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ABSTRACT. Introduced in the late 1960’s [26, 35], the asymmetric exclusion pro-
cess (ASEP) is an important model from statistical mechanics which describes a
system of interacting particles hopping left and right on a one-dimensional lattice
of n sites with open boundaries. It has been cited as a model for traffic flow and
protein synthesis. In its most general form, particles may enter and exit at the
left with probabilities a and 7, and they may exit and enter at the right with
probabilities 8 and §. In the bulk, the probability of hopping left is ¢ times the
probability of hopping right. The first main result of this paper is a combinatorial
formula for the stationary distribution of the ASEP with all parameters general, in
terms of a new class of tableaux which we call staircase tableauz. This generalizes
our previous work [8, 9] for the ASEP with parameters v = § = 0. Using our first
result and also results of Uchiyama-Sasamoto-Wadati [39], we derive our second
main result: a combinatorial formula for the moments of Askey-Wilson polynomi-
als. Since the early 1980’s there has been a great deal of work giving combinatorial
formulas for moments of various other classical orthogonal polynomials (e.g. Her-
mite, Charlier, Laguerre, Meixner). However, this is the first such formula for
the Askey-Wilson polynomials, which are at the top of the hierarchy of classical
orthogonal polynomials.
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1. INTRODUCTION

The asymmetric exclusion process (ASEP) is an important model from statistical
mechanics which was introduced independently in the context of biology [26] and in
mathematics [35] around 1970. Since then there has been a huge amount of activity
on the ASEP and its variants for a number of reasons: although the definition of
the model is quite simple, the ASEP is surprisingly rich. For example, it exhibits
boundary-induced phase transitions, spontaneous symmetry breaking, and phase
separation. Furthermore, the ASEP is regarded as a primitive model for translation
in protein synthesis [26], traffic flow [32], and formation of shocks [14]; it also appears
in a kind of sequence alignment problem in computational biology [5].

There are several common versions of the ASEP: one involves particles hopping
on a one-dimensional lattice of n sites with open boundaries; another involves par-
ticles hopping on Z. Spectacular progress has been made on the latter model when
particles are restricted to hopping in only one direction (this is called the TASEP
for totally asymmetric exclusion process), starting with Johansson’s work [21] which
reinterprets the TASEP as a randomly growing Young diagram and leads to connec-
tions with random matrices. This connection between the TASEP, Young diagrams,
and random matrices has been extremely fruitful, see [2, 4, 16, 30]. However, while
there has been some recent progress on the more general ASEP on Z (see for example
3, 38]), a good combinatorial model for it is so far absent from the story.

In this paper we study the ASEP not on Z but on a one-dimensional lattice of n
sites with open boundaries. Particles may enter at the left at rate adt and exit the
system from the right at rate Gdt. In the most general form of the model, particles
also enter from the right at rate ddt and exit to the left at rate vdt. The probability
of hopping left and right is ¢dt and udt, respectively.! An important breakthrough
for this model was made by Derrida, Evans, Hakim, and Pasquier [13], who intro-
duced a matriz ansatz as a tool for understanding its stationary distribution. More
recently, this version of the ASEP has been shown to have remarkable connections
to orthogonal polynomials [31, 39], the Bethe ansatz [12, 34], and, under certain
specializations of parameters, to combinatorics [15, 7, 36, 8, 9].

The first main result of this paper is a combinatorial formula for the stationary
distribution of the ASEP on a finite lattice with all parameters general. Our formula
is in terms of some new tableaux we call staircase tableauz. These tableaux generalize
permutation tableaux (equivalently, alternative tableaux [41]), which were used to
describe the stationary distribution of the ASEP when v =46 =0 [8, 9].

As n goes to infinity, it is natural to expect that the behavior of the ASEP on n
sites converges to the behavior of the ASEP on Z. Therefore, one may hope that our
new tableaux may be useful in understanding not only the ASEP on a finite lattice,
but also the ASEP on Z.

LActually there is no loss of generality in setting u = 1, so we will often do so.
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The second main result of this paper is a combinatorial formula for the moments
of Askey-Wilson polynomials. The Askey-Wilson polynomials are a family of ¢-
orthogonal polynomials with parameters a,b,c,d and ¢ [1]. They reside at the top
of the hierarchy of the one-variable g-orthogonal polynomial family in the Askey
scheme. In the early 1980’s, following groundbreaking work of Flajolet [17], Viennot
[40] initiated a combinatorial approach to orthogonal polynomials. Since then, com-
binatorial formulas have been given for the moments of many of the polynomials in
the Askey scheme, including g-Hermite, Tchebycheff, ¢-Laguerre, Charlier, Meixner,
and Al-Salam-Chihara polynomials, see e.g. [19, 20, 24, 23, 27, 33]. However, until
now, no such formula was known for the moments of the Askey-Wilson polynomials.
To prove our moment formula, we combine our first main result together with results
of Uchiyama-Sasamoto-Wadati [39].

It’s worth noting that the proof of the stationary distribution with all parameters
general is much more difficult than the proof when v = § = 0 [8, 9]. One interesting
feature of our argument is a new generalization of the matriz ansatz of Derrida,
Evans, Hakim, and Pasquier [13], which is more flexible, albeit harder to use: instead
of checking three identities, we must check three infinite families of identites.

We believe that our new tableaux deserve further study, because of their combi-
natorial interest and their potential connection to geometry. For example, staircase
tableaux of size n have cardinality 4"n!, and hence are in bijection with doubly-signed
permutations. In [10], we will prove this with an explicit bijection, and also develop
connections to other combinatorial objects. Furthermore, because of the connection
to the ASEP, we know that our staircase tableaux have some hidden symmetries
which are not at all apparent from their definition. For instance, it is clear from
the definition of the ASEP that the model remains unchanged if we reflect it over
the y-axis, and exchange parameters a and ¢, # and ~, and ¢ and u. However,
the corresponding bijection on the level of tableaux has so far eluded us. Finally,
staircase tableaux generalize permutation tableaux, which index certain cells in the
non-negative part of the Grassmannian [29]; it would be interesting to better un-
derstand the relationship between the tableaux, the ASEP, and the geometry, and
potentially generalize it to staircase tableaux.

The structure of this paper is as follows. In Section 2 we define the ASEP, and
in Sections 3 and 4 we state our main results on the ASEP and on Askey-Wilson
polynomials. In Sections 5, 6 and 7 we prove a generalized matrix ansatz, and our
results on the ASEP and Askey-Wilson polynomials. Section 8 gives open problems,
and the Appendix describes the relationship between staircase, permutation, and
alternative tableaux.

ACKNOWLEDGMENTS: We are grateful to I. Gessel, M. Josuat-Verges, and R.
Stanley, for interesting remarks.
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2. THE ASYMMETRIC EXCLUSION PROCESS (ASEP)

The ASEP is often defined using a continuous time parameter [13]. However, one
can equivalently define it as a discrete-time Markov chain [15], as follows.

Definition 2.1. Let o, 3, 7, 9, q, and u be constants such that0 < a <1,0< <1,
0<~7vy<1,0<0<1,0<qg<1,and0<u<1. Let B, bethe set of all 2"
words in the language {o, ®}*. The ASEP is the Markov chain on B,, with transition
probabilities:

o [fX=AeoB andY = AoeB then Pxy = ;%5 (particle hops right) and
Py x = 45 (particle hops left).
If X =oB and Y = eB then Pxy = - (particle enters from left).

n+1
o [f X =DBe andY = Bo then Pxy = nLjrl (particle exits to the right).
o [fX =eB andY =oB then Pxy = ;25 (particle exits to the left).
e [f X = Bo andY = Be then Pxy = %H (particle enters from the right).

Otherwise Pxy =0 forY # X and Px x =1 — ZX#, Pxy.

Note that we will sometimes denote a state of the ASEP as a word in {0,1}" and
sometimes as a word in {o,e}". In the latter notation, the symbol o denotes the
absence of a particle, which one can also think of as a white particle.

See Figure 1 for an illustration of the four states, with transition probabilities, for
the case n = 2. The probabilities on the loops are determined by the fact that the
sum of the probabilities on all outgoing arrows from a given state must be 1.

O)
W3 . @O =B
/w; ‘mx
C OO qf3< w3 / o0
5/3 yi3
‘stx Oe /,3(

FIGURE 1. The state diagram of the ASEP for n = 2

In the long time limit, the system reaches a steady state where all the probabilities
P,(m,7y,...,7,) of finding the system in configurations (i, 7, ..., 7,) are stationary,
i.e. satisfy

d

dt

Moreover, the stationary distribution is unique [13], as shown by Derrida et al.
The ASEP clearly has multiple symmetries, including the following.

P.(11,...,7) =0.

e The “left-right” symmetry: if we reflect the ASEP over the y-axis, we get
back the same model, except that the parameters a and ¢, v and 3, and u
and ¢ are switched.
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e The “arrow-reversal” symmetry: if we exchange black and white particles,
we get back the same model, except that the parameters o and v, § and 9,

and v and g are switched.
e The “particle-hole” symmetry: if we compose the above two symmetries, i.e.

reflect the ASEP over the y-axis and exchange black and white particles, we
get back the same model, except that o and [, and v and  are switched.

These symmetries imply results about the stationary distribution.

Observation 2.2. The steady state probabilities satisfy the following identities:

© Po(71,...,7n) = Po(Tn, .., T1)| a6, By ucsgs
o Po(r1,...,7) = Po(1 —71,.. ., 1 — ) |acy.Beducqs
© Po(r1,...,T) = Po(1 =Ty, ..., 1 — 71)|acsgyms

Above, the notation |,..s indicates that the parameters o and § are exchanged.

3. STAIRCASE TABLEAUX AND THE STATIONARY DISTRIBUTION OF THE ASEP
The main combinatorial objects of this paper are some new tableaux which we call

staircase tableauzr. These tableaux generalize permutation tableaux (equivalently,

alternative tableaux).

Definition 3.1. A staircase tableau of size n is a Young diagram of “staircase”

shape (n,n —1,...,2,1) such that bozxes are either empty or labeled with «, 3,7, or

0, subject to the following conditions:

e no box along the diagonal is empty;
e all boxes in the same row and to the left of a 5 or a § are empty;

e all boxes in the same column and above an o or a 7y are empty.

The type of a staircase tableau is a word in {o, e}™ obtained by reading the diagonal
boxes from northeast to southwest and writing a e for each o or 6, and a o for each

B or .

See the left of Figure 2 for an example of a staircase tableau.

IS af [7] u[ Bl ululald]7]

a v © qlulalufuly] ©
) a/g{qqld

ol o] @ qlolul a
o] @ ajqly| @

g ® ug e

] © ] ©
O O

FIGURE 2. A staircase tableau of size 7 and type coeeeoco
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Definition 3.2. The weight wt(7) of a staircase tableau T is a monomial in o, 3,7, 9, q,
and u, which we obtain as follows. Every blank box of T is assigned a q or u, based
on the label of the closest labeled box to its right in the same row and the label of the
closest labeled box below it in the same column, such that:

e cvery blank box which sees a (3 to its right gets assigned a u;

o cvery blank box which sees a § to its right gets assigned a q;

e cvery blank box which sees an o or 7y to its right, and an « or ¢ below it, gets
assigned a u;

e cuvery blank box which sees an o or vy to its right, and a 3 or v below it, gets
assigned a q.

After assigning a q or u to each blank box in this way, the weight of T is then defined
as the product of all labels in all bozes.

The right of Figure 2 shows that this staircase tableau has weight a3 3%v363¢%u®.

Remark 3.3. The weight of a staircase tableau always has degree n(n + 1)/2. For
convenience, we will sometimes set u = 1, since this results in no loss of information.

Our first main result (to be proved in Section 6) is the following.

Theorem 3.4. Consider any state T of the ASEP with n sites, where the parameters
a,3,7,6,q and u are general. Set Z, = Y . wt(T ), where the sum is over all staircase
tableauz of size n. Then Z, is the partition function for the ASEP, and the steady
state probability that the ASEP is at state T is precisely

> wi(T)

Zp

where the sum is over all staircase tableaux T of type T.

Figure 3 illustrates Theorem 3.4 for the state ee of the ASEP. All staircase tableaux
T of type ee are shown. It follows that the steady state probability of ee is

a?u+ 6%q + adq + adu + a6 + aBd + ayd + ad?
Zo '

IS

al[qld][ql0] [u]al [alal [Bla] [v]a] [§]a]
o) o o o o o o

F1GURE 3. The tableaux of type ee

We can also obtain combinatorial formulas for various physical quantities. Theo-
rem 3.5 below will be proved in Section 6.4.

Theorem 3.5. Consider the ASEP with n sites. Then we have the following:

Zn—1

Zn

e The current in the steady state is , where Z, s the generating function

for staircase tableaux of size n.
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o The average particle number (;), at sitei is given by Z 1 times the generating
function for all staircase tableaux of size n which have an « or  at the ith
position along the diagonal.

e Similarly, the m-point function (7;, ...7;, )n 8 given by Z ' times the gen-
erating function for all staircase tableaux of size n which have an o or § in
poSItions iy, s, ..., and i, along the diagonal.

Remark 3.6. In [8] and [9], which concerned the ASEP with parameters v =6 = 0,
we gave combinatorial expressions for the stationary distribution in terms of permu-
tation tableauz: more specifically, the steady state probability of a state T was given by
enumerating permutation tableaux lying in a Young diagram of shape X\(T), according
to the number of 1°s in the top row and the number of unrestricted rows.

Subsequently [6] and [11] observed that a permutation tableau is determined by
complementary statistics, namely the positions of the topmost 1’s not in the first
row, and rightmost restricted zero’s. Then [41] took this observation a step further,
defining some equivalent alternative tableaux, by making boxes red, blue, or empty
(corresponding to whether the box of the associated permutation tableau contained a
topmost 1, rightmost restricted zero, or neither). Our staircase tableauz generalize
both kinds of tableauz, but now have non-empty boxes labeled by o, 3,v,d. Addi-
tionally, instead of working with Young diagrams of various shapes, we now always
work with a staircase shape, whose type encodes the same information (namely, the
corresponding state of the ASEP) that the shape used to. Working with this larger
shape seems to be the only natural way to assign the appropriate powers of ¢ and u
to the tableau.

Remark 3.7. As an alternative to Definition 3.2, suppose we define the dual weight
wt'(7T) of a staircase tableau by taking the product of all labels in all bozes, after
having filled the blank boxes of T according to the following rule:

e cvery blank box which sees an « below it gets assigned a u;

e cvery blank box which sees a v below it gets assigned a q;

e cvery blank box which sees an « or d to its right, and a B or d below it, gets
assigned a q;

e cvery blank box which sees a 3 or «y to its right, and a 3 or ¢ below it, gets
assigned a u.

Then Theorem 3.4 continues to hold, with wt replaced by wt'. This follows from
the left-right symmetry of the ASEP. More specifically, note that if T is a staircase
tableau, then the tableau T' obtained by transposing T then switching o and 6, and
B and vy is still a staircase tableau. Our observation now follows from Theorem 3.4,
the fact that wt'(7") = wt(7), and Observation 2.2. (Alternatively, we could have
proved the observation using a method analogous to the proof of Theorem 3.4.)
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4. ASKEY-WILSON POLYNOMIALS AND A FORMULA FOR THEIR MOMENTS

The Askey-Wilson polynomial is a g-orthogonal polynomial with four free param-
eters besides ¢. It resides at the top of the hierarchy of the one-variable g-orthogonal
polynomial family in the Askey scheme [1, 18, 25]. In this section we define the
Askey-Wilson polynomials, following the exposition of [1] and [39], then state a com-
binatorial formula for their moments.

The g-shifted factorial is defined by

s n—1

(&1,@2, e a&s;Q)n = H H(l - &qu)7

r=1 k=0

and the basic hypergeometric function is given by

Ay, , 0 > (ab' o aCLTQQ)k k_k(k—1)/2\1+4s—r k
r@ { ;q,Z}ZE —1)%q Z".
° bla"'7bs k—0 (bbabsaQaQ)k(( ) )

The Askey-Wilson polynomial P, (z) = P,(x;a,b,c,d|q) is explicitly defined by

10
4,9

"~Labed, ae®, ae”

_ qa",q
Pn = " b> ; d7 n
(#) = (abac.adiah, 00|10 A

with o = cos@ for n € Z, :={0,1,2,---}. It satisfies the three-term recurrence
APy (x) + By Py(x) + Co Py (x) = 22P, (),

with Py(z) =1 and P_y(x) = 0, where

A — 1 —q¢" tabed
"7 (1 - ¢ Tabed)(1 — ¢*"abed)”
n—1
q . .
B, = (1 — "2abed)(1 — 2 abed) [(1+ ¢®abed)(gs + abeds’) — ¢ (1 + q)abed(s + ¢s)],
o _ =)L —g"'ab)(1 — ¢"lac)(1 — ¢"ad)(1 — g"'be)(1 — ¢"'bd)(1 — ¢ cd)

(1 — ¢®>»2abed) (1 — g*tabed) ’

and s=a+b+c+d, sS=at+b et +dt

For |al, |b], |c|,|d| < 1, using z = €, the orthogonality is expressed by

§ ) p () P () = hd

c 4miz 2 2 2

where the integral contour C'is a closed path which encloses the poles at z = aq”, bq”,
cq®, dg¢* (k € Z,) and excludes the poles at z = (ag®)™t, (bg")~1, (cg®)t, (dg®)~!
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(k € Z), and where
(€29, e=20; q)
(ae®, ae= bet? be= ce ce= de? de=;q)q
ho (1 —¢" 'abed)(q, ab, ac, ad, be,bd, cd; q),,
ho (1 — g*>»—tabed)(abed; q)p ’
(abed; q)oo
(q,ab,ac,ad, be, bd, cd; q) oo
(In the other parameter region, the orthogonality is continued analytically.)
The moments are defined by

7{ dz 24271 2\ F
= w .
Pe= P 4rmiz 2 2

The second main result of this paper is a combinatorial formula for the moments
of the Askey-Wilson polynomials. In Theorem 4.1 below, we use the substitution

)

w(cos ) =

ho =

1—g¢q 1—g¢q
B

T i ¥actatc T 14bd+b+d
(1 —=qac 5— —(1—q)bd
T T Yactate o l4bd+b+d

which can be inverted via
l—g—a+v++/(1—qg—a+7)?+4ay
2a
l—g—a+y—+/([1—qg—a+7)?+4day
200
1l—q—B4+6++/(1—qg—B+06)2+485
20
1—q—B4+6—+/(1—qg—B+06)2+485
203 '

a =

Recall that Z, = > wt(7'), where the sum is over all staircase tableaux of size /.

Theorem 4.1. The kth moment of the Askey-Wilson polynomials is given by

=m0 (3) () e

=0

5. A MORE FLEXIBLE MATRIX ANSATZ

One of the most powerful techniques for studying the ASEP is the so-called matriz
ansatz, an ansatz given by Derrida, Evans, Hakim, and Pasquier [13] as a tool for
solving for the steady state probabilities P, (7, ..., 7,) of the ASEP. In this section
we will start by recalling their matrix ansatz, and then give a new generalization of
it which we require for our proof of Theorem 3.4.
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For convenience, in this section we set u = 1. Also, we define unnormalized weights

fn(71,...,7n), which are equal to the P,(m,...,7,) up to a constant:
P11y ym0) = fulm, oo T0) / Zn,
where Z, is the partition function ) _ f.(71,...,7,). The sum defining Z, is over all

possible configurations 7 € {0, 1}". Derrida et al showed the following.

Theorem 5.1. [13] Suppose that D and E are matrices, V is a column vector, and
W is a row vector, such that the following conditions hold:

DE—qED =D+ E, 8DV —§EV =V, aWE — WD = W.
Then for any state T = (71,...,7,) of the ASEP,

n

falrts ) =W([[(mD + (1 = m)E)V.
i=1
Note that [[;_, (D + (1 — 7;)E) is simply a product of n matrices D or E with
matrix D at position ¢ if site i is occupied (7; = 1). Also note that Theorem 5.1
implies that Z,, = W (D + E)"V.
We now state and prove a more flexible version of Theorem 5.1. Our proof gener-
alizes the argument given in [13].

Theorem 5.2. Let {\,}n>0 be a family of constants. Let W and V' be row and
column vectors, and D and E be matrices such that for any words X andY in D
and E, we have:
(I) WX(DE — qED)YV = Nx|+y|+2WX (D + E)YV;
(II) BWXDV — 0WXEV = A\ x4 WXV;
(III) aWEYV —yWDYV = Ay WYV.
(Here | X| is the length of X.) Then for any state T = (11, ...,7,) of the ASEP,

n

fulr) =W([(mD+ (1 - m)E)V.

i=1
Proof. We are in the steady state of the ASEP if the net rate of entering each state
(71, ..,7n) 18 0, or in other words, the following expression equals 0:

(1) (=)™ (—afu(0, 79, ..., Tn) + V(1 T2y o ooy Th))
(2) +Z(_1)TZX(TZ 7é TiJrl)(fn(Tla ) 1707 cee 77_n) - an(Tl, e ,O, 1, .. 'aTn))

(3) +(_1)Tn(ﬁfn(7_17 <o Tn—1, 1) - 5fn(7_17 <o Tn—1, 0))
In (2) above, the arguments 1,0 and 0,1 are in positions ¢ and i + 1, and x is the
boolean function taking value 1 or 0 based on whether its argument is true or false.
Now suppose there is a family of constants x7, z} (for each positive n) such that:

e the expression (1) above equals 27, fr—1(72, ..., Tn),

[ ] (2) equals Z?:l(—l':fifn_l(Tl, . ,7A'Z‘, Ce . ,Tn) +$¢i+lfn_1(7'1, N ,7A'Z‘+1, .. .,Tn)),
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e and (3) equals =27 fn_1(T1,...,Tho1).

(Here 7; denotes the omission of the ith component.) Then it follows from these
conditions that the sum of (1), (2), and (3) is equal to 0 (and hence we are in the
steady state), since all terms involving f,,_; cancel out.
Finally, note that the constants =} = A, and zj = —\, together with (I), (II),
and (III) of Theorem 5.2 satisfy these conditions.
0

6. THE PROOF OF THE STATIONARY DISTRIBUTION

In this section we will prove Theorem 3.4 by: defining vectors W, V' and matrices
D, F; proving that they have the requisite combinatorial interpretation in terms of
staircase tableaux; and checking that they satisfy the relations of Theorem 5.2, with
X =1and \, = af —~v5¢" ! for n > 1.

This is analogous to the proof of [8, Theorem 3.1], albeit much more difficult:
in [8], it was obvious that our matrices and vectors satisfied the matrix ansatz |8,
Lemma 2.5], and easy to show that our combinatorial objects were described by the
algebraic relations of the ansatz, see [8, Figure 6] and the surrounding discussion.

In contrast, in this more general situation, we can give a combinatorial proof of
relation (III) of our new matrix ansatz, but not for (I) or (II). Instead we give a
rather difficult algebraic proof of (I) and (II). First of all, our new “vectors” and
“matrices” have two and four indices, respectively, which makes working with them
more complicated. Second, to use Theorem 5.2, instead of proving that our vectors
and matrices satisfy three identities (as in Theorem 5.1), we must prove that they
satisfy three infinite families of identities. Moreover, there is no obvious way to use
induction to prove these identities: one cannot take one of the identities and multiply
on the left or right to obtain the next identity in the family.

In this section we assume u = 1. Recall that this is no loss of generality, as the
weight of a staircase tableau of size n is always a monomial of degree n(n + 1)/2.
However, setting ¢ = 1 has the advantage of making our bookkeeping a little easier.

6.1. The definition of our matrices.

Definition 6.1. We define “row” and “column” vectors W = (Wi)ir and V =
(Vie)je, and matrices D = (D; jke)ijke and E = (E;jxe)ijke (where i, 7, k.1 are all
non-negative) by the following:

1 ifi=k=0,
Wik = {O otherwise,

Vie = 1 always.
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(0 ifj<iorl>k+1,
D. dqt ifi=j—landk=1/¢=0,
ijht aq’ ifi=j, k=0and ¢ =1,
{ 0(Dij—1 -1+ Eij_16-1,4) + Dijr_1,0-1 otherwise.
0 ifj<iorl>k+1,
g B34 ifi=jand k=(=0,
ijkt v ifi=4j, k=0and (=1,
( B(Dije—1,6+ Eijr—1,4) + qF jr—1,0-1 otherwise.

6.2. The combinatorial interpretation of our matrices in terms of tableaux.
We say that a row of a staircase tableau 7 is indexed by [ if the leftmost box in
that row which is not occupied by a q or u is a 3. Note that every box to the left
of that # must be a u. Similarly we will talk about rows which are indezed by J; in
this case, every box to the left of that 6 must be a q. We will also talk about rows
which are indexed by /7, which is shorthand for rows which are indexed by « or 7.

Theorem 6.2. If X is a word in D’s and E’s, then:

o X,k is the generating function for all ways of adding | X| new columns to a
staircase tableau with i rows indexed by § and k rows indexed by /v, so as
to obtain a new tableau with j rows indexed by & and £ rows indexed by o /7.

o (WX), is the generating function for staircase tableauz of type X which have
J rows indexed by § and ¢ rows indexed by /v (and hence | X| — j — € rows
indexed by [3.)

o WXV is the generating function for all staircase tableaux of type X.

The main step in proving Theorem 6.2 is the following lemma.

Lemma 6.3. D, ;. is the generating function for the weights of all possible new
columns with an a or § in the bottom box that we could add to the left of a staircase
tableau with i columns indexed by § and k columns indexed by o or v, obtaining a
new staircase tableau which has j columns indexed by d and ¢ columns indexed by o
or . Similarly for E; e, where the new column has a 3 or ~y in the bottom box.

Proof. Let Dj;;,, denote the generating function for all possible new columns with an
a or J in the bottom box that we could add to the left of a staircase tableau with
i columns indexed by 0 and k columns indexed by «/v, obtaining a new staircase
tableau which has 7 columns indexed by ¢ and ¢ columns indexed by a or . We will
show that D, = Dijke by showing that D’ satisfies the same recurrences.

Note that D;;, = 0 if j < i because adding a new column to a staircase tableau
never decreases the number of rows indexed by 6. Also Dj;;, = 0if £ > k+1 because
when we add a new column we can never increase the number of rows indexed by
a/~ by more than 1.

Now suppose that k& = 0. If we are starting from a tableau with ¢ rows indexed

by ¢ and 0 rows indexed by «/~, then the only way to add a new column is to add
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a column with an « or § at the bottom, with all boxes above empty. If we add a ¢,
then the resulting tableau has ¢ = 0 rows indexed by «/v and j = i+ 1 rows indexed
by d. The weight of the new column will be d¢*. On the other hand, if we add an «
at the bottom, then the resulting tableau has ¢ = 1 rows indexed by /v and j =i
rows indexed by . The weight of the new column will be ag’. From this discussion
it follows that Dj;, = d¢" when j = i+ 1 and k = £ = 0, and Dj;, = aq’ when
j=1,k=0,and ¢ = 1.

In all other situations, we can assume that k£ > 1. Suppose that we are adding a
new column C with an « or § at the bottom to the left of a staircase tableau with ¢
columns indexed by § and k columns indexed by «/7. Consider the lowest box B of
C which is indexed by an a or v (such a box exists since k > 1). If we fill B with an
a, 3,7 or ¢, then the bottom box of C' must contain a ¢. In this case, if we ignore
that bottom 4, then our choices for C' are exactly the same as our choices would be
for adding a new column to the left of a staircase tableau with ¢ columns indexed by
d and k — 1 columns indexed by « /7. Therefore, filling B with an «, 3,7 or ¢ gives
us a contribution of d(D' + E'); j_1 x—1, to our generating function.

On the other hand, if we leave B empty, then this box will get a weight ¢. Filling
the rest of the column C' is like adding a new column to a staircase tableau with ¢
rows indexed by d and k — 1 rows indexed by «/7. Therefore leaving B empty gives
us a contribution of D}, , | to our generating function.

It follows that when k > 1, D}, = 0(D' + E')i j 1 k10 + D jp 101

Similarly, we define FEj;;, to be the generating function for all possible new columns
with a 3 or v in the bottom box that we could add to the left of a staircase tableau
with ¢ columns indexed by § and k columns indexed by /7, obtaining a new staircase
tableau which has j columns indexed by ¢ and ¢ columns indexed by «/7. The proof
that E;;, = Ejjre is analogous to the proof we gave for D', O

We now turn to the proof of Theorem 6.2.

Proof of Theorem 6.2. The first item follows from Lemma 6.3 and the definition of
matrix multiplication. Multiplying at the left by a W has the effect that we start
with the empty tableau and then add columns according to X: so W.Xj, is the
generating function for staircase tableaux of type X which have j rows indexed by
d and ¢ rows indexed by «/v. Finally, multiplying WX}, on the right by V has
the effect of summing over all § and ¢, so WXV is the generating function for all
staircase tableaux of type X. 0

6.3. The proof that our matrices satisfy the matrix ansatz. We now need
to prove that our matrices satisfy relations (I.), (IL.), and (IIL.) of Theorem 5.2.
Relation (ITI.) has a simple combinatorial proof. However, this proof does not work
for relation (IL.), and indeed it will require a lot more work to prove (I.) and (II.).

Lemma 6.4. Relation (II1.) of Theorem 5.2 holds.
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Proof. Using Theorem 6.2, relation (III.) can be reformulated in terms of staircase
tableaux. First we rewrite (IIL.) as

aWEYV +~5¢""WYV =yWDYV + afWYV,

where n—1 = |Y/|. Since a “type E” corner box of a staircase tableau must be either
a (3 or vy, we can rewrite this again as

AWERYV + aWE YV 4+ 45¢" "WYV = AWD,YV +yWDsYV + aWYV.

Here WERY'V denotes the generating function for staircase tableaux of type EY,
whose northeast corner box is a 3; the terms WE, YV, WD, YV, and WD;sYV are
defined analogously.?

It is now easy to see that aWEgYV = afWYV and /WD, YV = ~v§¢"'WYV,
since a box labeled § must have only empty boxes (weighted u = 1) to its left, and
a box labeled 0 must have only empty boxes (weighted ¢) to its left. Also, since
the rules for the weight of an empty box which sees a v to its right are the same as
the rules for the weight of an empty box which sees an « to its right, we have that
aWE.YV =~+WD,YV. This proves relation (IIL.). O

Lemma 6.5. For any word Y in D and I, we have that Yi;i = q‘Y|Y;,Lj,1,k7@.

Proof. We use Theorem 6.2. Note that both Y, and Y;_ j_; 1 ¢ enumerate the ways
of adding |Y'| new columns to a staircase tableau 7 so as to increase by j — i the
number of rows indexed by d, and to increase by ¢ — k the number of rows indexed
by a/7. The only difference is the initial number of rows indexed by J. Since Yk
has one extra initial row indexed by 0, this will contribute |Y| extra empty boxes
which all get the weight g. Therefore Yiue = ¢!¥1Yi 1 ;144 O

Proposition 6.6. To prove (I.) and (II.), it suffices to prove the following identities
for all non-negative integers j and £:

(1) (WXDE);; = ¢qWXED);+aB(WX(D+E))j;—y5¢™" (WX (D+E)); 1.4
(2) ﬂ(WXD)Je = (S(WXE)]',Lg + Oéﬁ(WX)jx,l — '}/5q‘X|(WX)j,Lg,1.

Proof. We claim the following: if (1) is true, then for any word Y in D’s and E’s,
(WXDEY),, is equal to

qWXEDY);i+ ap(WX(D + E)Y); — v6¢™ Y WX (D + E)Y); 10
To prove the claim, let Y be any word in D and E. Then (WXDEY);, is equal to:

> (WXDE)yYijue
i,k

= Y q(WXED)yYijre + aB(WX(D + E))ixYijre — v0q™ D (WX (D + E))i14Yiju

= ¢(WXEDY);; +aB(WX(D + E)Y);:ysqgX Y (WX(D + E)Y);_14.

2We could have defined matrices Dy, Ds, Eg, E, in such a way that they have this combinatorial
interpretation; and then defined D = D, + Ds and E = Eg + E,.
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To deduce the final equality above, we applied Lemma 6.5 to the last term.

Now note that if we take the equation of the claim, and sum over all j and /,
then we get precisely (I.) (since multiplication on the right by V' has the effect of
summing over all indices). And if we take (2.) and sum over all j and ¢, we get (II.)
This completes the proof. O

By Proposition 6.6, to prove Theorem 3.4, it is enough to prove the following.

Theorem 6.7. The following identities hold for all non-negative j and £.
(1) (WXDE);; = ¢qWXED);+aB(WX(D+E))j;—y5¢™X (WX (D+E)); 1.4
(2) ﬂ(WXD)Je = (S(WXE)]',Lg + Oéﬁ(WX)jx,l — ’}/5q‘X|(WX)j,Lg,1.

Note that every term in (1) above is the product of 67 3X1+2=7=¢ and a polynomial
in variables «, v and g only. This is easy to see from the combinatorial interpretation
of the terms: for example, (WX DFE);, is the generating function for certain staircase
tableaux of size | X |+ 2, with j rows indexed by d and ¢ rows indexed by o/~ (which
implies that | X|+ 2 — j — ¢ are indexed by 3. Every term in (2) is also the product
of §741X1+2=7=¢ and a polynomial in variables «, v and ¢ only.

We will prove Theorem 6.7 by proving both identities simultaneously by induction
on the degree in # and ¢ in these identities, and also on the length of the word in
D and E (equivalently, the size of the corresponding tableaux). Therefore it will be
convenient for us to make the following notation.

Definition 6.8. We refer to identity (1) in Theorem 6.7 as 17, where n = | X[+ 2
and m = |X|+2 —j — (. And we will refer to identity (2) above as 2}, where
n=|X|+1andm = |X|+2—j—{ Foridentity (2), if X = XD (where X is
some word in D and E), we will refer to the identity as (2D) or 2D7, . Similarly if

X =XE.
Our plan for proving Theorem 6.7 is to demonstrate the following implications:

Proposition 6.9. The following hold for all j,m, and n.

20 (for j' < j,m' <m) and 17_, = 2D .

§m j—1m
2 (for j < jom' <m) and 1, = 2},
204 (for j' < j,m' <m) and 2E},, =17 ,..

! !
] 7m

. n s . . . . -1 . .
Note that after replacing 2E7,, in the third implication by 27, (for 7/ < j,m’ <
m) and 17, (using the second implication), it is clear that Proposition 6.9 enables
us to prove identities (1) and (2) in Theorem 6.7 by induction on the sum m+ j+n.

(Of course we should also check suitable base cases.)

Lemma 6.10. Theorem 6.7 holds when n < 1 (and j and m arbitrary) and when
Jj =0 (with n and m arbitrary) and when m =0 (with n and j arbitrary).

Proof. When n = 0 there is nothing to prove. When n = 1, (1) is vacuous and (2)
can be proved by inspection. There are only four staircase tableaux of size 1 (single
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boxes filled with «, 3, 7, or ¢), and it is immediate that: SW Dy, = afW;y o = af,
BD1o=0Ey = 30, and v0Wy o = 0 Ep1. For all other values of j and ¢, all terms of
equation (2) are 0.

Now suppose that j = 0. First consider (1). We must show that (WXDE),, =
qWXED);+af(WX(D+E));s, and since j = 0, we should interpret each term as a
generating function for tableaux which contain no ¢’s. We will prove this by exhibit-
ing a bijection for the tableaux corresponding to each term. The term (WXDE);,
describes tableaux whose lowest diagonal box is a 3 or v, with an « in the adjacent
diagonal box. Consider such a tableau 7: if the box just above the 3 or v is empty,
then we map 7 to the tableau obtained by swapping the entries of the lowest two
diagonal boxes. The weight of the new tableau is ¢~* times the weight of 7. Other-
wise, if the box just above the ( or « contains an «, 3 or vy, then the lowest diagonal
box must be a (3, and if we delete the lowest diagonal box and the columns second
from the left (which contains an a with empty boxes above, all weighted by u = 1),
then we obtain a tableau corresponding to the set af(W X (D + E)),,. See Figure 4.
It is easy to show that the maps we’ve described are bijections.

Now consider j = 0 and (2). We must show that (WXD),, = a«(WX),4—1. This is
immediate, as the leftmost column of a tableau from the set (WX D),;, must contain
an o with empty boxes above, all weighted by u = 1. Deleting the column gives rise
to a tableau from the set corresponding to a(W.X); 1.

The proofs of (1) and (2) when m = 0 are analogous. -
a1a = (|ubg  +ab
b/g . 74 p
o ||
u
a/blc a < emmme e -
b
FIGURE 4

We now prove Proposition 6.9.

Proof of Proposition 6.9. We start by demonstrating the first implication which proves
2D, so we have X = XD, n = |X|+1, and m = |X|+ 2 — j — (. Note that

]7m’
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BWXD)j=BWXDD)jo= 3%, ,(WXD)yDijpe is equal to:

Z 5(WXE)ifl,kDijké + Z Oéﬁ(WX)i,quiju - ’Y&Im Z(WX)FUCADQM

= C](S(WXED)jfl,z + Z Qﬁ(WX)i,kfl((s(D + E)ij1k-1e+ Dijr1,-1)
ik
—75Q‘X| Z(WX)i—l,k—1(q5(D + E)ic1j—2k-1,0+ Dic1j-1k-1,0-1)
ik

= ¢S(WXED); 14+ aBdWX(D+E)); 1, +aB(WXD);,

8% WX(D + E))ja0 — v0¢X (WX D); 101
= (0(WXDE); 1, — aBs(WX(D+ E));1,+10%¢" (WX (D + E)); 2)

+aBS(WX(D+ E))j1e+ aB(WXD)j

2K WX (D + E))j_ay — v6qX (WX D),_,

= §(WXDE); 14+ aB(WXD)j, 1 — véq‘X‘(WXD)j_Lg_l.

In the first line above, note that we need only sum over ¢ for ¢ < j. To deduce
the second equation from the first, we use identity 22;; for i < j and m’ < m. To
deduce the third equation from the second, we use Lemma 6.5 to replace D;jr by
qD;_1;-1, in the first term. To deduce the fifth equation from the fourth, we apply
identity 17, ,, to the term @(WXED); 1.

For the second implication, we have X = X E. Then BWXE);_1,is equal to:

S(WXEE)j_14=0) (WXE)iE;j 15t
ik
= Z ﬁ(WXD)iJrl,kEi,jfl,k,é - Z aﬁ(WX)Frl,kflEi,jfl,k,é + ’Y&Im Z(Wx)i,kflEi,jfl,k,é
= B¢ '(WXDE); — Z afWX)ip1h-1(¢"" BD + E)is1jn-1.0 + Bis1jr-1.0-1)
ik
+dg¥! > (WX)ik-1(B(D + E)ijotp—re + qBij-1h-1,-1)
ik
= B¢ '(WXDE);; — B¢ *(WX(D+ E))je — aB(WXE); 1
+875q (WX (D + E))j_10+~76¢ T WXE) ;1o
= (BWXED); + af’q (WX (D + E))je — 8v5¢™X (WX (D + E));10)
—0652(]71(WX(D + E))]g — @B(WXE)jJ,l
+676¢™ (WX (D + E));_10 +v0¢* T WXE); 1,4
= B(WXED)j —aB(WXE); ;1 +~v5¢X T WXE); 1, 1.
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As before, in the sum in the first line above we need only to sum over ¢ where
1 < j—1. Then to go from the first equation to the second, we use identity QZ;}, for
1 < j7—1and m' < m. In going from the second equation to the third, we replace
Eii 1k by ¢ Ei1 ke in the first term, using Lemma 6.5. We go from the fourth
equation to the fifth by applying identity 17, ; to the term Bq Y(WXDE);,.
To prove the third implication, note that (WXDE);, = ZM(WXD)ikEijke is
equal to:
Bt Z(WXE)i—l,kEijké +a Z(WX)i,k—lEijké — By Z(WX)i—l,k—lEijké
= ¢ {d(WXEE);_1,+a Z(WX)i,kfl(ﬁ(D + E)ijk—1,0+ qEijr—1,0-1)
ik
—B " yoq! Z(WX)i—l,k—l(CIﬁ(D +E)irj ket CEiik101)
ik
= g8 YO(WXEE); 1.+ aB(WX(D+E))j+agWXE);
—3qX TN (WX(D + E))jo1e — 870X P (WX E) ;0
ik
= (((WXED)j — aq(WXE)j o1+ a8~ y¢™ (WXE);10-1)
+aB(WX (D + E))jo+ aqWXE)j e — v0q™ Y (WX (D + E))j_14
ik
—B7 g X (WXE) 1024
= q(WXED)j + aB(WX(D+ E))jo — v6¢* Y (WX(D+ E));_1e.
ik
In the first line above, note that we need only sum over ¢ < j. We then use 22;;
for i < j and m’ < m to deduce the second line from the first. To go from the second

to the third equation, we replace F;ji, in the first term by ¢F;_1 ;1. To go from
the fourth to the fifth equation, we use identity 2E7, . O

6.4. Applications. Once we have a solution to the matrix ansatz, it is easy to
express physical quantities in terms of matrix products [13]. Set C'= D + E.

The partition function Z, is written as (WW|C"|V), and the average particle number
at site i, (7;),, (where the bracket indicates the average over the stationary probability
distribution) is written as

) () = 5 (W|C DO V).

n

Similarly the two-point function (7;7;),, is given by

1 . L .
(5) (riTj) = Z—<W|CZ‘1DCJ‘Z‘1DC”‘J\V),

and the n-point functions are expressed similarly. The particle current through the
bond between the neighboring sites from left to right, which is defined by J = (7;(1—
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Tiv1) — q(1 — ;)T 1), is simply given by J = Zg—;l This expression is independent of
1, as expected in the steady state.

Theorem 3.5 now follows from Theorem 6.2 and the expressions above for the
current and m-point functions in terms of matrix products.

7. THE PROOF OF OUR ASKEY-WILSON MOMENT FORMULA

Before proving Theorem 4.1, we need to prove the following result.

Lemma 7.1. Let D, E,W,V be a solution to the ansatz of Theorem 5.2, and let
B,E, W,V be a solution to the ansatz of Theorem 5.1. Let h denote the ratio %
Then if X is a word in D and E, and X is the corresponding word in D and E, then

| X|-1

WXV =hr"'WXV ] A

i=0
Proof. Let T denote the type of X, and let n = | X|. We use induction on n. By The-
orem 5.2 and Theorem 5.1 respectively, WXV and WXV compute (unnormalized)
steady state probabilities of being in state 7. Therefore WXV = ¢, WXV for some
constant ¢, that depends on n but not X. We want to show that ¢, = h~! H" L\

Since we have assumed that D, E, W,V satisfy the relations of Theorem 5.2,
YWDXV —aWEXV = \,WXV. By induction, we conclude that
n—1
YWDXV —aWEXV = A\, WXVh [ A

=0

But also

AWDXV — aWEXV = ¢, WWDXV — cpraWEXV
= ot (YWDXV —aWEXV)
= Cn+1 WX ‘77
by Theorem 5.1. This shows that ¢, .1 = h™' [[;_, \;, which completes the proof. [

We now prove Theorem 4.1, using some results of [39].

Proof of Theorem /.1. Let ZL denote the partition function from [39], i.e. Z; =
W(D + E)'V, where D, E, W,V are a solution to the ansatz of Theorem 5.1, and
WV = hg (see [39, (4.18)]). Then by [39, Section 6.1],

2 :]{C (=12 )2) {wr

4dmiz 1—g¢q

Therefore

7=y, dzﬂ<<z+z1>/2>( : )L{Mflﬂr,

c 4miz 1—¢q
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which implies that

(%)L 7 740 () {Z +221 + 1} L

Az
S (O f e [
S ()

Inverting this, we get
k ¢
k 1—q\ -
= (—1)Ft — ) Z.
e = 217 @(2) f

By Theorem 3.4, we know that Z, is the generating function for all staircase
tableaux of size £. By Lemma 7.1, Z, = hy' Z, He_é (af — v4q"). Therefore

1=

e =t éH)“ @ (1 2 q)e Hf;ém?— 19q°).

8. OPEN PROBLEMS

8.1. Symmetries in the ASEP. Recall that the ASEP has “left-right,” “arrow-
reversal,” and “particle-hole” symmetries, which imply Observation 2.2.

Problem 8.1. For each symmetry above, prove the corresponding identity in Obser-
vation 2.2 by describing an appropriate involution on staircase tableaux.

Proving the second identity in this manner is easy. Namely, define a map ¢ by
letting +(7) be the tableau obtained from 7 by switching 3’s and §’s, and switching
o’a and 7’s; clearly if wt(7') = o 32554 qu’, then wt(s(7)) = a4y 52",
This plus Theorem 3.4 proves the second identity. It remains to find an involution ¢/
proving the first identity (the remaining involution can be constructed by composing
¢/ with ¢). A natural guess is to define J/(7") by transposing 7 then switching a’s
and d0’s, and (’s and ~’s. This works when ¢ = ¢, but not for ¢ # ¢.

8.2. Lifting the ASEP to a Markov chain on staircase tableaux.

Question 8.2. Find a Markov chain on the set of all staircase tableauz of size n
which projects to the ASEP in the sense of [9], such that the steady state probability
of a tableau T is proportional to wt(T'). Such an approach would give a completely
combinatorial proof of Theorem 3.4. (This was done in [9] for v =0 =0.)
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8.3. Keeping track of where the particles come from. In the ASEP, a black
particle enters from either the left (at rate o) or from the right (at rate §). Similarly,
a “hole” (or a white particle) enters from either the left (at rate ) or from the right
(at rate 3). We might therefore hope to define a more refined Markov chain on 4"
states, which projects to the ASEP and keeps track of where the black and white
particles came from. Indeed, the staircase tableaux themselves seem to be keeping
track of more information than just the colors of the particles.

Problem 8.3. Fiz a lattice of n sites, and define a Markov chain on 4™ states (words
of length n on the alphabet {«, 3,,d}) with the following properties:

e particles labeled o and v always enter the lattice from the left, and particles
labeled B and & always enter from the right;

e the Markov chain projects to the ASEP;

e the steady state probability of state (71, ...,T,) is proportional to the general-
ing function for all staircase tableaux whose border is (T1,...,Ty).

8.4. A combinatorial proof of the relations of the ansatz. In Section 6, we
gave a combinatorial proof that D, E, V, W satisfy relation (III) of Theorem 5.2, by
translating it into a statement about tableaux. However, we have not yet found a
combinatorial proof that D, E, V|, W satisfy (I) and (II).

Problem 8.4. Give a combinatorial proof of relations (1) and (II) of Theorem 5.2.
We note that when ¢ = t, or one of «a, 3,7, 6 is 0, the above problem is easy.
8.5. Specializing our moment formula for Askey-Wilson polynomials.

Problem 8.5. Show directly that our moment formula recovers already-known mo-
ment formulas for specializations or limiting cases of Askey-Wilson polynomials.

9. APPENDIX: STAIRCASE, PERMUTATION, AND ALTERNATIVE TABLEAUX

Definition 9.1. [37, 29] A permutation tableau 7 is a Young diagram (where rows
may have length 0) whose boxes are filled with 0’s and 1’s, such that each column
contains at least one 1, and there is no 0 which has simultaneaously a 1 above it in
the same column and a 1 to its left in the same row. The length of T is the sum of
its number of rows and columns.

Definition 9.2. [41] An alternative tableau 7 is a Young diagram (where rows and
columns may have length 0) whose boxes are either empty or filled with left arrows «—
or up arrows T, such that all boxes to the left of a <+ are empty and all boxes above
an T are empty. The length of T is the sum of its number of rows and columns.

See [28] for more information about alternative tableaux.

Proposition 9.3. There is a bijection between staircase tableaux of size n which do
not contain any vy or 0, and:
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(1) permutation tableauz of length n + 1;
(2) alternative tableaux of length n.

Proof. We first give a bijection from permutation tableaux to staircase tableaux.
Define a restricted 0 of a permutation tableau to be a 0 which has a 1 above it in the
same column. A restricted 0 is rightmost if it is the rightmost restricted 0 in its row.
If 7 is a permutation tableau, we replace with a <« every rightmost restricted 0, and
replace with a T every 1 which is the highest 1 in its column but is not in the top row.
We replace every other entry of 7 by an empty box, and delete the top row (but we
remember the length of the top row by possibly inserting empty columns to the right).
The result is an alternative tableau, see Figure 5, and the map can be easily inverted.

For the second bijection, fix a staircase tableau of size n. For ¢ from 1 to n, if
the ¢th diagonal box contains an «, then delete this entry and the column above it
(this « will correspond to a vertical step in the south-east border of the resulting
alternative tableau). Otherwise if the ith diagonal box contains a (3, delete this entry
and the row to its left (this § will correspond to a horizontal step in the south-east
border of the resulting tableau). Then replace each o with an T and each 3 with a

«—, and discard all the other entries. See Figure 5. 0
6 al laof,
&) af,
Olq nn
ol o 4 0]0]1p — [Th
ﬁ5 1[1]1p il
/j 0 1 54 | 46
2 7 6 8{ [§) 70 I5)

FIGURE 5. From a staircase tableau, to a permutation tableau and an
alternative tableau

REFERENCES

[1] R. Askey and J. Wilson, Some basic hypergeometric orthogonal polynomials that generalize
Jacobi polynomials, Mem. Amer. Math. Soc. 54 (1985), no. 319.

[2] J. Baik, P.L.Ferrari, S. Peche, Limit process of stationary TASEP near the characteristic line,
arXiv:0907.0226.

[3] M. Balazs, T. Seppalainen, Order of current variance and diffusivity in the asymmetric simple
exclusion process, to appear in Ann. Math.

[4] G. Ben Arous, I. Corwin, Current fluctuations for TASEP: A proof of the Prahofer-Spohn
conjecture, arXiv:0905.2993.

[5] R. Bundschuh, Asymmetric exclusion process and extremal statistics of random sequences,
Phys. Rev. E volume 65 031911, 2002.

[6] A. Burstein, On some properties of permutation tableaux, Ann. Combin. 11 (2007).

[7] S. Corteel: Crossings and alignments of permutations, Adv. Appl. Math. 38 (2007), no 2,
149-163.



TABLEAUX COMBINATORICS FOR THE ASEP AND ASKEY-WILSON POLYNOMIALS 23

S. Corteel, L. Williams, Tableaux combinatorics for the asymmetric exclusion process, Adv.
Appl. Math. 39 (2007), 293-310.

S. Corteel, L. Williams, A Markov chain on permutations which projects to the asymmetric
exclusion process, Int. Math. Res. Not. (2007), article ID mm055.

S. Corteel, L. Williams, The combinatorics of staircase tableaux, in preparation.

S. Corteel, P. Nadeau, Bijections for permutation tableaux, to appear in the European Journal
of Combinatorics.

J. de Gier and F. H. Essler, Slowest relaxation mode of the partially asymmetric exclusion
process with open boundaries, J. Phys. A: Math. Theor. 41 (2008), 485002 (25pp).

B. Derrida, M. Evans, V. Hakim, V. Pasquier, Exact solution of a 1D asymmetric exclusion
model using a matrix formulation, J. Phys. A (1993), 1493-1517.

B. Derrida, J. Lebowitz, E. Speer, Shock profiles for the partially asymmetric simple exclusion
process, J. Stat. Phys. 89 (1997), 135-167.

E. Duchi, G. Schaeffer, A combinatorial approach to jumping particles, J. Combin. Theory
Ser. A 110 (2005), 1-29.

P. Ferrari, H. Spohn, Scaling limit for the space-time covariance of the stationary totally
asymmetric simple exclusion process. Commun. Math. Phys. 265:1-44, 2006.

P. Flajolet, Combinatorial aspects of continued fractions, Discrete Math. 32 (1980), no. 2,
125-161.

G. Gasper and M. Rahman, Basic Hypergeometric Series. Encyclopedia of Mathematics and
its Applications, 35. Cambridge University Press, Cambridge, 1990.

M. Ismail and D. Stanton, More orthogonal polynomials as moments, Mathematical Essays in
Honor of Gian-Carlo-Rota, Birkhauser 1998, 377-396.

M. Ismail, D. Stanton and X. Viennot, The combinatorics of the g-Hermite polynomials and
the Askey-Wilson integral, Eur. J. Comb. 8 (1987), 379-392.

K. Johansson, Shape fluctuations and random matrices, Comm. Math. Phys. 209 (2000), no.
2, 437-476.

M. Josuat-Verges, personal communication.

A. Kasraoui, D. Stanton and J. Zeng, The combinatorics of Al-Salam-Chihara g-Laguerre
polynomials, preprint (2009).

D. Kim, D. Stanton and J. Zeng, The combinatorics of the Al-Salam-Chihara g-Charlier Poly-
nomials, Sem. Loth. Comb. 42 B54i (2006).

R. Koekoek and R. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials
and its g-analogue. Delft University of Technology, Faculty of Technical Mathematics and
Informatics, Report no. 94-05, 1994.

J. MacDonald, J. Gibbs, A. Pipkin, Kinetics of biopolymerization on nucleic acid templates,
Biopolymers, 6 issue 1 (1968).

A. de Medicis, D. Stanton and D. White, The combinatorics of g-Charlier polynomials, J.
Comb. Th. A, 69 (1995), 87-114.

P. Nadeau, The structure of alternative tableaux,
http://homepage.univie.ac.at/philippe.nadeau/altertab.pdf.

A. Postnikov, Total positivity, Grassmannians, and networks, arXiv:math/0609764v1.

J. Quastel, B. Valko. t!/3 superdiffusivity of finite-range asymmetric exclusion processes on Z,
Commun. Math. Phys., 273:379-394, 2007.

T. Sasamoto, One-dimensional partially asymmetric simple exclusion process with open bound-
aries: orthogonal polynomials approach, J. Phys. A 32 (1999), 7109 — 7131.

M. Schreckenberg, D. Wolf, Traffic and Granular Flow '97 (Singapore: Springer), 1998.

R. Simion and D. Stanton, Octabasic Laguerre polynomials and permutation statistics, J.
Comp. Appl. Math. 68 (1996), p. 297-329.



24

[34]

[41]

SYLVIE CORTEEL AND LAUREN K. WILLIAMS

D. Simon, Construction of a Coordinate Bethe Ansatz for the asymmetric simple exclusion
process with open boundaries, J. Stat. Mech. (2009) PO7017.

F. Spitzer, Interaction of Markov processes, Adv. Math. 5 1970, 246—290.

L. Shapiro, D. Zeilberger: A Markov chain occurring in enzyme kinetics, J. Math. Biology 15
(1982), 351 —357.

E. Steingrimsson, L. Williams, Permutation tableaux and permutation patterns, Journ. Comb.
Th. A, 114 (2007), 211-234.

C.A.Tracy and H. Widom, Integral formulas for the asymmetric simple exclusion process,
Commun. Math. Phys. 279 (2008), 815-844.

M. Uchiyama, T. Sasamoto, M. Wadati, Asymmetric simple exclusion process with open
boundaries and Askey-Wilson polynomials, J. Phys. A. 37 (2004), no. 18, 4985-5002.

X. Viennot, A combinatorial theory for general orthogonal polynomials with extensions and
applications. Orthogonal polynomials and applications (Bar-le-Duc, 1984), 139-157, Lecture
Notes in Math., 1171, Springer, Berline, 1985.

X. Viennot, slides from a talk at the Isaac Newton Institute, April 2008.

CNRS LRI, UNIVERSITE PARIS-SUD, BATIMENT 490, 91405 ORSAY CEDEX FRANCE
E-mail address: Sylvie.Corteel@lri.fr

HARVARD UNIVERSITY, CAMBRIDGE
E-mail address: lauren@math.harvard.edu



