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1. Introduction

Let K be a knot inS® and letY; be the oriented 3-manifold obtained &yl -surgery on
K. The following is one formulation of the “Property P” conjecture for knots:

Conjecture 1. If K is a non-trivial knot, then Yis not a homotopg-sphere.

The purpose of this note is to prove the conjecture. The ingredients of the argu-
ment are: (a) Taubes’ theorem [21] on the non-vanishing of the Seiberg-Witten in-
variants for symplectic 4-manifolds; (b) the theorem of Gabai [16] on the existence
of taut foliations on 3-manifolds with non-zero Betti number; (c) the construction of
Eliashberg and Thurston [9], which produces a contact structure from a foliation; (d)
Floer’s exact triangle [13, 4] for instanton Floer homology:; (e) a recent result of Eliash-
berg [8] on concave filling of contact 3-manifoldsnd (f) Witten’s conjecture relating
the Seiberg-Witten and Donaldson invariants of smooth 4-manifolds. Although the
full version of Witten’s conjecture remains open, a weaker version that is still strong
enough to serve our purposes has recently been established by Feehan and Leness [12],
following a program proposed by Pidstrigatch and Tyurin. With these ingredients, we
shall prove:

Theorem 2. Let Y; be obtained by+1-surgery on a non-trivial knot K in % Then
there is a non-trivial homomorphism: 71(Y1) — SQ(3).

It is known [18] that surgery on a non-trivial knot can never yigf so the Prop-
erty P conjecture would follow from the Poinéatconjecture. Theorem 2 is a slightly
sharper statement which implies Conjecture 1. The same techniques yield a closely-
related theorem:

Theorem 3. Let Y be an irreducible, closed, orientatemanifold (not $ x $?), and
letv be an element of AY; Z/2). Then there is a homomorphism 71(Y) — SQ3)
havingwz(p) = v.

1The authors have learned that this result was also known to Etnyre, who shows in [10] that it is a
straightforward extension of the earlier results of [11].



Remarks.The question whether surgery on a knot could produce a counterexample
to the Poinca# conjecture was asked explicitly by Bing in [2], and the question was
formalized with the definition of “Property P” by Bing and Martin in [3]. To verify that

a knotK has Property P in their sense, it is sufficient to verify that the 3-manif6lds
obtained by non-trivial Dehn surgeries &nall have non-trivial fundamental group. In

[6], it was shown thatr1(Y) is non-trivial if K is non-trivial and the surgery-coefficient

is not+1. This is why Conjecture 1 is now equivalent to the original version. The
problem appears on Kirby’s problem list [19, Problem 1.15], where there is also a
summary of some of the contributions that have been made.

It follows from Casson’s work (see [1]) that ¥ is obtained by Dehn surgery on
a knotK whose symmetrized Alexander polynomiak satisifesAy (1) # 0, then
1(Y) admits a non-trivial homomorphisms 80(3). Such knots therefore have Prop-
erty P. The argument used by Casson is closely related to what is done here. The
quantity A} (1) is equal to the euler characteristic of a Floer homology gieEpYo),
associated to the manifold obtained by O-framed surgery é6. We shall show that
the Floer homology grouplF(Yp) itself is always non-trivial ifK is not the unknot,
even though the euler characteristic may vanish.

The authors were aware some time ago that Property P could be deduced from Wit-
ten’s conjecture and other known results, if one only had a suitably general “concave
filling” result for symplectic 4-manifolds with contact boundary, as explained later in
this paper. At the time (around 1996), no concave filling results were known. The first
general result on concave filling of contact 3-manifolds is given in [11], using results
on open-book decompositions from [17]. More recently, Eliashberg has shown [8] that
one can construct a concave filling compatible with a given symplectic form on a collar
of the contact 3-manifold, provided only that the symplectic form is positive on the
contact planes. It is this stronger result from [8] that we need here.

Acknowledgementshe first author was supported by NSF grant DMS-0100771. The
second author was supported by NSF grants DMS-0206485, DMS-0111298 and FRG-
0244663. Both authors would like to thank Yasha Eliashberg for generously sharing
his expertise.

2. Donaldson and Seiberg-Witten invariants

(i) Donaldson invariants and simple type

Let X be a smooth, closed, oriented 4-manifold, with(X) odd and greater than 1,
andbi(X) = 0. Fix a homology orientation foX. For eachw € H2(X; 7), the
Donaldson invariants oX (constructed usingy (2) bundles with first Chern class)
constitute a linear map

DY : A(X) — Z,

whereA(X) is the symmetric algebra oH2(X; Z) @ Ho(X; Z). Our notation here
follows [20], and we writex for the element ofA(X) corresponding to the positive
generator ofHo(X; 7). We makeA(X) a graded algebra, by putting the generators



from H2(X; Z) in degree 2 and the generatorin degree 4. With this grading, the
restriction
DY : Agg(X) — Z

is non-zero only when
d=—w?— :—;(b+(X) +1) (mod 4. 1)

The manifoldX is said to havesimple typéf the invariant satisfies
¥(x%z) = 4D¥(2)

for all zin A(X). This notion was introduced in [20], where it was shown tKatas
simple type if it contains dight surface a smoothly embedded oriented surface
whose genug satisfies § — 2 = [X] - [¥] > 0. For manifolds of simple type, it is
natural to introduce
DY : A(X) — Z,

defined by

% (2) = DY (2) + DY (z%/2).
If zis homogeneous of degred,Zhen only one of the terms on the right can be non-
zero because of the congruence (1); and both terms are zero unless

d=—w?— g(b+(X) +1) (mod 2. (2)

We combine the Donaldson invariants to form a series
w(h) = D¥(e"
= Y D¥(h%/d! + 3 D¥(xhd)/d!

We regard this as a formal power series fioe Ha(X; R). The main result of [20]
contains the following:

Theorem 4 ([20]). Let X be a 4-manifold of simple type with b= 0. Then the
Donaldson series converges for alland there exist finitely many cohomology classes
K1, ..., Ks € H%(X; Z) and non-zero rational numbeg, ..., Bs (both independent
of w) such that

S
gy = exp(%) Z(_l)(w2+Kr~w)/2 B e
r=1

as analytic functions on #{X; R). Here Q is the intersection form, regarded as a
quadratic function. Each of the classes i an integral lift ofwo(X).

Remarks.The classe¥, are called thévasic classesf X. The theorem is supposed

to include the case that the Donaldson invariants are identically zero. This is the case
s = 0. The Donaldson series is always either an even or an odd functionsofthe
non-zero basic classes come in pairs differing by sign.

It is more common today to use the terms “simple type” and “basic classes” to
refer to properties defined not by the Donaldson invariants but by the Seiberg-Witten
invariants, as explained below. We will therefore refer to thesB-&imple typeand
D-basic classebenceforth, to avoid ambiguity.



(i) Seiberg-Witten invariants and Witten’s conjecture

The Seiberg-Witten invariants of a 4-manifakdsuch as the one we are considering
(with b™ odd and greater than 1 abg = 0) are a function on the set of Spistructures
on X. For each Spinstructures, they define an intege8Ws) € Z. To simplify our
notation, we shall assume thAthas no 2-torsion in its second cohomology: in this
cases is determined by the first Chern claksof the corresponding half-spin bundle
S*, and we can regarBWas a function oK :

SW: H%(X; 7) — Z.

The manifoldX is said to hav&W-simple typ# SWK ) = 0 wheneveK 2 is not equal
to 2y + 30. TheSW-basic classeare the classe € H2(X; Z) with SWMK) # 0.
The following is a stripped-down version of Witten’s conjecture from [22].

Conjecture 5. Let X be ad-manifold with b~ odd and greater tha, with b'(X) = 0

and with no2-torsion in H2(X; Z). Suppose X has SW-simple type. Then X has D-
simple type, the D-basic classes are the SW-basic classes, and for each basig class K
the corresponding rational numbgf in the statement of Theorem 4 is given by

Br = c(X)SWKy),
where ¢X) is a non-zero rational number depending on X.

An important corollary of this conjecture is the assertion that the Donaldson invari-
ants are non-zero if the Seiberg-Witten invariants are non-zerdamas SW.simple
type. Witten’s conjecture also gives the value@X) as

e(X) = 22+3(Tx+110)
but we will not need this statement.

(iii) The theorem of Feehan and Leness

A weaker version of Witten’s conjecture is proved by Feehan and Leness in [12]. We
rephrase Theorem 1.1 of [12] here, specializing to the caseXthasSW-simple type,
and simplifying the statement to suit our needs, as follows. The theorem involves a
choice of auxiliary clas®\ € H2(X; Z) with A — w = w2(X) mod 2. In the version
we state here, we takek to be the class dual to a tight surfaceXn This ensures that
A - K is zero, for allSWbasic classeK. The presence of a tight surface ensures that
X hasD-simple type. We choosa to be divisible by 2 andv to be an integer lift of
w2(X). Set

N=A%2eZ

We may replacé\ by any multiple ofA, to makeN as large as we might need.

Theorem 6 ([12]). Let X be a4-manifold with h = 0 and b" odd and greater than
1. Suppose that X has riatorsion in its second cohomology and has SW-simple



type. Suppose in addition that X contains a tight surface with positive self-intersection
number. LetA and N be as above, and let d be an integer in the range

0<d<N-1(x+0)-2

satisfying the congrueng@). Then for any class h in #X; R) with A - h = 0, we
have
- 2
DY (h®) = 3 (~ 1)@ +K/25WK) pg(K - h, Q(h)).
K

Here py is a weighted-homogeneous polynomial,

pas, )= Y Capsit®,
a+2b=d

whose coefficients £}, € Q are universal functions of (X), o (X) and N.
From this result, it is straightforward to deduce:

Corollary 7. Witten’s conjecture, in the form of Conjecture 5, holds for X as long as
X satisfies the following three additional conditions:

(a) X contains a tight surfac® with positive self-intersection;

(b) X has the same Euler number and signature as some smooth hypersurface in
CP3 whose degree is even and at least 6;

(c) X contains a sphere of self-intersectien.

Remark.The second condition is much more restrictive than necessary, but suffices for
our application.

Proof of the corollary. The assertion of Conjecture 5 is an equality

% = cO0 exp(Q/2) Y (=) /25K ek 3)
K

of analytic functions orH?(X; R), wherec(X) is a hon-zero rational number. We are
assuming thaX contains a tight surface, 96 hasD-simple type. If we change to

w’, then we know howzy changes, from Theorem 4, and we know also how the right-
hand side changes. It is therefore enough to verify the conjecture for one particular
We takew to be an integral lift ofw,(X).

Let A € H2(X; Z) be some large even multiple of the class dual to the tight sur-
face. All theSWbasic classes and all the-basic classes are orthogonalAadby the
adjunction inequality. If we writdh = hy + hp, whereA - h; = 0 andh; is in the span
of the dual ofA, then

Dy (h1 + hz) = Dy (h1) exp(Q(h2)/2).

The same holds for the function defined by the right-hand side of (3). So it is enough to
verify that the conjecture holds for the restriction of the Donaldson series to the kernel
of A.



Let X, be a hypersurface iP® with the same Euler number and signature as
X. We takeA, in H2(X,; Z) to be a class orthogonal to the canonical clissof
X, represented by a tight surface. By replacihgand A by suitable multiples, we
can arrange that they have the same sqdaréNhen the degree oX, is even, the
congruence (2) asserts ttthis even. The Donaldson invariants ¥fand X, are even
functions on the second homology in this case, and the Seiberg-Witten invariants satisfy
SWK) = SW(—K) in both cases.

We apply Theorem 6 tX,., with w = 0. TheSWbasic classes ateK,, and it is
known thatSW+K,) = 1. We learn that

DS, () =2 ) Cap(K.-W2Q(h)°

a+2b=d

for all h orthogonal toA,. This formula determines the coefficier@s  entirely,
in terms of the Donaldson invariants &f,, because the linear functiad, and the
guadratic formQ are algebraically independent as functions on this vector space.

In particular, we see that, , is independent oN. We can therefore sum over all
d, and write

5. (=2 (1/d) Y Cap(Ks-h2Q(h)".

d even a-+2b=d

On the other hand, we know from Theorem 4 t@ has the special form given
there; and we also know that the Donaldson invariants of this complex surface are not
identically zero. Thus

23 @/dh Y Cab(Ki-2Q()® = exp(Q(h)/2) f (K, - h)

d even a+2b=d

wheref : R — R is a non-zero even function of the form
m
f(t) = Zar coshiirt)
r=1

for some rational numbekg andx, > 0. The rational numbers; are such that the
D-basic classes of are+A; K. The basic classes are supposed to be integer classes,
and this constrains the denominatorapf The adjunction inequality also implies that
A < 1.

With this information abou€C, ,, we can now apply Theorem 6 to our origing)
to deduce that

% = exp(Q/2) Y (=) T 2SWK) £ (K)
K

as functions on the orthogonal complemennofif any of thei, are not integral, then
this formula is inconsistent with Theorem 4, because¥ébasic classek for X are
primitive, becauseX contains a sphere of squarel. The D-basic classes are also all
non-zero forX, for the same reason, and this means thatncan be zero. Sa, can
only be+1, and it follows thatf (K) is simply a multiple of cos{K). This establishes
the result. O



3. Proofs of the theorems

(i) Concave filling

LetY be a closed oriented 3-manifold (not necessarily connected); amdoriented
contact structure compatible with the orientatiorYofThis means that is the 2-plane
field defined as the kernel of a 1-fomon Y, anda A da is a positive 3-form. IfY is
the oriented boundary of an oriented 4-manifoldfthen a symplectic formw on W
is said to be weakly compatible withif the restrictionw|y is positive on the 2-plane
field &; or equivalently, ifx A w|y > 0. The following is proved in [8].

Theorem 8 ([8]). Let Y be the oriented boundary of4amanifold W and leto be a
symplectic form on W. Suppose there is a contact struéture Y that is compatible
with the orientation of Y and weakly compatible with Then we can embed W in a
closed symplectid-manifold (X, 2) in such a way tha2|w = w.

Because we will need to construct é¥, Q) satisfying some additional mild re-
strictions, we summarize how is constructed in [8] as a smooth manifold (without
concern for the symplectic form). If the component¥ddreYs, ..., Yn, then the first
step is to choose an open-book decomposition of &aelith binding B;. These open-
book decompositions are required to be compatible with the contact strugfurés
the sense of [17]. We can take each bindBjgto be connected. Lét/’ be obtained
from W by attaching a 2-handle along each kiptwith zero framing. The boundary
Y’ = dW' is the union of 3-manifold¥;, obtained fromY; by zero surgery: each’
fibers over the circle with typical fibef;. The genus of; is the genus of the leaves
of the open-book decomposition ¥f. For eachi, one then constructs a symplectic
Lefschetz fibration

pi - Zi — B 4)

over a 2-manifold-with-boundar;, with 9B; = S'. One constructZ; to have the
same fibers;, andd Z; = —Y,. The 4-manifoldX is obtained as the union &%’ and
the Z;, joined along their common boundariés

There is considerable freedom in this construction. We exploit this freedom in
a sequence of lemmas, each of which states that we can cEpas®eas to fulfill a
particular additional property.

Lemma 9. We can choose the Lefschetz fibratign Z; — B; so that the base jBs
a disk 2.

Proof. We examine the argument from [8]. As a componerti\&f, the 3-manifoldy;/

carries a 2-formy’ € QZ(Y{), the restriction of the symplectic fora from W’. This

form is positive on the fibers of the fibratigel : Y/ — St, and its kernel is a line-field

onY,/ transverse to the fibers. There is a unique vector f€ldn Y contained in the
line-field, with p, (V") = 8/3S! on the circleSt. The flow generated by’ preserves

n’; and at time 2 the flow determines a holonomy automorphism (6l of the fiber

over 1e S!, which is an area-preserving map of the surface.

Since positive Dehn twists generate the mapping class group, we can construct a

Lefschetz fibratiorpi0 : Zi0 — D? whose boundary is topologicallyY/, as a surface



bundle overSt. This Lefschetz fibration can be made symplectic; and we wfiteor
the restriction of the symplectic form frorﬁi0 to Y/. We can assume that and»”
have the same integral on the fit3r.

If we can choose&? so that

Hol(n") = Hol(n") %)

as area-preserving maps of the fiber over 1, then there is a fiber-preserving diffeomor-
phismys of Y/ with ¥ ~1(n’) = n”. We can then usé to attachZiO to W’ along Y/
(see [8]) and our task will be complete. At this point however, we only know that the
map¢ = Hol() o Hol(n”)~1 is isotopic to the identity in Diff%;).

To complete the proof of the lemma, it will be enough to construct a symplectic
Lefschetz fibration

p:(V,wy) > D2

whose boundary is the topologically trivial surface bundle d&seand whose holon-
omy is given by Holn) = ¢, wheren = wy|3v. We can then forn¥; as the union of
Zi0 andV, attached along a neighborhood of a fiber in their boundaries. That suich a
exists is the content of the next lemma. O

Lemma 10. Let X be a closed symplectic surface of artand genus2 or more.
Letyp : ¥ — X be an area-preserving map that is isotopic to the identity through
diffeomorphisms. Then there is a symplectic Lefschetz fibratiofV/pw) — D? with
p~1(1) = = andHol(w|v) = ¢.

Proof. As explained in [8], it will be enough if we can find(®, w) such that Halwy )

has the samituxase. In this context, the flux has the following interpretation. Because
the identity component of the diffeomorphism group is contractible, we can ideénify
with St x = canonically up to fiber-preserving isotopy; so we have a canonical map

H1(X) — H2(dV)

given by [y] — [S! x y]. The flux is the element ol 1(Z; R) corresponding to the
homomorphism

f:H(Z) > R

] fsl olav.
xy

So the assertion of the lemma is that we can chgose(V, w) — D? so that the
cohomology class ob|yy is any given class iH2(S! x ¥; R), subject only to the
constraint that the area &f is 1.

To see that this is possible, we observe that we can find first an exgmple
(Vo, wp) — D? whose fluxf is zeroand such that the mag,(3Vo; R) — Ho(Vo; R)
induced by the inclusiodVy < Vj is injective. Such an example is obtained by
removing a neighborhood of a fiber in a closed Lefschetz fibrgiion(Vo, @) — S2;
the condition on the second homology is achievesd;ifVp) is zero.



Next, because non-degeneracy is an open condition on 2-forms, there exists a
neighborhoodt of 0 € H1(Z; R) such that, for allf € 4, there exists a forrms on
\ such that
Po : (Mo, wf) — D?

is a symplectic Lefschetz fibration whose holonomy on the boundary had flusi-
nally, given a general, we can find an integeM such thatf /N belongs to. We then
construct(V, w) by attachingN copies of(Vo, w,n) along neighborhoods of fibers in
their boundaries. O

From now on, we may assume that the base of the fibr&jois a disk. We can
now arrange that(Z;; 7Z) is zero. IndeedH1(Z;; Z) is generated by a collection
of 1-cycles on the fibeE;, and we can arrange that these are vanishing cycles in the
Lefschetz fibration. Thus we can state:

Lemma 11. If the map H(Y; Z) — H1(W,; Z) is surjective, then we can choose X in
Theorem 8 so that HX; Z) is zero.

Proof. The hypothesis implies that, (Y'; Z) — H1(W’; Z) is surjective also. Choose
the Z; to have trivial first homology, as explained above, and the lemma then follows
from the Mayer-Vietoris sequence. O

In a similar vein, we have:

Lemma 12. We can choose X so that the restriction map(M; Z) — H2(W; 2) is
surjective.

Proof. The restriction magH2(W'; Z) — H2(W; Z) is surjective, so we may replace
W by W’ in the statement. If we arrange thid{(Z;; Z) is zero, then the restriction
mapH2(Zi; Z) — H2(Y/; Z) is surjective. The surjectivity of the map?(X; 2) —
H2(W’; Z) now follows from the Mayer-Vietoris sequence for cohnomology. [

We can also specify the Euler number and signature quite freely subject to some
inequalities:

Lemma 13. We can choose X so that its Euler number and signature are the same as
those of X, where X is a smooth hypersurface i@P® whose degree is even and

at least6. At the same time, we can arrange that X contains a sphere with self-
intersection—1.

Proof. Our strategy is to arrange thXthas the samb™ as someX, but has smaller
b~. We then blow upX at enough points to make the valuelof agree also.

LetV — CP! be a symplectic Lefschetz fibration with(V) = 0 and the same
fiber genus ag;. Replacez; by Z;, the Gompf fiber-sum oZ; andV. The effect on
b*(X) is to add to it the quantity

nt (V) =b"(V)+29—1,
while b~ (X) changes by
n~(V)=b (V)+2g-1
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Hereg is the fiber genus. If we use two different Lefschetz fibrationgndV, for
which nt(V) andnt (V) are coprime, then the set of values that we can achieve for
b*(X) includes all sufficiently large integers.

For hypersurfaceX. in CP® of large degree, the ratlo~ (X,)/b* (X,) approaches
2. We can therefore achieve our objective by forming a fiber-sum with many copies of
V, provided the ratim—(V)/n™ (V) satisfies

n~(V)/nt (V) < 2.

This ratio condition is quite common for Lefschetz fibrations. For examplgjsfan
algebraic surface with an ample cladssatisfyingKs - H > 0, then the Lefschetz
fibrationV constructed from a pencil in the linear systghid | satisfies this inequality,
onced is sufficiently large. AV constructed in this way may not have the same fiber
genus as one of thg;, but we can always increase the fiber genug;dfy any positive
integer, by adjusting the original open-book decompositiol of O

We need one last lemma of this sort.

Lemma 14. We can choose X so that it contains a tight surface of positive self-
intersection number.

Proof. We can choose a Lefschetz fibratign— CP?! containing a tight surface dis-
joint from a fiber. We then replace or#g by a Gompf fiber-sum, as in the previous
lemma. O

We now combine the conclusions of the last four lemmas with the construction of
Eliashberg and Thurston from [9], to prove the next proposition.

Proposition 15. Let Y be a closed orientabl@manifold admitting an oriented taut
foliation. Suppose Y is nottS S2. Then Y can be embedded as a separating hyper-
surface in a closed symplectlemanifold (X, Q). Moreover, we can arrange that X
satisfies the following additional conditions.

(&) The first homology HX; Z) vanishes.

(b) The euler number and signature of X are the same as those of some smooth
hypersurface irCP3, whose degree is even and not less than

(c) The restriction map B(X; Z) — H2(Y; Z) is surjective.

(d) The manifold X contains a tight surface of positive self-intersection number, and
a sphere of self-intersectionl.

(e) The two pieces Xand X obtained by cutting X along Y both havé positive.

Proof. By the results of [9], the existence of the foliation implies that the product
manifold
W=[-11]xY

carries a symplectic forn», weakly compatible with contact structurgs andé_ on
the boundary componentd} x Yo and{—1} x Yp. By Theorem 8, we may embed
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(W, w) in a closed symplectic 4-manifol@X, 2). We can choos& to satisfy the
extra conditions in Lemmas 11, 12, 13 and 14 above. This gives the first of the four
conditions onX. The last condition is straightforward. O

(i) Proof of Theorem 2

Let Y1 be the result of-1-surgery on a non-trivial knd, and letYy be the manifold
with H1(Yp) = Z obtained by 0-surgery. According to Floer’'s exact triangle [13, 4], the
instanton Floer homology groufF (Y1) is isomorphic to the Floer homology group
HF (Yo), where the latter is refers to the group constructed usingStB@) bundle

P — Yo with non-zerow,. We suppose that the knt contradicts Theorem 2. Then
HF (Y1) is zero, and the exact triangle tells us th&(Yp) is zero also. We therefore
have:

Proposition 16. Suppose K is a counterexample to Theorem 2. Let X be a smooth
closed4-manifold containing ¥ as a separating hypersurface. Suppose that the two
pieces X, X, obtained by cutting X alongg¥ooth have B non-zero. Then the Don-
aldson polynomial invariant B is identically zero for any class H2(X; Z) whose
restriction to Y§ is non-zero mo@.

Proof. WhenX is decomposed along as in the proposition, the value Bfy (x™h")
can be expressed as a pairing

(Uxes ¥xz)s

whereyrx, andyx, are relative invariants oKy and X, taking values in the Fukaya-
Floer homology groupiFF(Yp, §) and its dual, wheré is a 1-cycle inYg (see [14, 5]).
The vanishing oHF (Yp) implies the vanishing dfiFF(Yp, &) also, which explains the
proposition. O

Remark.It is possible to avoid the use of the full exact triangle, and to avoid men-
tioning any type of Floer homology in the proof of this proposition. The hypothesis
on K means that the equations for a f8@3) connection onYp with w2 non-zero

admit a holonomy-type perturbation (of the sort described in [4]), so that the resulting
equations admit no solutions. (In other language, the Chern-Simons functional has a
holonomy-type perturbation after which it has no critical points.) The vanishing of the
Donaldson invariants foX then follows from a straightforward degeneration argument.

According to [16], the manifoldy has a taut foliation by oriented 2-dimensional
leaves and is not the product manif@4x S? if K is non-trivial. We may apply Propo-
sition 15 toYp, to embed it in(X, ) satisfying all the conditions in that proposition.
Being symplectic, the manifolX hasSWtsimple type and non-trivial Seiberg-Witten
invariants, by the results of [21]. The conditions imposed in Proposition 15 ensure that
Corollary 7 applies, so Witten’s conjecture, in the form of Conjecture 5, holdXfor
It follows that the Donaldson invarianf3y are non-trivial, for alhw.

However, the 3-manifolddy C X divides X into two piecesXs1 and X», both of
which have positivd™. The condition (c) of Proposition 15 allows us to choose a
H2(X; Z) whose restriction té is the generator. For this choicewf Proposition 16
tells us thatDy is zero. This is a contradiction. O
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(i) Proof of Theorem 3

Let Y andv be as in the statement of the theorem. If the image of the elemint
Hom(H2(Y; 2), Z/2) is zero, then the result is elementary, for there is an integer lift of
v that is a torsion element ¢2(Y; Z), which implies that there is a fl&0(2) bundle
onY with wo = v. We therefore turn to the interesting case, whemas non-zero
pairing with some element dfi,(Y; 2).

Gabai’'s theorem [15] supplieg with a taut foliation, so we can embéd as a
separating hypersurface in a symplectic 4-maniféicas in Proposition 15. Because
the restriction map on second cohomology is surjective, there is awlassl?(X; Z)
whose restriction t&Y becomes when reduced mod 2.

The hypothesis that has non-zero pairing with some integer class ensures that
there is a well-defined Floer homology grobf(Y) constructed from the connec-
tions withwy = v (see [7]). If there are no such flat connections, tH& (Y) is zero,
and it follows thatD% is identically zero, as in Proposition 16. On the other hand,
Conjecture 5 holds foK, and we have the same contradiction as before. O

References

[1] Selman Akbulut and John D. McCarth@asson’s invariant for oriented homol-
ogy 3-spheres Mathematical Notes, vol. 36, Princeton University Press, Prince-
ton, NJ, 1990, An exposition.

[2] R. H. Bing, Correction to “Necessary and sufficient conditions th&-manifold
be $”, Ann. of Math. (2)77 (1963), 210.

[3] R. H. Bing and J. M. MartinCubes with knotted holg$rans. Amer. Math. Soc.
155(1971), 217-231.

[4] P.J. Braam and S. K. Donaldsdfiper’s work on instanton homology, knots and
surgery The Floer memorial volume, Progr. Math., vol. 133, Bikiser, Basel,
1995, pp. 195-256.

[5] __, Fukaya-Floer homology and gluing formulae for polynomial invariants
The Floer memorial volume, Progr. Math., vol. 133, Bigkiser, Basel, 1995,
pp. 257-281.

[6] M. Culler, C. McA. Gordon, J. Luecke, and P. B. ShalBehn surgery on knots
Ann. of Math. (2)125(1987), no. 2, 237-300.

[7] S. K. DonaldsonFloer homology groups in Yang-Mills theqi@ambridge Tracts
in Mathematics, vol. 147, Cambridge University Press, Cambridge, 2002, With
the assistance of M. Furuta and D. Kotschick.

[8] Y. M. EliashbergFew remarks about symplectic fillingrXiv:math.SG/0311459,
2003.

[9] VY. M. Eliashberg and W. P. Thursto©onfoliations University Lecture Series,
no. 13, American Mathematical Society, 1998.



13

[10] J. B. EtnyreOn Symplectic FillingsarXiv:math.SG/0312091, 2003.

[11] J. B. Etnyre and K. Hondd&)n symplectic cobordism#lath. Ann.323(2002),
no. 1, 31-39.

[12] P. M. N. Feehan and T. G. Lenegsgeneral SO(3)-monopole cobordism formula
relating Donaldson and Seiberg-Witten invarigntarXiv:math.DG/0203047,
2003.

[13] A. Floer, Instanton homology and Dehn surgeiffhe Floer memorial volume,
Progr. Math., vol. 133, Birkauser, Basel, 1995, pp. 77-97.

[14] K. FukayaFloer homology for oriente8-manifolds Aspects of low-dimensional
manifolds, Adv. Stud. Pure Math., vol. 20, Kinokuniya, Tokyo, 1992, pp. 1-92.

[15] D. Gabai,Foliations and the topology of 3-manifoldd. Differential Geoml8
(1983), no. 3, 445-503.

[16] , Foliations and the topology & manifolds. 11} J. Differential Geom26

(1987), no. 3, 479-536.

[17] E. Giroux, Géongtrie de contact: de la dimension trois vers les dimensions
sugerieures Proceedings of the International Congress of Mathematicians, Vol.
Il (Beijing, 2002) (Beijing), Higher Ed. Press, 2002, pp. 405-414.

[18] C. McA. Gordon and J. Lueckd&nots are determined by their complemerits
Amer. Math. Soc2 (1989), no. 2, 371-415.

[19] R. C. Kirby, Problems in low-dimensional topolog¥roceedings of the 1993
Georgia International Topology Conference (Providence, RI) (William H. Kazez,
ed.), AMS/IP Studies in Advanced Mathematics, vol. 2, American Mathematical
Society, 1997, pp. 35-374.

[20] P. B. Kronheimer and T. S. Mrowk&mbedded surfaces and the structure of
Donaldson’s polynomial invariantd. Differential Geom41 (1995), no. 3, 573—
734.

[21] C. H. TaubesThe Seiberg-Witten invariants and symplectic faridsith. Res.
Lett. 1 (1994), no. 6, 809—-822.

[22] E. Witten,Monopoles and four-manifoldMath. Res. Lettl (1994), no. 6, 769—
796.



