subset Rect(OF x I,0%) C Rect(OF x I,0%). It follows that the inclusion ¢’ : Rect(OF x I,0F) C

Rect(O% x I,0%) is a homotopy equivalence.

(ii) The inclusion j : Conf(I;0%) C Rect(O* x I,0%) is a homotopy equivalence. Indeed, there is a
deformation retraction of Rect(O* x I, OF), which carries a map f : OF x I — O to the family of maps
{fi :OFxT— Dk}te[o,u given by the formula

fe(xr, ..o xp,1) = f(ta, ... tag, 7).
Since 6" is a left inverse to j, it follows that 6” is a homotopy equivalence.

Example 1.1.6. Suppose that & = 0. Then OF consists of a single point, and the only rectilinear embedding
from OF to itself is the identity map. A finite collection {f; : O¥ — O¥},c; of rectlinear embeddings have
disjoint images if and only if the index set I has at most one element. It follows that E[k} is isomorphic (as
a topological category) to the subcategory of I' spanned by the injective morphisms in I'. We conclude that
E[k] is the subcategory of N(I') spanned by the injective morphisms.

Example 1.1.7. Suppose that k = 1, so that we can identify the cube O with the interval (—1,1). Every
rectangular embedding (—1,1) x I — (—1,1) determines a linear ordering of the set I, where i < j if
and only if f(¢,4) < f(¢',4) for all ¢,¢' € (—1,1). This construction determines a composition of the space
Rect((—1,1)x I, (—1,1)) into components Rect<((—1,1)x I, (—1, 1)), where < ranges over all linear orderings
on I. Each of the spaces Rect((—1,1) x I, (—1,1)) is a nonempty convex set and therefore contractible. It
follows that Rect((—1,1) x I,(—1,1)) is homotopy equivalent to the discrete set of all linear orderings on I.

Using these homotopy equivalences, we obtain a weak equivalence of topological categories IE[l] — Ass,
where Ass is the category defined in Example C.1.1.22. Passing to the homotopy coherent nerves, we obtain
an equivalence of co-operads E[1] ~ Ass.

We can use the relationship between rectilinear embedding spaces and configuration spaces to establish
some basic connectivity properties of the co-operads E[k]:



Proposition 1.1.8. Let k > 0. For every pair of integers m,n > 0, the map of topological spaces
Mapgy, ((m), (n)) — Homr((m), (n)) is (k — 1)-connective.

Proof. Unwinding the definitions, this is equivalent to the requirement that for every finite set I, the space
of rectinilinear embeddings Rect(O* x I,0%) is (k — 1)-connective. This space is homotopy equivalent (via
evaluation at the origin) to the configuration space Conf(I; 0%) of injective maps I — OF (Remark 1.1.5).
We will prove more generally that Conf(J, 0% — F) is (k — 1)-connective, where J is any finite set and F'
is any finite subset of OF. The proof proceeds by induction on the number of elements of J. If J = 0,
then Conf(J, 0% — F) consists of a single point and there is nothing to prove. Otherwise, choose an element
j € J. Evaluation at j determines a Serre fibration Conf(.J,0F — F) — OF — F, whose fiber over a point
x is the space Conf(J — {j},0% — (F U {x})). The inductive hypothesis guarantees that these fibers are
(k —1)-connective. Consequently, to show that Conf(J, 0% — F) is (k — 1)-connective, it suffices to show that
OF — F is (k — 1)-connective. In other words, we must show that for m < k, every map go : S™~! — 0OF — F
can be extended to a map g : D™ — OF — F, where D™ denotes the unit disk of dimension m and S™~!
its boundary sphere. Without loss of generality, we may assume that go is smooth. Since O is contractible,
we can extend gy to a map g : D™ — OF, which we may also assume to be smooth and transverse to the
submanifold F' C OF. Since I has codimension k in 0%, g~!F has codimension k in D™, so that ¢g~'F = ()
(since m < k) and g factors through OF — F', as desired. O

For each k > 0, there is a stabilization functor E[k] — E[k~1] which is the identity on objects and is given
on morphisms by taking the product with the interval (—1,1). This functor induces a map of co-operads
E[k] — E[k + 1]. Proposition 1.1.8 immediately implies the following:

Corollary 1.1.9. Let E[oo] denote the colimit of the sequence of co-operads
E[0] — E[1] - E[2] — ...
Then the canonical map Eloo] — N(T') is an equivalence of co-operads.

Consequently, if €% is a symmetric monoidal co-category, then the oo-category CAlg(€) of commutative
algebra objects of € can be identified with the homotopy limit of the tower of co-categories {Algg;(C)}r>o-
In many situations, this tower actually stabilizes at some finite stage:

Corollary 1.1.10. Let C% be a symmetric monoidal co-category. Let n > 1, and assume that the underlying
oo-category C is equivalent to an n-category (that is, the mapping spaces Mape(X,Y) are (n — 1)-truncated
for every pair of objects X, Y € C; see §T.2.3.4). Then the map E[k] — N(I') induces an equivalence of
oo-categories CAlg(C) — Algg, (€) for k > n.

Proof. Let C and D be objects of C¥, corresponding to finite sequences of objects (X1,...,X,,) and
(Y1,...,Y,) of objects of €. Then Mapes (C, D) can be identified with the space

11 [T Mape(®aq)—;Xi,Y5),

ar(m)y—(n) 1<j<m’

and is therefore also (n — 1)-truncated. Consequently, @® is equivalent to an n-category. Proposition
1.1.8 implies that the forgetful functor E[k] — N(I') induces an equivalence of the underlying homotopy
n-categories, and therefore induces an equivalence 6 : Funy ) (N(T'), €¥) — Funy(ry (E[K], C®). The desired
result now follows from the observation that a map A € Funyry(N(I'), €®) is a commutative algebra object
of € if and only if §(A) is an E[k]-algebra object of C. O

1.2 The Additivity Theorem

If K is a pointed topological space, then the k-fold loop space QF(K) carries an action of the (topological)
little cubes operad € of the introduction. Passing to singular complexes, we deduce that if X € S, then



the k-fold loop space QF(X) can be promoted to an E[k]-algebra object of the oo-category § of spaces.
The work of May provides a converse to this observation: if Z is a grouplike E[k]-algebra object of 8§ (see
Definition 1.3.2), then Z is equivalent to QF(Y") for some pointed space Y € 8, (see Theorem 1.3.6 for a
precise statement). The delooping process Z +— Y is compatible with products in Z. Consequently, if Z is
equipped with a second action of the operad E[k'], which is suitable compatible with the E[k] action on Z,
then we should expect that the space Y again carries an action of E[k], and is therefore itself homotopy
equivalent to Q¥ (X) for some pointed space X € 8,. Then Z ~ QFH* (X)) carries an action of the co-operad
E[k + k']. Our goal in this section is to show that this phenomenon is quite general, and applies to algebra
objects of an arbitrary symmetric monoidal co-category €®: namely, giving an E[k + k']-algebra object of C
is equivalent to giving an object A € € which is equipped with commuting actions of the oco-operads E[k] and
E[k']. More precisely, we have a canonical equivalence Algg,4(C) ~ Alggy(Algg(C)) (Theorem 1.2.2).
Equivalently, we can identify E[k+ k'] with the tensor product of the co-operads E[k] and E[k'] (see Definition
B.7.1). We first describe the bifunctor E[k] x E[k’] — E[k 4 k'] which gives rise to this identification.

Construction 1.2.1. Choose nonnegative integers k, k’. We define a topological functor x : E[k] x E[k/] —

E[k 4+ k'] as follows:

(1) The diagram of functors

E[k] x E[k'] — E[k + &/]

l l

N(T') x N(I') 22— N(T")

commutes, where A denotes the smash product functor on pointed finite sets (Notation C.1.8.10). In
particular, the functor X is given on objects by the formula (m) A (n) = (mn).

(2) Suppose we are given a pair of morphisms @ : (m) — (n) in E[k] and 3 : (m/) — (n/) in E[K']. Write
a= (Oé, {fj : Dkxa_l{j}a Dk}j€<n)°) andﬁ = (ﬁa {f; : Dkxﬁ_l{j}a Dk}j’€<n’>°)' We then deﬁneaxﬁ :
(mm/) — (nn') to be given by the pair (aAS, {f; % fj : O xa=1{j}x 8~ 1{j'}, Dk+k/}je<n>o)j/e<n/>o).

Passing to homotopy coherent nerves, we obtain a bifunctor of oo-operads (see Definition C.1.8.18)
E[k] x E[k'] — E[k + k]

A version of the following fundamental result was proven by Dunn (see [17]):

Theorem 1.2.2 (Dunn). Let k, k" > 0 be nonnegative integers. Then the bifunctor E[k] x E[k'] — E[k + k']
of Construction 1.2.1 exhibits the co-operad Elk 4+ k'] as a tensor product of the co-operads E[k] with E[k']
(see Definition B.7.1).

Example 1.2.3 (Baez-Dolan Stabilization Hypothesis). Theorem 1.2.2 implies that supplying an E[k]-
monoidal structure on an oco-category C is equivalent to supplying k compatible monoidal structures on C.
Fix an integer n > 1, and let Gatgon denote the full subcategory of Cat., spanned by those oco-categories
which are equivalent to n-categories. For C,D € Gatgo", the mapping space Mapg,;__(C, D) is the underlying
Kan complex of Fun(C, D), which is equivalent to an n-category (Corollary T.2.3.4.8). It follows that Gatfon
is equivalent to an (n+ 1)-category. Let us regard @atfon as endowed with the Cartesian monoidal structure.
Corollary 1.1.10 implies that CAlg(CatS") ~ AIgE[k](Gatgon) for k > n 4+ 2. Combining this observation
with Corollary C.1.4.15, we deduce that if € is an n-category, then supplying an E[k]-monoidal structure
on € is equivalent to supplying a symmetric monoidal structure on €. This can be regarded as a version
of the “stabilization hypothesis” proposed in [4] (the formulation above applies to n-categories where all
k-morphisms are invertible for k£ > 1, but the argument can be applied more generally.)

Example 1.2.4 (Braided Monoidal Categories). Let € be an ordinary category. According to Example 1.2.3,
supplying an E[k]-monoidal structure on N(C) is equivalent to supplying a symmetric monoidal structure on



the oo-category C if k& > 3. If k = 1, then supplying an E[k]-monoidal structure on N(C) is equivalent to
supplying a monoidal structure on € (combine Example 1.1.7, Proposition C.1.3.14, and Remark M.1.2.15).
Let us therefore focus our attention on the case n = 2. In view of Corollary C.1.4.15, giving an E[2]-
monoidal structure on N(C) is equivalent to exhibiting N(C) as an E[2]-algebra object of Cats,. Theorem
1.2.2 provides an equivalence Algg(Cateo) ~ Alggpj(Alggpj(Cats)). Combining this with Example 1.1.7,
Proposition C.1.3.14, and Remark M.1.2.15, we can view N(C) as an (associative) monoid object in the
oo-category CatMe™ of monoidal oo-categories. This structure allows us to view C as a monoidal category

(oo}
with respect to some tensor product ®, together with a second multiplication given by a monoidal functor

©:(6,®)x(C,®) — (€ ).

This second multiplication also has a unit, which is a functor from the one-object category [0] into €. Since
this functor is required to be monoidal, it carries the unique object of [0] to the unit object 1 € €, up to
canonical isomorphism. It follows that 1 can be regarded as a unit with respect to both tensor product
operations ® and .

We can now exploit the classical Eckmann-Hilton argument to show that the tensor product functors
®,® : €x € — C are isomorphic. Namely, our assumption that ® is a monoidal functor gives a chain of
isomorphisms

X0V ~ (X®1)e((10Y) (
~ (X01)R((1eY) (2)
~ XY (3)

—_
~—

depending naturally on X and Y. Consequently, ® is determined by ® as a functor from C x € into C.
However, it gives rise to additional data when viewed as a monoidal functor: a monoidal structure on the
tensor product functor ® : € x € — € supplies a canonical isomorphism

WeX)(YRZ)~(WRY)® (X® Z).

Taking W and Z to be the unit object, we get a canonical isomorphism oxy : X ®Y — Y ® X. Conversely,
if we are given a collection of isomorphisms oxy : X ® Y — Y ® X, we can try to endow ® : Ex € — C
with the structure of a monoidal functor by supplying the isomorphisms

oX,Y

WeaX)e(YRZ)2We(XeY)eZ ~ Wea(YeX)eZ~WeY)® (X ® 2)

together with the evident isomorphism 1®1 ~ 1. Unwinding the definitions, we see that these isomorphisms
supply a monoidal structure on the functor ® if and only if the following condition is satisfied:

(1) For every triple of objects X,Y, Z € C, the isomorphism ox ygz is given by the composition
XV eZ)~(XeY)eZ = (YeX)8Z~Y (X092 Y Ye(ZoX)~(Y®Z) oX.
In this case, we have a diagram of monoidal functors

exexePh exe

Juxe l®

CxC——¢C
such that the underlying diagram of categories commutes up to canonical isomorphism « (supplied by

the monoidal structure on €). Unwinding the definitions, we see that the natural transformation « is an
isomorphism of monoidal functors if and only if the following additional condition is satisfied:

10



(2) For every triple of objects X,Y, Z € €, the isomorphism oxgy,z is given by the composition

(XeY)RZ~Xe(Y0Z) ¥ Xe(ZoY)~(X0Z)9Y ~ (ZeX)eY ~Zo(XaY).
(Equivalently, the inverse maps 0;(}Y 1Y ® X ~ X ®Y satisfy condition (1).)

A natural isomorphism oxy : X @ Y ~ Y ® X is called a braiding on the monoidal category (€, ®) if
it satisfies conditions (1) and (2). A braided monoidal category is a monoidal category equipped with a
braiding. We can summarize our discussion as follows: if € is an ordinary category, then endowing € with
the structure of a braided monoidal category is equivalent to endowing the nerve N(€) with the structure of
an E[2]-monoidal co-category.

Remark 1.2.5. It follows from Example 1.2.4 that if € is a monoidal category containing a sequence of
objects X1, ..., X,, then the tensor product X; ® --- ® X,, is the fiber of a local system of objects of C over
the space Rect(0? x {1,...,n},0%). In other words, the tensor product X; ® --- ® X,, is endowed with an
action of the fundamental group 7; Conf({1,...,n}, R?) of configurations of n distinct points in the plane R?
(Remark 1.1.5). The group m Conf({1,...,n},R?) is the Artin pure braid group on n strands. The action
of m; Conf({1,...,n},R*) on X; ®---® X, can be constructed by purely combinatorial means, by matching
the standard generators of the Artin braid group with the isomorphisms o, x,. However, Theorem 1.2.2
provides a much more illuminating geometric explanation of this phenomenon.

The proof of Theorem 1.2.2 will occupy our attention for the remainder of this section. In what follows,
we will assume that the reader is familiar with the notation introduced in §B.7. We begin by observing that
the bifunctor E[k] x E[k'] — E[k + k'] factors as a composition

E[K] x E['] & E[RE[R] % E[k + ¥,

where 0’ is the map described in Remark B.7.4. In the special case where k = 1, we will denote the functor
6 by Uy : E[1] 1 E[k] — E[k + 1]. The key step in the proof of Theorem 1.2.2 is the following:

Proposition 1.2.6. Let k > 0 be a nonnegative integer. Then the map 0 : E[1] 1 E[k] — E[k + 1] induces
a weak equivalence of co-preoperads (E[1]VE[k], M) — E[k 4 1]%. Here M denotes the collection of all inert
morphisms in E[1] | E[k].

Assuming Proposition 1.2.6 for the moment, we can give the proof of Theorem 1.2.2.

Proof of Theorem 1.2.2. We proceed by induction on k. If k£ = 0, the desired result follows from Proposition
C.1.10.6, since the oo-operad E[k] is unital. If £ = 1, we consider the factorization

E[1)? 0 E[K')* — (E[1] 1 E[k'], M) — E[1 + k]f
and apply Proposition 1.2.6 together with Theorem B.7.5. If £ > 1, we have a commutative diagram
E[1]* ® E[k — 1]* © E[¥'] — E[k]* © E[K']?
E[1]P O E[k + & — 1) ———E[k + k']

The inductive hypothesis guarantees that the horizontal maps and the left vertical map are weak equivalences
of co-preoperads, so that the right vertical map is a weak equivalence as well. O

We now turn to the proof of Proposition 1.2.6. Our first step is to establish the following lemma.

Lemma 1.2.7. Let (m) be an object of E[k + 1], and let § = (E[1] 1 E[K]) xg[ry1] (E[k + 1])(m),, and let q°
denote the full subcategory of J spanned by objects which correspond to inert morphisms (m) — Ui (X) in
E[k 4+ 1]. Then the inclusion 39 C g is left anodyne.

11



To prove this, we will need to introduce some notation.
Construction 1.2.8. Fix an integer m > 0. Let P denote the partially ordered set defined as follows:

() An element of P consists of an subset I C (—1,1) which can be written as a finite disjoint union of
closed intervals, together with a surjection of finite sets x : (m)° — moI is a surjection of finite sets.

(#9) We have (I,x) < (I’,x’) if and only if I C I’ and the diagram

71'0[
/ \
Xl

7T0]/

(m)°
commutes.

Fix an active morphism « : (m) — (n) in . We can lift (n) to an object ({(n)) € E[1] ! N(T), allowing us
to identify o with an object D of the oco-category

D = (E[] ! N(I)) xn¢ry N(IT) ™.

Let D' = D/P denote the oo-category whose objects consist of maps v : ({(m1), ..., (mp)) — ((n)) in E[1N(T)
together with a commutative diagram

in I, and let Gy denote the full subcategory spanned by those diagrams where § is an isomorphism and each
of the integers m; is positive.

Given an element (I,x) € P, write I as a disjoint union of intervals I1 U. ..U I}, where 2 < y whenever
x €I,y €I, and i < j. For 1 <4 < b, there is a unique order-preserving bijection x~'{I;} ~ (m;)°
for some m; > 0; these bijections together determine an isomorphism (§ : (m) — (mq +---+my) in T
There is a unique map 7o : ({m1),...,(mp)) — ((n)) in N(I')™ such that a = 7, o 3, where 7, denotes the
image of 79 in . The morphism g lifts to a morphism ~ in E[1]N(T") by specifying rectilinear embeddings
{e; : (=1,1) — (=1,1)}1<j<p such that e;j(—1,1) is the interior of I;. The pair (3,7) determines an object
of Gy, and the construction (I, x) — (8,7) extends naturally to a functor 6 : N(P) — Cy.

Lemma 1.2.9. Let ¢ : X — S be a Cartesian fibration of simplicial sets. If each fiber of q is weakly
contractible, then q is a weak homotopy equivalence.

Proof. We will prove that for any map of simplicial sets S’ — S, the induced map gs: : X x5S — 5 is
a weak homotopy equivalence. Since the collection of weak homotopy equivalences is stable under filtered
colimits, we can reduce to the case where the simplicial set S’ is finite. We now work by induction on the
dimension of n of S’. If S’ is empty, the result is obvious; otherwise, let T' be the set of nondegenerate
n-simplices of S’ so that we have a pushout diagram

Tx0A" ——=T x A"

L

S >

12



The inductive hypothesis guarantees that grxsan and gg~ are weak homotopy equivalences. Since the usual
model structure on the category of simplicial sets is left proper, it will suffice to show that qr.an is a weak
homotopy equivalence. Since the collection of weak homotopy equivalences is stable under coproducts, we
can reduce to the case where S’ ~ A™ is an n-simplex.

We wish to show that X’ = X x g A" is weakly contractible. Note that X’ is an oo-category. Since the
map X’ — A" is a Cartesian fibration, the inclusion X{j = X’ xa» {0} C X’ admits a right adjoint. It
follows that X’ is weakly homotopy equivalent to X|), which is a fiber of the map ¢ and therefore weakly
contractible by assumption. O

Lemma 1.2.10. Fiz an integer b > 0, and let Qp denote the set of sequences (I1,...,1I,), where each
I; € (—1,1) is a closed interval, and we have x < y whenever x € I,, y € I;, and i < j. We regard Q as
a partially ordered set, where (Iv,...,Iy) < (I1,..., 1) if I; C I} for 1 < i < j. Then the nerve N(Qp) is
weakly contractible.

Proof. The proof proceeds by induction on b. If b = 0, then @, has a single element and there is nothing to
prove. Otherwise, we observe that “forgetting” the last coordinate induces a Cartesian fibration ¢ : N(Qp) —
N(Qp—1). We will prove that the fibers of ¢ are weakly contractible, so that ¢ is a weak homotopy equivalence
(Lemma 1.2.9). Fix an element x = ([t1, ], [t2,t5],. .., [ts—1.t,_1]) € Qb—1. Then ¢~ '{z} can be identified
with the nerve of the partially ordered set Q" = {(ts,t}) : t;_; < tp < t; < 1}, where (ts,t}) < (sp,5;) if
ty > sp and t), < s},

The map (tp,1},) — t} is a monotone map from @’ to the open interval (¢;_;,1). This map determines
a coCartesian fibration ¢’ : N(Q') — N(¢;_,,1). The fiber of ¢’ over a point s can be identified with the
opposite of the nerve of the interval (t;_,,s), and is therefore weakly contractible. Applying Lemma 1.2.9,
we deduce that ¢’ is a weak homotopy equivalence, so that N(Q’) is weakly contractible as desired. O

Lemma 1.2.11. Let 6 : N(P) — Cy be the functor of Construction 1.2.8. Then 6 induces a cofinal map
N(P)°P — CgP.

Proof. Let D = (AsstN(T')) xn¢ry N(I')(™/, let D denote the image of D in D under the map induced by

the trivial Kan fibration E[1] — Ass of Example 1.1.7. Let D =D'” and let Gy be the essential image of

Co in D’. Finally, let 6 denote the composition of  with the trivial Kan fibration Gy — €y. We are now
reduced to the (purely combinatorial) problem of showing that 6 induces a cofinal map N(P)°P — égp.

According to Theorem T.4.1.3.1, it will suffice to prove that for every object C' € Cp, the co-category
N(P)/c = N(P) x5, (€o) ¢ is weakly contractible. Note that oo-category €y is actually the nerve of a small
category J whose objects consist of isomorphisms

B:(m) =~ [ (m)°

1<i<b
where each m; > 0, together with a linear ordering < on the set of indices {1,...,b}. Without loss of
generality, we may assume that C' = (3, <), where < is the standard linear ordering on the set {1,...,b}.

Then N(P),c can be identified with the nerve of the partially ordered set P’ of triples (I,x, f), where
I C (—1,1) is a disjoint union of closed intervals, x : (m)° — mol is a surjection of finite sets, and f :
7ol — {1,...,b} is a nonstrictly increasing map such that S=%(m;)° = (x o f)~*{i}. Let P} denote the
partially ordered subset consisting of those pairs for which f is a bijection. We observe that the inclusion
N(P}) € N(P’) has a left adjoint. Consequently, it will suffice to show that N(F}) is weakly contractible,
which follows from Lemma 1.2.10. O

Construction 1.2.12. Let « : (m) — (n) be an active morphism in I'; and let P be the partially ordered
set of Construction 1.2.8. We let P< denote the partially ordered set obtained from P by adjoining a new
smallest element, which we will denote by —oo. We define a contravariant functor 7' from P< to the category
of topological spaces as follows:

13



(7) Let (I,x) be an element of P. Then

T(I,x)= [T II Rect(@*x (@ {i} nx"(5)).0%).

i€(n)® jemol
(ii) We set T(—00) = [];c(nye Rect(OFF! x o™ {i}, 0 1)

(iii) For (I,x) € P, the map T(I,x) — T(—0o0) carries an element {e; ; € Rect(0* x (a~{i}, x"1{j}), 0%)
to the collection of rectilinear embeddings {e; € Rect(O¥T! x a~1{i},0%+1)} characterized by the
property that for a € (m)°, the image of e’a(a)|DkJr1 x {a} is the product of the image of J x e
where J is the interior of the connected component of I given by J.

a(a),x(5)»
Lemma 1.2.13. The contravariant functor T of Construction 1.2.12 exhibits the simplicial set Sing, T'(—00)
as a homotopy colimit of the diagram of simplicial sets {Sing, T'(z)}zcp.

Proof. Given a finite set S and an open interval .J, we let Conf’(S,J x OF) denote the space of all maps
S — J x OF such that the composite map S — J x OF — OF is injective. Since J is contractible, we deduce:

(%) The projection map J x 0% — OF induces a homotopy equivalence Conf’(S,.J x OF) — Conf(S, OF).
We define a contravariant functor Ty from P to the category of topological spaces as follows:

(7) Let (I,x) be an element of P. Then Ty(1, x) is the space

H H Conf'(a i} N x {4}, I; x OF),

ie(n)° jEmol
where I; denotes the interior of the connected component of I corresponding to j € mol.
(i) Set To(=00) = [;e(nye Conf(a~t{i}, Ok+1),
(#i1) For (I,x) € P, the map To(I,x) — To(—o0) is the canonical inclusion.

There is a natural transformation of functors v : T — Tj, which is uniquely determined by the requirement
that it induces the map T(—o0) — To(—00) given by the product of the maps

Rect(OF x a7 1{i}, 01 — Conf(a~1{i}, OF1)

given by evaluation at the origin of OF+1. Tt follows from Remark 1.1.5 that the map T(—oc) — Ty(—00) is
a homotopy equivalence. For (I,x) € P, we have a commutative diagram

VI, x)

IL; Conf(aH{i} x x~'{j},0%)

(I, x)

TO(Ia X)

The map ¢’ is a homotopy equivalence by virtue of (x), and the map ¢ is a homotopy equivalence by virtue
of Remark 1.1.5. It follows that 7(; y) is a homotopy equivalence, so that v is a weak equivalence of functors.

To prove that T exhibits T'(—oc) has a homotopy colimit of T'|P, it will suffice to show that Ty exhibits
To(—o0) as a homotopy colimit of Ty|P. We will deduce this by applying Theorem A.1.1. Fix a point
r € Typ(—o0), which we will identify with a map = : (m)° — OF*! such that z(a) # x(b) if aa) = a(b).
Let 29 : (m)® — (—1,1) be the composition of = with the projection to the first coordinate, and let
x1 @ (m)° — OF be given by the projection to the remaining coordinates. To apply Theorem A.1.1, we
must show that the partially ordered set P, has weakly contractible nerve, where P, denotes the subset of
P spanned by those pairs (I, x) satisfying the following condition:
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(a) The subset I C (—1,1) contains the set xo({m)°) in its interior.

(b) The map Y is characterized by the property that x(i) € mol is the connected component containing

zo((m)°).

(¢) Given a pair of elements a,b € (m)° such that a(a) = a(b) and z1(a) = z1(b), the points z¢(a) and
xo(b) belong to different connected components of 1.

The contractibility of N(P,) follows from the observation that P27 is filtered: for any finite set S C P,
there exists another element (I, x) € P, such that (I,x) < s for each s € S. Indeed, we can take I to be the
union of closed intervals (J, ¢ ,,yo[%0(a) — €,z0(a) + € for any sufficiently small positive real number € (the
map x : (m) — 7ol is uniquely determined by requirement (b)). O

Lemma 1.2.14. Let X — S be Cartesian fibration of simplicial sets, let S’ — S be a map such that f°P is
cofinal. Then the induced map f': X' = X x5 5" — X is a weak homotopy equivalence.

Proof. Tt follows from Propositions T.4.1.2.5 and T.4.1.2.15 that f’°" is cofinal, and therefore a weak homo-
topy equivalence (Proposition T.4.1.1.3). O

Proof of Lemma 1.2.7. We wish to show that the inclusion (3°)P — J°? is cofinal (Proposition T.4.1.1.3).
Let 3 = E[1]1 E[k], and let § = J xgp 1 E[k + 1](™/. It follows from Proposition T.4.2.1.5 that the natural

map J — J is a categorical equivalence; we let ﬁo denote the essential image of §° in J. It will therefore
suffice to show that the inclusion (50)01’ - ﬁo” is cofinal. Using Theorem T.4.1.3.1 and Proposition T.4.2.1.5,

we can reduce to showing that for every object X € J, the oo-category EO X7 E/X is weakly contractible.
Let X = ({n1), (na), ..., (ny)) denote the image of X in J. We can identify X with a morphism « : (m) —

Up(X) = (n1+...+np) in E[k + 1]. Let K(«) be the oo-category 7’ X7 E/X by X(a). We can identify
objects of K(a) with triples (Y,~, o), where where Y = ((n}), ..., (n},)) is another object of J, v : ¥ — X is
a morphism in J, and ¢ is a commutative diagram

(m) — > T (V)

J{id l%«(w)
(

(m) —2= ¥, (X)

in E[k 4+ 1], where § is inert. The map 7 can in turn be identified with a morphism 7o : (b') — (b) in E[1]
together with a collection of maps {v; : (b}) — (bj>}ie%71{j} in E[k]. Let X'(a) denote the full subcategory
of X(«) spanned by those diagrams for which vy and each of the morphisms ~; are active. The inclusion
K'(a) € K(a) admits a left adjoint, and is therefore a weak homotopy equivalence. Let X”(c) denote the
full subcategory of X'(a) spanned by those objects for which each of the integers n/ is positive. The inclusion
K" (a) € K'() admits a right adjoint, and is therefore a weak homotopy equivalence. It will therefore suffice
to show that K" () is weakly contractible.
The map « factors as a composition

’ 1"
(e

(m) = (m') = Wy(X)
where o is inert and o is active. Composition with o/ induces an equivalence of co-categories K (a/") —
K"(a)). We may therefore replace a by o and thereby reduce to the case where a is active. Then «
determines a partition m = mi +...4+my of m and a collection of active maps {c; : (m;) — Ui ((n:)) 1<i<p
in E[k + 1]. The oo-category X" (c) is equivalent to the direct product [],.;«, X" (c;). It now suffices to
prove that each K" (o) is weakly contractible: in other words, we may replace a by a; and thereby reduce
to the case where X = ((n)) lies in the image of the embedding E[k] — E[1] E[k].
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Let A denote the oo-category N(I')(ny/ xn(ry N(I')M, whose objects are pairs consisting of an object
((a1),...,{ap)) € N(I)! together with a morphism 8 : (m) — (aj + -+ a,) of pointed finite sets, and
let A = (({n)),(m) — (n)) denote the object of A determined by «. Let A" denote the full subcategory
of A spanned by those objects for which each a; is positive and 3 is an equivalence. Let 3’ = J XNy A,

and let X’ denote the object (X, A) of I'. Note that the map § — J' is a pullback of (E[k + 1])"™/ —
E[k + 1] xx(ry N(I'){™/ and therefore a left fibration. It follows that the fiber Jx, = J x5 {X'} is a Kan
complex. Let 3

€ = A Xpun({o},4) Fun(A", 3) Xpun g1y, {X'}-

Evaluation at {1} induces a categorical fibration
¢:C— Jxs

such that ¢~'{X} = K(«). Choose a contractible Kan complex K and a Kan fibration K — Jx, whose
image contains X, and consider the diagram

K”(OZ)HK XF o C—sp

.

{x} K Ix.

Since ¢ is a categorical fibration, every square in this diagram is a homotopy pullback (with respect to the
Joyal model structure). Because K is contractible, the left horizontal maps are categorical equivalences.
Consequently, to prove that X”(a) is weakly contractible, it suffices to show that the map ¢’ is a weak
homotopy equivalence. Because the usual model structure on simplicial sets is right proper (and the map
K — Jx- is a Kan fibration), we may reduce to the problem of showing that ¢ : C — Jx is a weak homotopy
equivalence. To prove this, we will need to make some auxiliary constructions.

Let P be the partially ordered set of Construction 1.2.8, and let T' : P9 — Top be the contravariant
functor described in Construction 1.2.12. We define a topological category P as follows:

(i) The set of objects of P is P U {—o00,00} = PYU {o0}.

(ii) The mapping spaces in P are given by the formula

* ifr=y=00

Maps(z, ) — * ife,ye PlLo<y
T(z) ifzePly=o00
0 otherwise.

Let D denote the fiber product N(P)/> Xnep) N(P7), and let D = D xn(pe) N(P).
Let Py be the full subcategory of P spanned by the objects 00. There is an evident retraction r of P
onto Py, given on objects by the formula

r(x):{oo if x =00

—oo  otherwise.

We also have a topological functor pg : Py — E[kz + 1], given on objects by
po(—00) = (m)  po(o0) = (n).

The composition pg o r induces a map of co-categories N(P) — E[k + 1], which determines in turn a map

D — {(m)} Xpun({o},Epk-+1)) Fan(AL Bk + 1)) X pun((1y5pet1)) {(0)}
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This map factors through Jx+ € {(m)} Xrun({o},Ept1)) Fun(AYL E[k +1]) X pun((13,5pk+1)) { ()}, and therefore
determines a map p: D — Jx.

Note that we can identify objects of D with triples (I, x,n), where (I,x) € P and n € T(I,x). Given
such an object, write I as a disjoint union of closed intervals Iy U ... U I, and choose an order-preserving
bijection x*[I;] ~ (m;)° for 1 < j < b. The point n can be regarded as a morphism 7 from the object
Y = ((m1),...,{(mp)) to ((n)) in J. This morphism fits into a commutative diagram o

(m) —— i (Y)

in the oo-category E[k + 1]. The construction (I, x,n) — (Y, 7, 0) extends to a functor p’ : D — €. We have
a commutative diagram
D——>D

6
@ > 3X’ .
We wish to prove that ¢ is a weak homotopy equivalence. We will complete the proof by verifying the

following:

(a) The inclusion D C D is a weak homotopy equivalence.
(b) The map p is a weak homotopy equivalence.

(¢) The map p’ is a weak homotopy equivalence.

To prove (a), we observe that the right fibration ¢ : D — N(P<) ~ N(P)<, which is equivalent to the right
fibration N(P) /u XN(P) N(P?) — N(P7) (Proposition T.4.2.1.5) obtained by applying the unstraightening
functor Un of §T.2.2.1 to the functor (Sing, oT') : (P?)°? — Seta. In other words, ¢ is the right fibration
associated to the functor N(P°P)* — § given by the nerve of Sing, o7". Lemma 1.2.13 implies that Sing, oT
is a homotopy colimit diagram, so that N(P°P)* — § is a colimit diagram (Theorem T.4.2.4.1). Applying
Proposition T.3.3.4.5, we deduce that the inclusion D C D is a weak homotopy equivalence.

To prove (b), let D_o, denote the fiber product D xy(pay {—0c}, and consider the diagram

D
— p/l —
D—oo HX’ .
Since D — N(P9) is a right fibration and —oc is an initial object of N(P<), the inclusion j is a weak homotopy

equivalence (Lemma 1.2.14). The map p” is a homotopy equivalence because both its domain and codomain
can be identified with the summand

Mapg(j41)({m), (7)) XHomr ((m),(ny) {00} € Mapg,1;((m), (1)),

where o denotes the morphism (m) — (n) in I' determined by a. It follows from the two-out-of-three
property that p is a weak homotopy equivalence as required.
To prove (c), let Gy be defined as in Lemma 1.2.8, and observe that we have a commutative diagram

|

N(P) —Co

" se
P
0
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We will prove:
(¢') The map 9 is a right fibration.
(c") For every object x € P, the induced map D xx(py{z} — € xe,{0(x)} is a weak homotopy equivalence.

Then condition (¢”) and Lemma 1.2.9 guarantee that the map D — € xe, N(P) is a weak homotopy equiv-
alence, while condition (¢’), Lemma 1.2.14, and Lemma 1.2.11 guarantee that € xe, N(P) — C is a weak
homotopy equivalence. It follows that the composition p’ : D — € is a weak homotopy equivalence, as
required by (c).

We now prove (¢). Let Jo = E[1] 1 N(I'), let Jy = Jo Xnryu A, and let X{ denote the image of X’ in Jj.
We note that i factors as a composition

C Y8 (A% x4d) xg0 (1) X0 L3 A0 5 4 () X" ¥3 A0 x 4 (95)/ %6

Since J — 7' is a left fibration and the inclusion {0} C A! is left anodyne, the map 1y is a trivial Kan
fibration. The map ¢ is also a trivial Kan fibration, because the forgetful functor E[k + 1] — N(T") induces
a trivial Kan fibration between the underlying Kan complexes. The map ), factors as a composition

A% 5 f (@)X 2 A0 g (3 gy (3)/X0) 22 €.

Here v} is a pullback of Fun(A!,J") — Fun(Al, ) XFun({1},75) Fun({1}, ") (which is a right fibration since
the inclusion {1} C A! is right anodyne and the map 3’ — Jj, is a categorical fibration), and 14 is a pullback
of A° xnruE[E! — A" (which is a trivial Kan fibration, since the map E[k] — N(I') induces a trivial Kan
fibration over the full subcategory of I spanned by the injective maps).

To prove (c), consider an object x = (I U. ..Uy, x), and let Y = ({(my), ..., (mp)) be the corresponding ob-
ject of J. Both D, and €y, are homotopy equivalent to the summand Map; (Y, (7)) X Hom ((m), (n)){a0} €
Map, (Y, (n)). B

Proof of Proposition 1.2.6. We use the strategy of Proposition C.1.3.14. Fix a fibration of co-operads €% —
E[k + 1], and let Z denote the full subcategory of Fung,1)(E[1] 1 E[k], ) spanned by those functors which
carry inert morphisms to inert morphisms; we will prove that composition with ¥ induces an equivalence
of oo-categories 6 : Alggp,417(€) — 2.

Let X denote the mapping cylinder of the functor ¥y, : (E[1] E[k]) — E[k + 1]: that is, we let K be
a simplicial set equipped with a map K — A! satisfying the following universal mapping property: given
any map of simplicial sets K — A, the set Homa:1 (K, X) can be identified with the set of commutative
diagrams

K xa1 {0} ——=E[1]1 E[k]

K———>E[k+1].

Then X — Al is a correspondence from Ko ~ E[k + 1] to K; ~ E[1]{ E[k]. There is a canonical retraction
of K onto E[k + 1].

Let X denote the full subcategory of Fung (X, €®) spanned by those functors A which satisfy the
following pair of conditions:

(i) The restriction of A|E[k] belongs to Algg,(C).

(ii) For every object X € E[1] 1 E[k], the canonical map A(¥;X) — A(X) is an equivalence in C%.
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Note that condition (i7) is equivalent to the requirement that A is a left Kan extension of A|E[k]. It follows
from Proposition T.4.3.2.15 that the restriction map 3 : X — Algg(C) is a trivial Kan fibration. The
functor 6 : Algg,) (€) — Z factors as a composition

Alggy(€) Lx L2,

where 0’ is a section of the trivial Kan fibration § (and therefore a categorical equivalence). It will therefore
suffice to show that the map 0" is a trivial Kan fibration. In view of Proposition T.4.3.2.15, it will suffice to
verify the following:

(a) Let A € Fungp (X, C®) be a functor such that Ay = A|(E[1]? E[k]) belongs to 2. Then A € X if and
only if and A is a p-right Kan extension of Ay.

(b) Every object Ag € Z admits a p-right Kan extension A € Fung (X, e®).

To prove (a), fix an object A € Fung, (X, €®) such that Ag € Z. Let (m) € E[k], and let J° C J be the
inclusion described in Lemma 1.2.7. Using Lemma 1.2.7, we deduce:

(ap) The functor A is a p-right Kan extension of Ay at (m) if and only if the map

is a p-limit diagram.

Let J' denote the full subcategory of §° spanned by those inert morphisms (m) — Wy (X) in E[k + 1] for
which X lies over the object ((1)) of N(T')!. We next claim:

(a1) The map f° = f0| J° is a p-right Kan extension of f1 = ?0| J'. Consequently (by virtue of Lemma
T.4.3.2.7 and (ag)) the functor A is a p-right Kan extension of Ay at (m) if and only if the functor

fl = ?O|(31)q is a p-limit diagram.

To prove (ay), consider an arbitrary object a : (m) — W (X) of §°, where X lies over the object
((n1),...,(n;)) € N(I)I. Let D denote the co-category Hg/ X 40 J'. Every object D € D determines an inert
morphism (ny + -+ +n;) — (1) in I', which we can identify with an element ip € (ny +---+mn;)°. The
assignment D — i(D) determines a decomposition of D as a disjoint union D ~ HiE(n1+~-~+7Lj>° D;, where
each D, is a contractible Kan complex containing a vertex D;, which induces an inert morphism 3; : X — X
in E[1]1 E[k]. It follows that f° is a p-right Kan extension of f! at « if and only if Ay exhibits Ag(X) as a
p-product of the objects {Ao(X;)}1<i<n;+-..4n,, Which follows from our assumption that Ay € Z.

Every object of J* determines an inert morphism (m) — (1) in N(T'), which we can identify with an
element i € (m)°. This assignment determines a decomposition of J* as a disjoint union gt~ icicm 33 .
Let X denote the unique vertex of E[1]E[k] lying over the object ((1)) € N(I')".. Each of the co-categories
Ji is a contractible Kan complex containing a vertex a; : (m) — ¥;(X). Combining this observation with
(a1), we deduce:

(a2) The functor A is a p-right Kan extension of Ay at (m) if and only if the morphisms A(a;) exhibit
A((m)) as a p-product of the objects {Ag(Xo)}<i<m.-

Using the fact that p is a fibration of co-operads and allowing the integer m to vary, we deduce the
following version of (a):

(a3) The functor A is a p-right Kan extension of Ay if and only if, for every pair of integers 1 < i < m, the
morphism «; described above determines an inert morphism A(a;) : A((m)) — Ao(Xp).
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We now prove (a). Assume first that A is a p-right Kan extension of Ag; we will show that A satisfies
conditions (i) and (¢i). To prove (i), we must show that if v : (m) — (m’) is an inert morphism in E[k], then
A(7) is an inert morphism in €®. Using Remark C.1.2.2, we can reduce to the case where m’ = 1. We have
a commutative diagram

A((m)) A A((1))
A"
Ao (Xo).

Applying (a3), we deduce that A(vy') and A(y") are inert; in particular, A(y") is an equivalence so that A(~)
is inert as desired.

We now prove (i7). Fix an object X € E[1]1E[k], and let (m) = ¥, (X) € E[k+ 1]. We wish to show that
the canonical map v : A((m)) — Ap(X) is an equivalence. For 1 < i < m, let §; : X — X, be defined as
above, so that our assumption that Ay € Z guarantees that Ag(/3;) is inert. Since €% is an co-operad, it will
suffice to show that each composition A(f; o) is inert, which follows immediately from (a3), since (; oy is
equivalent to the morphism «; : (m) — @ (Xp).

We now prove the converse: suppose that the functor A satisfies conditions () and (4¢); we wish to prove
that A is a p-right Kan extension of Ap. In view of (a3), it suffices to show that for 1 < i < m, the map
A(a;) : A({m)) — Ao(Xp) is inert. This map factors as a composition

A(m)) £ A1) £ A9(X)

where p is inert by virtue of (i) and p’ is an equivalence by virtue of (i¢). This completes the proof of (a).
We now prove (b). Fix Ag € Z. To prove that Ay admits a p-right Kan extension A € Fung,(X, e®), it
suffices to show that for every object (m) € E[k], the composite diagram

f:9— E[QE[k] 23 e®

can be extended to a p-limit diagram f € Fung (34, G®). Since the inclusion 30 C J is left anodyne, it
suffices to extend f0 = f|J° to a p-limit diagram. Since fO is a p-right Kan extension of f! = f|J", we can
reduce to showing that f! can be extended to a p-limit diagram (Lemma T.4.3.2.7). Since J' is equivalent
to the discrete simplicial set (m)°, we are reduced to showing that a map (m)° — € can be extended to a
p-limit diagram in Fung 1) ((m)°", %), which follows immediately from our assumption that p is a fibration
of co-operads. O

1.3 Iterated Loop Spaces

Let X be a topological space equipped with a base point *, and let Top denote the category of topological
spaces. For each n > 0, let Ox((n)) ~ (Q*X)" denote the collection of n-tuples of maps fi,..., fn :
[~1,1]¥ — X such that each f; carries the boundary of [—1,1]* to the base point * € X. The construction
(n) — Sing, fx ((n)) determines a simplicial functor fx : Sing E[k] — Kan (which encodes the idea that the
iterated loop space QX is acted on by the little cubes operad €). This construction depends functorially
on X. Restricting our attention to the case where X = |K|, where K is a (pointed) Kan complex, we obtain
a simplicial functor

Kan,, x Sing E[k] — Kan.

Passing to nerves and using the evident equivalence N(Xan, ;) — 8., we obtain a functor
N() : 8. xE[k] — S.

For every pointed space K, the resulting map E[k] — 8 is evidently an E[k]-monoid object of 8 (in the sense
of Definition C.1.4.11). Consequently, N(#) is adjoint to a functor 3 : 8, — Mong(8). We will refer to
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[E[k]-monoid objects of § simply as E[k]-spaces, and Mong)(8) as the co-category of E[k]-spaces. The functor
[ implements the observation that for every pointed space X, the k-fold loop space of X is an E[k]-space.
This observation has a converse: the functor 8 is almost an equivalence of co-categories. However, it fails to
be an equivalence for two reasons:

(a) If X is a pointed space, then the k-fold loop space Q¥ X contains no information about the homotopy
groups m; X for i < k. More precisely, if f : X — Y is a map of pointed spaces which induces
isomorphisms 7, X — m;Y for i > k > 0, then the induced map Q*X — QFY is a weak homotopy
equivalence of spaces (which underlies a weak homotopy equivalence of E[k]-monoids). Consequently,
the functor 3 : 8, — Mong(8) fails to be conservative. To correct this problem, we need to restrict
our attention to k-connective spaces: that is, pointed spaces X such that m; X ~ * for ¢ < k; in this
case, there is no information about low-dimensional homotopy groups to be lost.

(b) Suppose that k£ > 0 and let Y € Mong(8); we will abuse notation by identifying ¥ with the space
Y ((1)). Then Y carries an action of the co-operad E[1]: in particular, there is a multiplication map
Y XY — Y which is unital and associative up to homotopy. This multiplication endows the set
of connected components 7Y with the structure of a monoid (which is commutative if & > 1). If
Y ~ QFX lies in the image of the functor 3, then we have a canonical isomorphism myY ~ m, X
(compatible with the monoid structures on each side). In particular, we deduce that the monoid myY
is actually a group (that is, Y is grouplike in the sense of Definition 1.3.2 below).

Remark 1.3.1. In the case k = 0, issues (a) and (b) do not arise: in fact, we have canonical equivalences

of co-categories
8. = Algg(o)(S) =~ Mong(g)(8)

(here we regard § as endowed with the Cartesian monoidal structure). The first equivalence results from
Proposition C.1.3.8, and the second from Proposition C.1.4.14; the composition of these equivalences agrees
with the map (8 defined above. For this reason, we will confine our attention to the case k£ > 0 in what
follows.

We now introduce some terminology to address objection (b).

Definition 1.3.2. Let X be an co-topos, and let ¢ : N(A)°? — Ass be defined as in Construction C.1.3.13.
We will say that an Ass-monoid object X : Ass — X is grouplike if the composition

N(A)P — Ass > X

is a groupoid object of X (see §T.6.1.2). Let Mon® . (X) be the full subcategory of Mon4s(X) spanned by
the grouplike Ass-monoid objects of X.

We will say that an E[1]-monoid object X : E[1] — X is grouplike if it belongs to the essential image
of Mony’ (X) under the equivalence of oo-categories Mon 44(X) — Mongpj(X) induced by the equivalence
E[1] — Ass. We let Mon%[’l] (X) € Mong;)(X) denote the full subcategory spanned by the grouplike E[1]-
monoid objects of X.

If £ > 0, then we will say that an E[k]-monoid object X : E[k] — X is grouplike if the composite map

E[l] — E[k] £ X is an grouplike E[1]-monoid object of X. We let MonIgEI[Jk] (X) € Mong)(X) denote the full

subcategory spanned by the grouplike E[k]-monoid objects.

Remark 1.3.3. Let X be an E[k]-monoid object of an co-topos X, for k > 0, and let us abuse notation
by identifying X with the underlying object X ((1)) € X. Then X is equipped with a multiplication map
X x X — X, which is associative up to homotopy. Using Lemma T.6.5.1.2, we deduce that 7<¢X is an
associative monoid in the ordinary topos (7<¢ X). Unwinding the definitions, we see that X is grouplike
if and only if 7<0X is a group object of hr<o X. In particular, the condition that X is grouplike does not
depend on which of the natural embeddings E[1] < E[k] is chosen.
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Remark 1.3.4. Let X be an E[k]-monoid object of an oo-topos X for k& > 0. If X is 1-connective, then
T<oX is a final object of hr<g X, so that X is grouplike.

Remark 1.3.5. An E[k]-monoid object X of the oco-category 8 of spaces is grouplike if and only if the
monoid myX is a group. Note that the truncation functor X — myX preserves colimits. Since the category
of (commutative) groups is stable under colimits in the larger category of (commutative) monoids, we deduce

that Moni?k] (8) is stable under small colimits in Mongj(§).

We now prove an abstract version of our main result:

Theorem 1.3.6. Let k > 0, let X be an co-topos, and let X=F denote the full subcategory of X, spanned
by those pointed spaces which are k-connective. Then there is a canonical equivalence of co-categories v :

XZF ~ MonIgEI[)k] (X).

Proof. We first observe that the forgetful functor Mong(X.) — Mong)(X) is an equivalence of oo-
categories. This map fits into a commutative diagram

Alg]E[k] (Xy) —— Alg]E[k] (X)

l i

MOHE[k] (DC*) e MOI’I]E[k] (X)

The vertical maps are categorical equivalences by Proposition C.1.4.14, so we are reduced to proving that the
upper horizontal map is a categorical equivalence. The oco-category Alggyy, (X,) is equivalent to Alggy (X)1/5
where 1 is a trivial E[k]-algebra in X; since E[k] is unital, it follows from Proposition C.2.3.9 that the forgetful
functor Algg,(X)1, — Algg(X) is an equivalence of oco-categories. It will therefore suffice to construct an

equivalence o : f)ka — Mong (X). The construction proceeds by recursion on k. Suppose first that k& > 0,
so we can write k = k_ 4+ k4 where 0 < k_, k4 < k. The inductive hypothesis guarantees the existence of
equivalences o : X=F- — Mongl, (X.) and o, : ke Mongf, ;(X.). Note that a pointed object X of

* *

X is k-connective if and only if Q%" X is k’-connective; moreover, any k’-connective E[k”]-monoid object of
X, is automatically grouplike by Remark 1.3.4. It follows that o/, and o’  induce an equivalence

v xf’“ ~ Mongj, | (Mongg, _j(Xy)).
Let 6 : Mong)(Xs) — Mong, j(Mongj_j(X«)) be the map induced by the oc-operad bifunctor E[k_] x

E[k,] — E[k]. Then ¢ fits into a commutative diagram

Alggp (Xs) — Algg, 1 (Alggp,_(Xs))

| i

MOH]E[k] (f)C*) 46> MODE[k+] (MOH]E[k_] (DC*))

The vertical maps are categorical equivalences by Proposition C.1.4.14, and the map &’ is a categorical
equivalence by virtue of Theorem 1.2.2; it follows that § is likewise a categorical equivalence. Let 6! be a
homotopy inverse to 6. We now complete the proof by setting o/ = §~1 o ~.

It remains to treat the case where k = 1. Let C denote the full subcategory of Fun(N(A%”,X) spanned
by those augmented simplicial objects X, satisfying the following conditions:

(i) The underlying map f : Xo — X_; is an effective epimorphism in X.

(ii) The augmented simplicial object X, is a Cechnerve of f.
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(#i1) The object Xo € X is final.

Using Proposition T.4.3.2.15, we deduce that the construction X, — f determines a trivial Kan fibration
from € to the full subcategory of Fun(Al, X) spanned by those morphisms f : Xo — X_; where Xj is a final
object of X and f is an effective epimorphism. Let ¢ : Xfl — C be a section of this trivial Kan fibration.
Let Mon(X) C Fun(N(A°?),X) be the oo-category of monoid objects of X, and Mon®”(X) C Mon(X) the
full subcategory spanned by the grouplike monoid objects. Since X is an oco-topos, the restriction map
¢1 : € — Mon®P(X) is an equivalence of oo-categories. Using Propositions M.1.2.14, C.1.4.14, and C.1.3.14,
we deduce that the restriction functor Mon% (X) — Mon®?(X) is an equivalence of oo-categories which
admits a homotopy inverse ¢,. Let ¢3 : Mon% (X) — Monﬁl] (X) be the equivalence of co-categories
induced by the categorical equivalence E[1] — Ass of Example 1.1.7. We now define a to be the composite
equivalence

X212 e 4 Mon®(X) % Mon®,(X) % MonZ?, ().

Corollary 1.3.7. The loop functor Q : 82! — 8 is conservative and preserves sifted colimits.

Proof. Using Theorem 1.3.6, we may reduce to the problem of showing that the forgetful functor 6 :
Mong,(8) — 8 is conservative and preserves sifted colimits. Since Mong}| (8) is stable under colimits
in Mong;1(8), it suffices to show that the forgetful functor Mong;;(§) — 8 is conservative and preserves
sifted colimits. This follows from Proposition C.1.4.14, Proposition C.2.7.1, and Corollary C.2.1.6. O

gzntl _, g=n ' d
* — * 1S COTLSGT‘UatZUG an preserves

Corollary 1.3.8. For every integer n > 0, the loop functor € :
sifted colimits.

Corollary 1.3.9. Let Sps denote the co-category of connective spectra. Then the functor Q2° : Spsg — 8.
is conservative and preserves sifted colimits.

Proof. Write Sp, as the limit of the tower --- — Sfl 2 Sfo and apply Corollary 1.3.8. O

Remark 1.3.10. Let X be an oco-topos, and regard X as endowed with the Cartesian symmetric monoidal
structure. Theorem 1.3.6 guarantees the existence of an equivalence 6 : X=' ~ Mon®P(X) ~ Alg®(X), where
Alg8P(X) denotes the essential image of Mon®? (X) under the equivalence of oo-categories Mon(X) ~ Alg(X)
of Proposition M.1.2.14. This equivalence fits into a commutative diagram

Fun(A, %) X pan(1}.00) X2 —> Mod#? ()

| |

xzt 2 Alg#P(X),

where Mod®P(X) denotes the fiber product Mod(X) X ojg(x) Alg®”(X) and 6 is an equivalence of co-categories.
In other words, if X € X is a pointed connected object, then there is a canonical equivalence between the
oo-topos X, x and the oo-category Modg(x)(X) of 6(X)-module objects of X.

To prove this, we let D denote the full subcategory of Fun(A® x N(A )P, X) spanned by those functors
F with the following properties:

(i) The functor F is a right Kan extension of its restriction to the full subcategory X C Al x N(A )P
spanned by the objects (0,[—1]), (1,[-1]), and (1, [0]).

(#4) The object F(1,[0]) € X is final.
(#91) The augmentation map F'(1,[0]) — F(1,[—1]) is an effective epimorphism (equivalently, the object
F(1,][-1]) € X is 1-connective).
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It follows from Proposition T.4.3.2.15 that the restriction map F' — F|X determines a trivial Kan fibration
D — Fun(Al,X) X Fun({1},%) X=!. To construct the functor 6, it will suffice to show that the restriction

functor F — F|(A! x N(A)°) is a trivial Kan fibration from D onto Mon”(X) X Mon(x) Mon®”(X), where

Mon”(X) is described in Definition M.2.6.1. Using Proposition T.4.3.2.8, we see that (i) is equivalent to the
following pair of assertions:

(i0) The restriction F|({1} x N(A)°P) is a right Kan extension of its restriction to {1} x N(AEO)OP.

(i1) The functor F' determines a Cartesian natural transformation from Fy = F|({0} x N(A})%) to F} =
FI({1} x N(AL)°7).

Assertions (ig), (i), and (i4i) are equivalent to requirement that the functor Fy belongs to the full subcategory
C C Fun(N(A 1), X) appearing in the proof of Theorem 1.3.6. In particular, these conditions guarantee
that F is a colimit diagram. Combining this observation with Theorem T.6.1.3.9 allows us to replace (i;)
by the following pair of conditions:

(#}) The functor Fj is a colimit diagram.
(i) The restriction F|(A! x N(A)P) is a Cartesian transformation from Fy| N(A)P to Fy|N(A)P.

It follows that Y can be identified with the full subcategory of Fun(A!, N(A, )°P) spanned by those functors
F such that F’ = F|(A' x N(A)°P) belongs to Mon®(X) X Mon(x) Mon®?(X) and F is a left Kan extension
of F’. The desired result now follows from Proposition T.4.3.2.15.

Remark 1.3.11. In the situation of Remark 1.3.10, let X be a pointed 1-connective object of the co-topos
X. Under the equivalence X,x =~ Algyx)(X), the forgetful functor Modyx(X) — X corresponds to the
functor (Y — X) — (Y xx 1) given by passing to the fiber over the base point 7 : 1 — X (here 1 denotes
the final object of X). It follows that the free module functor X — Modg(x)(X) corresponds to the functor
X ~X,; — X,x given by composition with 7.

We note that the loop functor €2 : 8*21 — 8 is corepresentable by the 1-sphere S! € 8*21. It follows from
Corollary 1.3.7 that S! is a compact projective object of 8*21. Since the collection of compact projective
objects of 8= is stable under finite coproducts, we deduce the following:

Corollary 1.3.12. Let F be a finitely generated free group, and BF its classifying space. Then BF is a
compact projective object of Sfl.

For each n > 0, let F'(n) denote the free group on n generators, and BF (n) a classifying space for F(n).
Let F denote the full subcategory of the category of groups spanned by the objects {F(n)},>0. We observe
that the construction F(n) — BF(n) determines a fully faithful embedding i : N(F) — 8='. Let Pg(N(F))
be defined as in §T.5.5.8 (that is, Px(N(F)) is the co-category freely generated by N(F) under sifted colimits).

Remark 1.3.13. According to Corollary T.5.5.9.3, the oo-category Ps(N(F)) is equivalent to the underlying
oo-category of the simplicial model category A of simplicial groups.

It follows from Proposition T.5.5.8.15 that the fully faithful embedding i is equivalent to a composition
N(@) & Po(N(@)) & 83,
where F' is a functor which preserves sifted colimits (moreover, the functor F is essentially unique).

Corollary 1.3.14. The functor F : Ps(N(F)) — 82! is an equivalence of co-categories.

Remark 1.3.15. Combining Corollary 1.3.14 and Remark 1.3.13, we recover the following classical fact:
the homotopy theory of pointed connected spaces is equivalent to the homotopy theory of simplicial groups.
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Proof of Corollary 1.8.14. Since i : N(F) — 82! is fully faithful and its essential image consists of compact
projective objects (Corollary 1.3.12), Proposition T.5.5.8.22 implies that F' is fully faithful. We observe
that the functor ¢ preserves finite coproducts, so that F' preserves small colimits by virtue of Proposition
T.5.5.8.15. Using Corollary T.5.5.2.9, we deduce that F' admits a right adjoint G. Since F is fully faithful,
G is a colocalization functor; to complete the proof, it will suffice to show that G is conservative.

Let f: X — Y be a morphism in 82! such that G(f) is an equivalence; we wish to prove that f is an
equivalence. Let Z be the free group on one generator, and jZ its image in Px(N(F)). Then f induces a
homotopy equivalence

Mapg=1 (S, X) =~ Mapg,, x(s)) (1%, GX) = Mapp, (y(s)) (12, GY) = Mapg=1 (S, Y).

It follows that Q(f) : QX — QY is a homotopy equivalence, so that f is a homotopy equivalence by virtue
of Corollary 1.3.7. O

We are now ready to prove a more precise version of Theorem 1.3.6:

Theorem 1.3.16. Let k > 0, and let 3 : 8, — Mong (8) be the functor described at the beginning of this

section. Then ,6|ka s equivalent to the functor o constructed in the proof of Theorem 1.3.6, so that 3
induces an equivalence of co-categories $=% — MoniI[’k](S).

Proof. As before, we work by induction on k. Suppose first that k = 1, and let ! be a homotopy inverse to
a. We wish to show that the composition 6 : a~! o 3 is equivalent to the identity functor from 8*21 to itself.
Let F : Ps(N(F)) — 82' be the equivalence of oo-categories of Corollary 1.3.14; it will suffice to construct
an equivalence F' >~ o F.

Let Q: 82! — 8 denote the loop space functor. It is easy to see that there is an equivalence Qo 6 ~ Q.
Using Corollary 1.3.7, we deduce that 8 commutes with sifted colimits. In view of Proposition T.5.5.8.15,
it will suffice to show that F o j is equivalent to 6 o F' o j in the oo-category Fun(N(?),Sfl); here j :
N(F) — Px(N(F)) denotes the Yoneda embedding so that F o j is equivalent to the classifying space functor
i:N(F) — 8%

The functor mp : § — N(8et) induces a functor from U : Monﬁr[’l] (8) to the nerve of the category G of
groups. This functor admits a right adjoint 7', given by the fully faithful embedding

N(§) ~ Mon]]gf[’ll (N(8et)) C Mon]%‘[)l](S).

The composition U o § can be identified with the functor which carries a pointed space X to its fundamental
group m X, while a~! o T carries a group G to a classifying space BG € A C Sfl. Consequently, on 8*21,
the composition a=' o T o U o 3 agrees with the truncation functor 7<1, so there is a natural transformation
of functors v : idS? —aloToUof. Since T and U are adjoint, we also have a unit transformation

u:0 — aloTolUof3. The natural transformation v is an equivalence when restricted to 1-truncated
spaces, and the natural transformation w is an equivalence when restricted to spaces X such that QX is
discrete. In particular, 4 and v are both equivalences on the essential image of the fully faithful embedding
i: N(F) — 821, It follows that u and v determines an equivalence of functors

Foj”:i20471oToUoﬂoizoﬁloﬂoizGoFoj,
This completes the proof in the case k = 1.

Suppose now that & > 1. We observe that the functor 3 factors as a composition

§=* z, Mon%[)k] (84) N Mon%[)k] (8),

where the functor 8" is an equivalence of oco-categories (as in the proof of Theorem 1.3.6). Consequently,
it will suffice to show that 3’ is equivalent to the functor o’ constructed in the proof of Proposition 1.3.6.
Write k = k_ + k4, where 0 < k_, ky < k. By the inductive hypothesis, we may assume that the functors

B 87" — Mongy, 1(8) B : 87" — Mongy, (8+)
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are equivalent to the functors o/ and o/, constructed in the proof of Proposition 1.3.6. The equivalence of
o’ and (' follows from the homotopy commutativity of the diagram

/

§=k Mong, (87%)

; :

Mongfy, (8.) —2> Mongg, j(Mongh, (8.)).

1.4 Coherence of the Little Cubes Operads

In this section, we will use the coherence criterion of §B.4 (more specifically, Theorem B.4.6) to prove the
following result, which guarantees the existence of a good theory of modules over E[k]-algebras:

Theorem 1.4.1. Let k > 0 be a nonnegative integer. Then the little cubes co-operad E[k] is coherent.

In order to prove Theorem 1.4.1, we will need to introduce a few simple constructions for passing convert-
ing information about simplicial or topological operads (such as E[k]) into information about their underlying
oo-operads (such as E[k]).

Notation 1.4.2. Let O be a simplicial operad (that is, a simplicial colored operad having a single distin-
guished object), and let O® be the simplicial category described in Notation C.4.3.1: the objects of O% are
objects (n) € T, and the morphisms spaces O are given by the formula

Mapge ((m), () =[] ] Mulo(a™"{i},{i})

ar(m)—(n) 1<i<n

where « ranges over all maps (m) — (n) in I. We will say that a morphism in 0% is active if its image
in I is active, and we let Mapfys ((m), (n)) denote the summand of Mapge ({(m), (n)) spanned by the active
morphisms.

We will say that O is unital if Mule (0, {0}) is isomorphic to A’; in this case, every semi-inert morphism
a: (m) — (n) in T' can be lifted uniquely to a morphism @ in O, In particular, the canonical inclusion
i@ (m) — (m+ 1) admits a unique lift 7 : (m) — (m+ 1) in O¥. Composition with i induces a map of
simplicial sets

0 MapiSt ((m + 1), (n)) — MapiSt ((m), (n).

For every active morphism f : (m) — (n) in 0%, we will denote the simplicial set 6~ '{f} by Exta(f); we
will refer to Exta(f) as the space of strict extensions of f.

Construction 1.4.3. Let O be a fibrant simplicial operad, and let N(O)® be the underlying oco-operad
(Definition B.6.4). Suppose we are given a sequence of active morphisms

(mo) B (my) & I (m,y)

in O®. This sequence determines an n-simplex ¢ of N(9)®. Let S C [n] be a proper nonempty subset
having maximal element j — 1. We define a map of simplicial sets 6 : Exta(f;) — Ext(c, S) as follows: for
every k-simplex 7 : A¥ — Exta(f;), 0(7) is a k-simplex of Ext(c,S) corresponding to a map of simplicial
categories ¥ : €[A" x AFt1] — O which may be described as follows:

(i) On objects, the functor v is given by the formula

w(n’,k’):{<mn’> ifk"=0o0rn ¢S5

(my +1)  otherwise.
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(ii) Fix a pair of vertices (n', k'), (n”, k") € A™ x A¥*1. Then 1 induces a map of simplicial sets ¢ :
Mapganx ar+1] (0, k), (", £")) — Mapge (¥ (n', k'), 1(n”, k")). The left hand side can be identified
with the nerve of the partially ordered set P of chains

(', k") = (no, ko) < (n1,k1) < ... < (np, kp) = (n", k")

in [n] x [k+1]. I (n', k) = (my) or w(n”, k") = (my» + 1), then ¢ is given by the constant map
determined by fp» o---o fp11. Otherwise, ¢ is given by composing the morphisms f;_10---0 fn41
and fp» o---o fjy1 with the map

N(P) % A" T Exta(f;) — Mapoe (mj-1 + 1), (my),

where ¢ is induced by the map of partially ordered sets P — [k] which carries a chain (n’,k") =
(no, ko) < (n1, k1) <...<(np,kp) = (", k") to the supremum of the set {k; —1:n, € S} C [k].

Remark 1.4.4. In the situation of Construction 1.4.3, the simplicial set Ext(c,S) can be identified with
the homotopy fiber of the map

B : Mapys ((mj—1 + 1), (my)) — Mapys ((m; 1), (m;)),

while Exta (f;) can be identified with the actual fiber of 5. The map 6 of Construction 1.4.3 can be identified
with the canonical map from the actual fiber to the homotopy fiber.

Proposition 1.4.5. Let O be a fibrant simplicial operad, and assume that every morphism in the simplicial
category O = 0%1) admits a homotopy inverse. Suppose that, for every pair active morphisms fo : (m) — (n)

and go = (n) — (1) in OF, there exist morphisms f : (m) — (n), h: (n) — (n), and g : (n) — (1) satisfying
the following conditions:

(i) The map f is homotopic to fo, the map g is homotopic to go, and the map h is homotopic to id ).
(it) Fach of the sequences
Exta (h) — Mapys ((n + 1), (n)) — Maps ((n), (n))
Exta(g o h) — Mapiys ((n + 1), (1)) — Mape ((n), (1))
Exta(ho f) — Mapgs ((m + 1), (n)) — Mapiys ((m), (n))
Exta(goho f) — Mapgs ((m + 1), (1)) — Mapiys ((m), (1))
is a homotopy fiber sequence.

(#i1) The diagram
Exta(h) ——— Exta(goh)

l i

Exta(ho f) ——= Exta(goho f)
is a homotopy pushout square of simplicial sets.
Then the co-operad N(0)® is coherent.

Proof. We will show that N(O)® satisfies criterion (3) of Theorem B.4.6. Suppose we are given a degenerate

3-simplex o :
(n) ——=——(1)
( >/f0—>f° Y< >V
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in N(0)®, where f and g are active. We wish to show that the diagram

Ext(o,{0,1}) ——— Ext(c|A{13} {0,1})

| |

Ext(o| A2}, {0}) ——— Ext(o]A, {0})

is a homotopy pushout square of Kan complexes. In proving this, we are free to replace o by any equivalent
diagram o’ : A% — N(O)®. We may therefore assume that o’ is determined by a triple of morphisms
fio(m) = (n), h: (n) — (n), and g : (n) — (1) satisfying conditions (i¢) and (i73) above. Using Remark
1.4.4, we see that Construction 1.4.3 determines a weak homotopy equivalence between the diagrams

Exta(h) —— Exta(goh) Ext(c, {0,1}) —— Ext(o]|A{13} {0,1})
Exta(ho f) ——= Exta(goho f) Ext(o|A{023} {0}) — Ext(a|A03} {0}).

Since the diagram on the left is a homotopy pushout square by virtue of (éii), the diagram on the right is
also a homotopy pushout square. O

Proof of Theorem 1.4.1. Let O = Sing IE[k] denote the simplicial operad associated to the topological operad
E[k]. We will say that a rectilinear embedding f € Rect(OF x (n)°,0F) is generic if f can be extended to
an f : OF x (n)° — OF, where OF = [—~1,1]* is a closed cube of dimension k. We will say that an active
morphism f : (n) — (m) in 0% is generic if it corresponds to a sequence of m rectlinear embeddings which
are generic.

We observe the following:

(a) If f is generic, then the difference 0% — f(O% x (n)°) is homotopy equivalent to 0% — f({0} x (n)°). Tt
follows that the sequence Exta(f) — Mapge ({n + 1), (1)) — Mapye ((n), (1)) is homotopy equivalent
to the fiber sequence of configuration spaces (see Remark 1.1.5)

ok — f({0} x (n)°) — Conf((n + 1)°,0%) — Conf((n)°, O%),
hence also a homotopy fiber sequence. More generally, if f : (n) — (m) is generic, then
Exta(f) — Maps ((n + 1), (m)) — Mapis ((n), (m)),
is a fiber sequence.

(b) Every rectlinear embedding fo € Rect(OF x (n)°, OF) is homotopic to a generic rectilinear embedding
f (for example, we can take f to be the composition of fy with the “contracting” map OF x (n)° ~
(S, 3)F x (n)° < OF x (n)°). Similarly, every active morphism in 0% is homotopic to a generic
morphism.

(¢) The collection of generic morphisms in O% is stable under composition.

To prove that E[k] is coherent, it will suffice to show that the simplicial operad O satisfies the criteria
of Proposition 1.4.5. It is clear that every map in O admits a homotopy inverse (in fact, every rectilinear
embedding from OF to itself is homotopic to the identity). In view of (a), (b), and (c) above, it will suffice
to show that the diagram

Exta(h) ——— Exta(goh)

l l

Exta(ho f) —Exta(goho f)
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is a homotopy pushout square for every triple of active morphisms

(m) L (n) 2 (ny £ (1)

in O, provided that each of the underlying rectilinear embeddings is generic.
Let Uy C U; C U, be the images of go ho f, go h, and g, respectively. Let U; denote the closure of U;.
We now set
V:Dk—U1 W:UQ_UO.

Note that VUW =0%F — Uy and VW = U, — U;y. The argument of Remark 1.1.5 shows that evaluation
at the origin of O determines weak homotopy equivalences

Exta(h) — Sing(V NW) Exta(goh) — Sing(V)

Exta(ho f) — Sing(W) Exta(goho f) — Sing(WUV).
It will therefore suffice to show that the diagram

Sing(V NW) Sing(V)

| l

Sing(W) —— Sing(W U V)

is a homotopy pushout square of Kan complexes, which follows from Theorem A.1.1. O

1.5 Tensor Products of E[k]-Algebras

Let O% be any co-operad, and let €° be a symmetric monoidal co-category. As explained in §C.1.8, the
oo-category Algy(C) of O-algebras in € inherits the structure of a symmetric monoidal co-category. In
particular, for every pair of objects A, B € Algy(C), we have another object A ® B € Algy(C), which is
given on objects by the formula

(A® B)(X) = A(X) ® B(X)

for X € O.

In the special case where 0% = N(T") is the commutative oo-operad, the tensor product A ® B can be
identified with the coproduct of A and B in the co-category Algy(C) = CAlg(C) (Proposition C.2.7.6). For
other oo-operads, this is generally not the case. Suppose, for example, that % is the associative oo-operad,
and that € is the (nerve of the) ordinary category Vectc of vector spaces over the field C of complex numbers.
Then Alg 4..(C) is equivalent the nerve of the category of associative C-algebras. Given a pair of associative
C-algebras A and B, there is a diagram of associative algebras

A— A®c B «— B,

but this diagram does not exhibit A ® c B as a coproduct of A and B. Instead, it exhibits A ®c B as the
quotient of the coproduct A[] B by the (two-sided) ideal generated by commutators [a,b] = ab — ba, where
a € A and b € B. In other words, A ®c B is freely generated by A and B subject to the condition that A
and B commute in A ®c B.

Our goal in this section is to obtain an co-categorical generalization of the above assertion. We will
replace the ordinary category Vectc by an arbitrary symmetric monoidal oco-category €, and the associative
oo-operad Ass by a little k-cubes operad E[k], for any k& > 0 (we can recover the case of associative algebras
by taking k = 1, by virtue of Example 1.1.7). Assume that € admits small colimits, and that the tensor
product of € preserves small colimits separately in each variable. Then the forgetful functor Algg(C) — €
admits a left adjoint Free : € — Algg;,;(€) (Corollary C.2.6.10). Given a pair of objects C, D € C, the tensor
product Free(C) ® Free(D) is generally not equivalent to the coproduct Free(C') | Free(D) ~ Free(C' [ D).
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To measure the difference, we note that every binary operation f € Mulgp({(1), (1)}, (1)) gives rise to a
map

¢5: C® D — Free(C [[ D) ® Free(C [ D) £ Free(C ][ D).

Note that the composite map C® D — Free(C'[[ D) EA Free(C) @ Free(D) does not depend on f. The space
of choices for the binary operation f is homotopy equivalent to the configuration space of pairs of points in
R" (Remark 1.1.5), which is in turn homotopy equivalent to a sphere S¥~1. Allowing f to vary, we obtain
a map

¢: (C®D)®S* " — Free(C[[ D)

in G, where we regard C as tensored over the co-category 8 of spaces as explained in §T.4.4.4. Equivalently,
we can view ¢ as a map

Free(C @ D ® S* 1) — Free(CH D),

which fits into a diagram
Free(C ® D ® S*1) Free(C 1] D)

| |

Free(C ® D) Free(C) ® Free(D).

The commutativity of this diagram encodes the fact that 1) o ¢ is independent of f; equivalently, it reflects
the idea that C' and D “commute” inside the tensor product Free(C') ® Free(D). The main result of this
section can be formulated as follows:

Theorem 1.5.1. Let k > 0, let C be a symmetric monoidal co-category which admits countable colimits, and
assume that the tensor product on C preserves countable colimits separately in each variable. Let Free : € —
Alg]E[k](G) be a left adjoint to the forgetful functor. Then, for every pair of objects C, D € €, the construction
sketched above gives rise to a pushout diagram

Free(C @ D ® S*~1) —— Free(C) [ Free(D)

| |

Free(C @ D) ——— Free(C) ® Free(D)
in C.

Example 1.5.2. Suppose that £k = 0. In this case, we can identify the oco-category AlgE[k](G) with the
oo-category €y, (Proposition C.1.3.8; here 1 denotes the unit object of €, and the free algebra functor
Free : C — Algg(C) is given by the formula C'+— 1][C. In this case, Theorem 1.5.1 asserts that the
diagram

1 1][C]]D
11[(C ® D) ——= (1]]C) ® (1 ][ D).

This follows immediately from the calculation

aJ[oea]lp)~1]Jc]]P]]c D).

Example 1.5.3. In the case k = 1, we can replace the operad E[1] with the associative oco-operad Ass
(Example 1.1.7). In this case, Theorem 1.5.1 is equivalent to the assertion that the diagram

Free(C ® D) :ﬁ; Free(C) || Free(D) —— Free(C') ® Free(D)
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is a coequalizer, where f and g are induced by the maps C® D — Free(C') [ Free(D) given by multiplication
on Free(C) [[ Free(D) in the two possible orders.

Example 1.5.4. We can also take k = oo in Theorem 1.5.1. In this case, the sphere S¥~1 is contractible,
so the left vertical map Free(C ® D ® S*~1) — Free(C ® D) is an equivalence. Consequently, Theorem 1.5.1
reduces to the assertion that the right vertical map Free(C) [ [ Free(D) — Free(C)®Free(D) is an equivalence.
This follows from Proposition C.2.7.6, since the co-operad E[k] is equivalent to the commutative co-operad
N(T") (Corollary 1.1.9).

Let us now outline our approach to the proof of Theorem 1.5.1. The rough idea is to construct a functor
€ x € — Alggy,(€) whose values can be computed in two different ways: the first computation will show
that this functor is given by the formula (C, D) — Free(C) ® Free(D), while the second computation will
show that it is given by

(C, D) +— Free(C @ D) 11 (Free(C) [ [ Free(D)).
Free(C®D)®Sk—1

The construction will use the formalism of operadic left Kan extensions developed in §C.2.5, and the com-
parison between the two calculations rests on a transitivity result for operadic left Kan extensions which is
proven in §B.3.

For the discussion which follows, we fix co-operads O® and D®. We will freely employ the notation of §B.5;
in particular, we let T be the correspondence of oc-operads defined in Notation B.5.7. Let ¢ : Tg — D®
be a map of co-operad families and let ¢ : €% — D® be a coCartesian fibration of co-operads, so that the
oo-categories Algy (), Algd (C), and Alg%(@) are defined as in Construction B.5.9. Similarly, we can define
oco-categories Fung, (0, €), Fung; (0, €), and Funi (O, €). There are evident forgetful functors

Alg,(€) — Funy, (0, €)

Alg$ (@) — Fund, (0, €)

AlgE (@) — FunZ (0, @).
Under some mild hypotheses, these forgetful functors admit left adjoints, which we will denote by F—, F'T,
and F*. The construction (X,Y) — F~(X) ® F(Y) determines a functor from Funz, (0, €) x Fund, (0, @)

to Alg%(@). Our first step is to give a convenient description of this functor, using the theory of g-left Kan
extensions.

Remark 1.5.5. In the special case where D® =T (so that €% is a symmetric monoidal oo-category), the
co-categories Algg (€), Algd (€), and Algs (€) coincide and the superscripts become superfluous.

Notation 1.5.6. We let ‘J'% denote the subcategory of Ty spanned by all those morphisms f : X — Y
satisfying the following condition:

(*) If X and Y belong to O® BO® C T, then the image of f in N(T') is inert.

Remark 1.5.7. Tt follows easily from Lemma B.5.8 that 7% — A! — N(I') is a A'-family of co-operads,

which we view as a correspondence of co-operads from 0®@mO’® to O; here O’ denotes the fiber product
O® XN(T) Triv.

Proposition 1.5.8. Let k be an uncountable regular cardinal, let 0% be an co-operad which is essentially
k-small, let ¢ : ¥ — D® be a coCartesian fibration of co-operads and ¢ : To — D an co-operad family
map. Assume that for each D € D, the fiber Cp admits k-small colimits, and that the D-monoidal structure
on €% is compatible with r-small colimits. Then:
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(1) For each symbol o € {—,+, £}, the forgetful functor Algg(C) — Fun, (0, C) admits a left adjoint F°.
If we let O'® denote the fiber product O% XNy Triv, then F9 is given by composing a homotopy inverse
to the trivial Kan fibration Algd, (€) — Funf (0, €) ~ Fun%, (O, €) with the functor of operadic q-left
Kan extension along the inclusion 0% - 0%,

(2) Let F® : Fung, (O, €) x Funf (0, €) — Algd () be the functor given by the formula X,Y — F(X) ®
F(Y). Then F®) is equivalent to the composition

Fung (0, €) x Fun}, (0, €) ~ Fun!¥s (0’ B o', ) £ Alg (@),

where foo denotes the functor given by operadic left Kan extension along the correspondence of co-
operads T of Notation 1.5.6.

Proof. Assertion (1) is a special case of Corollary C.2.6.10. To prove (2), let p : A2 — A! be the map
which collapses the edge A0} C A2 and let M® be the subcategory of Tg xa:A? spanned by those
morphisms f : X — Y satisfying the following condition: if both X and Y belong to M® x 22{0}, then
the image of f in N(I') is inert. The canonical map M® — A? — N(T') is a A?-family of cc-operads. Let
fij + Algy, (€) — Algy,, (€) be the functor given by operadic left Kan extension along the correspondence
M® x a2 A7} for 0 < i < j < 2. Note that for every object X of M?, there exists a g-coCartesian morphism
X — Y, where Y € MY; here ¢ denotes the projection M® — A2, Tt follows from Example B.3.3.5 that ¢
is a flat inner fibration, so we have an equivalence of functors fo2 >~ f12 o fo1 (Theorem B.3.1).

To study the functor fo;, we note that M @22 A%} is the correspondence associated to the inclusion of
oo-operads

0% 0% - 0200%,

We have a homotopy commutative diagram of co-categories

fo1

Algyy, (€) Algye, (€) — 2 Alg,.(€)

l | |

gi2

Funy, (0, €) x Fun}, (0, €) > Alg; (€) x Algl (@) —22= AlgE(€)

where the vertical maps are categorical equivalences (Theorem B.5.5), the map go; can be identified with
F~ x F* (by virtue of (1)), and the map gi» can be identified with the tensor product ® on Algg (@)
(Proposition B.5.10). Composing these identifications, we obtain the desired description of fos. O

To deduce a version of Theorem 1.5.1 from Proposition 1.5.8, we would like to obtain a different description
of the functor fys given by operadic left Kan extension along ‘J'% This description will also be obtained from
Theorem B.3.1, but using a more interesting factorization of the correspondence ‘J'%

Notation 1.5.9. We define categories g, J1, and J, as follows:

(1) The category J; has as objects triples ({(n), S,T), where S and T are subsets of (n) which contain the
base point such that (n) = SUT. A morphism from ({(n),S,T) to ({(n'),S’,T") in J; consists of a map
a: (n) — (n') in I which restricts to inert morphisms [S] — [$’], [T] — [T"].

(2) The category Jo is the full subcategory of J; spanned by those objects ((n), S, T) for which SNT = {x}
(3) The category Jo coincides with T'.

Let ¢o1 : dg — J1 be the inclusion, let ¢12 : J1 — J2 be the forgetful functor, and let ¢go = P12 0 pg1. We
can assemble the categories J; into one large category J as follows:

() An object of J is a pair (J,7), where 0 < ¢ < 2 and X is an object of J;.
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(7i) Given a pair of objects (I,47), (J,7) € d, we have

HOng].((]ﬁﬁ I),J) 1f7,<]
HOI’IIg((I,Z),(J’])): HOIHQ](I,J) le:j
0 if i > j.

Let Sub’ be the category defined in Notation B.5.7. The inclusion gy C Sub and equivalence gy ~ T
extend to a functor r : § — Sub’, which is given on J; by the formula r({n), S,T) = (n). For every co-operad
0%, we define M[O]® to be the fiber product N(J) XN(sub’) To. Let ® denote the composite map

M[O]® — N(J) > A x N(D).
Repeating the proof of Lemma B.5.8, we obtain the following:

Lemma 1.5.10. Let O° be an oo-operad. The map ® : M[O]® — A2 x N(T') of Notation 1.5.9 exhibits
M[O]® as a A%-family of co-operads.

For i € {0,1,2}, we let M[O]® denote the fiber M[O]® x a2 {i}. Let 0'® denote the fiber product
0% xn(ry Triv. The fiber M[O]§ is isomorphic to 0"® © 0'®, while M[O]$ is isomorphic to OF itself. We
will denote the inner fiber M[O] by Q¥. This co-operad is more exotic: it in some sense encodes the
“quadradic part” of the oo-operad O®. Note that the fiber product M[O]® x a2 A192} {5 isomorphic to the
correspondence T4 of Notation 1.5.6.

To proceed further with our analysis, we need the following technical result, whose proof we defer until
the end of this section:

Proposition 1.5.11. Let ¢ : O° — N(T') be an co-operad satisfying the following conditions:
(1) The oco-operad OF is coherent.
(2) The underlying co-category O is a Kan complex.

Then the map M[O]® — A2 is a flat inner fibration.

Note that if ¢ : To — D is a map of co-operad families, then composition with 1 induces another map
of co-operad families M[0]® — D®.

Corollary 1.5.12. Let r be an uncountable reqular cardinal, let O% be an essentially r-small co-operad,
let g : @2 — D® be a coCartesian fibration of co-operads, and let 1 : To — D® be an co-operad family
map. Assume that each fiber Cp of q admits k-small colimits, and that the D-monoidal structure on C is
compatible with k-small colimits.

For o € {—,+,%}, let F7 : Fun$,(0,C) — Algh(C) be a left adjoint to the restriction functor. Let Let
for : Funy (0, €) x Fun(0,€) ~ Algyo1,(€) — Algg(€) be given by operadic left Kan extension along
the correspondence M[O]® x a2 A1 and let f15 @ Algo(C) — Alg%((i’) be the functor given by left Kan
extension along M[O]® X a2 A2 T O% s coherent and O is a Kan complex, then the composition fi20 fo
can be identified with the composite functor

Fung (0, €) x Funk (0,€) 7L Algg (€) x Algh(€) -2 AlgE (@),

Proof. Combine Proposition 1.5.8, Theorem B.3.1, and Proposition 1.5.11. O

To apply Corollary 1.5.12, we need to understand the functors fo; and fi2 better. To this end, we need
to introduce some additional notation. Fix an oo-operad family map ¢ : To — D%, so that 1 induces
oo-operad maps ¥_, ¥,y : 0% — D®. We note that ¢ also determines natural transformations

Y —Pre—1py.
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If ¢ : C® — D? is a coCartesian fibration of co-operads, then coCartesian transport along these transforma-
tions determines a pair of functors

Fung, (0, ) 5 Fun (0, €) & Fung, (0, €).

Let Q%Z’ denote the full subcategory of Q¥ spanned by those objects whose image in N(J;) belongs to
the full subcategory N(Jo) € N(J;). There is an evident forgetful functor QF — M[O]5. If O is unital,
then this forgetful functor is a trivial Kan fibration. Choosing a section, we obtain a map of co-operads
i: M[O]§ — Q®. There is also a natural transformation id — i of functors M[0]§ — M[O]®.

Composition with ¢ induces a forgetful functor

0 : Algg (€) — Algygo), (€) ~ Fung (0, €) x Fung (0, €).

Under the hypotheses of Corollary 1.5.12, the functor 6 has a left adjoint 6 : Fun%((‘), C) x Fun%((‘), C) —
Algq(€), given by operadic left Kan extension along i. Let Fg) : Fung (0, €) x Funf, (0, €) — Algg(€) be
the composition of # with u_ x u,. Since the composition # o fo; is equivalent to u_ x u,, we obtain a
natural transformation of functors o : Fioy — fo1.

We would like to measure the failure of a to be an equivalence. To this end, consider the fully faithful
embedding Triv — N(J;) given by the formula (n) — ((n),(n),(n)). This embedding determines a map
of oco-operads j : 0% - 0%, Composition with j induces a forgetful functor j* : Algq(C) — Algfg,(@) ~
Fun%(O7 ©). The hypotheses of Corollary 1.5.12 guarantee that j* admits a left adjoint ji, given by operadic
left Kan extension along j.

Lemma 1.5.13. Let 0%, ¢: C® — D, and 1) : To — D® be as in Corollary 1.5.12, and assume that O%
is unital. Then the diagram

315 Flay 225 5% for

L

Flo) —— fo
is a pushout diagram of functors from Funy, (0, €) x Funf (0, €) to Alg(€).

The proof of Lemma 1.5.13 will be given at the end of this section. Let us accept Lemma 1.5.13 for the
moment, and see how it leads to a version of Theorem 1.5.1. Note that the correspondence M[O]® x p2 A12}
is associated to the forgetful map of co-operads k : Q — O%. Let k* : Alg%(@) — Algg(€) denote the induced
map, so that k* is right adjoint to the operadic left Kan extension functor fis : Algg(€) — Algé(@). Since
f12 preserves pushouts, we deduce from Lemma 1.5.13 the existence of a pushout diagram

J12017° Fl2) —— f12517" for

| |

J12E2) ——— fiafor

of functors from Fun(0, €) x Fun(0, €) to Alg,(C). Let us identify the terms in this diagram. The functor
f1271 is left adjoint to the forgetful functor j*k* : Alg%((‘f) — Fun%(@, @), and is therefore equivalent to F'*.
The composition j*fo; can be identified with the tensor product functor ® : Fung (O, €) x Fund (0,€) —

Fun%((‘)7 C) determined by the composite map Tor — To % D® In the case where OF is coherent and O is
a Kan complex, Corollary 1.5.12 allows us to identify fisfy1 with the composition

Fung, (0, €) x Funk (0,€) 7 X" Algs (€) x Algh (€) -2 Algk(©).
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Finally, j12F{2) is the composition of u_ X u with a left adjoint to 6k*, which coincides with the composition
AlgE (@) — Fund (0, €) — Funi (0, €) x Fun (0, ).

It follows that ji2F(2) can be identified with the composition of F * with the coproduct of the functors u_
and uy. Combining this identifications, we arrive at the following conclusion:

Theorem 1.5.14. Let O® be a coherent oo-operad whose underlying co-category O is a Kan complex,
¥ :To — D® a map of co-operad families, and q : C® — D® a coCartesian fibration of co-operads. Assume
that there exists an uncountable reqular cardinal x such that O is essentially k-small, each fiber Cp of q
admits k-small colimits, and the D-monoidal structure on € is compatible with k-small colimits. Then, for
every pair of objects V € Funy, (0,C), W € Fun%((‘)7 C), there is a canonical pushout diagram

FE(j* F2)(X,Y)) ———= FX(X ©Y)

| |

FE(e_(X) [Tes(Y)) —= F~(X) @ F+(Y)

in the co-category Algg(e). This diagram depends functorially on X and Y (in other words, it is given by
a pushout diagram of functors from Fung, (0, €) x Funi, (0, €) to Algg(e)).

Remark 1.5.15. In the special case where D® = N(T'), the superscripts in Theorem 1.5.14 are superfluous
and the functors e_ and e, are equivalent to the identity. In this case, we obtain a pushout diagram

F("Fiz)(X,Y)) F(X®Y)

| |

FX]]Y) ——=FX)® F(Y).
We can now proceed with the proof of our main result.

Proof of Theorem 1.5.1. Let O® be the co-operad E[k], and let €?® be a symmetric monoidal co-category. We
will assume that € admits countable colimits and that the tensor product on € preserves countable colimits
separately in each variable. Since O is a contractible Kan complex, evaluation at (1) € O induces a trivial
Kan fibration e : Fun(0,€) — €. Let Free : € — Algy(€) be the functor obtained by composing the free
functor F': Fun(0, €) — Algy(€) of §1.5 with a section s of e, and let f(2) : € x € — € be the composition

J

€ x € X5 Fun(0, €) x Fun(0, €) "2 Fun(0,€) 5 €.

Unwinding the definitions, we see that f(y) is the colimit of the functors p, : € x € — C indexed by the binary
operations

p € Mulo({(1), (1)}, (1)) = Rect({2)° x OF, OF) ~ 551,
Because C® is symmetric monoidal, this diagram of functors is constant, and we can identify f(2) with the

functor (C, D) — C ® D ® S*~!. Invoking Theorem 1.5.14 (note that O% is coherent by Theorem 1.4.1), we
obtain the desired pushout diagram

Free(C ® D @ Sk—1) Free(C' @ D)

| |

Free(C' ][ D) Free(C) ® Free(D)

in the oo-category Algy(C). O
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We conclude this section with the proofs of Lemma 1.5.13 and Proposition 1.5.11.

Proof of Lemma 1.5.13. Let €% denote the fiber product €% xpe Q% and let ¢ : €° - Q% denote the

projection map. We observe that Algy(€) can be identified with a full subcategory of Funge (Q®,@®). We
will prove that for every pair of objects X € Funy (0, €) and Y € Funf, (0, €), the diagram

I F2)(X,Y) —— jij* for(X,Y)

l |

F(Q)(X, Y) _— fOl(Xa Y)

is a pushout in Fungs (Q®,é®). In view of Lemma M.2.3.1, it will suffice to show that for each object
Q € 9%, the diagram 0Q:

(717" Fioy (X, Y))Q) — (5" for (X, Y))(Q)

| |

F(Q)(Xv Y)(Q) fOl(X’ Y)(Q)

is a ¢'-colimit diagram in C. .
Since ¢ is a pullback of ¢ : ¥ — D%, it is a coCartesian fibration. For every morphism §: Q — Q' in
Q% let S : ég — ég, be the induced map. To prove that og is a ¢’-colimit diagram, it will suffice to show

that each of the diagrams (i(0q) is a pushout diagram in ég, (Proposition T.4.3.1.10). Let (n) denote the
image of Q" in N(T'), and choose inert morphisms (i) : Q" — Q! lying over p’ : (n) — (1) for 1 < i < n.
Since ¢’ is a coCartesian fibration of co-operads, the functors y(z); induce an equivalence

e — 11 €

1<i<n

It follows that (i(oq) is a pushout diagram if and only if each (i)101(cg) is a pushout diagram in @gi'
We may therefore replace 8 by (i) o 8 and thereby reduce to the case Q' € Q. The map [ factors as a
composition
B A~ B A
Q—-Q —Q
where (' is inert and 3" is active. Note that §{(cg) is equivalent to og~; we may therefore replace Q by
Q" and thereby reduce to the case where (3 is active. Together these conditions imply that @) belongs to the
image of either j : 0¥ — Q% or the essential image of 7 : O @O’® — Q%. We consider each case in turn.
Suppose that @ belongs to the image of j. We claim in this case that the vertical maps in the diagram
0@ are equivalences. It follows that 8i(0¢g) has the same property, and is therefore automatically a pushout
diagram. Our claim is a special case of the following more general assertion: let U be an arbitrary object
of Algy(€): then the counit map jj*U — U induces an equivalence (515*U)(Q) — U(Q). The functor j
is computed by the formation of operadic ¢-left Kan extension: consequently, (jij*U)(Q) is an operadic
g-colimit of the diagram
(M[O]9)38 — Q% & e®.
The desired assertion now follows from the observation that @ belongs to the image of j, so that (M[O]?)}g
contains () as a final object.
Suppose instead that @ belongs to the essential image of . We claim in this case that the horizontal
maps in the diagram og are equivalences. As before, it follows that $iog has the same property and is
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therefore automatically a pushout diagram. To prove the claim, we first show that for any map U — V in
Algyo),(€) =~ FunZ (0, @) x FunZ (O, €), the induced map ¢ : (41U)(Q) — (1V)(Q) is an equivalence in €%.
To see this, we observe that (jiU)(Q) and (jiV)(Q) are given by operadic g-colimits of diagrams

MIO]F xge (9%)75 — M[O]5 — €.
To prove that £ is an equivalence, it suffices to show that these diagrams are equivalent. The assumption

that Q belongs to the image of i guarantees that every object of M[O]3 X ge (Q(}b)"/"ggt lies over (0) € N(I'):

the desired result now follows from the observation that every morphism in G%%) is an equivalence, since G%
is a (contractible) Kan complex.

To complete the proof, we must show that the map & : Fi2)(X,Y)(Q) — fo1(X,Y)(Q) is an equivalence
whenever @ belongs to the image of i. Let U € Algyo),(€) be a preimage of (X,Y) under the equivalence

Algyo), (€) — Fungy, (0, €) x Funj, (0, €). Then Fi2)(X,Y)(Q) and fo1(X,Y)(Q) can be identified with the
operadic g-colimits of diagrams

MIO]§ xqe (2%)3% — M[O] & e®

ac U
M[O]§ X(o]2, M[0)2)55 — M[O]F = €%

To prove that £’ is an equivalence, it suffices to show that the functor

e : M[O]F x o (29)7G — MIOJF X oo (M[O]7)55 — MIO)F

®
/Q
is a categorical equivalence. Both the domain and codomain of € are right-fibered over (M[O]§)2<t: it will

therefore suffice to show that € induces a homotopy equivalence after passing to the fiber over any object
P e M[O]§ (Corollary T.2.4.4.4). Unwinding the definitions, we must show that the canonical map

MapQ®<i(P)7Q) - MapM[O]®(P7Q>

is a homotopy equivalence. This follows from a simple calculation, using our assumptions that O is unital
and that @ belongs to the essential image of 4. O

Proof of Proposition 1.5.11. Let O be a coherent oo-operad such that O is a Kan complex; we wish to prove
that the inner fibration M[O]® — A? is flat.. Fix an object X € M[0]§, corresponding to a pair of objects
X_, X, €0% andlet Z € 09 ~ M[O]S. Suppose we are given a morphism X — Z in M[O]®. We wish to
prove that the oco-category C = M[O];@Q/ RN {1} is weakly contractible. Let §) € (9%%) be a final object of

O%. Since 0% is unital, § is also an initial object of O®. We can therefore choose a diagram o :

) —X_

|

X4
in O?Z. Let C[o] denote the full subcategory of (9?/ /7 spanned by those diagrams

) —X_

L, b

X, —21+Q

where f and g are both semi-inert (by virtue of (2), this is equivalent to the requirement that ¢(f) and ¢(g)
are semi-inert morphisms in N(I')) and the map ¢(X_)[[ ¢(X+) — ¢(Q) is a surjection. Using the fact that
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is an initial object of O, we obtain a trivial Kan fibration C[o] — €. It will therefore suffice to show that
[o] is weakly contractible.

Let ¢(X4) = (m). The proof will proceed by induction on m. If m = 0, then C[o] has an initial object
and there is nothing to prove. Otherwise, the map ) — X, factors as a composition

0
c

w_)Xzi»g)X+7

where g(a) is an inclusion (m —1) — (m). Let 7 : A'[[;, A® — O%Z denote the diagram X_ « ) —
X! — X, and let 7o = 7[(A* [0y AY). Let D denote the full subcategory of the fiber product

Fun(A', (Oigz)fo/) X Fun({1},(0%,)-y, (Oigz)r/

spanned by those diagrams
p—— X_
X; R — Q/

L

X+HQ

in O?Z where the maps X_ — @', X} — @', and Q" — Q are semi-inert and the map ¢(X_) I, (X)) —
q(Q’) is surjective. Let Dy C D be the full subcategory spanned by those diagrams for which the map
X, — @ is semi-inert and the map ¢(Q’) Hq(X;) q(X+) — q(Q) is surjective. We have canonical maps

€lo] £ Dy €D L €.

The map ¢ admits a right adjoint and is therefore a weak homotopy equivalence, and the simplicial set
C[rg] is weakly contractible by the inductive hypothesis. The inclusion Dy C D admits a right adjoint, and
is therefore a weak homotopy equivalence. To complete the proof, it will suffice to show that 1 is a weak
homotopy equivalence. We have a homotopy pullback diagram

D (Xo)ay /ids

Pk

Clrg] — O?é;//z

The coherence of O® guarantees that the map Ko — O is a flat inner fibration, so that 1’ satisfies the
hypotheses of Lemma B.4.16 (see Example B.4.17). It follows that i is a weak homotopy equivalence, as
desired. 0

1.6 Nonunital Algebras

Let A be an abelian group equipped with a commutative and associative multiplication m: A® A — A. A
unit for the multiplication m is an element 1 € A such that 1a = a for each a € A. If there exists a unit for
A, then that unit is unique and A is a commutative ring (with unit). Our goal in this section is to prove
an analogous result, where the category of abelian groups is replaced by an arbitrary symmetric monoidal
oo-category € (Corollary 1.6.8).

An analogous result for associative algebras was proven in §M.2.8. Namely, we proved that if A is a
nonunital associative algebra object of a monoidal co-category € which is quasi-unital (Definition 1.6.2),
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then A can be promoted (in an essentially unique fashion) to an associative algebra with unit (Theorem
M.2.8.1). Roughly speaking, the idea is to realize A as the algebra of endomorphisms of A, regarded as a
right module over itself. This proof does not immediately generalize to the commutative context, since the
endomorphism algebra of an A-module is noncommutative in general. We will therefore take a somewhat
different approach: rather than trying to mimic the proof of Theorem M.2.8.1, we will combine Theorem
M.2.8.1 with Theorem 1.2.2 to deduce an analogous result for E[k]-algebras (Theorem 1.6.6). We then obtain
the result for commutative algebras by passing to the limit £ — co. We begin with a discussion of nonunital
algebras in general.

Definition 1.6.1. Let Surj denote the subcategory of I' containing all objects of ', such that a morphism
a : (m) — (n) belongs to Surj if and only if it is surjective. If O is an co-operad, we let 0%, denote the fiber
product O® Xn(ry N(Surj). If C® — 0% is a fibration of co-operads, we let Algly'(€) denote the co-category
Algy (C) of Oyy-algebra objects of €; we will refer to Algy'(C) as the co-category of nonunital O-algebra
objects of C.

Our goal is to show that if O® is a little k-cubes operad E[k] for some k& > 1, then the oo-category
Alg'(C) of nonunital O-algebra objects of € is not very different from the oo-category Algy(C) of unital
O-algebras objects of €. More precisely, we will show that the restriction functor Alg,(C) — Algy'(C)
induces an equivalence of Algy(€) onto a subcategory Algl'(€) C Algy'(C) whose objects are required to
admit units up to homotopy and whose morphisms are required to preserve those units (see Definition 1.6.2
below). Our next step is to define the oo-categories Algd(€) more precisely.

Definition 1.6.2. Let k > 1, let ¢ : €® — E[k] be a coCartesian fibration of co-operads, and let A €
Alggjy (€); we will abuse notation by identifying A with its image in the underlying oo-category C.
Let 1 denote a unit object of €. The multiplication map A® A — A induces an associative multiplication

m: HOmhe(l,A) X HOmhe(l,A) — Homh@(l, A)

We will say that morphism e : 1 — A is a quasi-unit for A if its homotopy class [e] is both a left and a
right unit with respect to the multiplication m. We will say that A is quasi-unital if it admits a quasi-unit
e:1— A

Let f: A — B be a morphism between nonunital E[k]-algebra objects of €, and assume that A admits a
quasi-unit e : 1 — A. We will say that f is quasi-unital if the composite map foe:1 — B is a quasi-unit
for B; in this case, B is also quasi-unital. We let Alg%'[lk](e) denote the subcategory of Alg]rE“[lk](G) spanned
by the quasi-unital algebras and quasi-unital morphisms between them.

Remark 1.6.3. In the situation of Definition 1.6.2, a map e : 1 — A is a quasi-unit for A if and only if
each of the composite maps

A~10AAAR A A~A19% A04B A
is homotopic to the identity. If k& > 1, then the multiplication on A and the tensor product on € are
commutative up to homotopy, so these conditions are equivalent to one another.

Remark 1.6.4. Let A € Alggy,(C) be as in Definition 1.6.2. Then a quasi-unit e : 1 — A is uniquely
determined up to homotopy, if it exists. Consequently, the condition that a map of nonunital E[k]-algebras
f+ A — B be quasi-unital is independent of the choice of e.

Example 1.6.5. Let ¢ : €® — E[k] be a coCartesian fibration of co-operads, and let 6 : Alggp, (€) —
Alggyy (C) be the restriction functor. Then ¢ carries E[k]-algebra objects of € to quasi-unital objects of
Alggyy, (€), and morphisms of E[k]-algebras to quasi-unital morphisms in Algg(€). Consequently, 6 can be
viewed as a functor from Algg;(C) to Alggfk](e).

Our main result about nonunital algebras is the following:
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Theorem 1.6.6. Let k > 1 and let q : €° — E[k] be a coCartesian fibration of co-operads. Then the
forgetful functor 6 : Algg,;(€) — Alg%‘fk](e) is an equivalence of oco-categories.

The proof of Theorem 1.6.6 is somewhat elaborate, and will be given at the end of this section.

Remark 1.6.7. In the situation of Theorem 1.6.6, we may assume without loss of generality that C%
is small (filtering e® if necessary). Using Proposition C.4.1.6, we deduce the existence of a presentable
E[k]-monoidal co-category D® — E[k] and a fully faithful E[k]-monoidal functor € — D®. We have a
commutative diagram

Algg (€) —— Alggp, (D)

N

Algg[lk] (€) — Algg[lk] (D)

where the horizontal maps are fully faithful embeddings, whose essential images consist of those (unital or
nonunital) E[k]-algebra objects of D whose underlying object belongs to the essential image of the embedding
C — D. To prove that 0 is a categorical equivalence, it suffices to show that #’ is a categorical equivalence.
In other words, it suffices to prove Theorem 1.6.6 in the special case where €% is a presentable E[k]-monoidal
oo-category.

We can use Theorem 1.6.6 to deduce an analogous assertion regarding commutative algebras. Let C%
be a symmetric monoidal co-category. We let CAlg™(€) denote the co-category Alges,.m(€) of nonunital
commutative algebra objects of €. Definition 1.6.2 has an evident analogue for nonunital commutative
algebras and maps between them: we will say that a nonunital commutative algebra A € CAlg"™(C) is
quasi-unital if there exists a map e : 1 — A in € such that the composition

A1 ALY A A A
is homotopic to the identity (in the co-category €). In this case, e is uniquely determined up to homotopy
and we say that e is a quasi-unit for A; a morphism f : A — B in CAlg"™ (@) is quasi-unital if A admits a
quasi-unit e : 1 — A such that foe is a quasi-unit for B. The collection of quasi-unital commutative algebras
and quasi-unital morphisms between them can be organized into a subcategory CAlg?"(€) C CAlg™ (C).

Corollary 1.6.8. Let C¥ be a symmetric monoidal co-category. Then the forgetful functor CAlg(C) —
CAlg®™(C) is an equivalence of co-categories.

Proof. In view of Corollary 1.1.9, we have an equivalence of occ-operads E[oo] — N(I'). It will therefore
suffice to show that the forgetful functor Algg,.)(€) — Algg[’oo]((?) is an equivalence of co-categories. This

map is the homotopy inverse limit of a tower of forgetful functors 0y : Algg, (€) — Alg%‘fk] (@), each of which
is an equivalence of co-categories by Theorem 1.6.6. O

As a first step toward understanding the forgetful functor 6 : Alg,(C) — Algy' (@), let us study the left
adjoint to 6. In classical algebra, if A is a nonunital ring, then we can canonically enlarge A to a unital ring
by considering the product A @& Z endowed with the multiplication (a, m)(b,n) = (ab + mb + na, mn). Our
next result shows that this construction works quite generally:

Proposition 1.6.9. Let O% be a unital co-operad, let q : €% — O% be a coCartesian fibration of co-operads
which is compatible with finite coproducts, and let 6 : Algy(C) — Algy'(C) be the forgetful functor. Then:

(1) For every object A € Algy'(C), there exists another object AT € Algy(€) and a map A — 0(A™) which
exhibits AT as a free O-algebra generated by A.

(2) A morphism f: A — 0(AT) in Algy'(C) exhibits At as a free O-algebra generated by A if and only if,
for every object X € O, the map fx : A(X) — AT(X) and the unit map 1x — AT (X) exhibit AT(X)
as a coproduct of A(X) and the unit object 1x in the co-category Cx.
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(3) The functor 0 admits a left adjoint.

Proof. For every object X € O, the co-category D = Of’u xo®(0®)7§§ can be written as a disjoint union
of Dy = (O?u)é/“; with the full subcategory D; C D spanned by those morphisms X’ — X in O® where
X e (‘J%. The oo-category Dy contains idx as a final object. Since O is unital, the co-category Dy is a
contractible Kan complex containing a vertex v : Xo — X. It follows that the inclusion {idx,v} is cofinal

in D. Assertions (1) and (2) now follow from Proposition C.2.6.8 (together with Propositions C.2.2.14 and
C.2.2.15). Assertion (3) follows from (1) (Corollary C.2.6.9). O

In the stable setting, there is a close relationship between nonunital algebras and augmented algebras.
To be more precise, we need to introduce a bit of terminology.

Definition 1.6.10. Let ¢ : €® — O be a coCartesian fibration of co-operads, and assume that O% is unital.
An augmented O-algebra object of € is a morphism f : A — Ag in Algy(C), where Ay is a trivial algebra.

We let Algy™®(C) denote the full subcategory of Algy(C) spanned by the augmented O-algebra objects of C.

The following result will not play a role in the proof of Theorem 1.6.6, but is of some independent interest:

Proposition 1.6.11. Let ¢ : C® — 0% be a coCartesian fibration of oo-operads. Assume that O% is unital
and that q exhibits C as a stable O-monoidal co-category. Let F : Algy'(C) — Algy(C) be a left adjoint to
the forgetful functor 0 : Algy(C) — Algy'(C). Let 0 € Algy'(C) be a final object, so that F(0) € Algq(C) is
a trivial algebra (Proposition 1.6.9). Then F induces an equivalence of oo-categories

T: Algg'(€) ~ Algg'(€)/° — Algl®(C).

F
Proof. Let p: M — Al be a correspondence associated to the adjunction Alg’%“(@k‘tg;> Algy(C). Let D

denote the full subcategory of Funai (Al x A, M) spanned by those diagrams o

A4f>A+

|k

Ao —L0 AF

where A is a final object of Algy'(C) and the maps f and f” are p-coCartesian; this (together with Proposition
1.6.9) guarantees that AS‘ € Alg,(C) is a trivial algebra so that g can be regarded as an augmented O-algebra
object of €. Using Proposition T.4.3.2.15, we deduce that the restriction functor o — A determines a trivial
Kan fibration D — Algy'(€). By definition, the functor 7' is obtained by composing a section of this trivial
Kan fibration with the restriction map ¢ : D — Algy'**(€) given by o — g. To complete the proof, it will
suffice to show that ¢ is a trivial Kan fibration.

Let K denote the full subcategory of A x Al obtained by removing the object (0,0), and let Dy be the

full subcategory of Funa: (K, M) spanned by those diagrams
AT 5 AT L4,

where A is a final object of Algy'(C) and AS‘ is a trivial O-algebra object of C; note that this last condition
is equivalent to the requirement that f be p-coCartesian. The functor ¢ factors as a composition

D % Dy L AlgE(@).

We will prove that ¢’ and ¢” are trivial Kan fibrations.
Let D; be the full subcategory of Funai (A, M) spanned by the p-coCartesian morphisms fo : Ag — A
where Ay is a final object of Algy'(€). It follows from Proposition T.4.3.2.15 that the restriction map
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fo — Ap determines a trivial Kan fibration from D; to the contractible Kan complex of final objects in
Algl'(€), so that Dy is contractible. The restriction map fo — A is a categorical fibration 5" from Dy
onto the contractible Kan complex of initial objects of Alg,(C). It follows that 5// is a trivial Kan fibration.
The map ¢” is a pullback of g/, and therefore also a trivial Kan fibration.

We now complete the proof by showing that ¢’ is a trivial Kan fibration. In view of Proposition T.4.3.2.15,
it will suffice to show that a diagram o € Funa:(A! x A, M) belongs to D if and only if 0y = o|K belongs
to Dy and o is a p-right Kan extension of 0g. Unwinding the definitions (and using Corollary C.2.1.5), we
are reduced to showing that if we are given a diagram

A4f>A+

|k

Ay —= A}

where A is a final object of Algpy'(C) and Af is a trivial algebra, then f is p-coCartesian if and only if the
induced diagram

AX) 2 At (x)

L

Ap(X) — AT (X)

is a pullback square in Cx, for each X € O. Since Cx is a stable oco-category, this is equivalent to the
requirement that the induced map v : coker(fx) — Ad(X) is an equivalence. The map 1 fits into a
commutative diagram

1x 1x

| |

AT (X) — coker(f) —= Af(X)

where the vertical maps are given by the units for the algebra objects A* and AJ. Since Af(X) is a
trivial algebra, the unit map 1x — A (X) is an equivalence. Consequently, it suffices to show that f is
p-coCartesian if and only if each of the composite maps 1x — AT (X) — coker(f) is an equivalence. We
have a pushout diagrm

1x [JA(X) — A+(X)

| |

1x ——— coker(f).

Since Cx is stable, the lower horizontal map is an equivalence if and only if the upper horizontal map is
an equivalence. The desired result now follows immediately from the criterion described in Proposition
1.6.9. O

Let us now return to the proof of Theorem 1.6.6. We begin by treating the case k = 1. Without loss
of generality, we may assume that ¢ : €® — E[1] is the pullback of a coCartesian fibration of co-operads
D® — Ass (Example 1.1.7). Let ¢ : N(A)% — Ass be defined as in Construction C.1.3.13, so that the
pullback of D® by ¢ determines a monoidal structure on the co-category D. The map ¢ restricts to a functor
do : N(A;)%? — Ass xn(ry N(Surj). Composition with ¢o determines a functor Algh (D) — Alg™ (D) (see
§M.2.2). We have the following nonunital analogue of Proposition C.1.3.14:

Proposition 1.6.12. Let q : D® — Ass be a coCartesian fibration of oo-operads. Then the functor
Algh (D) — Alg™ (D) constructed above is an equivalence of co-categories.
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Proof. Let Ass™ denote the subcategory Ass xr Surj. We define a category J as follows:
(1) An object of J is either an object of A% or an object of Ass™.
(2) Morphisms in J are give by the formulas
Homy([m], [n]) = Homagr ([m], [n])  Homyg((m), (n)) = Homassm ((m), (n))
Homyg ({m), [n]) = Homassn ((m), ¢o([n]))  Homy([n], (m)) = 0.

where ¢ : A’ — Ass™ is the functor defined above. We observe that ¢y extends to a retraction r : J —
Ass™. Let Alg(D) denote the full subcategory of Funss(N(J), D?®) consisting of those functors f : N(J) —
D® such that g o f =1 and the following additional conditions are satisfied:

(i) For each n > 0, f carries the canonical map (n) — [n] in J to an equivalence in D®.
(#4) The restriction f|N(A;)° belongs to Alg™ (D).
(#4') The restriction f| N(Ass™) is a nonunital Ass-algebra object of C.

If (i) is satisfied, then (i7) and (i7') are equivalent to one another. Moreover, (i) is equivalent to the
assertion that f is a g-left Kan extension of f|N(Ass™). Since every functor fy : N(Ass™) — D® admits a
g-left Kan extension (given, for example, by fo o r), Proposition T.4.3.2.15 implies that the restriction map
p: Alg(D) — Alg’L (D) is a trivial Kan fibration. The map 6 is the composition of a section to p (given by
composition with ) and the restriction map p’ : Alg(D) — Alg™" (D). It will therefore suffice to show that p’
is a trivial fibration. In view of Proposition T.4.3.2.15, this will follow from the following pair of assertions:

(a) Every fo € Alg"™ (D) admits a ¢-right Kan extension f € Fun s (N(J), D%).

(b) Given f € Fung(N(J),D®) such that fo = f|N(A%) belongs to Alg"™ (D), f is a g-right Kan
extension of fy if and only if f satisfies condition (i) above.

To prove (a), we fix an object (n) € Ass™. Let J denote the category AZY x pggm(Ass™),y/, and let
g denote the composition N(J) — N(A%) — D®. According to Lemma T.4.3.2.13, it will suffice to show
that ¢ admits a ¢-limit in D® (for each n > 0). The objects of J can be identified with surjective morphisms
a: (n)y — ¢o([m]) in Ass. Let Jg C J denote the full subcategory spanned by those objects for which « is
inert. The inclusion Jq C J has a right adjoint, so that N(Jg)°? — N(J)°? is cofinal. Consequently, it will
suffice to show that go = g| N(do) admits a g-limit in D¥.

Let J; denote the full subcategory of J, spanned by the morphisms p/ : (n) — ¢o([1]). Using our
assumption that fy is a nonunital algebra object of D, we deduce that gy is a g¢-right Kan extension of
g1 = go|N(J1). In view of Lemma T.4.3.2.7, it will suffice to show that the map g; has a ¢-limit in D®. But
this is clear; our assumption that fy belongs to Alg™ (D) guarantees that fy exhibits fo([n]) as a g-limit of
g1- This proves (a). Moreover, the proof shows that f is a ¢-right Kan extension of fy at (n) if and only if
f induces an equivalence f({n)) — f([n]); this immediately implies (b) as well. O

Given a coCartesian fibration of cc-operads D% — Ass, we let Alg%' (D) denote the fiber product

Al (D) X algnu(py Alg™ (D), where Alg?"(D) is defined as in §M.2.2. We have a commutative diagram

Alg(D) <—— Alg 4(D) —— Alggy)(D)

P ;

Alg™(D) <—— Alg% (D) — Algg}, (D)
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in which the horizontal maps are categorical equivalences. Theorem M.2.8.1 implies that 6’ is an equivalence
of co-categories, so that 6 is likewise an equivalence of oo-categories. This proves Theorem 1.6.6 in the
special case k = 1.

The proof of Theorem 1.6.6 in general will proceed by induction on k. For the remainder of this section,
we will fix an integer £ > 1, and assume that Theorem 1.6.6 has been verified for the oco-operad E[k].
Our goal is to prove that Theorem 1.6.6 is valid also for E[k + 1]. Fix a coCartesian fibration of co-operads
q : €% — E[k+1]; we wish to show that the forgetful functor 6 : Alggp41y(€) — Alg;[E k+1] (@) is an equivalence
of co-categories. In view of Remark 1.6.7, we can assume that C® is a presentable E[k 4 1]-monoidal oo-
category.

We begin by constructing a left homotopy inverse to 6. Consider the bifunctor of co-operads E[1] x E[k] —
E[k+1] of §1.2. Using this bifunctor, we can define E[1]-monoidal co-categories Algg, (C)® and Alggp(€)®.
Moreover, the collection of quasi-unital E[k]-algebras and quasi-unital morphisms between them are stable
under tensor products, so we can also consider an E[1]-monoidal subcategory Algg[lk](e)® C Algg, (€)%,
Similarly, we have E[k]-monoidal co-categories Algg;; (€)%, Algi%‘f‘l](e)® and Algql[l](e)(@.

There is an evident forgetful functor Algﬁ‘fk +1)(€) — Alggy (Alggly (€)), which obviously restricts to a
functor vy : AlgE[kH](G) — Alggpy (Alg ((3)) Using the inductive hypothesis (and Corollary T.2.4.4.4),
we deduce that the evident categorlcal ﬁbration Alg]E[k](G) — AIgE[k](G)® is a categorical equivalence and
therefore a trivial Kan fibration. It follows that the induced map Alggfij(Alggp (€)) — Algg (Alg (C‘f)) is
a trivial Kan fibration, which admits a section ;. Let 12 be the evident equivalence Alg]E[l] (AlgE[k](G)) o~
Alggp, (Algg(y(€)). We observe that the composition 93 091 0 ¢ carries Alg]%l[lk+1](€) into the subcategory
Algpy (Alg]E[l](G)) C Alggyy,(Alggpy)(€)). Using the inductive hypothesis and Corollary T.2.4.4.4 again, we
deduce that the forgetful functor Alggy,(Algg(C)) — Alggpy (Algl‘é‘[ll](e)) is a trivial Kan fibration, which
admits a section ¢3. Finally, Theorem 1.2.2 implies that the functor Algg,(€) — Alggy(Algg, (€)) is an
equivalence of co-categories which admits a homotopy inverse 14. Let ¢ denote the composition 141319111g.
Then ¢ is a functor from Algg k+1]( ) to Alggp,417(€). The composition ¢ o 6 becomes homotopic to the
identity after composing with the functor Algg1;(C) ~ Alg (AlgIE i (€) € Alggiy (Alggp (€)), and is
therefore homotopic to the identity on Algg17(C).

To complete the proof of Theorem 1.6.6, it will suffice to show that the composition 6 o1 is equivalent to
the identity functor from Algg[lk +11(€) to itself. This is substantially more difficult, and the proof will require

a brief digression. In what follows, we will assume that the reader is familiar with the theory of centralizers
of maps of E[k]-algebras developed in §2.4 (see Definition 2.5.1).

Definition 1.6.13. Let C® — E[k] be a coCartesian fibration of co-operads, let A and B be E[k]-algebra
objects of C, and let v : 1 — A be a morphism in €. We let Mapj,, " ](e)(A B) be the summand of the
mapping space Map Algagy e)(A B) given by those maps f : A — B such that f ow is an invertible element

in the monoid Homhe(l B)
Let f: A — B be a morphism in Alggy, () and let u : 1 — A be as above. We will say that f is a
u-equivalence if, for every object C € AlgE[k (C’) composition with f induces a homotopy equivalence

fu u
MapAlgEm(e)(Ba C) — Mapyig, ,, (e) (4,0).

Remark 1.6.14. Let M be an associative monoid. If z and y are commuting elements of M, then the
product xy = yx is invertible if and only if both x and y are invertible. In the situation of Definition
1.6.13, this guarantees that if u : 1 — A and v : 1 — A are morphisms in € such that u and v commute
in the monoid Homye(1, A) and w denotes the product map 1 ~1® 1 — Y AR A — A, then we have
MalegE[k](e)(AB) = Mapxlgm](e)(A,B) N Mapxlgm](e)(A,B) (where the intersection is formed in the
mapping space Map Algm[k](e)(A, B)). Tt follows that if f: A — B is a u-equivalence or a v-equivalence, then
it is also a w-equivalence.
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Remark 1.6.15. Let €® — E[k] be a presentable E[k]-monoidal co-category, and let e : 1 — A be the unit
map for an E[k]-algebra object A € Alggy,(C€). We will abuse notation by identifying A with the underlying
nonunital E[k]-algebra object, and let AT be the free E[k]-algebra generated by this nonunital E[k]-algebra
(see Proposition 1.6.9). Let e™ denote the composite map 1 — A — AT. Then the counit map v : AT — A
is an eT-equivalence. To see this, it suffices to show that for every object B € AlgE[k](G), composition with
v induces a homotopy equivalence

e et
MapAIgE[k] (€) (A, B) = MapAlg[E[k] © (A, B) — MapAIgE[k](e) (A+, B)

Note that any nonunital algebra morphism f : A — B carries e to an idempotent element [f o e] of the
monoid Homype(1, B), so f o e is a quasi-unit for B if and only if [f o ¢] is invertible. Consequently, the ho-
motopy equivalence Map g, (AT, B) ~ Map Algg, (A, B) induces an identification MapigE[k](e)(A*,B) ~
Map Alg]‘;[“k](e)(Aa B). The desired result now follows from Theorem 1.6.6.

Lemma 1.6.16. Let q : C® — E[k + 1] be a presentable E[k + 1]-monoidal co-category, so that Alggy (C)
inherits the structure of an E[1]-monoidal co-category. Let f : A — A’ be a morphism in Alggy(C), and
let u:1 — A be a morphism in C such that f is a u-equivalence. Let B € AlgE[k](G) andv:1 — B be an
arbitrary morphism in C. Then:

(1) The induced map f @idp is au®v:1— A® B equivalence.
(2) The induced map idp Qf is av@u: 1 — B ® A-equivalence.

Proof. We will prove (1); the proof of (2) is similar. Let e4 : 1 — A and eg : 1 — B denote the units of
A and B, respectively. We note that u ® v is homotopic to the product of maps e4 ® v and u ® eg which
commute in the monoid Homye(1, A ® B). By virtue of Remark 1.6.14, it will suffice to show that f ® idg
is a w-equivalence, where w = u ® ep.

Let w' be the composition of w with f ® idp, and let C' € Alggy,, (C). We have a commutative diagram

MapXIgE[k] (©) (A/ ® B7 C) MalegE[k] ((?(A ® 37 C)

\/

MapAlgm[k] ©) (B’ C)

and we wish to show that the horizontal map is a homotopy equivalence. It will suffice to show that
this map induces a homotopy equivalence after passing to the homotopy fibers over any map g : B — C.
This is equivalent to the requirement that f induces a homotopy equivalence MapﬁgE[k](e)(A’ , ek (9) —

MapZIgE[k](e)(A, 3e[x](9)), which follows from our assumption that f is a u-equivalence. O

Lemma 1.6.17. Let €° — E[k] be a presentable E[k]-monoidal co-category, let A € Alggy (C), and let
u:1— A be a morphism in the underlying co-category C. Then there exists a morphism f: A — Alu™!] in
Alggp,) (€) with the following universal properties:

(1) The map f is a u-equivalence.
(2) The composite map fu is a unit in the monoid Homye (1, Alu™1]).

Proof. Let P : Algg(C) — Mong(8) be the functor described in §1.3. The inclusion Mon]%‘[’k] (8) C
Mong()(8) admits a right adjoint G which can be described informally as follows: G carries an E[k]-space X
to the subspace X&P C X given by the union of those connected components of X which are invertible in 7y X .

Let J : Mong (8) — 8 be the forgetful functor, and let x : Algg, (C) — 8 be the functor corepresented by
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A. We can identify u with a point in the space JP(A), which determines natural transformation of functors
X — JP. Let x denote the fiber product x x;p JGP in the oo-category Fun(Alggy,(€),S). Since x, J,
G, and P are all accessible functors which preserve small limits, the functor x’ is accessible and preserves
small limits, and is therefore corepresentable by an object A[u=!] € Alggy (C) (Proposition T.5.5.2.7). The
evident map x’ — x induces a map f : A — A[u~!] which is easily seen to have the desired properties. [J

Remark 1.6.18. Let €% — E[k] be as in Lemma 1.6.17, let f : A — B be a morphism in Algg, (€) and
let w : 1 — A be a morphism in €. Then f is a u-equivalence if and only if it induces an equivalence
Alu™"] — BJ[(fu)™"] in the oo-category Algg(C).

Example 1.6.19. Let A € Alg%‘[’k](e) be a nonunital algebra equipped with a quasi-unit e4 : 1 — A. Let
At ¢ AlgE[k](C‘f) be an algebra equipped with a nonunital algebra map 8 : A — A1 which exhibits AT as

the free E[k]-algebra generated by A. Then the composite map 7 : A — AT — AT[(Bea)™!] is quasi-unital,
and therefore (by Theorem 1.6.6) lifts to an E[k]-algebra map v : A — A*[(Bea)~!]. Using Theorem 1.6.6
again, we deduce that v is an equivalence in Algg (©), so that g is an equivalence of nonunital algebras.

We now return to the proof of Theorem 1.6.6 for a presentable E[k + 1]-monoidal co-category C¥ —
E[k + 1]. We will assume that Theorem 1.6.6 holds for the oco-operad E[k], so that the forgetful functor
Algg, (€) — Algg[lk] (@) is an equivalence of co-categories. Consequently, all of the notions defined above for
E[k]-algebras make sense also in the context of quasi-unital E[k]-algebras; we will make use of this observation
implicitly in what follows.

Let D denote the fiber product

Fun(9 A, Alggly(€)) Xrun(o At Alegy, (¢)) Fun(Ah, Alggp (€))

whose objects are nonunital maps f : A — B between quasi-unital E[k]-algebra objects of €, and whose
morphisms are given by commutative diagrams

A—1.p

where the vertical maps are quasi-unital. Let Dy denote the full subcategory Fun(Al,Alg%?k](G)) cD
spanned by the quasi-unital maps f : A — B. The inclusion Dy — D admits a left adjoint L, given
informally by the formula (f : A — B) + (A — B[(fea)™!]), where e4 : 1 — A denotes the unit of A.
Using Remark 1.6.18, we deduce the following;:

Lemma 1.6.20. If « is a morphism in D corresponding to a commutative diagram

A——B
-
Al —— D',
then L(a) is an equivalence if and only if the following pair of conditions is satisfied:
(i) The map g is an equivalence.
(it) The map ¢’ is an fea-equivalence, where e4 : 1 — A denotes a quasi-unit for A.

Note that the E[1]-monoidal structure on Alggfy, (€) induces an E[1]-monoidal structure on the co-category
D.
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Lemma 1.6.21. The localization functor L : D — Dy C D is compatible with the E[1]-monoidal structure
on D. In other words, if a : D — D' is an L-equivalence in D and E is any object of D, then the induced
maps DQFE — D' ® FE and E® D — E® D' are again L-equivalences.

Proof. Combine Lemmas 1.6.20 and 1.6.16. O

Combining Lemma 1.6.21 with Proposition C.1.7.6, we deduce that L can be promoted to an E[1]-
monoidal functor from D to Dy; in particular, L induces a functor L' : Algg(y (D) — Alggpy)(Do) which is
left adjoint to the inclusion and therefore comes equipped with a natural transformation « : id Algzy (D) — L.

We are now ready to complete the proof of Theorem 1.6.6. Let G : Alggp,41)(€) — Algg],1)(C) denote
the forgetful functor, let F be a left adjoint to G (Proposition 1.6.11), and let 3 : idAlgEFk+1](e) — GoF bea
unit transformation. Let j : Algg k+1]((3) — Alggij,11)(C) be the inclusion functor and let € : Alggjy,1(C) —
Algglij (Alggpy (C)) be the forgetful functor. If A € Algg,(C) is quasi-unital, then GF(A) is likewise
quasi-unital. Consequently, the construction A — £(54) induces a functor € : AIgE & +1]( ) — Alggpy)(D).

Let L' and « : id — L’ be defined as above. The induced natural transformation ¢ — L € can be regarded as
a functor from Alg%l[lk_i_l]((?) to Fun(A! x Al Algpt, E[1](Algg[ (€))). This functor can be described informally
as follows: it carries a quasi-unital algebra A to the diagram

A—" L Fa

.

A——F(A)[(Baea)™],

where e4 : 1 — A denotes the quasi-unit of A. It follows from Example 1.6.19 that the lower horizontal map
is an equivalence. Consequently, the above functor can be regarded as a natural transformation from {GF'j
to &€j in the oo-category Fun(Algg[lk] (€), Algg[y (Alg%‘fk] (@))). Composing with 14 0 13 0 4p3 0 1)1, we obtain a
natural transformation ¢ : YOF — 1) of functorb from Algg[lk +1](G) to Algg (C). Since 0 is homotopic to
A +1](G) to 1. This transformation is
adjoint to a map of functors id Al (€)™ fo1. It is easy to see that this transformation is an equivalence

the identity, we can view ¢ as a natural transformation from F| AlgE[

(using the fact that the forgetful functor Alg]E[,C _H](G) — € is conservative, by Corollary C.2.1.6), so that
is a right homotopy inverse to 6. This completes the proof of Theorem 1.6.6.

2 Applications of Left Modules

In [49], we saw that there is a good theory of (associative) algebra objects and (left and right) modules
over them in an arbitrary monoidal co-category C® — N(T'). Our goal in this section is to describe some
connections between this theory and the more general theory of co-operads developed in [50], and to obtain
some basic results about the little cubes oo-operads E[k] as a consequence.

We will begin in §2.1 by showing that if € is a monoidal co-category and A is an algebra object
of €%, then the co-category Modf{‘((‘f) of right A-module objects of € is left-tensored over €. Moreover,
the construction (€%, 4) — (€%, Mod%(€)) determines a functor © from the oo-category of monoidal oco-
categories equipped with an algebra object to the co-category of monoidal co-categories equipped with a left
module (Construction 2.1.30).

The module category Mod%(€) has a canonical object, given by the algebra A itself. Since right and left
multiplication commute with one another, we can regard A as a left A-module object in Modf} (©). In fact,
Modﬁ () is in some sense freely generated by this left A-module object (Theorem 2.2.4). We will prove this
result, together with the formally similar Theorem 2.2.8, in §2.2. In §2.3, we will apply these results to prove
a number of formal properties of the functor ©, which establish a close connection between the theory of
algebras objects and left module categories for a symmetric monoidal co-category €%.
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In §2.4, we will explain how to formulate the theory of algebras and their left (or right) modules in terms
of the general formalism of co-operads developed in [50]. More precisely, we will define an oo-operad LMod,
and show that giving an LMod-algebra object of a symmetric monoidal co-category €% is equivalent to
giving a pair (A, M), where A is an (associative) algebra object of C¥ and M is a left A-module (Proposition
2.4.7).

Let O® be a coherent oo-operad. In §2.5, we will apply the theory of left modules to develop a general
theory of centralizers of maps f : A — B between O%-algebra objects of a symmetric monoidal co-category
€®. Taking O to be a little cubes operad E[k] (which is coherent by Theorem 1.4.1), we obtain a proof of the
generalized Deligne conjecture (the original statement of Deligne’s conjecture corresponds to the case k = 1).
As another application, we describe the construction of the Koszul dual of an (augmented) E[k]-algebra
(Example 2.5.14).

If M is any associative monoid, then its group M* of invertible elements acts on M by conjugation.
In §2.6, we will describe a higher-categorical analogue of this adjoint action, which applies to E[k]-algebra
objects of an arbitrary symmetric monoidal co-category. Our main result, Theorem 2.6.5, will be applied in
§2.7 to obtain a convenient description of the cotangent complex of an E[k]-algebra A (Theorem 2.7.1).

2.1 Algebras and their Module Categories

Let k£ be a commutative ring, and let A be an associative k-algebra. If M is a right A-module and V is an k-
module, then the tensor product V ®j M carries a right action of A, given by the formula (v®@m)a = v®@ma.
Via this construction, we can view the category Modff of right A-modules as a left module over the monoidal
category Mody, of k-modules. Our goal in this section is to generalize the above situation, replacing the
category Mody of k-modules by an arbitrary monoidal co-category.

Our goal in this section is twofold:

(i) We will introduce an oo-category Cat™'® whose objects are pairs (€%, A), where C® is a monoidal co-
category and A is an algebra object of €¥. Roughly speaking, a morphism from (€%, A) to (D%, B) in
Cat!® consists of a monoidal functor F : €% — D® together with a map of algebras F(A) — B. For
a more precise description, see Definition 2.1.7 below.

(i7) Let CatM°? denote the co-category of pairs (€%, M), where C® is a monoidal co-category and M is an
oo-category left-tensored over C% (see Definition M.2.6.5). We will define functor © from a subcategory
of Cat2!® to CatM°?. Informally, the functor © associates to every pair (€%, A) the co-category Mod% (@)
of right A-module objects of €%.

The relevant constructions are straightforward but somewhat tedious. The reader who does not wish to
become burdened by technicalities is invited to proceed directly to §2.3, where we will undertake a deeper
study of the functor ©.

We begin by introducing some terminology.

Definition 2.1.1. Let S be a simplicial set. A coCartesian S-family of monoidal co-categories is a coCarte-
sian fibration ¢ : €% — N(A)°? x S with the following property: for every vertex s € S, the induced map of
fibers C¥ = €% xg{s} — N(A)? is a monoidal co-category. In this case, we will say that q ezhibits C% as
a coCartesian S-family of monoidal co-categories.

Notation 2.1.2. If ¢ : ¥ — N(A)°? x S is a coCartesian S-family of monoidal co-categories, we let C
denote the fiber product €% xy(a)er{[1]}, s that ¢ induces a coCartesian fibration € — S.

Example 2.1.3. Let Cat}°" denote the co-category of monoidal co-categories. The co-category Cat™o" is
equivalent to the oo-category Mon(Cat.,) of monoid objects of Cat, (see Remark M.1.2.15). In particular,
Mon —~—Mon

there is a canonical map N(A?) x Cat — Catoo, which classifies a coCartesian fibration ¢ : Cat,, —

oo

—M
N(A) x CatM". The coCartesian fibration ¢ exhibits (?atooon as a coCartesian CatM°"-family of monoidal
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oo-categories. Moreover, this family of monoidal co-categories is universal in the following sense: for every

——Mon
simplicial set S, the construction (¢ : S — Cat}") — S X agnion Caty,  establishes a bijection between

the collection of equivalence classes of diagrams S — (?atgon and the collection of equivalence classes of

coCartesian S-families of monoidal co-categories C¥ — N(A)% x S (with essentially small fibers).

Definition 2.1.4. Let K and S be simplicial sets. We will say that a coCartesian S-family of co-categories
q:C% — N(A)? x S is compatible with K-indexed colimits if the following conditions are satisfied:

(i) For each vertex s € S, the fiber C; admits K-indexed colimits.

(i) For each vertex s € S, the tensor product functor Cs; x €, — C; preserves K-indexed colimits separately
in each variable.

(#i1) For every edge s — ¢ in S, the induced functor €, — C; preserves K-indexed colimits.

If K is a collection of simplicial sets, we will say that q is compatible with KX-indexed colimits if it is compatible
with K-indexed colimits for each K € XK.

Notation 2.1.5. Let K be a collection of simplicial sets. We let Cat}"(X) denote the subcategory of
eatiﬂo‘)“ whose objects are monoidal co-categories €® which are compatible with K-indexed colimits and
whose morphisms are monoidal functors F : €® — D® such that the underlying functor € — D preserves

—M —M
K-indexed colimits. Let (i‘atooon(fK) denote the fiber product Gatooon X gathon CatM™(XK). The evident map

oo

q: @iﬁon(f}{) — N(A)? x CatM™(K) exhibits é;ti/[oon(f)() as a coCartesian Cat 1" (%)-family of monoidal
oo-categories which is compatible with K-indexed colimits. Moreover, it is universal with respect to this
property: for every simplicial set .S, pullback along ¢ induces a bijection from equivalence classes of dia-
grams S — Gatg/[oon(JC) and equivalence classes of coCartesian S-families of monoidal co-categories which are

compatible with K-indexed colimits.

Definition 2.1.6. We let Gatfgg denote the full subcategory of the fiber product

on ——Mon
Catse’™ X Funy ayor (N(A)o7 N(A)or x Cation) Funx(ayor (N(A)P, Caty, )

spanned by those pairs (€®, A), where €% ¢ Gatlg/loc’“ is a monoidal co-category and A is an algebra object of
—M
the monoidal co-category Gatooon X gaeMon {C¥} = €% TIf K is a collection of simplicial sets, we let GatAlg(fK)

o0
denote the fiber product Cat’'® X gaghon CatMon(K).

Remark 2.1.7. The co-category Gatgg (X) is characterized up to equivalence by the following universal

property: for any simplicial set S, there is a bijection between equivalence classes of diagrams S — Gatf.}g(fK)
and equivalence classes of diagrams

e@

]
q
N(A)P x § —45 N(A)P x S,

where ¢ exhibits C® as a coCartesian S-family of monoidal co-categories whose fibers are essentially small,
q is compatible with K-indexed colimits, and A is an S-family of algebra objects of C%.

Definition 2.1.8. If ¢ : ¥ — N(A)P x S is a coCartesian S-family of monoidal co-categories, then we will
say that a map p : M® — C® ezhibits M® as a coCartesian S-family of co-categories left-tensored over €%
if the following conditions are satisfied:

() The composition ¢ o p is a coCartesian fibration.
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(7i) The map p is a categorical fibration which carries (g o p)-coCartesian morphisms to g-coCartesian
morphisms.

(iii) For every vertex s € S, the induced map of fibers M® — €2 exhibits M¥ as an co-category left-tensored
over C2 (see Definition M.2.1.1).

Notation 2.1.9. If M® — ¥ — N(A)° x S is as in Definition 2.1.8, we let M denote the fiber product
M xnayer {[0]}-

Remark 2.1.10. Assuming conditions (i) and (i4) of Definition 2.1.8 are satisfied, condition (#i%) is equiv-
alent to the requirement that for each n > 0 and each s € S, the canonical map Mﬁn] 5 Mfz[’o] 5) X sz[’n] 5)
is an equivalence of oco-categories.

Remark 2.1.11. In the situation of Definition 2.1.8, conditions (i), (i), and (ii?) guarantee that the map
M® — €% is a locally coCartesian fibration (Proposition T.2.4.2.11). Conversely, suppose that p : e® —
N(A)°? xS is a coCartesian S-family of monoidal co-categories, and let ¢ : M® — €% be a locally coCartesian
categorical fibration. Then conditions (¢) and (4¢) of Definition 2.1.8 are equivalent to the following:

(¥) Let e : M — N be a locally g-coCartesian edge of M® such that g(e) is p-coCartesian. Then e is
g-coCartesian.

To see this, let us first suppose that ¢ satisfies (i) and (i¢), and let e : M — N be as in (x). Then (¢) implies
that there exists a (po ¢)-coCartesian edge €' : M — M’ lifting (poq)(e). Condition (¢i) ensures that g(e’) is
p-coCartesian. We may therefore assume without loss of generality that ¢(e) = g(e’). Proposition T.2.4.1.7
guarantees that e’ is g-coCartesian, hence locally g-coCartesian and therefore homotopic to e; this proves
that e is g-coCartesian.

Conversely, suppose that (x) is satisfied. Let M € M® and let o : (po ¢)(M) — X be an edge of
N(A)°? x S. We will prove (i) and (ii) by showing that « can be lifted to a (p o g)-coCartesian edge
e: M — N such that g(e) is p-coCartesian. Using our assumption that p is a coCartesian fibration, we can
choose a p-coCartesian edge @ : ¢(M) — X. Since q is a locally coCartesian fibration, we can choose a locally
g-coCartesian edge e : M — N lifting @. Condition () guarantees that e is g-coCartesian as required.

Using Lemma T.2.4.2.7, we can reformulate condition (x) as follows:

MI
N
e
in M®, where ¢/ and ¢’ are locally g-coCartesian and g(e) is p-coCartesian. Then e is locally g-
coCartesian.

(+') Suppose we are given a 2-simplex

M M//

Notation 2.1.12. Let C® — N(A)° x S be a coCartesian S-family of oo-operads. We define a simplicial

set Kl-é(e) equipped with a forgetful map Klvg((?) — S so that the following universal property is satisfied:
for every map of simplicial sets K — S, there is a canonical bijection

Homg (K, Alg(€)) ~ Homy(ayer x5 (N(A)? x K, C®).

We let Alg(C) denote the full simplicial subset of Klvg((:’) spanned by those vertices which correspond to

algebra objects in the monoidal co-category (‘3?, for some vertex s € S.
—~L
Suppose we are given a map M® — €% satisfying condition (4ii) of Definition 2.1.8. We let Mod (M)

—~L
denote a simplicial set with a map Mod (M) having the following universal property: for every map of
simplicial sets K — S, there is a canonical bijection

——0L
Homg(K,Mod (M)) ~ Homy(a)erxs(N(A)? x K, M¥).
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—~—L
We let Mod” (M) denote the full simplicial subset of Mod (M) whose vertices are left module objects of M%),
for some vertex s € S.

Remark 2.1.13. In the special case where S = A°, the terminology of Notation 2.1.12 agrees with that of
Definitions M.1.1.14 and M.2.1.4.

The following result is an easy consequence of Proposition T.3.1.2.1:

Lemma 2.1.14. Let ¢ : €% — N(A)° x S be a coCartesian S-family of monoidal co-categories, let p
M® — €% be a coCartesian S-family of co-categories left-tensored over C®. Then:

(1) The map ¢’ : Alg(C) — S is a coCartesian fibration of simplicial sets.

(2) A morphism A — A" in Alg(C) is ¢'-coCartesian if and only if the underying map A([1]) — A'([1]) is
a g-coCartesian morphism in € C C%.

(3) The map r: Mod®(M) — S is a coCartesian fibration of simplicial sets.

(4) A morphism M — M’ in Mod® (M) is r-coCartesian if and only if its image in Alg(C) is ¢'-coCartesian,
and the induced map M([0]) — M'([0]) is a (q o p)-coCartesian morphism in M C M®.

Definition 2.1.15. Let K be a collection of simplicial sets, and let €% — N(A)°? x S be a coCartesian S-
family of monoidal co-categories which is compatible with K-indexed colimits. We will say that a coCartesian
S-family M® of co-categories left-tensored over ¥ is compatible with K-indexed colimits if the following
conditions are satisfied:

(#) For every vertex s € S and each K € X, the co-category M, admits K-indexed colimits.

i1) For every vertex s € S and each K € X, the action map €4 x My — M preserves K-indexed colimits
y ) p p
separately in each variable.

(7i7) For every edge s — ¢ in S and each K € X, the induced functor My — M; preserves K-indexed
colimits.

Lemma 2.1.16. Let p : C¥ — N(A)P be a coCartesian S-family of monoidal oo-categories and let q -
M® — €® be a coCartesian S-family of co-categories left-tensored over C%. Assume that both p and q are
compatible with N(A)°P-indexed colimits. Then:

(1) The forgetful functor r : Mod™(M) — Alg(@) is a coCartesian fibration of simplicial sets.

(2) Let f: M — N be an in Mod™ (M), lying over an edge fo : A — B in Alg(®), which in turn lies over
an edgeac: s — tin S. Then f is r-coCartesian if and only if it induces an equivalence B®q,a M — N
in the oo-category Mod™ (M), where oy : Alg(C)s — Alg(C); denotes the functor induced by a.

Proof. Choose a vertex M € ModL(M) lying over A € Alg(C), and let fy : A — B be an edge of Alg(C) lying
over an edge a : s — tin S. To prove (1), we will show that fy can be lifted to an r-coCartesian morphism of
Mod”(M); assertion (2) will be a consequence of our construction. Let 7/ : Alg(€) — S denote the canonical
projection. Using Lemma 2.1.14, we can lift a to an (' or)-coCartesian morphism f’ : M — M’ in Mod” (M);
let f}: A — A’ denote the image of f’ in Alg(C). Lemma 2.1.14 guarantees that f{ is r’-coCartesian, so we
can identify A’ with ayA; moreover, there exists a 2-simplex o of Alg(€) corresponding to a diagram

A/
A—L o p

51



We will prove that f can be lifted to an r-coCartesian morphism f” of Mod”(M). Using the fact that r is
an inner fibration, it will follow that there is a composition f = f” o f’ lifting fo, which is also r-coCartesian
by virtue of Proposition T.2.4.1.7. We may therefore replace fo by f§ and thereby reduce to the case where
s =t and the edge « is degenerate.

Corollary M.4.5.14 shows that fy can be lifted to a locally r-coCartesian morphism f: M — B®4 M in
Mod*(M)s. Since the projection 74 : Mod® (M), — Alg(M), is a Cartesian fibration (Corollary M.2.3.3), we
deduce that f is rg-coCartesian (Corollary T.5.2.2.4). To prove that f is r-coCartesian, it will suffice to show
that for every edge 3 : s — t in S, the image 3(f) is an ry-coCartesian morphism of the fiber ModL(M)t.
Using the characterization of r;-coCartesian morphisms supplied by Corollary M.4.5.14, we see that this is
equivalent to the requirement that the canonical map o (B) ®,4 a'M — (B ®4 M) is an equivalence
in Mod” (M);. This is clear, since the functor «y preserves tensor products and geometric realizations of
simplicial objects. O

Definition 2.1.17. Let p : €® — N(A) x S be a coCartesian S-family of monoidal co-categories. An
S-family of algebra objects of C% is a section of the projection map Alg(C) — S.

If ¢ : M® — €% is a map satisfying condition (iii) of Definition 2.1.8 and A is an S-family of algebra
objects of %, then we let Mod% (M) denote the fiber product Mod(M) X Alg(e) S-

Remark 2.1.18. In the situation of Definition 2.1.17, if p and ¢ are compatible with N(A)°P-indexed
colimits, then Lemma 2.1.16 implies that the projection map Mod% (M) — S is a coCartesian fibration of
simplicial sets.

Variant 2.1.19. Let p : €® — N(A)% x S be a coCartesian S-family of monoidal co-categories. We will
say that an inner fibration ¢ : M® — C¥ is a locally coCartesian S-family of oo-categories left-tensored
over C% if, for every edge A! — S, the induced map gar : M% xgA! — €% xgA! is a coCartesian Al-
family of co-categories left-tensored over C¥ x gAl. If K is a simplicial set, we will say that ¢ is compatible
with K -indexed colimits if each ga1 is compatible with K-indexed colimits. If p and ¢ are compatible with
N(A)°P-indexed colimits and A is an S-family of algebra objects of €¥, then Remark 2.1.18 implies that the
map Mod5 (M) — S is a locally coCartesian fibration of simplicial sets.

Variant 2.1.20. In the situation of Definition 2.1.8, there is an evident dual notion of a locally coCartesian
S-family of co-categories M® — C® right-tensored over C®. Given an S-family of algebra objects A of €%,
we can then define a locally coCartesian fibration Mod% (M) — S (provided that €® and M® are compatible
with N(A)°P-indexed colimits), whose fiber over a vertex s € S is the co-category of right A-module objects
of the fiber M.

Let Gatg/g)d be the oo-category of Definition M.2.6.5, whose objects are diagrams M® — €% — N(A)oP
which exhibit €% as a monoidal co-category and M® as an oo-category which is left-tensored over €. We
will informally describe the objects of Gatg[o"d as pairs (€, M), where C is an oco-category equipped with a
monoidal structure and M is an co-category equipped with a left action of C. If K is a collection of simplicial
sets, we let Cati°d(X) denote the subcategory of Cat}°? whose objects are diagrams where € and M admit
XK-indexed colimits and the tensor product functors

CxC—2C CxM—-M

preserve K-indexed colimits separately in each variable, and whose morphisms are maps (€, M) — (€', M)
such that the underlying functors € — €', M — M’ preserve K-indexed colimits.

Remark 2.1.21. The co-category Gatg/[oc’d (X) is characterized by the following universal property: for every

simplicial set S, there is a canonical bijection between equivalence classes of maps S — Gatg/IOOd(IK) and
equivalence classes of diagrams M® — €¥ — N(A)° x S which exhibit €® as a coCartesian S-family
of monoidal co-categories compatible with X-indexed colimits, and M® as a coCartesian S-family of oo-

categories left-tensored over €%,
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We now sketch the construction of the functor ©.

Construction 2.1.22. Let ¢ : N(A)% x N(A)°? — N(A)° be the concatenation functor, given on objects
by the formula c([m],[n]) = [m] * [n] =~ [m +n + 1]. Let mp,m1 : N(A)°? x N(A)°? — N(A)° denote
the projection functors. The inclusions of linearly ordered sets [m] < [m] * [n] < [n] induce natural
transformations my < ¢ LA 71, which we can identify with a map v : A3 x N(A)% x N(A)°? — N(A)°P.

Let ¢ : €® — N(A)° x S be a coCartesian S-family of monoidal co-categories. We define an oo-category
B(C®) equipped with a map p : B — N(A)° x N(A) x S so that the following universal property is
satisfied: for every map of simplicial sets K — N(A)°? x N(A)° x S, there is a canonical bijection of
Hom, N(A)OPXN(A)O;DXS(K7§(G®)) with the collection of all commutative diagrams

A3 x K e®

| |

A2 x N(A)P x N(A)P x § 215 N(A)r x 8.

We can identify an object of the the fiber of the map p over a triple ([m], [n], s) with a pair of morphisms
cL MO in the oo-category €2, where C € (@?)[m], M e (G®)[m+n+1], D e (G?)[n], and the maps f

and g cover the inclusions [m] — [m] *[n] <= [n] in A. Let B((:’®) denote the full subcategory of B(€®)
spanned by those objects for which the morphisms f and g are g-coCartesian.

Remark 2.1.23. Evaluation at the vertices {1}, {2} C A2 induces a canonical map B(€¥) — C% x5 €%,
Lemma 2.1.24. Let ¢ : C®¥ — N(A) x S be a coCartesian S-family of monoidal co-categories. Then:
(1) Let D® denote the fiber product C¥ xg C®. The projection
7:D® = €% xg(N(A)P x §) ~ N(A)? x ¥
exhibits D® as a coCartesian C®-family of monoidal co-categories.

(2) The map p : B(C®) — D® exhibits B(C®) as a locally coCartesian C¥-family of co-categories left-
tensored over D®.

(3) If o : A% — C® is a 2-simplex such that o|AL1} is a g-coCartesian edge of %, then the restriction
po : B(C®) xee A% — N(A)? x A? is a coCartesian A?-family of co-categories right-tensored over
D® X oa A,

Proof. Assertion (1) is obvious. In view of Remarks 2.1.10 and 2.1.11, assertions (2) and (3) are consequences
of the following:

(a) The map p is a locally coCartesian fibration.

(b) Suppose we are given a 2-simplex

M/l

in B(C®) where ¢’ and e” are locally p-coCartesian, the edge p(e’) is m-coCartesian, and the edge
m(p(e’)) is g-coCartesian. Then e is locally p-coCartesian.

(¢) For every object C' € €%, the induced map
B(€®)¢,in) = DE 1y X B(€%) e 0

is an equivalence of co-categories.
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We first prove (a). Proposition T.3.1.2.1 implies that the maps r : D¥ — N(A)? x S x N(A)? and
' B(C®) — N(A)? x S x N(A) are coCartesian fibrations, and that p carries r’-coCartesian edges to -
coCartesian edges. It therefore suffices to prove that for every object X = ([m], s, [n]) € N(A)%P xSxN(A)°P,
the induced map of fibers px : B(C¥)x — DY is a locally coCartesian fibration (Proposition T.2.4.2.11). We
now observe that py is equivalent to the projection map GZH’”H — €M™ which omits the “middle” factor.
This proves (a). Assertion (b) follows from the description of the class of locally p-coCartesian morphisms
supplied by Proposition T.2.4.2.11, and assertion (c) is easy. O

Remark 2.1.25. Suppose that C¥ — N(A) x S is a coCartesian S-family of monoidal co-categories which
is compatible with K-indexed colimits, for some collection of simplicial sets K. Then the locally coCartesian
C®-family of co-categories B(€®) — D® appearing in Lemma 2.1.24 will again be compatible with K-indexed
colimits.

Construction 2.1.26. Let ¢ : €° — N(A)° x S be a coCartesian S-family of monoidal co-categories which
is compatible with N(A)°-indexed colimits, and let A be an S-family of algebra objects of €¥. Then A
determines a section of the projection 7 : D® — €%, which we will also denote by A’. We let Mod’(@)®
denote the co-category Mod’,(B(C®)) described in Variant 2.1.20.

Remark 2.1.27. In the situation of Construction 2.1.26, suppose that the simplicial set S consists of a
single vertex, so that €® is a monoidal oo-category. Fix an object C € G%]. Then the fiber product

Mod5(€)® x o {C'} can be identified with the co-category Mod§(€) of right A-module objects of € (Definition
M.2.1.4). More generally, each fiber Mod% (G)% is equivalent to a product G([%L] x Mod (@), with projection

onto the first factor induced by the forgetful functor Mod%(€)® — €%,

Using Lemma 2.1.24 and Remark 2.1.25, we see that the canonical projection p : Mod5(€)® — €% is a
locally coCartesian categorical fibration of simplicial sets satisfying condition (*") of Remark 2.1.11. Remarks
2.1.27 and 2.1.10 imply that p satisfies condition (ii7) of Definition 2.1.8. We can summarize our analysis as
follows:

Proposition 2.1.28. Let K be a collection of simplicial sets which includes N(A)P, let q : €® — N(A)Px S
be a coCartesian S-family of co-categories which is compatible with X-indexed colimits, and let A be an S-
family of algebra objects of C¥. Then the forgetful functor p : Mod%(€)® — C% exhibits Mod%(C)® as a
coCartesian S-family of co-categories left-tensored over €% which is compatible with K-indexed colimits.

Remark 2.1.29. Let C¥ be a monoidal co-category, and let A, B € Alg(€). Proposition 2.1.28 implies
that Mod®(€)® is an oo-category left-tensored over €¥. The co-category Mod% (Mod%(€)) of left A-module
objects of Mod (@) is isomorphic to the co-category of 4Bimodp(C) of (A, B)-bimodules (Definition C.3.5.5).

Construction 2.1.30. Fix a collection of simplicial sets X which includes N(A)°. Let €% denote the fiber

—M
product Cat’y8 () X e¢non Gatooon, so that we have a coCartesian Cat’2'8 (K)-family of monoidal co-categories
C® — N(I') x Cat2!8(K). By construction, there is a canonical Cat®(X)-family of algebra objects of €%,

which we will denote by A. Let Modﬁ(e)@’ be the oco-category of Construction 2.1.26, so that we have
a forgetful functor Mod%(€)® — €% which exhibits Mod%(C)® as a coCartesian Cat’r®(K)-family of co-

(oo}
categories which are left-tensored over €°. Remark 2.1.21 implies that this family is classified by a functor

O : Catl8(K) — CatM°d(K). Note that the composite functor Cat2'8(K) — CatMed(K) — CatM™(X)

oo [ee] oo oo

classifies the coCartesian Gat%lg(x)—family of monoidal oo-categories %, and is therefore equivalent to the
evident forgetful functor Cat’%(K) — CatX°"(X). Replacing © by an equivalent functor if necessary, we

o0 o0
will henceforth assume that the diagram

CatAIE (1K)




is commutative.

Remark 2.1.31. More informally, we can describe the functor O : Cat28(K) — CatM°d(K) as follows: to

oo o

every object (€%, A) of GatAlg(fK) (given by a monoidal co-category C¥ and an algebra object A € Alg(C)),

o0
it associates the oo-category Modf}(@) of right A-module objects of C, viewed as an oo-category left-tensored

over C.

2.2 Properties of Mod4(C)

Let € be a monoidal co-category and let A be an algebra object of €. The oco-category Modf(@) of right A-
module objects of € admits a left action of the co-category C: informally speaking, if M is a right A-module
and C € €, then C ® M admits a right A-module structure given by the map

COAM@A~CR(M®A) - Ce M.

(for a complete construction, we refer to Proposition 2.1.28). In this section, we will prove that (under some
mild hypotheses) the oo-category Mod’f (@) enjoys two important features (which will be formulated more
precisely below):

(A) If N is an oo-category left-tensored over €, then the co-category of C-linear functors from Mod’(€) to
N is equivalent to the co-category Mod% (N) of left A-module objects of N (Theorem 2.2.4).

(B) If M is an oo-category right-tensored over G, then the tensor product M ®e Mod%(€) is equivalent to
the oo-category Mod% (M) of right A-module objects of M (Theorem 2.2.8).

We begin by formulating assertion (A) more precisely.

Definition 2.2.1. Let ¢ : C® — N(A)°? be a monoidal co-category, and suppose we are given maps
p:M® — €% and p’ : N® — €% which exhibit M = M% and N = N[%] as oo-categories left-tensored over C.
A C-linear functor from M to N is a functor F : M® — N® with the following properties:

(i) The diagram
X /

e@

M® N®

is commutative.

(#4) The functor F carries locally p-coCartesian morphisms of M® to locally p/-coCartesian morphisms of
N®.
We let LinFune (M, N) denote the full subcategory of Funee (M®, N®) spanned by the C-linear functors from
M to N.

Remark 2.2.2. Note that restriction to the fiber over [0] € N(A)° induces a forgetful functor 6 :
LinFune(M,N) — Fun(M,N). If X is a collection of simplicial sets such that both M and N admit K-
indexed colimits, we let LinFun} (M, N) denote the full subcategory of LinFune(M,N) spanned by those
functors F' such that (F) : M — N preserves K-indexed colimits.

Remark 2.2.3. Let C® be a monoidal co-category, and let F': M® — N® be a C-linear functor from M to
N. Then composition with F' determines a commutative diagram

Mod* (M) Mod*(N)

~

Alg(@).
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In particular, for every algebra object A € Alge, we have an induced functor Mod% (M) — Mod (N). This
construction depends functorially on F' in an obvious sense, so we get a functor

LinFune (M, N) — Fun(Mod (M), Mod4 (N)).
We can now give a precise statement of (A):

Theorem 2.2.4. Let X be a collection of simplicial sets which includes N(A)P, let C¥ be a monoidal
oo-category, and M® — €% an co-category left-tensored over C. Assume that C and M admit K-indexed
colimits, and that the tensor product functors

CxC—2C CxM—-M

preserve K-indezxed colimits separately in each variable. Let A be an algebra object of C, and let 6 denote the
composition

LinFunX (Mod(€), M) C LinFune(Mod%(€), M) % Fun(Mod (Mod#(€)), Mod’ (M)) & Mod (M),

where 0" is the map described in Remark 2.2.3 and 6" is given by evaluation at the A-bimodule given by A.
Then 0 is an equivalence of co-categories.

We turn to assertion (B). In order to make sense of the relative tensor product M ®e Mod% (€), we need
to interpret each factor as an object of a relevant co-category. To this end, let us recall a bit of notation. Fix
a collection of simplicial sets K. We let Catoo (K) be the subcategory of Cat, whose objects are co-categories
which admit X-indexed colimits and whose morphisms are functors which preserve X-indexed colimits, and
regard Catoo(XK) as endowed with the (symmetric) monoidal structure described in §C.4.1.

The basic features of Cat,(X) are summarized in the following result:

Lemma 2.2.5. Let X be a small collection of simplicial sets. Then the co-category Catoo(K) is presentable,
and the tensor product ® : Catoe(K) X Cateo(K) — Cateo(K) preserves small colimits separately in each
variable.

Proof. We first show that Cat(X) admits small colimits. Let J be an co-category, and let x : § — Caty, (K)
be a diagram. Let x’ denote the composition

J 5 Catoo (X) C Cato,

and let € be a colimit of the diagram X’ in Cats.. Let R denote the collection of all diagrams in € given by
a composition
K> 2\ (J)— ¢,

where K € X and p is a colimit diagram. It follows from Proposition T.5.3.6.2 that there exists a functor
F : C — D with the following properties:

(#) For every diagram ¢ : K* — C belonging to R, the composition F o ¢ is a colimit diagram.
(it) The oco-category D admits K-indexed colimits.

(#i1) For every oo-category € which admits K-indexed colimits, composition with F' induces an equivalence
from the full subcategory of Fun(D, €) spanned by those functors which preserve X-indexed colimits to
the full subcategory of Fun(C, £) spanned by those functors such that the composition x(J) — € — &
preserves K-indexed colimits for each J € J.
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The map F allows us to promote D to an object of D = (Cats),//. Using (i) and (i), we deduce that D lies
in the subcategory Catoo(X)y/ C (Cateo)ys/, and (i74) that this lifting exhibits D as a colimit of the diagram
X-
We next show that the tensor product ® : Cato,(K) X Cateo(K) — Cateo(K) preserves small colimits

separately in each variable. It will suffice to show that for every object € € Caty(X), the operation
D +— C®D admits a right adjoint. This right adjoint is given by the formula & — Fun® (@, &), where
Fun® (€, &) denotes the full subcategory of Fun(C, &) spanned by those functors which preserve K-indexed
colimits.

We now complete the proof by showing that Cat., (X) is presentable. Fix an uncountable regular cardinal
k so that X is k-small and every simplicial set K € X is k-small. Choose another regular cardinal 7 such that
k < 7and k < 7: that is, 7° < 7 whenever 79 < 7 and kg < k. Let Cat_ (X) denote the full subcategory of
Cat (X) spanned by those co-categories € which are 7-small and admit K-indexed colimits. Then Cat__(K)
is an essentially small co-category; it will therefore suffice to prove that every object € € Catoo(X) is the
colimit (in Catso (X)) of a diagram taking values in Cat._(X).

Let A be the collection of all simplicial subsets €y C € with the following properties:

(a) The simplicial set €y is an co-category.
(b
(

) The co-category Cy admits K-indexed colimits.
¢) The inclusion Gy — € preserves K-indexed colimits.
)

(d) The simplicial set Cy is 7-small.
Our proof rests on the following claim:

(¥) For every 7-small simplicial subset Cy C €, there exists a 7-small simplicial subset C; C € which
contains Gy and belongs to A.

Let us regard the set A as partially ordered with respect to inclusions, and we have an evident functor
p: A — Seta. From assertion (%), it follows that A is filtered (in fact, 7-filtered) and that € is the colimit
of the diagram p (in the ordinary category Seta). Since the collection of categorical equivalences in Seta is
stable under filtered colimits, we deduce that € is the homotopy colimit of the diagram p (with respect to
the Joyal model structure), so that € is the colimit of the induced diagram N(p) : N(4A) — Cats (Theorem
T.4.2.4.1). Requirement (c¢) guarantees that every inclusion Gy C €; between elements of A is a functor
which preserves K-indexed colimits, so that N(p) factors through Cat.,(X). We claim that € is a colimit
of the diagram N(p) in the oco-category Catoo(X). Unwinding the definitions, this amounts to the following
assertion: for every oo-category € which admits K-indexed colimits, a functor F' : € — & preserves K-indexed
colimits if and only if F| Gy preserves K-indexed colimits for each Cy € A. The “only if” direction is obvious.
To prove the converse, choose K € X and a colimit diagram p : K — €. The image of p is 7-small, so
that (%) guarantees that p factors through €y for some Cy € A. Requirement (c¢) guarantees that p is also a
colimit diagram in Cp, so that F' o p is a colimit diagram provided that F'| Cy preserves K-indexed colimits.

It remains only to prove assertion (x). Fix a 7-small subset €y C €. We define a transfinite sequence of
7-small simplicial subsets {C, C C}y<,. If @ is a nonzero limit ordinal, we take C, = U5<a Cs. Ifa=p3+1,
we define C, to be any 7-small simplicial subset of € with the following properties:

e Every map A} — Cg for 0 < i < n extends to an n-simplex of C,.

e For each K € X and each map ¢ : K — Cg, there exists an extension g : K — €, which is a colimit
diagram in C.

e Givenn >0 and a map f: K xd A" — Cg such that the restriction f|K « {0} is a colimit diagram in
C, there exists a map f: K x A™ — C, extending f.

Our assumption that k < 7 guarantees that we can satisfy these conditions by adjoining a 7-small set of
simplices to Cg. Let €[ = Cu. Then €) contains Cy, and belongs to A as desired. O

a<k
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Now suppose that we are given a monoidal co-category C¥ and maps M® — €% «— N® which exhibit
M = M[%] as an oo-category which is right-tensored over € and N = N‘% as an oo-category which is left-
tensored over C. Fixing a collection of simplicial sets K, we further assume that €, M, and N admit K-indexed
colimits, and that the tensor product functors

MxC—-M ExC—=¢C CxN-—->N

preserve K-indexed colimits separately in each variable. We can identify C¥ with an associative algebra
object of Cat, (X), and the co-categories M and N with right and left modules over this associative algebra,
respectively (see Remark M.1.2.15 and Corollary M.2.6.6). Consequently, we can define the tensor prod-
uct M®e N by applying the construction of §M.4.5: namely, we first form the two-sided bar construction
Bare(M, N), of Definition M.4.5.1, and then take the geometric realization in the co-category Catoo(X).

The bar complex Bare(M, N), is given informally by the formula [n] — M ® €(®™ @ N, where the tensor
product is formed in the oco-category Cateo,(X). Consequently, this bar construction is dependent on the
choice of the collection K. To emphasize this dependence, we will denote Bare (M, N), by Bar%{(M, N)o. If
X' C X, then we have a forgetful functor Cat, (X) — Cate,(X') which is lax monoidal, and induces a natural
transformation Bar%cl (M, N)s — Bark (M, N). In particular, we have a map 6 : Bar% (M, N)o — Barg (M,N).
The map @ is characterized by the following universal property:

(*) For each n > 0 and every oo-category € which admits K-indexed colimits, composition with € induces
an equivalence from the full subcategory of Fun(Bary (M, N),, &) spanned by those functors which
preserve K-indexed colimits to the full subcategory of Fun(Bar%(M, N)p, &) =~ Fun(M x €" x N, &)
spanned by those functors which preserve K-indexed colimits separately in each variable.

We can identify Barh(M,N), with a simplicial object N(A)? — Qatos. Unwinding the definitions,
we see that this object is classified by the coCartesian fibration ¢ : M® xee N¥ — N(A)°. Proposition
T.3.3.4.2 allows us to identify the geometric realization | Bar (M, N)o| with the co-category obtained from
M® x e® N® obtained by inverting all of the g-coCartesian morphisms. Combining this observation with (),
we obtain the following concrete description of the relative tensor product in Cate (X):

Lemma 2.2.6. Let K be a small collection of simplicial sets and let M® — C® «— N® be as above. For every
oo-category € which admits K-indexed colimits, the natural transformation Bar%(M,N). — Barg (M,N),
induces an equivalence of co-categories from the full subcategory of Fun(M ®e N, €) spanned by those functors
which preserve K-indexed colimits to the full subcategory of Fun(M® xee N%, &) spanned by those functors
F with the following properties:

(i) The functor F carries g-coCartesian morphisms to equivalences in &, where q : M® x oo N¥ — N(A)°P
denotes the canonical projection.

(i1) For each n >0, the functor
MxC"xN~qg Hn]} — &
preserves K-indexed colimits separately in each variable.
Our next goal is to apply Lemma 2.2.6 to construct a canonical map M ®e Mod%(€) — Mod{(M). Fix

a monoidal oo-category C® and a map M® — €% which exhibits M as an co-category right-tensored over C.
For this, we need a variant on Construction 2.1.22:

Construction 2.2.7. Let 19 < ¢ LA 71 be defined as in Construction 2.1.22, let p : €¥ — N(A) be
a monoidal oo-category, and let ¢ : M® - €% be an oo-category right-tensored over €. We define an
oo-category B(M®) equipped with a map B — N(A)° x N(A)°P so that the following universal property

is satisfied: for every map of simplicial sets K 2, N(A)°? x N(A)°P, there is a canonical bijection of
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Homgeg o) K, B(M?®)) with the collection of all commutative diagrams

/ N(A)OP xN(A)OP x S (

N(A)P x N(A)P x Al 0 po AT 505 {0) — = K x Al 2L N(A)P x N(A)P x Al

| L X

M® M® e® N(A)eP.

More informally, B is the oo-category whose fiber over ([m],[n]) € N(A)°? x N(A)°P consists of a triple
(M,f : M — My,g : ¢q(M) — C), where M € M%]*[n], f is a morphism in M® covering the inclusion
[m] < [m]x[n], and g is a morphism in €® covering the inclusion [n] < [m][n]. Let B(M®) denote the full
subcategory of B(M®) spanned by those objects for which f is (p o g)-coCartesian and g is p-coCartesian.
Composition with ¢ induces a map B(M®) — B(€®), where B(C®) is defined as in Construction 2.1.22. We
therefore obtain a map
0 : BM®) — B(C®) xgs e (M¥ x €%).
which is easily shown to be a trivial Kan fibration. Let s denote a section of the map 6.
Choose a (p o g)-coCartesian natural transformation

ho (M® xn(ayer (N(A)? x N(A)P)) x A — M

covering the map induced by 3. Then h induces a map b’ : B(M®) — M®. By construction, the diagram

B(M®) L> M®

Lk

M® x ¥ —= ¢

commutes up to a canonical equivalence. Since q is a categorical fibration, we can modify A’ by a homotopy to
guarantee that this diagram is strictly commutative. The composition h’os is a functor A : M® x o B(€®) —
M® . For any algebra object A in €%, composition with h” induces a map ¥ : M® x o Mod5(€)® —
Mod % (M).

We can think of objects of the fiber product M® x e Modf(@)@’ as finite sequences (M, C1,...,Cp, N),
where M is an object of M, each Cj is an object of €, and N is a right A-module object of €. The functor ¥
of Construction 2.2.7 is given informally by the formula (M,C4,...,C,,N) —» M®C1®...®C, ® N. From
this description, it is clear that W carries r-coCartesian morphisms in M® x cs Modﬁ(@)@’ to equivalences
in Mod% (M), where 7 : M® x o Mod§(€)® — N(A)°P is the projection. Suppose furthermore that X is
a collection of simplicial sets such that € and M admit K-indexed colimits, and that the tensor product
functors

CxC—2C MxC—-M

preserve X-indexed colimits separately in each variable. It then follows from Corollary M.2.3.7 that for each
n > 0, the functor

M x €" x Mod% (@) ~ r~{[n]} = Mod% (M)
preserves K-indexed colimits separately in each variable. It follows from Lemma 2.2.6 that U determines a

functor ® : M ®e Mod% (C) — Mod% (M), which is well-defined up to equivalence.
We can now formulate (B) as follows:

Theorem 2.2.8. Let X be a small collection of simplicial sets which includes N(A)°P), let G be a monoidal
oo-category, let M® — €% be an oo-category right-tensored over C, and let A € Alg(C) be an algebra object
of C. Suppose that the co-categories C and M admit K-indexed colimits, and the tensor product functors

CxC—2C MxC—-M

59



preserve K-indexed colimits separately in each variable. Then the above construction yields an equivalence
of oo-categories M @ Mod(€) — Mod (M), where the tensor product is taken in Catoo(X).

Remark 2.2.9. In the formulation of Theorems 2.2.8 and 2.2.4, the co-categories Mod§(M) and Mod’ (M)
do not depend on the class of simplicial sets K. It follows that the oo-categories M ®e Mod% (@) and
LinFuny (Mod%§(€), M) do not depend on X, provided that X contains N(A)°"

The proofs of Theorem 2.2.8 and 2.2.4 are very similar, and rest on an analysis of the forgetful functor
Mod(€) — €. We observe that this functor is C-linear. More precisely, evaluation at the point [0] in N(A)°?
induces a C-linear functor G : Modff(€)® — N¥, where N® — €% exhibits N ~ € as left-tensored over itself
(see Example M.2.1.3). We have the following fundamental observation:

Lemma 2.2.10. Let €% be a monoidal co-category containing an algebra object A, and let N® — C% exhibit
N ~ € as left-tensored over itself as in Example M.2.1.3. Consider the commutative diagram

N® <————— Mod}(€)®

\/

where G is defined as above. Then there exists a functor F : N® — 1\/Iodf§‘(€)® and a natural transformation
u:idye — G o F which exhibits F' as a left adjoint to G relative to €® (see Definition D.1.16 and Remark
D.1.17). Moreover, F is a C-linear functor from C to Mod%(@).

Remark 2.2.11. More informally, Lemma 2.2.10 asserts that the forgetful functor Mod%(€) — € and its
left adjoint C' +— C' ® A commute with the action of C by left multiplication.

Proof. We observe that p and p’ are locally coCartesian fibrations (Lemma M.2.1.13). Moreover, for each
object C' € €%, the induced map on fibers Modfz(e)g — N% is equivalent to the forgetful functor 6 :
Mod}j‘ (€) — €, and therefore admits a left adjoint (Proposition M.2.4.2). We complete the proof by observing
that the functor G satisfies hypothesis (2) of Proposition D.1.21. Unwinding the definitions, this results from
the observation that the canonical maps (C ® D) ® A — C' ® (D ® A) expressing the coherent associativity
of the tensor product on € are equivalences in C. O

Lemma 2.2.12. Let p : ¥ — N(A)°P be a monoidal co-category, and let q : M® — €% and N® — e®
be co-categories left-tensored over C. Let K be a simplicial set such that N admits K-indexed colimits, and
such that for each C' € C, the tensor product functor {C'} x N C € x N — N preserves K-indezed colimits.
Then:

(1) The co-category LinFune (M, N) admits K-indexed colimits.

(2) A map f: K* — LinFune (M, N) is a colimit diagram if and only if, for each M € M, the induced map
K* — N is a colimit diagram.

Remark 2.2.13. In the situation of Lemma 2.2.12, suppose that X is a class of simplicial sets such that C,
M, and N admit K-indexed colimits, and the tensor product functors

ExC—=¢C CxM—-M CxN-—->N

preserve K-indexed colimits separately in each variable. Then the full subcategory LinFun%C(M,N) -
LinFune (M, N) is stable under K-indexed colimits: this follows from the characterization of K-indexed
colimits supplied by Lemma 2.2.12 together with Lemma T.5.5.2.3.
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Proof. Assertion (1) follows from Proposition T.5.4.7.11. Moreover, Proposition T.5.4.7.11 guarantees that
a diagram f : K* — LinFune(M,N) is a colimit if and only if, for every object M € M® having image
C € €% and [n] € N(A)°?, the induced map fys : K* — N& is a colimit diagram. The necessity of condition
(2) is now obvious. For the sufficiency, we note that if we choose a p-coCartesian morphism « : C' — Cj in
C¥ covering the inclusion [0] =~ {n} C [n] in A and a locally g-coCartesian morphism M — Mj lifting «,
then we have a homotopy commutative diagram

KD

Pmg
pPm

® o ®
Ne N¢,

where a is an equivalence of co-categories, so that fjs is a colimit if and only if fas, is a colimit diagram. [J
We now turn to the proofs of Theorems 2.2.4 and 2.2.8.

Proof of Theorem 2.2.4. Let N¥ — €% exhibit the monoidal co-category € as left-tensored over itself, as in
Example M.2.1.3, and let G : Mod%(C) — N® and F : N® — Modf(€) be as in Lemma 2.2.10. Then F and
G induce adjoint functors

f
LinFun (N, M)y== LinFun (Mod%(€), M)

We first claim that evaluation at the unit object 1 € N ~ C induces an equivalence of oco-categories
o : LinFungeC(N, M) — M. Tt will suffice to show that for every simplicial set K, the induced map
Fun(K, LinFun%C(N, M)) — Fun(K,M) induces a bijection on equivalence classes of objects. Replacing
M by Fun(K, M), we are reduced to proving that ¢ induces a bijection on equivalence classes of objects. On
the left hand side, the set of equivalence classes can be identified with mo Mapyoqz (Cato (3) (€, M), Using
Proposition M.2.4.2, we can identify this with the set mo Mape,;__ (5 (8(X), M) =~ mo Mape,;_ (A% M), which
is the set of equivalence classes of objects of M as required.

Let T : LinFuny (Mod{(€), M) — M denote the composition of the functor g with the equivalence ¢. We
have a homotopy commutative diagram of oco-categories

LinFun} (Mod%(€), M) Mod’ (M)

A

where T is the evident forgetful functor. We will prove that 6 is an equivalence showing that this diagram
satisfies the hypotheses of Corollary M.3.5.7:

(a) The oco-categories LinFuny (Mod{(€), M) and Mod% (M) admit geometric realizations of simplicial
objects. In the first case, this follows from Lemma 2.2.12 and Remark 2.2.13. In the second, it follows
from Corollary M.2.3.7.

(b) The functors T and 7" admit left adjoints, which we will denote by U and U’. The left adjoint U is
given by composing f with a homotopy inverse to the equivalence ¢, and the left adjoint U’ is supplied
by Proposition M.2.4.2.

(¢) The functor T is conservative and preserves geometric realizations of simplicial objects. The first
assertion follows from Corollary M.2.3.3 and the second from Corollary M.2.3.7.

61



(d) The functor T is conservative and preserves geometric realizations of simplicial objects. The second
assertion follows from Lemma 2.2.12. To prove the first, suppose that o : S — S’ is a natural
transformation of C-linear functors from Mod’§(€) to M, each of which preserves K-indexed colimits,
and that T'(«) is an equivalence. We wish to show that « is an equivalence. Let us abuse notation by
identifying S and S’ with the underlying maps Modff (€) — M, and let X be the full subcategory of
Mod(€) spanned by those objects X for which a induces an equivalence S(X) — §'(X) in M. We
wish to show that X = Mod(@).

Since ¢ is an equivalence of co-categories, we conclude that g(«) is an equivalence in LinFun%< (N, M).
In other words, the co-category X contains the essential image of the free module functor € ~ N —
Mod%(@). Since S and S’ preserve K-indexed colimits, X is stable under geometric realizations of
simplicial objects. The equality X = Modﬁ((‘f) now follows from Proposition M.3.5.5.

(e) The natural transformation 7" o U’ — T o U is an equivalence of functors from M to itself. Unwinding
the definitions, we see that both of these functors are given by tensoring with the object A € C.

O

Proof of Theorem 2.2.8. The forgetful functor Mod§(€) — € can be viewed as a map between left G-module
objects in Cato,(X), and therefore induces a functor G : M ®e Mod§(€) — M ®e € ~ M (where the last
equivalence is given by Proposition M.4.5.8). Let G’ : Modﬁ (M) — M be the evident forgetful functor. We
have a diagram

M @e Mod%(€) Mod% (M)

M,

which commutes up to canonical homotopy. To prove that ® is an equivalence of co-categories, it will suffice
to show that this diagram satisfies the hypotheses of Corollary M.3.5.7:

(a) The co-categories M ®e Mod (@) and Mod% (M) admit geometric realizations of simplicial objects. In
the first case, this follows from our assumption that N(A)° € X; in the second case, it follows from
Corollary M.2.3.7 (since C admits geometric realizations and tensor product with A preserves geometric
realizations).

(b) The functors G and G’ admit left adjoints, which we will denote by F and F’. The existence of
F’ follows from Proposition M.2.4.2 (which also shows that F” is given informally by the formula
M +— M ® A). Similar reasoning shows that the forgetful functor Mod’§(€) — € admits a left adjoint
Fy. Tt is not difficult to see that this left adjoint can be promoted to a map of co-categories left-tensored
over C, so that it induces a functor id ®Fy : M ®e € — M Qe Modi((?) which is left adjoint to G.

(¢) The functor G’ is conservative and preserves geometric realizations of simplicial objects. The first
assertion follows from Corollary M.2.3.3 and the second from Corollary M.2.3.7 (since N(A)? € X).

(d) The functor G is conservative and preserves geometric realizations of simplicial objects. The sec-
ond assertion is obvious (since G is a morphism in Cat.,(X) by construction). The proof that G is
conservative is a bit more involved. Let ¢ : N(A)°? x N(A,)°? x N(A)%? — N(A)°? be the con-
catenation functor, given by the formula ([],[m],[n]) — [I] x [m] *[n] =~ [l + m + n — 2], and let
co : N(A)P x N(A;)% x N(A)? — N(A)°? be given by ([I], [m], [n]) — [I] % [n]. The canonical inclu-
sions [I]x[n] < [I]*[m]*[n] induce a natural transformation of functors c : ¢ — ¢o. Let p : €% — N(A)°P
be the canonical map and 7 : % xn(ayer (N(A)P x N(AL)P x N(A)P)) — C® the projection, and
choose a p-coCartesian natural transformation @ : @ — 7’ covering a. Adjusting ©’ by a homotopy
if necessary, we can assume that 7/ induces a functor T, : N(A )% x Mod%(C)® — Mod%(€)®. We
will view the functor T, as an augmented simplicial object in the category of left C-module functors
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2.3

from Mod% (@) to itself, given informally by the formula T, (N) = N @ A®(™+1; in particular, the
functor T_; is equivalent to the identity functor. For each object N € ModIA2 (©), the canonical map
€:|TeN| — T_1N ~ N is an equivalence: to prove this, it suffices to show that the image of € under
the forgetful functor 6 : Mod{(€) — € is an equivalence (Corollary M.2.3.3): we note that 6|7, N| can
be identified with the relative tensor product N ® 4 A and that 6(e) is the equivalence of Proposition
M.4.5.8).

Using Lemma 2.2.6, we see that T, determines an augmented simplicial object Uy : N(A;)? —
Fun(M ®@e Mod(€), M ®e Mod%(€)). Note that each U, preserves K-indexed colimits. Let X be the
full subcategory of M ®¢ Modf(@) spanned by those objects for which the canonical map |Us X| —
U_1X ~ X is an equivalence. Since each U,, preserves K-indexed colimits, the full subcategory X is sta-
ble under X-indexed colimits in M ®¢ Mod%(€)). Since M ®e Mod%(€)) is generated under K-indexed
colimits by the essential image of the tensor product functor ® : M x Mod%(€) — M ®e Modf(@)
(which obviously belongs to X), we conclude that X = M ®e Mod%(@).

Now suppose that f: X — Y is a morphism in M ®e Mod§(€)) such that G(f) is an equivalence. We
wish to prove that f is an equivalence. Note that f is equivalent to the geometric realization |U, f| (in
the co-category Fun(A', M ®e Mod%(@))); it therefore suffices to show that U, (f) is an equivalence for

n > 0. We complete the argument by observing that U, factors through G (since T;, factors through
the forgetful functor Mod% (@) — @).

The canonical natural transformation G’ o F/ — G o F' is an equivalence of functors from M to itself.
This follows easily from the descriptions of F' and F’ given above: both functors are given by tensor
product with A.

O

Behavior of the Functor ©

In §2.1, we saw that if C¥ — N(A) is a monoidal co-category and A is an algebra object of €, then the
oo-category Modi” (©) of right A-module objects of € has the structure of an co-category left-tensored over
€. Moreover, the construction (€%, A) — (€%, Mod%(€)) determines a functor

O : Cat2E(K) — CatMed(x)

for any collection of simplicial sets X which contains N(A)°P (see Construction 2.1.30). In this section, we
will apply the main results of §2.2 (Theorems 2.2.8 and 2.2.4) to establish some basic formal properties of
©. We can describe our goals more specifically as follows:

(1)

If A is an associative ring, we can almost recover A from the category Mod% of right A-modules. More
precisely, if we let M denote the ring A itself, regarded as a right A-module, then left multiplication
by elements of A determines a canonical isomorphism A — End 4(M). In other words, the data of the
associative ring A is equivalent to the data of the category Modﬁ of right A-modules together with its
distinguished object M. An analogous result holds if we replace the category of abelian groups by a
more general monoidal co-category C: the functor © induces a fully faithful embedding ©, from the
oco-category Gatfolg(fK) to the oo-category of triples (C¥, M, M), where C¥ is a monoidal co-category,

M is an oo-category left-tensored over €, and M € M is a distinguished object. We refer the reader to
Theorem 2.3.5 for a precise statement.

If we work in the setting of presentable co-categories, then the functor ©, admits a right adjoint, which
carries a triple (C¥, M, M) to the pair (C¥, A), where A € Alg(@) is the algebra of endomorphisms of
M (Theorem 2.3.8).

The oco-categories Cat8(K) and CatM°d(XK) admit symmetric monoidal structures, and © can be

promoted to a symmetric monoidal functor (Theorem 2.3.12).
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We begin by addressing a small technical point regarding the behavior of the functor © with respect to
base change:

Proposition 2.3.1. Let X be a small collection of simplicial sets which includes N(A)°P, and consider the

commutative diagram
o)

Cat2le (%) CatMed (%)

fl P

The functors ¢ and ¥ are coCartesian fibrations, and the functor © carries ¢-coCartesian morphisms to
1-coCartesian morphisms.

Proof. We first show that ¢ is a coCartesian fibration. Let (?aution’j< be as defined in Notation 2.1.5, and
let X = Fun(N(A)"”,GatlionK) X Fun(N(A)°P,N(A)oP x CatMon (X)) emiﬁ“(m. Let us denote an object of X
by a pair (€¥, A), where €% is a monoidal co-category (compatible with K-indexed colimits) and A €
Funy ayer (N(A)%, €%). It follows from Proposition T.3.1.2.1 that the projection map ¢ : X — Cath""(X)
is a coCartesian fibration; moreover, a morphism (€%, A) — (D%, B) in X is ¢/-coCartesian if and only if the
underlying map F(A) — B is an equivalence, where F : ¥ — D® denotes the underlying monoidal functor.
In this case, if A is an algebra object of €%, then B ~ F(A) is an algebra object of D®. Note that Cat’8(K)
can be identified with the full subcategory of X spanned by those pairs (C®, A) where A is an algebra object
of €%, Tt follows that if f : X — Y is a ¢/-coCartesian morphism of X such that X € Cat2#(X), then
Y € Cat2'8(X). We conclude that ¢ = ¢'| Cat™8(K) is again a coCartesian fibration, and that a morphism
in Cat2!8(K) is ¢-coCartesian if and only if it is ¢'-coCartesian.

We next prove that v is a coCartesian fibration. Note that the equivalence Gatlg/[oOd o~ ModL(Gatoo)
of Corollary M.2.6.6 restricts to an equivalence Cat™°4(K) ~ Mod”(Catu (X)). Moreover, the functor 1
can be identified with the forgetful functor Mod” (Cat (X)) — Alg(Cats (X)), and is therefore a Cartesian
fibration (Corollary M.2.3.3). Consequently, to prove that ¢ is a coCartesian fibration, it will suffice to show
that for every morphism F : €% — D® in the co-category Alg(Catso (X)) ~ CatM™(X), the forgetful functor
Mod s (Cate (X)) — Modge (Catas (X)) admits a left adjoint. This follows immediately from Lemmas 2.2.5
and M.4.5.12.

It remains only to prove that © carries ¢-coCartesian morphisms to ¥-coCartesian morphisms. Unwinding
the definitions, we must show that if F : €® — D® is a morphism in Alg(Cat., (X)) and A is an algebra object
of %, then the canonical map p : D ®e Mod%(€) — Modf 4 (D) is an equivalence of co-categories (each of
which is left-tensored over D). Note that Mod7 , (D) can be identified with the oo-category Mod% (D), where
we regard D as right-tensored over the co-category € via the monoidal functor F'. Under this identification,
the functor p is given by the equivalence of Theorem 2.2.8. O

Let us now study the image of the initial object of GatAlg(JC) under the functor ©.

o0

Notation 2.3.2. Fix a small collection of simplicial sets K. We let $(X) denote the unit object of the
monoidal oo-category Catoo(XK): it can be described concretely as the smallest full subcategory of 8§ which
contains the final object A® and is closed under K-filtered colimits (Remark T.5.3.5.9). Since the formation
of Cartesian products in 8 preserves small colimits in each variable, the full subcategory §(X) C 8 is stable
under finite products. We may therefore regard 8(X) as equipped with the Cartesian monoidal structure,
which endows it with the structure of an algebra object of Cato, (K). We let 90 denote the object of Cat 14 (K)
given by the left action of §(X) on itself.

According to Corollary M.2.4.4, we can identify 9 with ©(8(X)*, 1), where 1 denotes the unit object
AY € §(X), regarded as an algebra object of §(X).

Lemma 2.3.3. Let X be a small collection of simplicial sets. Then the pair (8(K)*,1) is an initial object
of Cat2Ie(K).
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Proof. Let ¢ : Cat28(K) — CatM°™(X) denote the forgetful functor. Then ¢(8(XK)*,1) is an initial object
of CatMo™(K) ~ Alg(Cato (X)) (Proposition M.1.4.3). Tt will therefore suffice to show that (§(X)*,1) is a

oo

¢-initial object of Cat8(XK) (Proposition T.4.3.1.5). Since ¢ is a coCartesian fibration (Proposition 2.3.1),
this is equivalent to the requirement that for every ¢-coCartesian morphism « : ($(X)*,1) — (€%, A), the
object A is initial in the fiber $~1{C¥} ~ Alg(C) (Proposition T.4.3.1.10). This follows immediately from

Proposition M.1.4.3. O

It follows from Lemma 2.3.3 that the forgetful functor 6 : eatoAclg(:K)(g(gc)xyl)/ — Cat2l8(K) is a trivial
Kan fibration. We let ©, denote the composition

Catl8(K) ~ Cat®(X0) s (o)« 1) — Cat M (K)gn,,

where the first map is given by a section of 6.

Remark 2.3.4. An object of Gathd(ﬂC)gn/ is given by a morphism (8(X)*, 8(X)) — (€%, M) in Cat e (X),
given by a monoidal functor 8(X)* — €% which preserves K-indexed colimits (which is unique up to a
contractible space of choices by Proposition M.1.4.3) together with a functor f : 8§(X) — M which preserves
K-indexed colimits. In view of Remark T.5.3.5.9, such a functor is determined uniquely up to equivalence

by the object f(A%) € M. Consequently, we can informally regard Gat&Od(fK)gm , as an oo-category whose
objects are triples (€%, M, M), where (€%, M) € Cat°? and M e M is an object.

o0

Theorem 2.3.5. Let X be a small collection of simplicial sets which contains N(A)°P. Then the functor
0. : Catil&(K) — Cat Mo (K)a, is fully faithful.

oo

Lemma 2.3.6. Let X be a small collection of simplicial sets which contains N(A)P, let (C®, M, M) be
an object of Gatg/g’d(%)m/, and suppose that there exists an algebra object E € Alg(C) such that M can

be promoted to an object M € Mod%(M) where the action E @ M — M exhibits E as a morphism object
Mory (M, M) (see morphism object Mory (M, M) (Definition M.2.1.9). Then E represents the right fibration

Cat 2% (K) x CatMod () oy / (Cat > (X)) eo ni.an)-

Proof. Theorem 2.2.4 implies the existence of a functor ¢ : Mod§(€)® — M® of co-categories left-tensored
over C¥ together with an identification o : M ~ ¢(FE) of left E-modules. The pair (¢,a) determines an
object n € Cat25(X) X @atMod (5) g/ (CatMed (X)am/) j(e® vy lying over E. We claim that this object is final.

o0
Alg(90): we wish to show that the map

oo

To prove this, consider an arbitrary object (D®, A) € Cat
Mapeatﬁclg(j{)((’DQ@v A)? (e®> E)) - Map@atggod(x)m/ (@*(®®a A)’ (€®, M, M))

is a homotopy equivalence. It will suffice to prove the result after passing to the homotopy fiber over a point
of Mapeatg/éon(j{)(D@, €®), corresponding to a monoidal functor F. Using Propositions 2.3.1 and T.2.4.4.2

and replacing D by C® (and A by FA € Alg(®)), we are reduced to proving that the diagram

Map,ig(e) (4 E) —— Mapyjoa, (eat.. () (Mod’i (€), M)

| |

{M} M

is a pullback square. Theorem 2.2.4 allows us to identify the upper right corner of this diagram with the
oo-category Mod% (M), and the desired result follows from Corollary M.2.7.9. O

Proof of Theorem 2.3.5. Fix objects (€%, A), (D®, B) € Cat218(K). We wish to show that the canonical map

oo

6 : Mapeatg\;g(x)(((?@,A), (D%, B)) — Mape,yod (50).,, (0.(C%, A),0.(D%, B)) is a homotopy equivalence.
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Let M € Mod®(D) denote the right B-module given by the action of B on itself. In view of Lemma
2.3.6, it will suffice to show that the canonical map m : B ® M — M exhibits B as a morphism object
MorModg(D)(M, M). In other words, we must show that for every object D € D, the multiplication map m
induces a homotopy equivalence Mapy, (D, B) — Mapyoqz (p) (D ® M, M). This follows from Proposition
M.2.4.2. O

Lemma 2.3.6 can also be used to show that the fully faithful embedding O, admits a right adjoint, provided
that we can guarantee the existence of endomorphism objects Mory¢ (M, M). For this, it is convenient to
work a setting where we require all co-categories to be presentable. For this, we need to introduce a bit of
terminology.

Notation 2.3.7. Let @m denote the co-category of (not necessarily small) co-categories, which contains

_—Alg ——Mod
Caty as a full subcategory. Similarly, we define oco-categories C?autoog D C?atfolg and @atooo D ea%"d by
allowing monoidal oco-categories and left-tensored oo-categories which are not small. Let X denote the

—— Al ——Mod
collection of all small simplicial sets, and let Gatoog(JC) and Cat,, (X) be defined as in §2.1. Construction

~ Al —Mod
2.1.30 generalizes immediately to give a functor © : Gatoog(JC) — Cat,, (K). We let Pr*'® denote the full

_— Al
subcategory of Gatoog(fK) spanned by those pairs (C¥, A) where the co-category C is presentable, and PprMod

——Mod
the full subcategory of Gatooo (X) spanned by those pairs (C¥, M) where € and M are both presentable. Tt

Al ——Mod
follows from Corollary M.2.3.8 that the functor © : C‘?atoog(%) — (?atooo (X) restricts to a functor Pri’e —

PrMed which we will also denote by ©. Similarly, if we let 9t denote the object O(8%, A% ~ (8*,8) e PrMod,

Alg Mod

then we have a functor @)* s PrtE — Progy /-

Theorem 2.3.8. The functor 0, : P Tr%c}d is fully faithful and admits a right adjoint.

Proof. The first assertion follows by applying Theorem 2.3.5 in a larger universe. For the second, it will
suffice to show that for every object X = (C¥, M, M) € ?r%}d, the right fibration Pri'e ngr%[{)/d(ﬂ’r%}d)/x
is representable (Proposition T.5.2.4.2). In view of Lemma 2.3.3, it will suffice to show that there exists
an algebra object E € Alg(€) such that M can be promoted to a module M € Mod%(€) such that the
action £ ® M — M exhibits E as a morphism object Moryt(M, M). According to Propositions M.2.7.3
and M.2.7.6, this is equivalent to requiring the existence of an algebra object E € Alg(C[M]) such that the
underlying object in C[M] is final. According to Corollary M.1.5.5, it will suffice to show that C[M] has a
final object (which then admits an essentially unique algebra structure): that is, it will suffice to show that
there exists a morphism object Mory(M, M). This follows from Proposition M.2.1.12. O

Remark 2.3.9. Informally, the right adjoint to O, carries an object (C¥,M, M) € ?r%c}d

(¥, E) € Pr™&, where E € Alg(C) is the algebra of endomorphisms of the object M € M.

to the pair

We next investigate the behavior of the functor © with respect to tensor products of co-categories.

Notation 2.3.10. The co-category eatlg“;’“ admits finite products, and can therefore be regarded as endowed

with Cartesian symmetric monoidal structure. Let X be a small collection of simplicial sets. We define a

subcategory Catio"(K)® C CatX°™* as follows:

(1) Let C be an object of Cat™™* | given by a finite sequence of monoidal co-categories (€%, ..., %), Then
Ce eatgf;’“ (X)® if and only if each of the underlying oco-categories €; admits K-indexed colimits, and
the tensor product functors €; x €; — €; preserve X-indexed colimits separately in each variable.

(2) Let F: (€F,...,C%2) — (DY,...,D®) be a morphism in Cat¥°™* covering a map « : (m) — (n)
in T, where the objects (C€F,...,C%2) and (D?,..., D) belong to CatX°"(X)®. Then F belongs to
Cat X" (K)® if and only if the induced functor [agi)=; €i — D; preserves K-indexed colimits separately
in each variable, for 1 < j < mn.
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We let CatMd(K)® denote the subcategory of GatMOd described as follows:

(1) Let C be an object of Gatg‘)d , corresponding to a finite sequence ((€9,M;),..., (€%, M,)). Then
C e Catg/[oc’d(%)@ if and only if each C; and each M; admit K-indexed colimits, and the tensor product
functors

GZ‘XGZ‘HGZ‘ eiXMiHMi
preserves K-indexed colimits separately in each variable.

(2') Let F: ((CF,M),...,(C2, M) — ((DF,Ny),..., (DL, N,,)) be a morphism in Cat™™* covering a
map a : (m) — (n) in T, where the objects ((CY,M1),..., (€2, M,,)) and (('D?,Nl) (DN
belong to CatM°(K)®. Then F belongs to CatM°d(K)® if and only if the induced functors

HGHD IT mi—x;

a(i)= a(i)=j
preserves K-indexed colimits separately in each variable, for 1 < j < n.
We let Catii®(X)® denote the fiber product (Cati®)* x agMon x CatMen (%)@,

Remark 2.3.11. Assume that X consists entirely of sifted simplicial sets (this is satisfied, for example, if
K = {N(A)°?}. Then we can identify Cat28(%)®, CatM°d(K)®, and Cat}°"(K)® with subcategories of
Cat28(30)*, CatMd(%K)*, and CatM™(K)*, respectively.

Theorem 2.3.12. Let X be a small collection of simplicial sets. Then:

(1) The map CatM™(K)® — N(T') determines a symmetric monoidal structure on Cat™°™, and the maps

Cat2B(K)® — CatM(K)® — atM°N(K)® are coCartesian fibrations of symmetric monoidal co-
categories.

(2) The functor © : Cat2B({N(A)P}) — CatMd({N(A)°P}) preserves products, and therefore induces a
symmetric monoidal functor ©* : Cat28({N(A)P})* — CatMd({N(A)r})*

(3) Assume that N(A)? € K. Then the functor ©% of (2) restricts to a functor ©F : Cat’t®(K)® —
Cat X (K)® (see Remark 2.3.11).

(4) The functor ©% is symmetric monoidal.

Proof. We first prove (1). Recall that CatX°" can be identified with the co-category Alg 4..(Catos) of associa-
tive algebra objects of Cats (Remark M.1.2.15 and Proposition C.1.3.14). Here we regard Cato, as endowed
with the Cartesian symmetric monoidal structure. The oco-category Alg ;. (Catos) inherits a symmetric
monoidal structure from that of Cate (see Example C.1.8.20), which is also Cartesian; we therefore have
an induced identification Alg »_(Catso)® ~ CatM™ . Under this equivalence, the subcategory CatXo"(X)®
corresponds to the subcategory Alg 4..(Catoo (ZK)) , Wthh is a symmetric monoidal co-category (Example
(C.1.8.20 again). This completes the proof that Cat™°™(K)® is a symmetric monoidal co-category. A similar
argument (using Theorem C.3.6.7) shows that CatX°(K)® — CatM°™(XK)® is a coCartesian fibration of
symmetric monoidal co-categories. Finally, we observe that the functor Cat™8(K)® — CatMo™(K)® is a
pullback of (Cat28)* — Cat o™ which is easily seen to be a coCartesian fibration of co-operads.

Assertion (2) is obvious, and assertion (3) follows from Corollary M.2.3.7. We will prove (4). It is easy
to see that ©% is a map of co-operads, and it follows from Corollary M.2.4.4 that ©% preserves unit objects.
Consequently, it will suffice to show that for every pair of objects (€®, A), (D%, B) € G‘atAlg(fK)7 the induced
map

0(C%, A) ® O(D®,B) — 0((C¥, A) ® (D%, B))

is an equivalence in GatMOd(UC). In other words, we wish to show that © induces an equivalence of co-

categories
0 : Mod’}(€) ® Mod (D) — Mod’{, 5 (€@ D)
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(here the tensor products are taken in Cat, (X)). We have a homotopy commutative diagram of co-categories

0

Mod%(C) @ Mod& (D) Mod, z(C® D)

To prove that 6 is a categorical equivalence, it will suffice to show that this diagram satisfies the hypotheses
of Corollary M.3.5.7:

(a) The oo-categories Mod% (€)@ Mod® (D) and Mod§® 5(C® D) admit geometric realizations of simplicial
objects. This follows from our assumption that N(A)°? € K.

(b) The functors G and G’ admit left adjoints, which we will denote by F' and F’. The existence of F” is
guaranteed by Proposition M.2.4.2; and is given informally by the formula X — X ®(A® B). Similarly,
Proposition M.2.4.2 guarantees that the forgetful functors Mod%5(€) — € and Mod% (D) — D admit
left adjoints, given by tensoring on the right with A and B, respectively. The tensor product of these
left adjoints is a left adjoint to G.

(¢) The functor G’ is conservative and preserves geometric realizations of simplicial objects. The first
assertion follows from Corollary M.2.3.3 and the second from Corollary M.2.3.7.

(d) The functor G is conservative and preserves geometric realizations of simplicial objects. The second
assertion is obvious: G is a tensor product of the forgetful functors Mod(€) — € and Modf (D) — D,
each of which preserves geometric realizations (and can therefore be interpreted as a morphism in
Catoo (X)) by Corollary M.2.3.7. To prove that G is conservative, we factor G as a composition

Mod%(€) ® Mod®(D) %% e @ Mod®(D) & e D.
Using Proposition M.4.5.13, we can identify G; with the forgetful functor
(C®D)®@p ModE(D) - (C®D)@p D~CRD.

Theorem 2.2.8 allows us to identify the left hand side with the co-category Mod%(C® D). Under this
identification, Gy corresponds to the forgetful functor Mod®(€ ® D) — €® D, which is conservative
by Corollary M.2.3.3. A similar arguments shows that Gy is conservative, so that G ~ G; o Gy is
conservative as required.

(e) The canonical natural transformation G’ o F/ — G o F' is an equivalence of functors from €® D to
itself. This is clear from the descriptions of F' and F’ given above: both compositions are given by
right multiplication by the object A ® B € C® D.

O

Remark 2.3.13. Fix a small collection of simplicial sets K which contains N(A)°. Let €¥ be a symmetric
monoidal co-category. Assume that C admits K-indexed colimits and that the tensor product € x € — C
preserves K-indexed colimits separately in each variable. Then we C¥ as a commutative algebra object in
the (symmetric monoidal) co-category CatX°"(X). The fiber products

oo

N() X @atMon (%) Gat&lg(e)g) N(T) X GatMon (30)® eatg/[oOd(e)@

can be identified with the symmetric monoidal co-categories Alg(C)® and Mod§ (Catu (K))®, respectively.
It follows from Theorem 2.3.12 and Proposition 2.3.1 that © determines a symmetric monoidal functor
0F : Alg(€)® — Mod§(Cata (X))®.
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Corollary 2.3.14. Let X and C® be as in Remark 2.3.13, and let O° be a unital co-operad. Then the
functor @g’ induces a fully faithful functor

0 : Algy(Alg(C)) — Algy(Modg (Catoo (X)))-

Proof. Let Alg(C)® and Mod§ (Cate (X))® be unitalizations of Alg(€)® and Mod§ (Cat (K))®, respectively
(see §B.1; note that Alg(C)® is already a unital oo-operad, so that Alg(C)® ~ Alg(€)®). The functor ©F
induces a symmetric monoidal functor Alg(€)® — Mod§ (Cate (X))®, and Theorem 2.3.5 guarantees that
this functor is fully faithful. We have a commutative diagram

Alg (Alg(€).) —> Alge(Modk(Cat o (X))

| |

Alg (Alg(€)) —— Algy (Modh (Cat o (X))

where 6, is fully faithful. Since O% is unital, the vertical maps are categorical equivalences, so that 6 is fully
faithful as well. O

Corollary 2.3.15. Let K and C® be as in Remark 2.3.13. Then for n > 1, we have a fully faithful functor
Algg, (€) — Alggp, 1 (Modg (Catoo (X))).

Proof. Combine Corollary 2.3.14, Proposition C.1.3.14, and Theorem 1.2.2. O

Corollary 2.3.15 furnishes a convenient way of understanding the notion of an E[n]-algebra: giving an E[n]-
algebra object A € Alggy,)(€) is equivalent to giving the underlying associative algebra object Ag € Alg(C),

together with an E[n — 1]-structure on the co-category Modf}o (@) of right Ap-modules (with unit object given
by the module Ag itself).

2.4 The oco-Operad LMod

Proposition C.1.3.14 implies that giving a monoidal co-category C¥ — N(A)°? is equivalent to giving a
coCartesian fibration of oco-operads ¢ : €'® — Ass. Our goal in this section is to extend this equivalence to
the case of modules. More precisely, we will show that giving an oco-category M® — C% left-tensored over
€% is equivalent to extending ¢ to a coCartesian fibration of co-operads M® - LMod, for a suitably defined
oc-operad LMod (see Remark 2.4.9). Moreover, giving a left module object of MP® is equivalent to giving

an LMod-algebra object of M'® (Proposition 2.4.7).
We begin by defining the co-operad LMod.

Definition 2.4.1. We define a category LMod as follows:
(1) The objects of LMod are pairs ((n), S), where (n) is an object of I and S is a subset of (n)°.

(2) A morphism from ({n), S) to ({(n'), S”) in LMod consists of a morphism « : (n) — (n’) in Ass satisfying
the following conditions:

(i) If s' € (n)° — ', then a~1{s'} does not intersect S.

(ii) If s’ € S', then a~!{s’'} contains exactly one element of S, and that element is final with respect
to the linear ordering of a=*{s'}.

We let LMod denote the nerve of the category LMod.
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There is an evident forgetful functor LMod — I'. It follows from Example C.1.1.24 that the induced
map LMod = N(LMod) — N(I') exhibits LMod as an oo-operad. We will show in a moment that this
is the oo-operad which governs left modules over associative algebras: that is, giving an LMod-algebra is

equivalent to giving a pair (A, M), where A is an associative algebra and M is a left A-module (Proposition
2.4.7).

Construction 2.4.2. We will identify Ass with the full subcategory of LMod spanned by those pairs
({(n), S) where S = 0.

Let ¢ : A°? — Ass C LMod be the functor described in Construction C.1.3.13. We define another
functor ¢~ : A°? — LMod as follows:

(1) For each n > 0, we have ¢%([n]) = ((n + 1), {n + 1}).

(2) Given a morphism « : [n] — [m] in A, the associated morphism ¢(«) : (m + 1) — (n + 1) is given by
the formula

J if (F)]ali—1) <i<a(f)
P(a)(i) = qn+1 if (Vj)a(j) <]
* otherwise.

There is an evident natural transformation of functors ¢ — ¢, which determines a map of simplicial
sets N(A)? — Fun(Al, LMod).

Remark 2.4.3. The inclusion Ass C LMod induces a fully faithful embedding of co-operads Ass — LMod.
In particular, every coCartesian fibration of co-operads ¢ : €% — LMod determines an Ass-monoidal oo-
category C® X £ aodq Ass, and therefore a monoidal co-category €% X £ yod N(A)°P (see Construction C.1.3.13).

We will refer to the fiber product €% x gnoq N(A)°P as the underlying monoidal co-category of C¥, and denote
it by Alq]®.

Construction 2