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Abstract. Monopole Floer homology is used to prove that real projective three-space
cannot be obtained from Dehn surgery on a non-trivial knot in the three-sphere. To obtain
this result, we use a surgery long exact sequence for monopole Floer homology, together
with a non-vanishing theorem, which shows that monopole Floer homology detects the
unknot. In addition, we apply these techniques to give information about knots which
admit lens space surgeries, and to exhibit families of three-manifolds which do not admit
taut foliations.

1. Introduction

Let K be a knot inS3. Given a rational numberr , let S3
r (K ) denote the oriented three-

manifold obtained from the knot complement by Dehn filling with sloper . The main
purpose of this paper is to prove the following conjecture of Gordon (see [17], [18]):

Theorem 1.1. Let U denote the unknot in S3, and let K be any knot. If there is an
orientation-preserving diffeomorphism S3

r (K ) ∼= S3
r (U ) for some rational number r, then

K = U.

To amplify the meaning of this result, we recall thatS3
r (U ) is the manifoldS1

×S2 in the
caser = 0 and is a lens space for all non-zeror . More specifically, with our conventions,
if r = p/q in lowest terms, withp > 0, thenS3

r (U ) = L(p,q) as oriented manifolds. The
manifold S3

p/q(K ) in general has first homology groupZ/pZ, independent ofK . Because

the lens spaceL(2,q) is RP3 for all odd q, the theorem implies (for example) thatRP3

cannot be obtained by Dehn filling on a non-trivial knot.
Various cases of the Theorem 1.1 were previously known. The caser = 0 is the “Prop-

erty R” conjecture, proved by Gabai [14], and the case wherer is non-integral follows from
the cyclic surgery theorem of Culler, Gordon, Luecke, and Shalen [7]. The case where
r = ±1 is a theorem of Gordon and Luecke, see [19] and [20]. Thus, the advance here is
the case wherer is an integer with|r | > 1, though our techniques apply for any non-zero
rationalr . In particular, we obtain an independent proof for the case of the Gordon-Luecke
theorem. (Gabai’s result is an ingredient of our argument.)

The proof of Theorem 1.1 uses the Seiberg-Witten monopole equations, and the mono-
pole Floer homology package developed in [21]. Specifically, we use two properties of
these invariants. The first key property, which follows from the techniques developed in
[23], is a non-vanishing theorem for the Floer groups of a three-manifold admitting a taut
foliation. When combined with the results of [14], this non-vanishing theorem shows that
Floer homology can be used to distinguishS1

× S2 from S3
0(K ) for non-trivial K . The
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second property that plays a central role in the proof is a surgery long exact sequence, or
exact triangle. Surgery long exact sequences of a related type were introduced by Floer in
the context of instanton Floer homology, see [5] and [11]. The form of the surgery long
exact sequence which is used in the topological applications at hand is a natural analogue
of a corresponding result in the Heegaard Floer homology of [28] and [27]. In fact, the
strategy of the proof presented here follows closely the proof given in [33].

Given these two key properties, the proof of Theorem 1.1 has the following outline. For
integralp, we shall say that a knotK is p-standardif S3

p(K ) cannot be distinguished from

S3
p(U ) by its Floer homology groups. (A more precise definition is given in Section 3,

see also Section 6.) We can rephrase the non-vanishing theorem mentioned above as the
statement that, ifK is 0-standard, thenK is unknotted. A surgery long exact sequence,
involving the Floer homology groups ofS3

p−1(K ), S3
p(K ) and S3, shows that ifK is p-

standard forp > 0, thenK is also(p − 1) standard. By induction, it follows that if
K is p-standard for somep > 0, then K = U . This gives the theorem for positive
integersp. Whenr > 0 is non-integral, we prove (again by using the surgery long exact
sequence) that ifS3

r (K ) is orientation-preservingly diffeomorphic toS3
r (U ), thenK is also

p-standard, wherep is the smallest integer greater thanr . This proves Thoerem 1.1 for all
positiver . The case of negativer can be deduced by changing orientations and replacing
K by its mirror-image.

As explained in Section 8, the techniques described here for establishing Theorem 1.1
can be readily adapted to other questions about knots admitting lens space surgeries. For
example, ifK denotes the(2,5) torus knot, then it is easy to see thatS3

9(K )
∼= L(9,7),

andS3
11(K )

∼= L(11,4). Indeed, a result described in Section 8 shows that any lens space
which is realized as integral surgery on a knot inS3 with Seifert genus two is diffeomorphic
to one of these two lens spaces. Similar lists are given wheng = 3, 4, and 5. Combining
these methods with a result of Goda and Teragaito, we show that the unknot and the trefoil
are the only knots which admits a lens space surgery withp = 5. In another direction, we
give obstructions to a knot admitting Seifert fibered surgeries, in terms of its genus and the
degree of its Alexander polynomial.

Finally, in Section 9, we give some applications of these methods to the study of taut
foliations, giving several families of three-manifolds which admit no taut foliation. One
infinite family of hyperbolic examples is provided by the(−2,3,2n + 1) pretzel knots
for n ≥ 3: it is shown that all Dehn fillings with sufficiently large surgery sloper admit
no taut foliation. The first examples of hyperbolic three-manifolds with this property were
constructed by Roberts, Shareshian, and Stein in [37], see also [6]. In another direction, we
show that ifL is a non-split alternating link, then the double-cover ofS3 branched along
L admits no taut foliation. Additional examples include certain plumbings of spheres and
certain surgeries on the Borromean rings, as described in this section.

Outline. The remaining sections of this paper are as follows. In Section 2, we give a
summary of the formal properties of the Floer homology groups developed in [21]. We
do this in the simplest setting, where the coefficients areZ/2. In this context we give
precise statements of the non-vanishing theorem and surgery exact sequence. WithZ/2
coefficients, the non-vanishing theorem is applicable only to knots with Seifert genusg >
1. In Section 3, we use the non-vanishing theorem and the surgery sequence to prove
Theorem 1.1 for all integerp, under the additional assumption that the genus is not 1.
(This is enough to cover all cases of the theorem that do not follow from earlier known
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results, because a result of Goda and Teragaito [16] rules out genus-1 counterexamples to
the theorem.)

Section 4 describes some details of the definition of the Floer groups, and the following
two sections give the proof of the surgery long-exact sequence (Theorem 2.4) and the
non-vanishing theorem. In these three sections, we also introduce more general (local)
coefficients, allowing us to state the non-vanishing theorem in a form applicable to the case
of Seifert genus 1. The surgery sequence with local coefficients is stated as Theorem 5.12.
In Section 6, we discuss a refinement of the non-vanishing theorem using local coefficients.
At this stage we have the machinery to prove Theorem 1.1 for integralr and anyK , without
restriction on genus. In Section 7, we explain how repeated applications of the long exact
sequence can be used to reduce the case of non-integral surgery slopes to the case where
the surgery slopes are integral, so providing a proof of Theorem 1.1 in the non-integral
case that is independent of the cyclic surgery theorem of [7].

In Section 8, we describe several further applications of the same techniques to other
questions involving lens-space surgeries. Finally, we give some applications of these tech-
niques to studying taut foliations on three-manifolds in Section 9.

Remark on orientations.Our conventions about orientations and lens spaces have the fol-
lowing consequences. If a 2-handle is attached to the 4-ball along an attaching curveK
in S3, and if the attaching map is chosen so that the resulting 4-manifold has intersection
form (p), then the oriented boundary of the 4-manifold isS3

p(K ). For positivep, the lens

spaceL(p,1) coincides withS3
p(U ) as an oriented 3-manifold. This is not consistent with

the convention thatL(p,1) is the quotient ofS3 (the oriented boundary of the unit ball in
C2) by the cyclic group of orderp lying in the center ofU (2).

Acknowledgements.The authors wish to thank Cameron Gordon, John Morgan, and Jacob
Rasmussen for several very interesting discussions. We are especially indebted to Paul
Seidel for sharing with us his expertise in homological algebra. The formal aspects of
the construction of the monopole Floer homology groups described here have roots that
can be traced back to lectures given by Donaldson in Oxford in 1993. Moreover, we have
made use of a Floer-theoretic construction of Frøyshov, giving rise to a numerical invariant
extending the one which can be found in [13].

2. Monopole Floer homology

2.1. The Floer homology functors. We summarize the basic properties of the Floer
groups constructed in [21]. In this section we will treat only monopole Floer homology
with coefficients in the fieldF = Z/2Z. Our three-manifolds will always be smooth, ori-
ented, compact, connected and without boundary unless otherwise stated. To each such
three-manifoldY, we associate three vector spaces overF,̂

HM•(Y), ĤM•(Y), HM•(Y).

These are the monopole Floer homology groups, read “HM-to”, “HM-from”, and “HM-
bar” respectively. They come equipped with linear mapsi∗, j∗ and p∗ which form a long
exact sequence

(1) · · ·
i∗

−→

̂

HM•(Y)
j∗

−→ ĤM•(Y)
p∗

−→ HM•(Y)
i∗

−→

̂

HM•(Y)
j∗

−→ · · · .

A cobordismfrom Y0 to Y1 is an oriented, connected 4-manifoldW equipped with an
orientation-preserving diffeomorphism from∂W to the disjoint union of−Y0 andY1. We
write W : Y0 → Y1. We can form a category, in which the objects are three-manifolds, and
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the morphisms are diffeomorphism classes of cobordisms. The three versions of monopole
Floer homology are functors from this category to the category of vector spaces. That is,
to eachW : Y0 → Y1, there are associated mapŝ

HM(W) :

̂

HM•(Y0) →

̂

HM•(Y1)

ĤM(W) : ĤM•(Y0) → ĤM•(Y1)

HM(W) : HM•(Y0) → HM•(Y1).

The mapsi∗, j∗ and p∗ provide natural transformations of these functors. In addition to
their vector space structure, the Floer groups come equipped with a distinguished endo-
morphism, making them modules over the polynomial ringF[U ]. This module structure is
respected by the maps arising from cobordisms, as well as by the three natural transforma-
tions.

These Floer homology groups are set up so as to be gauge-theory cousins of the Hee-
gaard homology groupsHF+(Y), HF−(Y) and HF∞(Y) defined in [28]. Indeed, if
b1(Y) = 0, then the monopole Floer groups are conjecturally isomorphic to (certain com-
pletions of) their Heegaard counterparts.

2.2. The non-vanishing theorem.A taut foliationF of an oriented 3-manifoldY is aC0

foliation of Y with smooth, oriented 2-dimensional leaves, such that there exists a closed
2-formω onY whose restriction to each leaf is everywhere positive. We writee(F ) for the
Euler class of the 2-plane field tangent to the leaves, an element ofH2(Y; Z). The proof
of the following theorem is based on the techniques of [23] and makes use of the results of
[9].

Theorem 2.1. Suppose Y admits a taut foliationF and is not S1 × S2. If either (a)
b1(Y) = 0, or (b) b1(Y) = 1 and e(F ) is non-torsion, then the image of j∗ :

̂
HM•(Y) →

ĤM•(Y) is non-zero.

The restriction to the two cases (a) and (b) in the statement of this theorem arises from
our use of Floer homology with coefficientsF. There is a quite general non-vanishing
theorem for 3-manifolds satisfying the hypothesis in the first sentence; but for this version
(which is stated as Theorem 6.1 and proved in Section 6) we need to use more general,
local coefficients.

Note that j∗ for S2
× S1 is trivial in view of the following:

Proposition 2.2. If Y is a three-manifold which admits a metric of positive scalar curva-
ture, then the image of j∗ is zero.

According to Gabai’s theorem [14], ifK is a non-trivial knot, thenS3
0(K ) admits a taut

foliation F , and is notS1
× S2. If the Seifert genus ofK is greater than 1, thene(F ) is

non-torsion. As a consequence, we have:

Corollary 2.3. The image of j∗ :

̂

HM•(S3
0(K )) → ĤM•(S3

0(K )) is non-zero if the Seifert
genus of K is2 or more, and is zero if K is the unknot. �

2.3. The surgery exact sequence.Let M be an oriented 3-manifold with torus boundary.
Let γ1, γ2, γ3 be three oriented simple closed curves on∂M with algebraic intersection
numbers

(γ1 · γ2) = (γ2 · γ3) = (γ3 · γ1) = −1.

Define γn for all n so thatγn = γn+3. Let Yn be the closed 3-manifold obtained by
filling along γn: that is, we attachS1

× D2 to M so that the curve{1} × ∂D2 is attached
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to γn. There is a standard cobordismWn from Yn to Yn+1. The cobordism is obtained
from [0,1] × Yn by attaching a 2-handle to{1} × Yn, with framingγn+1. Note that these
orientation conventions are set up so thatWn+1 ∪Yn+1 Wn always contains a sphere with
self-intersection number−1.

Theorem 2.4. There is an exact sequence

· · · −→

̂

HM•(Yn−1)
Fn−1
−→

̂

HM•(Yn)
Fn

−→

̂

HM•(Yn+1) −→ · · · ,

in which the maps Fn are given by the cobordisms Wn. The same holds for̂HM• andHM•.

The proof of the theorem is given in Section 5.

2.4. Gradings and completions.The Floer groups aregradedvector spaces, but there
are two caveats: the grading is not byZ, and a completion is involved. We explain these
two points.

Let J be a set with an action ofZ, not necessarily transitive. We writej 7→ j + n for
the action ofn ∈ Z on J. A vector spaceV is graded by Jif it is presented as a direct
sum of subspacesVj indexed byJ. A homomorphismh : V → V ′ between vector spaces
graded byJ has degreen if h(Vj ) ⊂ V ′

j +n for all j .
If Y is an oriented 3-manifold, we writeJ(Y) for the set of homotopy-classes of oriented

2-plane fields (or equivalently nowhere-zero vector fields)ξ on Y. To define an action of
Z, we specify that[ξ ] + n denotes the homotopy class[ξ̃ ] obtained from[ξ ] as follows.
Let B3

⊂ Y be a standard ball, and letρ : (B3, ∂B3) → (SO(3),1) be a map of degree
−2n, regarded as an automorphism of the trivialized tangent bundle of the ball. Outside
the ballB3, we takeξ̃ = ξ . Inside the ball, we define

ξ̃ (y) = ρ(y)ξ(y).

The structure ofJ(Y) for a general three-manifold is as follows (see [23], for example). A
2-plane field determines a Spinc structure onY, so we can first write

J(Y) =

⋃
s∈Spinc(Y)

J(Y, s),

where the sum is over all isomorphism classes of Spinc structures. The action ofZ on each
J(Y, s) is transitive, and the stabilizer is the subgroup of 2Z given by the image of the map

(2) x 7→ 〈c1(s), x〉

from H2(Y; Z) to Z. In particular, ifc1(s) is torsion, thenJ(Y, s) is an affine copy ofZ.
For eachj ∈ J(Y), there are subgroupŝ

HM j (Y) ⊂

̂

HM•(Y)

ĤM j (Y) ⊂ ĤM•(Y)

HM j (Y) ⊂ HM•(Y),

and there are internal direct sums which we denote by

̂

HM∗, ĤM∗ andHM∗:̂

HM∗(Y) =

⊕
j

̂

HM j (Y) ⊂

̂

HM•(Y)

ĤM∗(Y) =

⊕
j

ĤM j (Y) ⊂ ĤM•(Y)

HM∗(Y) =

⊕
j

HM j (Y) ⊂ HM•(Y)
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The• versions are obtained from the∗ versions as follows. For eachs with c1(s) torsion,
pick an arbitraryj0(s) in J(Y, s). Define a decreasing sequence of subspacesĤM[n] ⊂

ĤM∗(Y) by

ĤM[n] =

⊕
s

⊕
m≥n

ĤM j0(s)−m(Y),

where the sum is over torsion Spinc structures. Make the same definition for the other
two variants. The groups

̂

HM•(Y), ĤM•(Y) andHM•(Y) are the completions of the direct
sums

̂

HM∗(Y) etc. with respect to these decreasing filtrations. However, in the case of

̂

HM,
the subspace

̂

HM[n] is eventually zero for largen, so the completion has no effect. From
the decomposition ofJ(Y) into orbits, we have direct sum decompositionŝ

HM•(Y) =

⊕
s

̂

HM•(Y, s)

ĤM•(Y) =

⊕
s

ĤM•(Y, s)

HM•(Y) =

⊕
s

HM•(Y, s).

Each of these decompositions has only finitely many non-zero terms.
The mapsi∗, j∗ and p∗ are defined on the∗ versions and have degree 0, 0 and−1

respectively, while the endomorphismU has degree−2. The maps induced by cobordisms
do not have a degree and do not always preserve the∗ subspace: they are continuous
homomorphisms between complete filtered vector spaces.

To amplify the last point above, consider a cobordismW : Y0 → Y1. The homomor-
phisms

̂
HM(W) etc. can be written as sumŝ

HM(W) =

∑
s

̂
HM(W, s),

where the sum is over Spinc(W): for eachs ∈ Spinc(W), we havê

HM(W, s) :

̂

HM•(Y0, s0) →

̂

HM•(Y1, s1),

wheres0 ands1 are the resulting Spinc structures on the boundary components. The above
sum is not necessarily finite, but it is convergent. The individual terms

̂

HM(W, s) have a
well-defined degree, in that for eachj0 ∈ J(Y0, s0) there is a uniquej1 ∈ J(Y1, s1) such
that ̂

HM(W, s) :

̂

HM j0(Y0, s0) →

̂

HM j1(Y1, s1).

The same remarks apply tôHM andHM. The elementj1 can be characterized as follows.
Let ξ0 be an oriented 2-plane field in the classj0, and letI be an almost complex structure
onW such that: (i) the planesξ0 are invariant underI |Y0 and have the complex orientation;
and (ii) the Spinc structure associated toI is s. Let ξ1 be the unique oriented 2-plane field
on Y1 that is invariant underI . Then j1 = [ξ1]. For future reference, we introduce the
notation

j0
s
∼ j1

to denote the relation described by this construction.

2.4.1. Remark.Because of the completion involved in the definition of the Floer groups,
theF[U ]-module structure of the groupŝHM∗(Y, s) (and its companions) gives rise to an
F[[U ]]-module structure on̂HM•(Y, s), wheneverc1(s) is torsion. In the non-torsion case,
the action ofU onĤM∗(Y, s) is actually nilpotent, so again the action extends. In this way,
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each of

̂

HM•(Y), ĤM•(Y) andHM•(Y) become modules overF[[U ]], with continuous
module multiplication.

2.5. Canonical mod 2 gradings.The Floer groups have a canonical grading mod 2. For
a cobordismW : Y0 → Y1, let us define

ι(W) =
1

2

(
χ(W)+ σ(W)− b1(Y1)+ b1(Y0)

)
,

whereχ denotes the Euler number,σ the signature, andb1 the first Betti number with real
coefficients. Then we have the following proposition.

Proposition 2.5. There is one and only one way to decompose the grading set J(Y) for all
Y into even and odd parts in such a way that the following two conditions hold.

(1) The gradings j∈ J(S3) for which

̂

HM j (S3) is non-zero are even.

(2) If W : Y0 → Y1 is a cobordism and j0
s
∼ j1 for someSpinc structures on W, then

j0 and j1 have the same parity if and only ifι(W) is even.

This result gives provides a canonical decomposition̂

HM•(Y) =

̂

HMeven(Y)⊕

̂

HModd(Y),

with a similar decomposition for the other two flavors. With respect to these mod 2 grad-
ings, the mapsi∗ and j∗ in the long exact sequence have even degree, whilep∗ has odd
degree. The maps resulting from a cobordismW have even degree if and only ifι(W) is
even.

2.6. Computation from reducible solutions. While the groups

̂
HM•(Y) and ĤM•(Y)

are subtle invariants ofY, the groupHM•(Y) by contrast can be calculated knowing only
the cohomology ring ofY. This is because the definition ofHM•(Y) involves only the
reduciblesolutions of the Seiberg-Witten monopole equations (those where the spinor is
zero). We discuss here the case thatY is a rational homology sphere.

Whenb1(Y) = 0, the number of different Spinc structures onY is equal to the order of
H1(Y; Z), andJ(Y) is the union of the same number of copies ofZ. The contribution to
HM•(Y) from each Spinc structure is the same:

Proposition 2.6. Let Y be a rational homology sphere andt a Spinc structure on Y . Then

HM•(Y, t) ∼= F[U−1,U ]]

as topologicalF[[U ]]-modules, where the right-hand side denotes the ring of formal Lau-
rent series in U that are finite in the negative direction.

The mapsHM•(W) arising from cobordisms between rational homology spheres are
also standard:

Proposition 2.7. Suppose W: Y0 → Y1 is a cobordism between rational homology
spheres, with b1(W) = 0, and suppose that the intersection form on W is negative def-

inite. Lets be aSpinc structure on W, and suppose j0
s
∼ j1. Then

HM(W, s) : HM j0(Y0) → HM j1(Y1)

is an isomorphism. On the other hand, if the intersection form on W is not negative definite,
thenHM(W, s) is zero, for alls.
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The last part of the proposition above holds in a more general form. LetW be a
cobordism between 3-manifolds that are not necessarily rational homology spheres, and
let b+(W) denote the dimension of a maximal positive-definite subspace for the quadratic
form on the image ofH2(W, ∂W; R) in H2(W; R).

Proposition 2.8. If the cobordism W: Y0 → Y1 has b+(W) > 0, then the mapHM(W) is
zero.

2.7. Gradings and rational homology spheres.We return to rational homology spheres,
and cobordisms between them. IfW is such a cobordism, thenH2(W, ∂W; Q) is isomor-
phic to H2(W; Q), and there is therefore a quadratic form

Q : H2(W; Q) → Q

given byQ(e) = (ē^ ē)[W, ∂W], whereē ∈ H2(W, ∂W; Q) is a class whose restriction
to W is e. We will simply writee2 for Q(e).

Lemma 2.9. Let W,W′
: Y0 → Y1 be two cobordisms between a pair of rational ho-

mology spheres Y0 and Y1. Let j0 and j1 be classes of oriented2-plane fields on the
3-manifolds and suppose that

j0
s
∼ j1

j0
s′

∼ j1

for Spinc structures ands′ on the two cobordisms. Then

c2
1(s)− 2χ(W)− 3σ(W) = c2

1(s
′)− 2χ(W′)− 3σ(W′),

whereχ andσ denote the Euler number and signature.

Proof. Every 3-manifold equipped with a 2-plane fieldξ is the boundary of some almost-
complex manifold(X, I ) in such a way thatξ is invariant underI ; so bearing in mind

the definition of the relation
s
∼, and using the additivity of all the terms involved, we can

reduce the lemma to a statement about closed almost-complex manifolds. The result is
thus a consequence of the fact that

c2
1(s)[X] − 2χ(X)− 3σ(X) = 0

for the canonical Spinc structure on a closed, almost-complex manifoldX.

Essentially the same point leads to the definition of the followingQ-valued function on
J(Y), and the proof that it is well-defined:

Definition 2.10. For a three-manifold Y with b1(Y) = 0 and j ∈ J(Y) represented by an
oriented2-plane fieldξ , we define h( j ) ∈ Q by the formula

4h( j ) = c2
1(X, I )− 2χ(X)− 3σ(X)+ 2,

where X is a manifold whose oriented boundary is Y , and I is an almost-complex structure
such that the2-plane fieldξ is I -invariant and has the complex orientation. The quan-
tity c2

1(X, I ) is to be interpreted again using the natural isomorphism H2(X, ∂X; Q) ∼=

H2(X; Q).
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The maph : J(Y) → Q satisfiesh( j + 1) = h( j )+ 1.
Now let s be a Spinc structure on a rational homology sphereY, and consider the exact

sequence

(3) 0 → im(p∗) ↪→ HM•(Y, s)
i∗

−→ im(i∗) → 0,

where p∗ : ĤM•(Y, s) → HM•(Y, s). The image ofp∗ is a closed, non-zero, proper
F[U−1,U ]]-submodule ofHM•(Y, s); and the latter is isomorphic toF[U−1,U ]] by
Proposition 2.6. The only such submodules ofF[U−1,U ]] are the submodulesU r F[[U ]]

for r ∈ Z. It follows that the short exact sequence above is isomorphic to the short exact
sequence

0 → F[[U ]] → F[U−1,U ]] → F[U−1,U ]]/F[[U ]] → 0.

This observation leads to aQ-valued invariant of Spinc structures on rational homology
spheres, after Frøyshov [13]:

Definition 2.11. Let Y be an oriented rational homology sphere ands a Spinc structure.
We define (by either of two equivalent formulae)

Fr(Y, s) = min{ h(k) | i∗ : HMk(Y, s) →

̂

HMk(Y, s) is non-zero},

= max{ h(k)+ 2 | p∗ : ĤMk+1(Y, s) → HMk(Y, s) is non-zero}.

When j∗ is zero, sequence (3) determines everything, and we have:

Corollary 2.12. Let Y be a rational homology sphere for which the map j∗ is zero. Then
for eachSpinc structures, the short exact sequence

0 → ĤM•(Y, s)
p∗

−→ HM•(Y, s)
i∗

−→

̂

HM•(Y, s) → 0

is isomorphic as a sequence of topologicalF[[U ]]-modules to the sequence

0 → F[[U ]] → F[U−1,U ]] → F[U−1,U ]]/F[[U ]] → 0.

Furthermore, if jmin denotes the lowest degree in which

̂

HM jmin(Y, s) is non-zero, then
h( jmin) = Fr(Y, s).

2.8. The conjugation action. Let Y be a three-manifold, equipped with a spin bundleW.
The bundleW which is induced fromW with the conjugate complex structure naturally
inherits a Clifford action from the one onW. This correspondence induces an involution
on the set of Spinc structures onY, denoteds 7→ s.

Indeed, this conjugation action descends to an action on the Floer homology groups:

Proposition 2.13. Conjugation induces a well-defined involution on

̂

HM•(Y), sendinĝ

HM(Y, s) 7→

̂

HM(Y, s). Indeed, conjugation induces involutions on the other two theories
as well, which are compatible with the maps i∗, j∗, and p∗.

3. Proof of Theorem 1.1 in the simplest cases

In this section, we prove Theorem 1.1 for the case that the surgery coefficient is an
integer and the Seifert genus ofK is not 1.
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3.1. The Floer groups of lens spaces.We begin by describing the Floer groups of the
3-sphere. There is only one Spinc structure onS3, and j∗ is zero because there is a metric
of positive scalar curvature. Corollary 2.12 is therefore applicable. It remains only to say
what jmin is, or equivalently what the Frøyshov invariant is.

OrientS3 as the boundary of the unit ball inR4 and let SU(2)+ and SU(2)− be the sub-
groups of SO(4) that act trivially on the anti-self-dual and self-dual 2-forms respectively.
Let ξ+ and ξ− be 2-plane fields invariant under SU(2)+ and SU(2)− respectively. Our
orientation conventions are set up so that[ξ−] = [ξ+] + 1.

Proposition 3.1. The least j∈ J(S3) for which

̂

HM j (S3) is non-zero is j= [ξ−]. The
largest j ∈ J(S3) for which ĤM j (S3) is non-zero is[ξ+] = [ξ−] − 1. The Frøyshov
invariant of S3 is therefore given by:

Fr(S3) = h([ξ−]) = 0.

We next describe the Floer groups for the lens spaceL(p,1), realized asS3
p(U ) for an

integerp > 0. The short description is provided by Corollary 2.12, becausej∗ is zero. To
give a longer answer, we must describe the 2-plane field in which the generator of

̂

HM lies,
for each Spinc structure. Equivalently, we must give the Frøyshov invariants.

We first pin down the grading setJ(Y) for Y = S3
p(K ) and p > 0. For a general knot

K , we have a cobordism

W(p) : S3
p(K ) → S3,

obtained by the addition of a single 2-handle. The manifoldW(p) hasH2(W(p)) = Z, and
a generator has self-intersection number−p. A choice of orientation for a Seifert surface
for K picks out a generatorh = hW(p). For each integern, there is a unique Spinc structure
sn,p on W(p) with

(4) 〈c1(sn,p), h〉 = 2n − p.

We denote the Spinc structure onS3
p(K ) which arises fromsn,p by tn,p; it depends only

onn mod p. Define jn,p to be the unique element ofJ(S3
p(K ), tn,p) satisfying

jn,p
sn,p
∼ [ξ+],

whereξ+ is the 2-plane field onS3 described above. Liketn,p, the classjn,p depends on
our choice of orientation for the Seifert surface. Our convention implies thatj0,1 = [ξ+]

on S3
1(U ) = S3. If n ≡ n′ mod p, then jn,p and jn′,p belong to the same Spinc structure,

so they differ by an element ofZ acting onJ(Y). The next lemma calculates that element
of Z.

Lemma 3.2. We have

jn,p − jn′,p =
(2n − p)2 − (2n′

− p)2

4p
.

Proof. We can equivalently calculateh( jn,p) − h( jn′,p). We can compareh( jn,p) to
h([ξ+]) using the cobordismW(p), which tells us

4h( jn,p) = 4h([ξ+])− c2
1(sn,p)+ 2χ(W(p))+ 3σ(W(p)),



MONOPOLES AND LENS SPACE SURGERIES 11

and hence

4h( jn,p) = −4 +
(2n − p)2

p
+ 2 − 3

=
(2n − p)2

p
− 5.

The result follows.

Now we can state the generalization of Proposition 3.1.

Proposition 3.3. Let n be in the range0 ≤ n ≤ p. The least j ∈ J(Y, tn,p) for
which

̂

HM j (S3
p(U ), tn,p) is non-zero is jn,p + 1. The largest j ∈ J(S3

p(U ), tn) for

which ĤM j (S3
p(U ), tn,p) is non-zero is jn,p. Equivalently, the Frøyshov invariant of

(S3
p(U ), tn,p) is given by:

(5)

Fr(S3
p(U ), tn,p) = h( jn,p)+ 1

=
(2n − p)2

4p
−

1

4
.

The meaning of this last result may be clarified by the following remarks. By Proposi-
tion 2.7, we have an isomorphism

HM(W(p), sn,p) : HM jn,p(S
3
p(U ), tn,p) → HM[ξ+](S

3);

and becausej∗ is zero for lens spaces, the map

p∗ : ĤM jn,p+1(S
3
p(U ), tn,p) → HM jn,p(S

3
p(U ), tn,p)

is an isomorphism. Proposition 3.3 is therefore equivalent to the following corollary:

Corollary 3.4. The map

ĤM(W(p), sn,p) : ĤM•(S
3
p(U ), tn,p) → ĤM•(S

3)

is an isomorphism, whenever0 ≤ n ≤ p.

A proof directly from the definitions is sketched in Section 4.14. See also Proposi-
tion 7.5, which yields a more general result by a more formal argument.

We can now be precise about what it means forS3
p(K ) to resembleS3

p(U ) in its Floer
homology.

Definition 3.5. For an integer p> 0, we say that K is p-standard if

(1) the map j∗ :

̂

HM•(S3
p(K )) → ĤM•(S3

p(K )) is zero; and

(2) for 0 ≤ n ≤ p, the Frøyshov invariant of theSpinc structuretn,p on S3
p(K ) is

given by the same formula(5) as in the case of the unknot.

For p = 0, for the sake of expediency, we say that K is weakly0-standard if the map j∗ is
zero for S30(K ).

Observe thattn,p depended on an orientation Seifert surface for the knotK . Letting
t+n,p andt−n,p be the two possible choices using the two orientations of the Seifert surface,
it is easy to see thatt+n,p is the conjugate oft−n,p. In fact, since the Frøyshov invariant is
invariant under conjugation, it follows that our notation ofp-standard is independent of the
choice of orientation.

If p > 0 and j∗ is zero, the second condition in the definition is equivalent to the
assertion that̂HM(W(p), sn,p) is an isomorphism forn in the same range:
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Corollary 3.6. If K is p-standard and p> 0, then

ĤM(W(p), sn,p) : ĤM•(S
3
p(K ), tn,p) → ĤM•(S

3)

is an isomorphism for0 ≤ n ≤ p. Conversely, if j∗ is zero for S3p(K ) and the above map
is an isomorphism for0 ≤ n ≤ p, then K is p-standard.

The next lemma tells us that a counter-example to Theorem 1.1 would be ap-standard
knot.

Lemma 3.7. If S3
p(K ) and S3

p(U ) are orientation-preserving diffeomorphic for some inte-
ger p> 0, then K is p-standard.

Proof. Fix an integern, and letψ : S3
p(K ) → S3

p(U ) be a diffeomorphism. To avoid
ambiguity, let us writetK

n,p and tU
n,p for the Spinc structures on these two 3-manifolds,

obtained as above. Becausej∗ is zero forS3
p(K ) andHM(W(p), sn,p) is an isomorphism,

the map

ĤM(W(p), sn,p) : ĤM•(S
3
p(K ), tK

n,p) → ĤM•(S
3)

is injective. Making a comparison with Corollary 3.6, we see that

Fr(S3
p(K ), tK

n,p) ≤ Fr(S3
p(U ), tU

n,p)

for 0 ≤ n ≤ p. So

p−1∑
n=0

Fr(S3
p(K ), tK

n,p) ≤

p−1∑
n=0

Fr(S3
p(U ), tU

n,p).

On the other hand, the asn runs from 0 top − 1, we run through all Spinc structures once
each; and because the manifolds are diffeomorphic, we must have equality of the sums.
The Frøyshov invariants must therefore agree term by term, andK is thereforep-standard.

3.2. Exploiting the surgery sequence.When the surgery coefficient is an integer and
the genus is not 1, Theorem 1.1 is now a consequence of the following proposition and
Corollary 2.3, whose statement we can rephrase as saying that a weakly 0-standard knot
has genus 1 or is unknotted.

Proposition 3.8. If K is p-standard for some integer p≥ 1, then K is weakly0-standard.

Proof. Suppose thatK is p-standard, so that in particular,j∗ is zero forS3
p(K ). We apply

Theorem 2.4 to the following sequence of cobordisms

· · · −→ S3
p−1(K )

W0
−→ S3

p(K )
W1

−→ S3 W2
−→ S3

p−1(K ) −→ · · ·
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to obtain a commutative diagram with exact rows and columns,y j∗

y0

y0

−−−−−→ ĤM•(S3
p−1(K ))

ĤM(W0)
−−−−−→ ĤM•(S3

p(K ))
ĤM(W1)

−−−−−→ ĤM•(S3) −−−−−→yp∗

yp∗

yp∗

−−−−−→ HM•(S3
p−1(K ))

HM(W0)
−−−−−→ HM•(S3

p(K ))
HM(W1)

−−−−−→ HM•(S3) −−−−−→yi∗

yi∗

yi∗

−−−−−→

̂

HM•(S3
p−1(K ))

̂

HM(W0)
−−−−−→

̂

HM•(S3
p(K ))

̂

HM(W1)
−−−−−→

̂

HM•(S3) −−−−−→y j∗

y0

y0

In the caseK = U , the cobordismW1 is diffeomorphic (preserving orientation) toN \ B4,
whereN is a tubular neighborhood of a 2-sphere with self-intersection number−p; and
W2 has a similar description, containing a sphere with self-intersection(p−1). In general,
the cobordismW1 is the manifold we calledW(p) above.

Lemma 3.9. The maps

HM(W1) : HM•(S
3
p(K )) → HM•(S

3)

ĤM(W1) : ĤM•(S
3
p(K )) → ĤM•(S

3)

are zero if p= 1 and are surjective if p≥ 2.

Proof. We write

ĤM•(S
3
p(K )) =

p−1⊕
n=0

ĤM•(S
3
p(K ), tn,p).

If n in the range 0≤ n ≤ p − 1, the mapĤM•(W1, sn,p) is an isomorphism by Corol-
lary 3.6, which gives identifications

ĤM•(S3
p(K ), tn,p)

ĤM(W1,sn,p)
−−−−−−−−→ ĤM•(S3)y y

F[[U ]]
1

−−−−→ F[[U ]].

For n′
≡ n mod p, under the same identifications,̂HM(W1, sn′,p) becomes multiplication

by U r , where
r = ( jn′,p − jn,p)/2.

This difference was calculated in Lemma 3.2. Taking the sum over allsn′,p, we see that∑
n′≡n (p)

ĤM(W1, sn′,p) : ĤM•(S
3
p(K ), tn,p) → ĤM•(S

3)

is isomorphic (as a map of vector spaces) to the mapF[[U ]] → F[[U ]] given by multipli-
cation by the series ∑

n′≡n (p)

U ((2n′
−p)2−(2n−p)2)/8p

∈ F[[U ]].
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Whenn = 0, this series is 0 as the terms cancel in pairs. For all othern in the range
1 ≤ n ≤ p − 1, the series has leading coefficient 1 (the contribution fromn′

= n) and is
therefore invertible. Taking the sum over all residue classes, we obtain the result forĤM.
The case ofHM is similar, but does not depend on Corollary 3.6.

We can now prove Proposition 3.8 by induction onp. Suppose first thatp ≥ 2 and
let K be p-standard. The lemma above tells us that̂HM(W1) is surjective, and from the
exactness of the rows it follows that̂HM(W0) is injective. Commutativity of the diagram
shows thatHM(W0) ◦ p∗ is injective, wherep∗ : ĤM•(S3

p−1(K )) → HM•(S3
p−1(K )). It

follows that
j∗ :

̂

HM•(S
3
p−1(K )) → ĤM•(S

3
p−1(K ))

is zero, by exactness of the columns. To show thatK is (p−1)-standard, we must examine
its Frøyshov invariants.

Fix n in the range 0≤ n ≤ p − 2, and let

e ∈ HM jn,p−1(S
3
p−1(K ), tn,p−1)

be the generator. To show that the Frøyshov invariants ofS3
p−1(K ) are standard is to show

that
e ∈ image

(
p∗ : ĤM•(S

3
p−1(K )) → HM•(S

3
p−1(K ))

)
.

From the diagram, this is equivalent to showing

HM(W0)(e) ∈ image
(
p∗ : ĤM•(S

3
p(K )) → HM•(S

3
p(K ))

)
.

Suppose on the contrary thatHM(W0)(e) does not belong to the image ofp∗. This means
that there is a Spinc structureu on W0 such that

jn,p−1
u
∼ jm,p + x

for some integerx > 0, andm in the range 0≤ m ≤ p − 1. There is a unique Spinc

structurew on the composite cobordism

X = W1 ◦ W0 : S3
p−1(K ) → S3

whose restriction toW0 is u and whose restriction toW1 is sm,p. We have

jn,p−1
w
∼ [ξ+] + x.

On the other hand, the composite cobordismX is diffeomorphic to the cobordismW(p −

1)#CP
2

(a fact that we shall return to in Section 5), and we can therefore write (in a self-
evident notation)

w = sn′,p−1#s

for some Spinc structures on CP
2
, and somen′ equivalent ton mod p. From Lemma 2.9,

we have

c2
1(w)− 2χ(X)− 3σ(X)

= 4x + c2
1(sn,p−1)− 2χ(W(p − 1))− 3σ(W(p − 1))

or in other words

(2n − p + 1)2 − (2n′
− p + 1)2

p − 1
+ c2

1(s)+ 1 = 4x.
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But n is in the range 0≤ n ≤ p− 1 andc2
1(s) has the form−(2k + 1)2 for some integerk,

so the left hand side is not greater than 0. This contradicts the assumption thatx is positive,
and completes the argument for the casep ≥ 2.

In the casep = 1, the mapsHM(W1), ĤM(W1) and

̂

HM(W1) are all zero. A diagram
chase again shows thatj∗ is zero forS3

0(K ), soK is weakly 0-standard.

4. Construction of monopole Floer homology

4.1. The configuration space and its blow-up.Let Y be an oriented 3-manifold,
equipped with a Riemannian metric. LetB(Y) denote the space of isomorphism classes
of triples(s, A,8), wheres is a Spinc structure,A is a Spinc connection of Sobolev class
L2

k−1/2 in the associated spin bundleS → Y, and8 is an L2
k−1/2 section ofS. Here

k−1/2 is any suitably large Sobolev exponent, and we choose a half-integer because there
is a continuous restriction mapL2

k(X) → L2
k−1/2(Y) whenX has boundaryY. The space

B(Y) has one component for each isomorphism class of Spinc structure, so we can write

B(Y) =

⋃
s

B(Y, s).

We call an element ofB(Y) reducibleif 8 is zero and irreducible otherwise. If we choose
a particular Spinc structure from each isomorphism class, we can construct a space

C(Y) =

⋃
s

C(Y, s),

whereC(Y, s) is the space of all pairs(A,8), a Spinc connection and section for the
chosenS. Then we can regardB(Y) as the quotient ofC(Y) by the gauge groupG(Y) of
all mapsu : Y → S1 of classL2

k+1/2.
The spaceB(Y) is a Banach manifold except at the locus of reducibles; the reducible

locusBred(Y) is itself a Banach manifold, and the map

B(Y) → Bred(Y)

[s, A,8] 7→ [s, A,0]

has fibersL2
k−1/2(S)/S

1, which is a cone on a complex projective space. We can resolve
the singularity along the reducibles by forming a real, oriented blow-up,

π : Bσ (Y) → B(Y).

We defineBσ (Y) to be the space of isomorphism classes of quadruples(s, A, s, φ), where
φ is an element ofL2

k−1/2(S) with unit L2 norm ands ≥ 0. The mapπ is

π : [s, A, s, φ] 7→ [s, A, sφ].

This blow-up is a Banach manifold with boundary: the boundary consists of points with
s = 0 (we call thesereducible), and the restriction ofπ to the boundary is a map

π : ∂Bσ (Y) → Bred(Y)

with fibers the projective spaces associated to the vector spacesL2
k−1/2(S).
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4.2. The Chern-Simons-Dirac functional. After choosing a preferred connectionA0 in
a spinor bundleS for each isomorphism class of Spinc structure, we can define the Chern-
Simons-Dirac functionalL onC(Y) by

L(A,8) = −
1

8

∫
Y
(At

− At
0) ∧ (FAt + FAt

0
)+

1

2

∫
Y
〈DA8,8〉 dvol.

HereAt is the associated connection in the line bundle32S. The formal gradient ofL with
respect to theL2 metric‖8‖

2
+

1
4‖At

− At
0‖

2 is a “vector field”Ṽ onC(Y) that is invariant
under the gauge group and orthogonal to its orbits. We use quotation marks, becauseṼ
is a section of theL2

k−3/2 completion of tangent bundle. Away from the reducible locus,

Ṽ descends to give a vector field (in the same sense)V on B(Y). Pulling back byπ , we
obtain a vector fieldVσ on the interior of the manifold-with-boundaryBσ (Y). This vector
field extends smoothly to the boundary, to give a section

Vσ
: Bσ (Y) → Tk−3/2(Y),

whereTk−3/2(Y) is theL2
k−3/2 completion ofTBσ (Y). This vector field is tangent to the

boundary at∂Bσ (Y). The Floer groups

̂

HM(Y), ĤM(Y) andHM(Y) will be defined using
the Morse theory of the vector fieldVσ onBσ (Y).

4.2.1. Example.Suppose thatb1(Y) is zero. For each Spinc structures, there is (up to
isomorphism) a unique connectionA in the associated spin bundle withFAt = 0, and there
is a corresponding zero of the vector fieldV at the pointα = [s, A0,0] in Bred(Y). The
vector fieldVσ has a zero at the point[s, A0,0, φ] in ∂Bσ (Y) precisely whenφ is a unit
eigenvector of the Dirac operatorDA. If the spectrum ofDA is simple (i.e. no repeated
eigenvalues), then the set of zeros ofVσ in the projective spaceπ−1(α) is a discrete set,
with one point for each eigenvalue.

4.3. Four-manifolds. Let X be a compact oriented Riemannian 4-manifold (possibly with
boundary), and writeB(X) for the space of isomorphism classes of triples(s, A,8),
wheres is a Spinc structure,A is a Spinc connection of classL2

k and8 is anL2
k section

of the associated half-spin bundleS+. As in the 3-dimensional case, we can form a blow-
up Bσ (X) as the space of isomorphism classes of quadruples(s, A, s, φ), wheres ≥ 0
and‖φ‖L2(X) = 1. If Y is a boundary component ofX, then there is a partially-defined
restriction map

r : Bσ (X) 99K Bσ (Y)

whose domain of definition is the set of configurations[s, A, s, φ] on X with φ|Y non-zero.
The mapr is given by

[s, A, s, φ] 7→ [s|Y, A|Y, s/c, cφ|Y],

where 1/c is the L2 norm ofφ|Y. (We have identified the spin bundleS on Y with the
restriction ofS+.)WhenX is cylinder I × Y, with I a compact interval, we have a similar
restriction map

r t : Bσ (I × Y) 99K Bσ (Y)

for eacht ∈ I .
If X is non-compact, and in particular ifX = R × Y, then our definition of the blow-up

needs to be modified, because theL2 norm of φ need not be finite. Instead, we define
Bσ

loc(X) as the space of isomorphism classes of quadruples[s, A, ψ,R+φ], whereA is
a Spinc connection of classL2

l ,loc, the setR+φ is the closed ray generated by a non-zero

spinorφ in L2
k,loc(X; S+), andψ belongs to the ray. (We writeR+ for the non-negative
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reals.) This is the usual way to define the blow up of a vector space at 0, without the use of
a norm. The configuration isreducibleif ψ is zero.

4.4. The four-dimensional equations.When X is compact, the Seiberg-Witten mono-
pole equations for a configurationγ = [s, A, s, φ] in Bσ (X) are the equations

(6)

1

2
ρ(F+

At)− s2(φφ∗)0 = 0

D+

Aφ = 0,

whereρ : 3+(X) → i su(S+) is Clifford multiplication and(φφ∗)0 denotes the traceless
part of this hermitian endomorphism ofS+. WhenX is non-compact, we can write down
essentially the same equations using the “norm-free” definition of the blow-up,Bσ

loc(X).
In either case, we write these equations as

F (γ ) = 0.

In the compact case, we write
M(X) ⊂ Bσ (X)

for the set of solutions. We draw attention to the non-compact case by writingMloc(X) ⊂

Bσ
loc(X).
Take X to be the cylinderR × Y, and suppose thatγ = [s, A, ψ,R+φ] is an element

of Mloc(R × Y). A unique continuation result implies that the restriction ofφ to each slice
{t} × Y is non-zero; so there is a well-defined restriction

γ̌ (t) = r t (γ ) ∈ Bσ (Y)

for all t . We have the following relation between the equationsF (γ ) = 0 and the vector
field Vσ :

Lemma 4.1. If γ is in Mloc(R ×Y), then the corresponding patȟγ is a smooth path in the
Banach manifold-with-boundaryBσ (Y) satisfying

d

dt
γ̌ (t) = −Vσ .

Every smooth patȟγ satisfying the above condition arises from some element of Mloc(R ×

Y) in this way.

We should note at this point that our sign convention is such that the 4-dimensional
Dirac operatorD+

A on the cylinderR × Y, for a connectionA pulled back fromY, is
equivalent to the equation

d

dt
φ + DAφ = 0

for a time-dependent section of the spin bundleS → Y.
Next we define the moduli spaces that we will use to construct the Floer groups.

Definition 4.2. Let a andb be two zeros of the vector fieldVσ in the blow-upBσ (Y). We
write M(a, b) for the set of solutionsγ ∈ Mloc(R × Y) such that the corresponding path
γ̌ (t) is asymptotic toa as t → −∞ and tob as t → +∞.

Let W : Y0 → Y1 be an oriented cobordism, and suppose the metric onW is cylindrical
in collars of the two boundary components. LetW∗ be the cylindrical-end manifold ob-
tained by attaching cylindersR−

× Y0 andR+
× Y1. From a solutionγ in Mloc(W∗), we

obtain pathsγ̌0 : R−
→ Bσ (Y0) andγ̌1 : R+

→ Bσ (Y1). The following moduli spaces
will be used to construct the maps on the Floer groups arising from the cobordismW:
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Definition 4.3. Let a and b be zeros of the vector fieldVσ in Bσ (Y0) and Bσ (Y1) re-
spectively. We write M(a,W∗, b) for the set of solutionsγ ∈ Mloc(W∗) such that the
corresponding pathšγ0(t) and γ̌1(t) are asymptotic toa andb as t → −∞ and t → +∞

respectively.

4.4.1. Example.In example 4.2.1, suppose the spectrum is simple, letaλ ∈ ∂Bσ (Y) be
the critical point corresponding to the eigenvalueλ, and letφλ be a corresponding eigen-
vector of DA0. Then the reducible locusM red(aλ, aµ) in the moduli spaceM(aλ, aµ) is
the quotient byC∗ of the set of solutionsφ to the Dirac equation

d

dt
φ + DA0φ = 0

on the cylinder, with asymptotics

φ ∼

{
C0e−λtφλ, ast → −∞,

C1e−µtφµ, ast → +∞,

for some non-zero constantsC0, C1.

4.5. Transversality and perturbations. Let a ∈ Bσ (Y) be a zero ofVσ . The derivative
of the vector field at this point is a Fredholm operator on Sobolev completions of the
tangent space,

DaV
σ

: Tk−1/2(Y)a → Tk−3/2(Y)a.

Because of the blow-up, this operator is not symmetric (for any simple choice of inner
product on the tangent space); but its spectrum is real and discrete. We say thata is non-
degenerateas a zero ofVσ if 0 is not in the spectrum. Ifa is a non-degenerate zero, then
it is isolated, and we can decompose the tangent space as

Tk−1/2 = K+
a ⊕ K−

a ,

whereK±
a andK−

a is the closures of the sum of the generalized eigenvectors belonging to
positive (respectively, negative) eigenvalues. Thestable manifoldof a is the set

Sa = { r0(γ ) | γ ∈ Mloc(R
−

× Y), lim
t→−∞

r t (γ ) = a }.

The unstable manifoldUa is defined similarly. Ifa is non-degenerate, these are locally
closed Banach submanifolds ofBσ (Y) (possibly with boundary), and their tangent spaces
at a are the spacesK+

a andK−
a respectively. Via the mapγ 7→ γ0, we can identify

M(a, b) with the intersection
M(a, b) = Sa ∩ Ua.

In general, there is no reason to expect that the zeros are all non-degenerate. (In partic-
ular, if b1(Y) is non-zero then the reducible critical points are never isolated.) To achieve
non-degeneracy we perturb the equations, replacing the Chern-Simons-Dirac functional
L by L + f , where f belongs to a suitable classP (Y) of gauge-invariant functions on
C(Y). We write q̃ for the gradient off on C(Y), andqσ for the resulting vector field on
the blow-up. Instead of the flow equation of Lemma 4.1, we now look (formally) at the
equation

d

dt
γ̌ (t) = −Vσ

− qσ .

Solutions of this perturbed flow equation correspond to solutionsγ ∈ Bσ (R × Y) of
an equationFq(γ ) = 0 on the 4-dimensional cylinder. We do not define the class of
perturbationsP (Y) here (see [21]).
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The first important fact is that we can choose a perturbationf from the classP (Y)
so that all the zeros ofVσ

+ qσ are non-degenerate. From this point on we suppose that
such a perturbation is chosen. We continue to writeM(a, b) for the moduli spaces,Sa and
Ua for the stable and unstable manifolds, and so on, without mention of the perturbation.
The irreducible zeros will be a finite set; but as in Example 4.2.1, the number of reducible
critical points will be infinite. In general, there is one reducible critical pointaλ in the
blow-up for each pair(α, λ), whereα = [s, A,0] is a zero of the restriction ofV + q to
Bred(Y), andλ is an eigenvalue of a perturbed Dirac operatorDA,q. The pointaλ is given
by [s, A,0, φλ], whereφλ is a corresponding eigenvector, just as in the example.

Definition 4.4. We say that a reducible critical pointa ∈ ∂Bσ (Y) is boundary-stable if
the normal vector to the boundary ata belongs toK+

a . We saya is boundary-unstable if
the normal vector belongs toK−

a .

In our description above, the critical pointaλ is boundary-stable ifλ > 0 and boundary-
unstable ifλ < 0. If a is boundary-stable, thenSa is a manifold-with-boundary, and∂Sa

is the reducible locusSred
a . The unstable manifoldUa is then contained in∂Bσ (Y). If a

is boundary-unstable, thenUa is a manifold-with-boundary, whileSa is contained in the
∂Bσ (Y).

The Morse-Smale condition for the flow of the vector fieldVσ
+ qσ would ask that the

intersectionSa ∩ Ua is a transverse intersection of Banach submanifolds inBσ (Y), for
every pair of critical points. We cannot demand this condition, because ifa is boundary-
stable andb is boundary-unstable, thenSa andUb are both contained in∂Bσ (Y). In this
special case, the best we can ask is that the intersection be transverse in the boundary.

Definition 4.5. We say that the moduli space M(a, b) is boundary-obstructed ifa and b
are both reducible,a is boundary-stable andb is boundary-unstable.

Definition 4.6. We say that a moduli space M(a, b) is regular if the intersectionSa ∩ Ub

is transverse, either as an intersection in the Banach manifold-with-boundaryBσ (Y) or
(in the boundary-obstructed case) as an intersection in∂Bσ (Y). We say the perturbation
is regular if:

(1) all the zeros ofVσ
+ qσ are non-degenerate;

(2) all the moduli spaces are regular; and
(3) there are no reducible critical points in the componentsBσ (Y, s) belonging to

Spinc structuress with c1(s) non-torsion.

The classP (Y) is large enough to contain regular perturbations, and we suppose hence-
forth that we have chosen a perturbation of this sort. The moduli spacesM(a, b) will be
either manifolds or manifolds-with-boundary, and the latter occurs only ifa is boundary-
unstable andb is boundary-stable. We writeM red(a, b) for the reducible configurations in
the moduli space

4.5.1. Remark.The moduli spaceM(a, b) cannot contain any irreducible elements ifa is
boundary-stable or ifb is boundary-unstable.

We can decomposeM(a, b) according to the relative homotopy classes of the paths
γ̌ (t): we write

M(a, b) =

⋃
z

Mz(a, b),

where the union is over all relative homotopy classesz of paths froma to b. For any points
a andb and any relative homotopy classz, we can define an integer grz(a, b) (as the index
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of a suitable Fredholm operator), so that

dim Mz(a, b) =

{
grz(a, b)+ 1, in the boundary-obstructed case,

grz(a, b), otherwise,

whenever the moduli space is non-empty. The quantity grz(a, b) is additive along compos-
ite paths. We refer to grz(a, b) as theformal dimensionof the moduli spaceMz(a, b).

Let W : Y0 → Y1 be a cobordism, and supposeq0 andq1 are regular perturbations for
the two 3-manifolds. Form the Riemannian manifoldW∗ by attaching cylindrical ends as
before. We perturb the equationsF (γ ) = 0 on the compact manifoldW by a perturbation
p that is supported in cylindrical collar-neighborhoods of the boundary components. The
term perturbationp near the boundary componentYi is defined by at-dependent element
of P (Yi ), equal toq0 in a smaller neighborhood of the boundary. We continue to denote
the solution set of the perturbed equationsFp(γ ) = 0 by M(W) ⊂ Bσ (W). This is a
Banach manifold with boundary, and there is a restriction map

r0,1 : M(W) → Bσ (Y0)× Bσ (Y1).

The cylindrical-end moduli spaceM(a,W∗, b) can be regarded as the inverse image of
Ua × Sb underr0,1:

M(a,W∗, b) −−−−→ Ua × Sby y
M(W)

r0,1
−−−−→ Bσ (Y0)× Bσ (Y1).

The moduli spaceM(a,W∗, b) is boundary-obstructedif a is boundary-stable andb is
boundary-unstable.

Definition 4.7. If M (a,W∗, b) is not boundary-obstructed, we say that the moduli space
is regular if r0,1 is transverse toUa × Sb. In the boundary-obstructed case, M(a,W∗, b)
consists entirely of reducibles, and we say that it is regular if the restriction

r red
0,1 : M red(W) → ∂Bσ (Y0)× ∂Bσ (Y1)

is transverse toUa × Sb.

One can always choose the perturbationp on W so that the moduli spacesM(a,W∗, b)
are all regular. Each moduli space has a decomposition

M(a,W∗, b) =

⋃
z

Mz(a,W
∗, b)

indexed by the connected componentsz of the fiberr −1
0,1(a, b) of the map

r0,1 : Bσ (W) 99K Bσ (Y0)× Bσ (Y1).

The set of these components is a principal homogeneous space for the groupH2(W,Y0 ∪

Y1; Z). We can define an integer grz(a,W, b) which is additive for composite cobordisms,
such that the dimension of the non-empty moduli spaces is given by:

dim Mz(a,W
∗, b) =

{
grz(a,W, b)+ 1, in the boundary-obstructed case,

grz(a,W, b), otherwise,
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4.6. Compactness.We suppose now that a regular perturbationq is fixed. The moduli
spaceM(a, b) has an action ofR, by translations of the cylinderR × Y. We writeM̆(a, b)
for the quotient byR of the non-constant solutions:

M̆(a, b) = { γ ∈ M(a, b) | r t (γ ) is non-constant}/R.

We refer to elements of̆M(a, b) as unparametrized trajectories. The spaceM̆z(a, b) has a
compactification: the space of broken (unparametrized) trajectoriesM̆+

z (a, b). This space
is the union of all products

(7) M̆z1(a0, a1)× · · · × M̆zl (al−1, al ),

wherea0 = a, al = b and the composite of the pathszi is z.
Because of the presence of boundary-obstructed trajectories, the enumeration of the

strata that contribute to the compactification is more complicated than it would be for a
Morse-Smale flow. For example:

Lemma 4.8. If M̆z(a, b) is zero-dimensional, then it is compact. If̆Mz(a, b) is one-
dimensional and contains irreducible trajectories, then the non-empty products(7) that
contribute to the compactification̆M+

z (a, b) are of two types:

(1) productsM̆z1(a, a1)× M̆z2(a1, b) with two factors;
(2) productsM̆z1(a, a1) × M̆z2(a1, a2) × M̆z3(a2, b) with three factors, of which the

middle one is boundary-obstructed.

The situation for the reducible parts of the moduli spaces is simpler. IfM̆ red
z (a, b)

has dimension one, then its compactification involves only broken trajectories with two
components,

M̆ red
z1
(a, a1)× M̆ red

z2
(a1, b).

In [21], gluing theorems are proved that describe the structure of the compactification
M̆+

z (a, b) near a stratum of the type (7). In the case of a 1-dimensional moduli space
containing irreducibles (as in the lemma above), the compactification is aC0 manifold
with boundary in a neighborhood of the strata of the first type. At a point belonging to a
stratum of the second type (with three factors), the structure of the compactification is more
complicated: a neighborhood of such a point can be embedded in the positive quadrant
R+

× R+ as the zero set of a continuous function that is strictly positive on the positive
x-axis, strictly negative on the positivey-axis, and zero at the origin. We refer to this
structure (more general than a 1-manifold with boundary) as a codimension-1δ-structure.
Despite the extra complication, spaces with this structure share with compact 1-manifolds
the fact that the number of boundary points is even:

Lemma 4.9. Let N = N1 ∪ N0 be a compact space, containing an open subset N1 that
is a smooth1-manifold and a closed complement N0 that is a finite set. Suppose N has a
codimension-1δ-structure in the neighborhood of each point of N0. Then|N0| is even.

4.6.1. Remark.In the case thata is boundary-unstable andb is boundary-stable, the space
M̆z(a, b) is already a manifold-with-boundary before compactification: the boundary is
M̆ red

z (a, b).

The moduli spacesMz(a,W∗, b) can be compactified in a similar way. For example, if
Mz(a,W∗, b) contains irreducibles and is one-dimensional, then it has a compactification
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obtained by adding strata that are products of either two or three factors. Those involving
two factors have one of the two possible shapes

(8)
M̆z1(a, a1)× Mz2(a1,W

∗, b)

Mz1(a,W
∗, b1)× M̆z2(b1, b)

where thea’s belong toBσ (Y0) and theb’s belong toBσ (Y1). Those involving three
factors have one of the three possible shapes

(9)

M̆z1(a, a1)× M̆z2(a1, a2)× Mz3(a2,W
∗, b)

M̆z1(a, a1)× ×Mz2(a1,W
∗, b1)× M̆z3(b1, b)

Mz1(a,W
∗, b1)× M̆z2(b1, b2)× M̆z3(b2, b).

In the case of three factors, the middle factor is boundary-obstructed. All these strata are
finite sets, and the compactificationM+(a,W∗, b) has a codimension-1δ-structure at each
point.

4.7. Three Morse complexes.Let Cs, Cu andCo denote the set of critical points (ze-
ros of Vσ

+ qσ in Bσ (Y)) that are boundary-stable, boundary-unstable, and irreducible
respectively. Let

Cs(Y), Cu(Y), Co(Y)

denote vector spaces overF, with basesea indexed by the elementsa of these three sets.
For every pair of critical pointsa, b, we define

nz(a, b) =

{
|M̆z(a, b)| mod 2, if dim M̆z(a, b) = 0,

0, otherwise.

From these, we construct linear maps

∂o
o : Co(Y) → Co(Y)

∂o
s : Co(Y) → Cs(Y)

∂u
o : Cu(Y) → Co(Y)

∂u
s : Cu(Y) → Cs(Y)

by the formulae
∂o

oea =

∑
b∈Co

∑
z

nz(a, b)eb, (a ∈ Co),

and so on. The four maps correspond to the four cases in which a space of trajectories can
contain irreducibles: see Remark 4.5.1 above.

Along with thenz(a, b), we define quantities̄nz(ab) using the reducible parts of the
moduli spaces:

n̄z(a, b) =

{
|M̆ red

z (a, b)| mod 2, if dim M̆ red
z (a, b) = 0,

0, otherwise.

These are used similarly as the matrix entries of linear maps

∂̄s
s : Cs(Y) → Cs(Y)

∂̄s
u : Cs(Y) → Cu(Y)

∂̄u
s : Cu(Y) → Cs(Y)

∂̄u
u : Cu(Y) → Cu(Y).
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Note that the maps̄∂u
s and∂u

s are different. The former counts reducible elements in zero-
dimensional moduli spaces̆M red

z (a, b), where the corresponding irreducible moduli space
M̆(a, b) will be 1-dimensional.

Lemma 4.10. We have the following identities:

∂o
o∂

o
o + ∂u

o ∂̄
s
u∂

o
s = 0

∂o
s ∂

o
o + ∂̄s

s∂
o
s + ∂u

s ∂̄
s
u∂

o
s = 0

∂o
o∂

u
o + ∂u

o ∂̄
u
u + ∂u

o ∂̄
s
u∂

u
s = 0

∂̄u
s + ∂o

s ∂
u
o + ∂̄s

s∂
u
s + ∂u

s ∂̄
u
u + ∂u

s ∂̄
s
u∂

u
s = 0.

Proof. All four identities are proved by enumerating the end-points of all the 1-
dimensional moduli spaces̆M+

z (a, b) that contain irreducibles, using Lemma 4.8 and
Lemma 4.9. In the last identity of the four, the extra term∂̄u

s is accounted for by Re-
mark 4.6.1.

Using the reducible parts of the moduli spaces, we obtain the simpler result:

Lemma 4.11. We have the following identities:

∂̄s
s ∂̄

s
s + ∂̄u

s ∂̄
s
u = 0

∂̄s
s ∂̄

u
s + ∂̄u

s ∂̄
u
u = 0

∂̄u
u ∂̄

s
u + ∂̄s

u∂̄
s
s = 0

∂̄u
u ∂̄

u
u + ∂̄s

u∂̄
u
s = 0.

�

Definition 4.12. We construct three vector spaces with differentials,(Č(Y), ∂̌), (Ĉ(Y), ∂̂)
and(C̄(Y), ∂̄), by setting

Č(Y) = Co(Y)⊕ Cs(Y)

Ĉ(Y) = Co(Y)⊕ Cu(Y)

C̄(Y) = Cs(Y)⊕ Cu(Y),

and defining

∂̌ =

[
∂o

o ∂u
o ∂̄

s
u

∂o
s ∂̄s

s + ∂u
s ∂̄

s
u

]
, ∂̂ =

[
∂o

o ∂u
o

∂̄s
u∂

o
s ∂̄u

u + ∂̄s
u∂

u
s

]
, ∂̄ =

[
∂̄s

s ∂̄u
s

∂̄s
u ∂̄u

u

]
.

The proof that the differentialš∂, ∂̂ and∂̄ each have square zero follows by elementary
manipulation of the identities in the previous two lemmas. We define the Floer homology
groups ̂

HM∗(Y), ĤM∗(Y), HM∗(Y)

as the homology of the three complexes above. Each of these is a sum of subspaces con-
tributed by the connected componentsBσ (Y, s) of Bσ (Y), so that̂

HM∗(Y) =

⊕
s

̂

HM∗(Y, s)

for example. After choosing a base-point, we can grade the complexČ(Y, s) by Z/dZ,
wheredZ is the subgroup ofZ arising as the image of the map

z 7→ grz(a, a)
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from π1(B
σ (Y, s), a) to Z. This image is contained in 2Z and coincides with the image of

the map (2). The• versions of the Floer groups are obtained by completion, as explained
in Section 2.4.

To motivate the formalism a little, it may be helpful to say that the construction of these
complexes can also be carried out (with less technical difficulty) in the case that we replace
Bσ (Y) by a finite-dimensional manifold with boundary,(B, ∂B). In the finite-dimensional
case, the complexes compute respectively the ordinary homology groups,

H∗(B; F), H∗(B, ∂B; F), H∗(∂B; F).

The long exact sequence (1) is analogous to the long exact sequence of a pair(B, ∂B).
The mapsi∗, j∗ andp∗ arise from mapsi , j , p on the chain complexes of Definition 4.12,
given by the matrices

i =

[
0 ∂u

o
1 ∂u

s

]
, j =

[
1 0
0 ∂̄s

u

]
, p =

[
∂o

s ∂u
s

0 1

]
.

The exactness of the sequence is a formal consequence of the identities.
Up to canonical isomorphism, the Floer groups are independent of the choice of metric

and perturbation that are involved in their construction. As in Floer’s original argument
[12], this independence follows from the more general construction of maps from cobor-
disms, and their properties.

4.8. Maps from cobordisms. Let W : Y0 → Y1 be a cobordism equipped with a Rie-
mannian metric and a regular perturbationp so that the moduli spacesMz(a,W∗, b) are
regular. For each pair of critical pointsa, b belonging toY0 andY1 respectively, let

mz(a,W, b) =

{
|Mz(a,W∗, b)| mod 2, if dim Mz(a,W∗, b) = 0,

0, otherwise.

Define m̄z(a,W, b) for reducible critical points similarly, usingM red
z (a,W∗, b). These

provide the matrix entries of eight linear maps

mo
o : Co

• (Y0) → Co
• (Y1)

mo
s : Co

• (Y0) → Cs
•(Y1)

mu
o : Cu

• (Y0) → Co
• (Y1)

mu
s : Cu

• (Y0) → Cs
•(Y1)

and
m̄s

s : Cs
•(Y0) → Cs

•(Y1)

m̄s
u : Cs

•(Y0) → Cu
• (Y1)

m̄u
s : Cu

• (Y0) → Cs
•(Y1)

m̄u
u : Cu

• (Y0) → Cu
• (Y1),

with definitions parallel to the those of the maps∂o
o etc. above. For example,

m̄s
s(ea) =

∑
b∈Cs(Y1)

∑
z

m̄z(a,W, b)eb, (a ∈ Cs(Y0)).

The bullets denote completion, which is necessary because, for a givena, there are infin-
itely manyb for whichm̄a

b,z may be non-zero for somez. (For a givena andb, only finitely
manyz can contribute.) Again,mu

s andm̄u
s are different maps. By enumerating the bound-

ary points of 1-dimensional moduli spacesM+(a,W∗, b) and appealing to Lemma 4.9,
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we obtain identities involving these operators. For example, by considering such moduli
spaces for which the end-pointsa andb are both irreducible, we obtain the identity

(10) mo
o∂

o
o + ∂o

omo
o + ∂u

o ∂̄
s
umo

s + ∂u
o m̄s

u∂
o
s + mu

o∂̄
s
u∂

o
s = 0.

The five terms in this identity enumerate the boundary points of each of the five types
described in (8) and (9).

We combine these linear maps to define maps

m̌(W) : Č•(Y0) → Č•(Y1),

m̂(W) : Ĉ•(Y0) → Ĉ•(Y1),

m̄(W) : C̄•(Y0) → C̄•(Y1),

by the formulae

m̌(W) =

[
mo

o mu
o∂̄

s
u + ∂u

o m̄s
u

mo
s m̄s

s + mu
s ∂̄

s
u + ∂u

s m̄s
u

]
,

m̂(W) =

[
mo

o mu
o

m̄s
u∂

o
s + ∂̄s

umo
s m̄u

u + m̄s
u∂

u
s + ∂̄s

umu
s

]
,

and

m̄(W) =

[
m̄s

s m̄u
s

m̄s
u m̄u

u

]
.

Identities such as (10) supply the proof of:

Proposition 4.13. The mapsm̌(W), m̂(W) andm̄(W) are chain maps, and they commute
with i , j and p.

We define

̂

HM(W), ĤM(W) andHM(W) to be the maps on the Floer homology groups
arising from the chain mapšm(W), m̂(W) andm̄(W).

4.9. Families of metrics. The chain mapšm(W) depend on a choice of Riemannian met-
ric g and perturbationp onW. Let P be a smooth manifold, perhaps with boundary, and let
gp andpp be a smooth family of metrics and perturbations onW, for p ∈ P. We suppose
that there are collar neighborhoods of the boundary componentsY0 andY1 on which all the
gp are equal to the same fixed cylindrical metrics and on which all thepp agree with the
given regular perturbationsq0 andq1. We can form aparametrizedmoduli space overP,
as the union

M(a,W∗, b)P =

⋃
p

{p} × M(a,W∗, b)p

⊂ P × Bσ
loc(W

∗).

Regularity for such moduli spaces is defined as the transversality of the map

r0,1 : M(W)P → Bσ (Y0)× Bσ (Y1)

to the submanifoldUa ×Sb, with the usual adaptation in the boundary-obstructed cases. If
P has boundaryQ, then we take regularity ofM(a,W∗, b)P to include also the condition
thatM(a,W∗, b)Q is regular. Given any family of metricsgp for p ∈ P, and any family of
perturbationspq for q ∈ Q such that the moduli spacesM(a,W∗, b)Q are regular, we can
choose an extension of the familypq to all of P in such a way that all the moduli spaces
M(a,W∗, b)P are regular also.
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Now suppose thatP is compact, with boundaryQ. For eacha andb, define

mz(a,W, b)P =

{
|M P

z (a,W
∗, b)| mod 2, if dim M P

z (a,W
∗, b) = 0,

0, otherwise.

Use the moduli spaces of reducible solutions to definem̄z(a,W, b)P similarly. From these,
we construct linear maps

m̌(W)P : Č•(Y0) → Č•(Y1)

with companion mapŝm(W)P andm̄(W)P. If the boundaryQ is empty, then these are
chain maps, just as in the case thatP is a point: the proof is by enumeration of the boundary
points in the compactifications of 1-dimensional moduli spacesMz(a,W∗, b)P. (The com-
pactification is constructed as the parametrized union of the moduli spacesM+

z (a,W
∗, b)p

over P.)
If Q is non-empty, then the boundary ofMz(a,W∗, b)P has an additional contribu-

tion, namely the moduli spaceMz(a,W∗, b)Q. Identities such as (10) therefore have an
additional term: we have, for example (one of eight similar identities),

(11) (mo
o)

P∂o
o + ∂o

o(m
o
o)

P
+ ∂u

o ∂̄
s
u(m

o
s)P + ∂u

o (m̄
s
u)P∂

o
s + (mu

o)P ∂̄
s
u∂

o
s = (mo

o)Q.

The mapsm̌(W)P etc. are no longer chain maps: instead, we have

∂̌m̌(W)P + m̌(W)P ∂̌ = m̌(W)Q

∂̂m̂(W)P + m̂(W)P ∂̂ = m̂(W)Q

∂̄m̄(W)P + m̄(W)P ∂̄ = m̄(W)Q.

Thusm̌(W)Q is chain-homotopic to zero, anďm(W)P provides the chain-homotopy. If we
takeP to be the interval[0,1] andQ to be the boundary{0,1}, we obtain:

Corollary 4.14. The chain mapšm(W)0 andm̌(W)1 fromČ•(Y0) to Č•(Y1), correspond-
ing to two different choices of metric and regular perturbation on the interior of W, are
chain homotopic, and therefore induce the same map on Floer homology. The same holds
for the other two flavors.

4.10. Composing cobordisms.Let W : Y0 → Y2 be a composite cobordism

W : Y0
W0

−→ Y1
W1

−→ Y2.

Equip W with a metric which is cylindrical near the two boundary components as well
as in a neighborhood ofY1 ⊂ W, and letp be a perturbation that agrees with the regular
perturbationsqi nearYi for i = 0,1,2. For eachT ≥ 0, letW(T) ∼= W be the Riemannian
manifold obtained by cutting alongY1 and inserting a cylinder[−T, T] × Y1 with the
product metric. We can form the parametrized union

(12)
⋃
T≥0

Mz(a,W(T)∗, b).

Since the manifoldsW(T) are all copies ofW with varying metric, this can be seen as an
example of a parametrized moduli spaceMz(a,W∗, b)P of the sort we have been consid-
ering, with P ∼= [0,∞). We add a fiber overT = ∞ by setting

W(∞)∗ = W∗

0 q W∗

1 ,

a disjoint union of the two cylindrical end manifolds. We define

Mz(a,W(∞)∗, b)
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to be the union of products

(13)
⋃

c

⋃
z0,z1

Mz0(a,W
∗

0 , c)× Mz1(c,W
∗

1 , b).

The union is over all pairs of classesz0, z1 with compositez and allc ∈ C(Y1). Putting in
this extra fiber, we have a family

Mz(a,W
∗, b)P̄ =

⋃
T∈[0,∞]

{T} × Mz(a,W(T)∗, b),

parametrized by the spacēP ∼= [0,∞]. The moduli space just defined is a non-compact
manifold with boundary. The boundary consists of the union of the two fibers overT = 0
andT = ∞, together with the reducible locusM red

z (a,W∗, b)P̄ in the case that the moduli
space contains both reducibles and irreducibles. It is contained in a compact space

M+
z (a,W

∗, b)P̄ =

⋃
T∈[0,∞]

{T} × M+
z (a,W(T)∗, b),

where forT = ∞ a typical element ofM+
z (a,W(T)∗, b) is a quintuple

(γ0, γ01, γ1, γ12, γ2),

whereγi is a broken trajectory forYi (possibly with zero components) andγ01, γ12 belong
to the moduli spaces ofW0 andW1.

Lemma 4.15. If Mz(a,W∗, b)P is zero-dimensional, then it is compact. If Mz(a,W∗, b)P
is one-dimensional and contains irreducible trajectories, then the compactification
M+

z (a,W
∗, b)P̄ is a1-dimensional space with a codimension-1δ-structure at all boundary

points. The boundary points are of the following types:

(1) the fiber over T= 0, namely the space Mz(a,W∗, b) for W(0) = W;
(2) the fiber over T= ∞, namely the union of products(13);
(3) products of two factors, of one of the forms

M̆z1(a, a1)× Mz2(a1,W
∗, b)P

Mz1(a,W
∗, b1)P × M̆z2(b1, b)

(cf. (8) above);
(4) products of three factors, of one of the forms

M̆z1(a, a1)× M̆z2(a1, a2)× Mz3(a2,W
∗, b)P

M̆z1(a, a1)× Mz2(a1,W
∗, b1)P × M̆z3(b1, b)

Mz1(a,W
∗, b1)P × M̆z2(b1, b2)× M̆z3(b2, b)

(cf. (9) above);
(5) parts of the fiber M+

z (a,W(∞)∗, b) over T = ∞ of one the forms

M̆z1(a, a1)× Mz2(a1,W
∗

0 , c)× Mz2(c,W
∗

1 , b)

Mz1(a,W
∗

0 , c1)× M̆z2(c1, c)× Mz3(c,W
∗

1 , b)

Mz1(a,W
∗

0 , c)× Mz2(c,W
∗

1 , b1)× M̆z3(b1, b),

where the middle factor is boundary-obstructed in each case;
(6) the reducible locus Mred

z (a,W∗, b)P in the case that the moduli space contains
both irreducibles and reducibles (which requiresa to be boundary-unstable andb
to be boundary-stable).
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Following a familiar pattern, we now count the elements in the zero-dimensional moduli
spaces, to obtain elements ofF:

mz(a,W, b)P =

{
|Mz(a,W∗, b)P| mod 2, if dim Mz(a,W∗, b)P = 0,

0, otherwise,

and

m̄z(a,W, b)P =

{
|M red

z (a,W∗, b)P| mod 2, if dim M red
z (a,W∗, b)P = 0,

0, otherwise.

These become the matrix entries of maps

K o
o : Co

• (Y0) → Co
• (Y2)

K o
s : Co

• (Y0) → Cs
•(Y2)

K u
o : Cu

• (Y0) → Co
• (Y2)

K u
s : Cu

• (Y0) → Cs
•(Y2)

and
K̄ s

s : Cs
•(Y0) → Cs

•(Y2)

K̄ s
u : Cs

•(Y0) → Cu
• (Y2)

K̄ u
s : Cu

• (Y0) → Cs
•(Y2)

K̄ u
u : Cu

• (Y0) → Cu
• (Y2),

just as we definedmo
o and its companions. From Lemma 4.15 and Lemma 4.9 we obtain

identities involving these operators, as usual. For example, as an operatorCo(Y0) →

Co(Y2), we have

mo
o(W)+ mo

o(W1)m
o
o(W0)+ K o

o∂
o
o + ∂o

o K o
o + K u

o ∂̄
s
u∂

o
s + ∂u

o K̄ s
u∂

o
s + ∂u

o ∂̄
s
uK o

s

+ mu
o(W1)m̄

s
u(W0)∂

o
s + mu

o(W1)∂̄
s
umo

s(W0)+ ∂u
o m̄s

u(W1)m
o
s(W0) = 0.

The ten terms in this identity correspond to the ten possibilities listed in the first five cases
of the lemma above. (The final case of the lemma does not apply.)

We combine the piecesK o
o etc. to define a map

Ǩ : Č•(Y0) → Č•(Y2)

by the matrix

Ǩ =

[
K o

o K u
o ∂̄

s
u + mu

o(W1)m̄s
u(W0)+ ∂u

o K̄ s
u

K o
s K̄ s

s + K u
s ∂̄

s
u + mu

s(W1)m̄s
u(W0)+ ∂u

s K̄ s
u

]
.

Proposition 4.16. We have the equality

∂̌ Ǩ + Ǩ ∂̌ = m̌(W1)m̌(W0)+ m̌(W)

as mapsČ•(Y0) → Č•(Y2). At the level of homology therefore, we havê

HM(W1) ◦

̂

HM(W0) =

̂

HM(W).

There are similar identities for the other two flavors of Floer homology.

Proof. The chain-homotopy identity is a formal consequence of the ten-term identity
above, together with its seven companions and the corresponding identities for the∂ and
m operators.
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4.11. The module structure. We describe now a way to define theF[U ]-modules struc-
ture on Floer homology. A different and more general approach is taken in [21], but the
result is the same, and the present version of the definition (based on [8]) is simpler to de-
scribe. LetW : Y0 → Y1 be a cobordism, and letw1, . . . , wp ∈ W be chosen points. Let
B1, . . . , Bp be standard ball neighborhoods of these points. The spaceBσ (Bq) is a Hilbert
manifold with boundary; and because it arises as a free quotient by the gauge groupG of
L2

k+1 mapsu : Bq → S1, there is a natural line bundleLq on Bσ (Bq) associated to the
homomorhpismu 7→ u(wq) from G to S1.

Because of unique continuation, there is a well-defined restriction map

rq : M(W) → Bσ (Bq),

and hence also
rq : M(a,W∗, b) → Bσ (Bq),

for all a andb. Let sq be a smooth section ofLq, and letVq ⊂ Bσ (Bq) be its zero set.
Omitting the restriction maps that are implied by our notation, we now consider the moduli
spaces

Mz(a,W
∗, {w1, . . . , wp}, b) ⊂ Mz(a,W

∗, b)

defined as the intersection

Mz(a,W
∗, b) ∩ V1 ∩ · · · ∩ Vp.

We can choose the sectionssq so that, for alla andb, their pull-backs ofs1, . . . , sq to
M(a,W∗, b) have transverse zero sets. The above intersection is then a smooth manifold.

We repeat verbatim the construction of the chain mapsm̌(W), m̂(W) and m̄(W)

from Section 4.8, but replacingMz(a,W∗, b) by the lower-dimensional moduli space
Mz(a,W∗, {w1, . . . , wp}, b) throughout. In this way, we construct maps that we tem-
porarily denote by ̂

HM(W, {w1, . . . , wp}) :

̂

HM•(Y0) →

̂

HM•(Y1),

with similar maps for the other two flavors. As a special case, we define a map

U :

̂

HM•(Y) →

̂

HM•(Y)

by taking p = 1 and takingW to be the cylinder[0,1] × Y. The proof of the composition
law for composite cobordisms adapts to prove thatU p is equal to the map arising from the
cylindrical cobordism withp base-points; and more generally,̂

HM(W, {w1, . . . , wp}) = U p

̂

HM(W),

(a formula which then makes the notation

̂

HM(W, {w1, . . . , wp}) obsolete).

4.12. Local coefficients. There is a variant of Floer homology, using local coefficients.
We continue to work over the fieldF = Z/2, and we consider a local system ofF-vector
spaces,0 onBσ (Y). This means that for each pointsa in Bσ (Y)we have a vector space0a

overF, and for each relative homotopy-class of pathsz from a to b we have an isomorphism

0(z) : 0a → 0b.

These should satisfy the composition law0z = 0z2 ◦ 0z1 for composite paths. Given such
a local system, and given as usual a Riemannian metric and regular perturbation forY, we
introduce vector spacesCo(Y;0), Cs(Y;0) andCu(Y;0), defining them as⊕

a

0a,
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where the sum is over all critical points inBσ (Y) that are irreducible, boundary-stable
or boundary-unstable respectively. We define a map∂o

o : Co(Y;0) → Co(Y;0) by the
formula

∂o
o(e) =

∑
b∈Co

∑
z

nz(a, b)0(z)(e), (e ∈ 0a),

wherenz(a, b) is defined as before. This map, along with its companions∂o
s etc., are then

used to define the differential

∂̌ : Č(Y;0) → Č(Y;0)

for the complexČ(Y;0) = Co(Y;0)⊕ Cs(Y;0). Proceeding as before, we construct the
Floer group

̂

HM•(Y;0), and also its companionŝHM•(Y;0) andHM•(Y;0).
Let W : Y0 → Y1 now be a cobordism, and suppose local systems0i are given onYi

for i = 0,1. The restriction maps

r i : Bσ (W) 99K Bσ (Yi ), (i = 1,2)

are only partially defined, but the pull-backsr ∗

i (0i ) provide well-defined local systems on
Bσ (W). This is because a local system0 on Bσ (Y) is, in a canonical way, the pull-back
of a local system onB(Y), and the restriction maps toB(Yi ) are everywhere defined.

Definition 4.17. A W-morphism from the local system00 on Bσ (Y0) to the local system
01 onBσ (Y1) is an isomorphism of local systems,

0W : r ∗

0(00) → r ∗

1(01).

Givena in Bσ (Y0) andb in Bσ (Y1), and given a choicez of a connected component in
r −1
0,1(a, b), aW-morphism provides us with an isomorphism

0W(z) : 0a → 0b,

which behaves as expected with respect to composition on either side with paths inBσ (Yi ).
We can use0W to define maps

mo
o : Co(Y0;00) → Co(Y1;01),

and so on, just as in Section 4.8 above: for example, we define

mo
o(e) =

∑
b∈Co(Y1)

∑
z

mz(a,W, b) 0W(z)(e), (e ∈ 00,a).

The result is a map ̂

HM(W;0W) :

̂

HM•(Y0;00) →

̂

HM•(Y1;01),

with companion maps on̂HM andHM. The proof of independence of the choice of metric
and perturbation onW, and the proof of the composition law (with the obvious notion of
composition ofW-morphisms), carry over with straightforward modifications.

4.12.1. Support of local systems.Let Y be a three-manifold, and fix an open subsetM ⊂

Y. There is a partially-defined restriction mapρM : Bσ (Y) 99K Bσ (M). A local system
0 overBσ (M) induces a local systemρ∗

M (0) overBσ (Y) by pull-back. (The fact that the
ρM is only partially defined is again of no conequence, as above.)

Definition 4.18. A local system overBσ (Y)which is obtained as the pull-back of one over
Bσ (M) is said to be supported on M.
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Similarly, suppose we have a cobordismW : Y0 −→ Y1, equipped with an open set
B ⊂ W, and letM0 = B ∩ Y0 andM1 = B ∩ Y1. Let00 and01 be local systems on the
Mi . Again, we have partially-defined restriction maps

ρ0 : Bσ (B) 99K Bσ (Mi ), (i = 1,2)

which induce well-defined local systemsρ∗

i (0i ). overBσ (B). A B-morphism of local
systems is an isomorphism

0B : ρ∗

0(00) −→ ρ∗

1(01)

of local systems overBσ (B). Using the restriction map

ρ : Bσ (W) 99K Bσ (B),

we can pull back aB-morphism0B of local systems to obtain aW-morphism

ρ∗

B(0B) : r ∗

0(ρ
∗

0(00)) −→ r ∗

1(ρ
∗

1(01)).

Such aW-morphism is said to besupported on B.

4.12.2. Example.Let η be aC∞ singular 1-cycle inY with real coefficients. Given a
relative homotopy class of pathsz from a to b in Bσ (Y), let us choose a representative
pathz̃, and let[Az̃, s, φz̃] be the corresponding element ofBσ ([0,1] × Y). Define

fη(z) = (i /2π)
∫

[0,1]×η

FAt
z̃
.

This depends only onη andz.
Let K be an integral domain of characteristic 2, and let

µ : R → K×

be a homomorphism from the additive groupR to the multiplicative group of units inK.
We can construct a local system0η onBσ (Y) by declaring that0η,a is K for all a, and that

0η(z) : 0η,a → 0η,b

is multiplication by the unitµ( fη(z)) in K×. For definiteness, we henceforth takeK to be
the field of fractions of the group ringF[R], andµ to be the natural inclusion

µ : R → F[R]
×

⊂ K×.

Now letW : Y0 → Y1 be a cobordism, letη0, η1 be 1-cycles as above, and let0ηi be the
corresponding local systems. Suppose we are given aC∞ singular 2-chainν in W, with

∂ν = η1 − η0.

Given a componentz in r −1
0,1(a, b), we choose a representative[Az, s, φz] in Bσ (W), and

we extend our notation above by setting

fν(z) = (i /2π)
∫
ν

FAz.

We can define aW-morphism0W,ν : 0η0 → 0η1 by specifying that the isomorphism

0W,ν(z) : 0η0,a → 0η1,b

is given by multiplication byµ( fν(z)). There are corresponding mapŝ

HM(W;0W,ν) :

̂

HM•(Y0;0η0) →

̂

HM•(Y1;0η1)

ĤM(W;0W,ν) : ĤM•(Y0;0η0) → ĤM•(Y1;0η1)

HM(W;0W,ν) : HM•(Y0;0η0) → HM•(Y1;0η1)
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We can consider these constructions as defining functors on an extension of our cobor-
dism category. We have a category whose objects are pairs(Y, η), whereY is a 3-manifold
(compact, connected and oriented as usual) andη is aC∞ singular 1-cycle with real coef-
ficients. The morphisms are diffeomorphism classes of pairs(W, ν), whereν is a 2-cycle
and∂ν = η1 − η0.

From the definitions, it follows that if̃ν = ν + ∂θ for someC∞ 3-chainθ , then0W,ν

and0W,ν̃ are equal. As a consequence, there are isomorphisms (for example)̂

HM•(Y;0η) ∼=

̂

HM•(Y;0η′)

whenever[η] = [η′
] in H1(Y; R). However, to specify a particular isomorphism, one

must expressη − η′ as a boundary. Indeed, suppose that∂ν1 = η − η′
= ∂ν2, then

the two isomorphisms differ by the automorphism which on

̂

HM•(Y, t;0η) is given by
multiplication byµ(〈c1(t), [ν − ν′

]〉). In particular, whenY is a rational homology three-
sphere andη is a cycle, then there is a canonical identification̂

HM(Y;0η) ∼=

̂

HM(Y)⊗ K.

If the 1-cycleη is contained inM ⊂ Y, then the local coefficient system0η is supported
on M , in the sense of the definition above. Moreover, supposeW : Y0 → Y1 is a cobordism,
B ⊂ W is an open set withMi = B ∩ Yi , andηi are 1-cycles inMi . Let ν be a 2-cycle
with ∂ν = η1 − η0. Then theW-morphism0W,ν : 0η0 → 0η1 is supported onB if ν is
contained inB.

We conclude this section by noting the following result. (The only particular property
of our choice ofK andµ that is used here is the fact that 1−µ(t) is a unit, for all non-zero
t .)

Lemma 4.19. If [η] is non-zero in H1(Y; R), then HM•(Y;0η) = 0 and hence j∗ :̂

HM•(Y;0η) → ĤM•(Y;0η) is an isomorphism.

Proof. If c1(s) is non-torsion, there are no reducible critical points, soHM•(Y;0η)

has contributions only from thoses with torsion first Chern class. For each suchs, the
space of reducibles inB(Y, s) has the homotopy type of the torusH1(Y; R)/H1(Y; Z),
for it deformation-retracts onto the torusT of Spinc connectionsA in S with FAt = 0.
The lemma is a consequence of the fact that the ordinary homology groupH∗(T;0η) with
local coefficients is zero. Details are given in [21].

4.13. Duality and pairings. Along with the chain complex(Č∗(Y), ∂̌) and its compan-
ions, we have the corresponding cochain complexes,

(Č∗(Y), ∂̌∗), (Ĉ∗(Y), ∂̂∗), (C̄∗(Y), ∂̄∗),

and the monopole Floer cohomology groups

̂

HM∗(Y), ĤM∗(Y), HM∗(Y). These are mod-
ules overF[U ], with U now acting with degree 2. To form the• versions

̂

HM•(Y), we
should now complete in the direction of increasing degree, so that they again become mod-
ules overF[[U ]]. We can do the same with local coefficients, and we have non-degenerate
pairings ofK-vector spaces

(14)

̂

HM j (Y;0−η)×

̂

HM j (Y;0η) → K,

for anyC∞ real 1-cycleη.
Let −Y denote the oriented manifold obtained fromY by reversing the orientation. The

spacesBσ (Y) andBσ (−Y) can be canonically identified, though the change of orientation
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changes the sign of the functionalL, and so changes the vector fieldVσ to −Vσ . If q is
a regular perturbation forY, we can select−q as regular perturbation for−Y. The notion
of boundary-stable and boundary-unstable are interchanged when the vector field changes
sign, so we have identifications

Co(Y) = Co(−Y)

Cs(Y) = Cu(−Y)

Cu(Y) = Cs(−Y).

The moduli spaceM(a, b) for the cylinderR × Y is the same as the moduli spaceM(b, a)
for the cylinderR × (−Y). So the operator∂o

s on−Y, for example, becomes(∂u
o )

∗ for Y.
In this way, the boundary map̂∂ for −Y becomes the operator∂̌∗ for Y, and so on. Thus
we obtain the following proposition, which we state also for local coefficients.

Proposition 4.20. There are canonical isomorphisms

D :

̂

HM j (−Y) → ĤM j (Y)

D : ĤM j (−Y) →

̂

HM j (Y)

D : HM j (−Y) → HM j (Y).

If η is a real1-cycle in Y , and0η the corresponding local system with fiberK, then there
are also isomorphisms

D :

̂

HM j (−Y;0η) → ĤM j (Y;0η)

D : ĤM j (−Y;0η) →

̂
HM j (Y;0η)

D : HM j (−Y;0η) → HM j (Y;0η).

Here j belongs to the grading set J(Y), which we can identify canonically with J(−Y),
because the notion of an oriented2-plane field on Y makes no reference to the orientation
of the manifold.

Note that the canonical identificationJ(Y) = J(−Y) does not respect the action ofZ:
there is a sign change, soj + n becomesj − n if the orientation ofY is reversed.

If we combine the isomorphisms D with the pairing (14), we obtain a non-degenerate
pairing of vector spaces overF,

〈 − , − 〉D : ĤM∗(−Y)×

̂

HM∗(Y) → F.

With local coefficients, there is a non-degenerate pairing of vector spaces overK:

〈 − , − 〉D : ĤM∗(−Y;0−η)×

̂

HM∗(Y;0η) → K.

4.14. Calculations for lens spaces.Let S3
p(U ) be the lens space obtained by integer

surgery on the unknot, for somep > 0, and letW(p) : S3
p(U ) → S3 be the surgery

cobordism, as described in Section 3.1. Corollary 3.4 states that the map

(15) ĤM(W(p), sn,p) : ĤM•(S
3
p(U ), tn,p) → ĤM•(S

3)

is an isomorphism if 0≤ n ≤ p, an assertion which is equivalent to the calculation of the
Frøyshov invariant of(S3

p(U ), tn,p) as given in Proposition 3.1. We shall now provide a
proof of this result.

Recall that we have injective maps

p∗ : ĤM•(S
3
p(U ), tn,p) ↪→ HM•(S

3
p(U ), tn,p)

p∗ : ĤM•(S
3) ↪→ HM•(S

3)
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because these 3-manifolds have positive scalar curvature for their standard metrics, c.f.
Proposition 2.2. The complex̄C∗(S3

p(U )) can be described using the material of Exam-

ple 4.2.1. InB(S3
p(U ), tn,p), we have a unique critical pointα = [0, An,0], with At

n
flat. After a choice of small perturbation, we can assume that the perturbationDAn,q of
the Dirac operatorDAn has simple spectrum; and there is then one non-degenerate critical
pointaλ in the blow-upBσ (S3

p(U ), tn,p) for each eigenvalueλ of DAn,q. The differentials
in the Floer complexes are all zero, and we have

HM∗(S
3
p(U ), tn,p) = C̄∗(S

3
p(U ), tn,p)

=

⊕
λ

F eaλ .

The imagep∗ĤM∗(S3
p(U ), tn,p) is the subspace

Ĉ∗(S
3
p(U ), tn,p) =

⊕
λ<0

F eaλ ,

which is generated as anF[U ]-module by the elementeaλ−1
, whereλ−1 is the first negative

eigenvalue. Letbµ−1 similarly denote the critical point inBσ (S3) corresponding to the
generator ofp∗ĤM∗(S3); soµ−1 is the first negative eigenvalue of the perturbed Dirac
operator onS3.

The assertion that the map (15) is surjective is equivalent to the assertion that

ĤM(W(p), sn,p)(eaλ−1
) = ebµ−1

.

The moduli spaceM red
sn,p

(aλ−1,W(p), bµ−1) can be identified with the space of equivalence
classes of pairs[A, φ], where

• A is a Spinc connection forsn,p on W(p)∗, satisfyingF+

At = 0 and such thatAt is
asymptotic to a flat connection on both ends; and

• φ is a section ofS+ onW(p)∗ satisfying a small-perturbation of the Dirac equation
D+

A,pφ = 0 and having asymptotics

|φ| = O(e−λ−1t ), t → −∞,

|φ| = O(e−µ−1t ), t → +∞,

on the two ends ofW(p)∗.

(The equivalence relation is generated by the action of gauge treansformations and scaling
φ by non-zero complex scalars.)

The connectionA satisfying the first condition is unique up to gauge transformation.
Given A, the spinors8 satisfying the second condition form an open subset of a projective
space of complex dimension 2d, whered is the L2 index of the Dirac operatorD+

A on
W(p)∗. The moduli space is a point ifd = 0. So the surjectivity of (15) is eventually
equivalent to the next lemma.

Lemma 4.21. Let A be aSpinc connection for aSpinc structures on W(p)∗, and suppose
that that FAt is anti-self-dual and is asymptotically zero on both ends. Then the index of
the Fredholm operator

D+

A : L2
1,A(W(p)∗, S+)) → L2(W(p)∗, S−)

is zero if the pairing of c1(s) with a generator h of H2(W(p); Z) satisfies

−p ≤ 〈c1(s), h〉 ≤ p.
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Proof. If we change the orientation ofW(p), make a conformal change, and add two
points, we obtain a Kähler orbifold̄W, the weighted projective space obtained as the quo-
tient of C3

\ {0} by the action ofC∗ with weights(1,1, p). Because of its conformal
invariance, we can equivalently study the index of the Dirac operator onW̄. Let the Kähler
form ω be normalized so as to have integral 1 onh, and letLk be the orbifold line bundle
on W̄ with curvaturec1(Lk) = k[ω]. Let s0 be the canonical Spinc structure (which has
c1(s0) = −(p + 2)[ω]) and letsk be the Spinc structure onW̄ obtained by tensorings0
with Lk. Let Ak be a Spinc connection forsk compatible with the holomorphic structure.

The kernel ofD+

Ak
is isomorphic to the orbifold Dolbeault cohomology group

H0,0(W̄; Lk)⊕ H0,2(W̄; Lk).

If k < 0, thenH0,0 vanishes becauseLk then has negative degree. Ifk > −p−2, thenH0,2

vanishes, by Serre duality. So the kernel of the Dirac operator is zero for−p− 2< k < 0;
or equivalently−p − 2< c1(sk) < p + 2. The cokernel isH0,1(W̄; Lk), which vanishes
for all k.

5. Proof of the surgery long exact sequence

We return to the notation of Theorem 2.4. Before starting the proof in earnest, we
explain the simple argument which shows that the composites

̂

HM•(Wn+1) ◦

̂

HM•(Wn)

are zero. We use the composition law to equate this map to

̂
HM(Xn), whereXn is the

composite cobordism,

Xn = Wn ∪Yn+1 Wn+1

from Yn to Yn+2. Recall that each cobordismWn arises from the addition of a single 2-
handle. The core of the 2-handle inWn+1 attaches to the cocore of the 2-handle inWn to
form an embedded 2-sphere,

En ⊂ Xn.

This sphere has self-intersection number−1, and the boundarySn of a tubular neighbor-
hood ofEn is an embedded 3-sphere, giving an alternative decomposition

Xn = Bn#Sn Zn,

where hereBn is another cobordism fromYn to Yn+2 (obtained by a two-handle addition),
punctured at point, andZn is the tubular neighborhood. (See Figure 1 for a schematic
sketch ofX1.)

There is a diffeomorphismτ : Xn → Xn which is the identity onBn with

τ∗[En] = −[En]

in H2(Xn; Z). If s is a Spinc structure onXn, then 〈c1(s), [En]〉 is odd; soτ acts on
Spinc(Xn) without fixed points. We can writê

HM(Xn) =

∑
s

̂

HM(Xn, s),

and by diffeomorphism-invariance, the contributions froms andτ ∗(s) are equal. SinceF
has characteristic 2, the sum vanishes.

The proof that the sequence is exact is considerably harder than the proof that the com-
posites are zero. We use the following straightforward result from homological algebra.
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Y YY

S

1 2 3

1

Figure 1. Breaking up the composite. This indicates two ways of
breaking up the composite cobordismX1. Y2 separatesX1 into W1 and
W2, while S1 separates it intoB1 andZ1.

Lemma 5.1. Let {Cn}n∈Z/3Z be a collection of chain complexes overZ/2Z and let

{ fn : Cn −→ Cn+1}n∈Z/3Z

be a collection of chain maps with the following two properties:

(1) the composite fn+1 ◦ fn : Cn −→ Cn+2 is chain-homotopic to zero, by a chain
homotopy Hn:

∂ ◦ Hn + Hn ◦ ∂ = fn+1 ◦ fn;

(2) the sum

ψn = fn+2 ◦ Hn + Hn+1 ◦ fn : Cn −→ Cn

(which is a chain map) induces isomorphisms on homology,(ψn)∗ : H∗(Cn) →

H∗(Cn).

Then the sequence

· · · −→ H∗(Yn−1)
( fn−1)∗
−→ H∗(Yn)

( fn)∗
−→ H∗(Yn+1) −→ · · ·

is exact.

We wish to apply the lemma to the chain mapsm̌(Wn); and while we know that the
compositesm̌(Wn+1)m̌(Wn) induce the zero map on Floer homology, we need an explicit
chain-homotopy in order to apply the lemma. That is our goal in the next subsection.

5.1. The first chain homotopy. We now construct the required null-homotopy of
m̌(Wn+1)m̌(Wn). Taken = 1, and equipX1 with a metricg which is product-like near
both the separating hypersurfacesY2 andS1. From this, we construct a family of metrics
Q(S1,Y2) parametrized byT ∈ R as follows. When the parameterT for the family is
negative, we insert a cylinder[T,−T]× S1 normal toS1, and when it is positive, we insert
a cylinder[−T, T] × Y2 normal toY2. We can arrange that the metric onS1 has positive
scalar curvature and is close to the round metric.

There is a corresponding parametrized moduli space

Mz(a, X∗

1, b)Q.
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As in Section 4.10, we can complete the family of Riemannian manifolds: atT = −∞ we
obtain the disjoint union

X1(−∞)∗ = B∗

1 q Z∗

1,

and atT = +∞ we obtain
X1(+∞)∗ = W∗

1 q W∗

2 .

The manifoldB∗

1 has three cylindrical ends. There is now a moduli space

Mz(a, X∗

1, b)Q̄ → Q̄(S1,Y2)

over Q̄(S1,Y2) = [−∞,∞] and its compactificationM+
z (a, X∗

1, b)Q̄, involving broken
trajectories.

Define quantitiesmz(a, X1, b)Q ∈ F by counting elements in zero-dimensional moduli
spacesMz(a, X∗

1, b)Q in the now familiar way, and definēmz(a, X1, b)Q similarly, using
M red

z (a, X∗

1, b)Q. We use these as the matrix entries of the linear map

(16) Ho
o : Co(Y1) → Co(Y3)

and its seven companionsHo
s , Hu

o , Hu
s , H̄s

s , H̄s
u , H̄u

s andH̄u
u ; and from these we construct

a mapȞ1 by the same formula that defined the chain-homotopyǨ in Section 4.10:

Ȟ1 =

[
Ho

o Hu
o ∂̄

s
u + mu

o(W2)m̄s
u(W1)+ ∂u

o H̄s
u

Ho
s H̄s

s + Hu
s ∂̄

s
u + mu

s(W2)m̄s
u(W1)+ ∂u

s H̄s
u

]
.

Proposition 5.2. If the chosen perturbation on S1 ∼= S3 is sufficiently small, then we have

∂̌ ◦ Ȟ1 + Ȟ1 ◦ ∂̌ = m̌(W2) ◦ m̌(W1)

as chain maps from̌C•(Y1) to Č•(Y3).

Proof. The formula closely resembles the formula involvingǨ from Proposition 4.16.
The chain homotopy̌K was defined using the family of metrics parametrized by the posi-
tive half, [0,∞], of the family Q̄. The fiber overT = 0 contributed the extra term̌m(W)

in the previous formula.
To prove the present proposition, we proceed as before, obtaining identities involving

Ho
o and its companions by examining 1-dimensional moduli spacesM+

z (a, X∗

1, b)Q̄ and
counting their boundary points. The new phenomena occur in examining the fiber ofT =

−∞.
A typical element ofM+

z (a, X∗

1, b)Q̄ in the fiber overT = −∞ is a quintuple

(γ̆Y1, γ̆S1, γ̆Y3, γB1, γZ1),

where the first three are broken trajectories on the corresponding cylinders (each of these
may be empty) andγB1 andγZ1 are solutions on the corresponding cylindrical-end mani-
folds.

To understand which of these decompositions occur, we must understand the Floer com-
plex for the three-sphereS1. Since theS1 has positive scalar curvature and is simply-
connected, there is a unique (reducible) critical point inB(S1). After a small perturbation,
the critical points inBσ (S1) still lie over a single reducible configuration. We label these
critical points inBσ (S1) asaλi , whereλi are the eigenvalues of a self-adjoint Fredholm op-
erator obtained as a small perturbation of the Dirac operator onS3. (See Example 4.2.1.)
We assume that theλi are strictly increasing asi runs throughZ and thatλ0 is the first
positive eigenvalue:

(17) · · · λ−2 < λ−1 < 0< λ0 < λ1 < · · · .
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It is a consequence of this description thatγ̆S1 a priori live in even-dimensional moduli
spaces. In fact, by counting dimensions, we see that the trajectoriesγ̆S1 in this fiber are
empty.

We claim that the possibilities forγZ1 come in pairs. Specifically, regardZ1 as a man-
ifold with boundaryS1 (so that−S1 is a boundary component ofB1). For each criti-
cal point, we have moduli spacesMz(Z1, aλi ). The choice ofz is equivalent in this in-
stance to a choice of Spinc structures on Z1, which in turn is determined by its first
Chern class. We writezk for the component corresponding to the Spinc structures with
〈c1(s), [E1]〉 = 2k − 1.

Lemma 5.3. The following hold for a sufficiently small perturbation on S1.

(1) The moduli spaces Mz(Z1, aλi ) contain no irreducibles. They are empty for i≥ 0.
(2) For i < 0, the moduli space Mzk(Z1, aλi ) consists of a single point when it has

formal dimension equal to zero.
(3) The formal dimensions of Mzk(Z1, aλi ) and Mz1−k(Z1, aλi ) are the same.

Proof. The formal dimensions of all the moduli spacesMzk(Z1, aλ0) are the same as the

moduli spaces for the corresponding Spinc structures overCP
2
. It follows that the formal

dimension ofMzk(Z1, aλi ) is −k(k−1)−2i −1 if i ≥ 0, and−k(k−1)−2i −2 if i < 0,.
Thus, the formal dimensions of all the moduli spacesMz(Z1, aλi ) with i ≥ 0 are negative,
and these moduli spaces are therefore empty. Ifi < 0, thenaλi is boundary-unstable, so the
corresponding moduli space contains no irreducibles. That the zero-dimensional moduli
spaces are points is the same phenomenon that underlies Proposition 2.7. Specifically, The
last statement is a consequence of the diffeomorphismτ : Z1 → Z1 which is the identity
on the cylindrical end and sends[E1] to −[E1].

From the lemma, it follows that the number of end-points of a 1-dimensional moduli
spaceM+

z (a, X∗

1, b)Q̄ which lie overT = −∞ is even. The identities which we obtain
from these moduli spaces are therefore the same as the identities forK o

o etc. in Section 4.10,
but without the term fromT = 0. For example, we have

mo
o(W1)m

o
o(W0)+ Ho

o ∂
o
o + ∂o

o Ho
o + Hu

o ∂̄
s
u∂

o
s + ∂u

o H̄s
u∂

o
s + ∂u

o ∂̄
s
u Ho

s

+ mu
o(W1)m̄

s
u(W0)∂

o
s + mu

o(W1)∂̄
s
umo

s(W0)+ ∂u
o m̄s

u(W1)m
o
s(W0) = 0.

The chain identity in the proposition follows from this identity and its companions.

5.2. The second chain homotopy.Proposition 5.2 gives us the first chain homotopy re-
quired by Lemma 5.1. Our next goal is to to construct the second homotopy required by
the lemma. This will be constructed by counting points in moduli spaces associated to a
two-parameter family of metrics on a four-manifold.

Specifically, consider the four-manifoldV1 obtained as

V1 = W1 ∪Y2 W2 ∪Y3 W3.

This four-manifold contains the 2-spheresE1 andE2, and the 3-spheresS1 andS2 which
bound their tubular neighborhoods. The spheresE1 and E2 intersect transversely in a
single point, with intersection number 1. The 3-spheresS1 andS2 intersect transversely in
a 2-torus. LetN1 be a regular neighborhood ofE1 ∪ E2 containing the 3-spheresS1 and
S2. The boundary ofN1 is a separating hypersurfaceR1 in V1, diffeomorphic toS1

× S2.
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The manifoldN1 is diffeomorphic to the complement of the neighborhood of a standard

circle in CP
2
, and gives a decomposition

V1 = U1 ∪R1 N1.

The manifoldU1 is obtained topologically by removing a neighborhood of the curve{0}×

K from the cylindrical cobordism[−1,1] × Y1, whereK is the core of the solid torus
S1

× D2 that was used in the Dehn filling to createY1.
In all, we have five separating hypersurfacesY2, R1, Y3, S2, and S1, as pictured in

Figure 2. These are arranged cyclically so that any one intersects only its two neighbors.
For any two of these surfaces, sayS and S′, which donot intersect, we can construct a
2-parameter family of metricsP(S, S′) parametrized byR+

× R+, by inserting cylinders
[−TS, TS] × Sand[−TS′ , TS′ ] × S′. In the usual way, we complete this family to obtain a
family of Riemannian manifolds over the “square”

P̄(S, S′) ∼= [0,∞] × [0,∞].

There are five such families of metrics, corresponding to the five pairs of disjoint separating
surfaces. The squares fit together along five common edges, corresponding to families of
metrics where just one of the lengthsTS is non-zero. In this way we set up a two-parameter
family of metrics P̄ = P̄(R1,Y2,Y3, S1, S2), as the union of five squares̄P(S, S′), as
shown in Figure 3. For each of the five hypersurfacesS, there are two edges of̄P where
TS = ∞. We denote the union of these two edges byQ̄S. Thus,

∂ P̄ = Q̄S2 ∪ Q̄Y2 ∪ Q̄Y3 ∪ Q̄S2 ∪ Q̄R1.

By a small adjustment, we can arrange throughout the family that the metrics onR1, S1,
andS2 are standard.

For each pair of critical pointsa, b in C(Y1), we now have a (parametrized) moduli
spaceMz(a,V∗

1 , b)P and its compactificationM+
z (a,V∗

1 , b)P̄. If this moduli space is
zero-dimensional, then it is compact. As usual, we define quantities

mz(a,V1, b)P̄, m̄z(a,V1, b)P̄

S2

Y Y
1 2

S1

R

Y3 Y1

1

Figure 2. Breaking up the triple-composite. This indicates the five
hypersurfaces which separateV1.
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Q(Y )

P(S Y )1 3 P(Y Y )2 3

P(Y S )2 2

P(R S )21

P(R S )1 1

Q(S )2
Q(R )1

Q(S )1
Q(Y )2

3

Figure 3. The two-parameter family of metrics. This is a schematic
illustration of the two-parameter family of metrics̄P, parameterized by
a pentagon. The five regions parameterize the five two-parameter fam-
ilies of metrics where the metrics are varied normal to two of the five
three-manifolds. Any two two-parameter families meet along an edge
which parameterizes metrics where only one of the five three-manifolds
is pulled out. The five edges on the boundary parameterize metrics where
one of the five three-manifolds is stretched completely out.

by counting points (mod 2) in zero-dimensional moduli spacesMz(a,V∗

1 , b)P and
M red

z (a,V∗

1 , b)P respectively. These are the matrix entries of maps such as

Go
o : Co

• (Y1) → Co
• (Y1)

and its seven companionsGo
s, Gu

o, Gu
s , Ḡs

s, Ḡs
u, Ḡu

s andḠu
u.

Now suppose thatMz(a,V∗

1 , b)P has dimension 1. In the first instance, let us suppose
thata andb are inCo(Y1). As in the earlier settings, we will obtain an identity

Ao
o = 0

for an operatorAo
o : Co

• (Y1) → Co
• (Y1) by enumerating mod 2 the endpoints of the com-

pactificationM+
z (a,V∗

1 , b)P̄, and summing over alla, b andz. First, there are the end-
points which lie over the interior ofP ⊂ P̄. These arise from strata with either two
factors,

M̆z1(a, a1)× Mz2(a1,V∗

1 , b)P

Mz1(a,V∗

1 , b1)P × M̆z2(b1, b),

or three:
M̆z1(a, a1)× M̆z2(a1, a2)× Mz3(a2,V∗

1 , b)P

M̆z1(a, a1)× Mz2(a1,V∗

1 , b1)P × M̆z3(b1, b)

Mz1(a,V∗

1 , b1)P × M̆z2(b1, b2)× M̆z3(b2, b),

just as in Lemma 4.15. In the case of three factors, the middle one is boundary-obstructed.
Together, these terms contribute

(18a) Go
o∂

o
o + ∂o

oGo
o + ∂u

o ∂̄
s
uGo

s + ∂u
o Ḡs

u∂
o
s + Gu

o∂̄
s
u∂

o
s
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to the operatorAo
o. The remaining terms ofAo

o come from boundary points in the moduli
space that lie over one of the five partsQ̄S of the boundary∂ P̄. In the case thatS = S1
or S2, the contribution fromQ̄S is zero. This is because whenTS1 or TS2 becomes infinite,
the manifoldV1 splits off eitherZ∗

1 or Z∗

2, so we can apply Lemma 5.3 to see that the total
number of endpoints over̄QS1 andQ̄S2 is even. (This is the same mechanism involved in
the proof of Proposition 5.2.)

Next we analyze the endpoints which lie overQ̄Y3. WhenTY3 = ∞, the manifoldV∗

1
decomposes as a disjoint unionX∗

1 ∪ W∗

3 , whereX∗

1 is the composite cobordism above. In
the family parametrized bȳQY3, the metric onW∗

3 is constant, while the family of metrics
on the componentX∗

1 is the same familyQ̄ that appeared as̄Q(S1,Y2) in Section 5.1.
Endpoints lying over the interior part of the edge,QY3 ⊂ Q̄Y3 may belong to strata with
two factors, which have the form

Mz1(a, X∗

1, a1)Q̄ × Mz2(a1,W
∗

3 , b);

or they may belong to strata with three factors, one of which is boundary obstructed, as in
case 5 of Lemma 4.15. Altogether, these terms contribute four terms toAo

o,

(18b) mo
o(W3)H

o
o (X1)+ mu

o(W3)H̄
s
u(X1)∂

o
s

+ mu
o(W3)∂̄

s
u Ho

s (X1)+ ∂u
o m̄s

u(W3)H
o
s (X1)

where the operatorsH∗
∗ = H∗

∗ (X1) are those defined at (16). The contributions from
endpoints lying overQY2 are similar: we obtain

(18c) Ho
o (X2)m

o
o(W1)+ Hu

o (X2)m̄
s
u(W1)∂

o
s

+ Hu
o (X2)∂̄

s
umo

s(W1)+ ∂u
o H̄s

u(X2)m
o
s(W1).

There is also one possible type of endpoint that occurs at the vertex ofP̄ whereQ̄Y3 and
Q̄Y2 meet: these lie in a moduli space

Mz1(a,W
∗

1 , a1)× Mz2(a1,W
∗

2 , a2)× Mz3(a2,W
∗

3 , b),

where the middle factor is boundary-obstructed. These contribute a term

(18d) mu
o(W3)m̄

s
u(W2)m

o
s(W1)

to Ao
o.

WhenTR1 = ∞, we have a decomposition ofV∗

1 into two pieces

N∗

1 ∪ U∗

1 ,

whereU1 and N1 are as above. The manifoldU∗

1 has three ends. We regardU1 as a
cobordism fromR1 q Y1 to Y1, and N1 as a manifold with oriented boundaryR1. The
1-parameter family of metrics̄QR1 is constant onU1, and we have moduli spaces

Mz(N1, a′)Q̄ and Mz(a
′, a,U∗

1 , b)

or a′
∈ C(R1) anda, b ∈ C(Y1). HereQ̄ ∼= [−∞,∞] is the family of metricsQ̄(S1, S2)

on U1 which stretches alongS1 whenT is negative andS2 whenT is positive. OnN1 we
can count points in zero-dimensional moduli spacesMz(N1, a′)Q̄, and so define elements

ns ∈ Cs
•(R1),

no ∈ Co
• (R1)

n̄s ∈ Cs
•(R1)

n̄u ∈ Cu
• (R1).
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(The last two count points in zero-dimensional moduli spacesM red
z (N1, a′).) The situation

simplifies slightly, on account of the following lemma.

Lemma 5.4. If the perturbation on R1 is sufficiently small, then there are no irreducible
critical points (so no is zero), and no irreducible trajectories onR × R1. The perturbation
can be chosen so that the one-dimensional reducible trajectories come in pairs, so∂̄s

s , ∂̄s
u,

∂̄u
s and ∂̄u

u are all zero. The invariant̄ns is zero also.

Proof. We postpone the proof to Section 5.3 below, where we also calculaten̄u.

The zero-dimensional moduli spacesMz(a
′, a,U∗

1 , b) provide the matrix entries of
maps

muo
o : Cu

• (R1)⊗ Co
• (Y1) → Co

• (Y1)

as well asmuu
o , muo

s andmuu
s , while the reducible parts of these moduli spaces definem̄ss

s ,
m̄ss

u , m̄su
s , m̄su

u , m̄us
s , m̄us

u , m̄uu
s andm̄uu

u . Of these eight maps defined by zero-dimensional
moduli spaces of reducible solutions, the mapsm̄ss

s , m̄su
s andm̄us

u arise from boundary-
obstructed moduli spaces. The moduli spacesMz(a

′, a,U∗

1 , b) contributing tom̄ss
u are

doublyboundary obstructed (or boundary obstructed with corank 2, in the notation of [21]):
these zero-dimensional moduli spaces have formal dimension grz(a

′, a,U1, b) = −2.
We can now enumerate the end-points belonging toQ̄R1 in the 1-dimensional moduli

spacesM+
z (a,V∗

1 , b)P̄ that contribute toAo
o. First there are points belonging to strata with

two factors, of the form

Mz1(N
∗

1 , a′)Q̄ × Mz2(a
′, a,U∗

1 , b),

wherea′ is necessarily boundary-unstable (so the solution onN∗

1 is reducible). Next we
should look for points belonging to strata with three factors, one of which is boundary-
obstructed; but whena and b are irreducible, there are no such contributions. Finally,
there are points belonging to strata with four factors, one of which is doubly boundary-
obstructed. These have the form

Mz1(N
∗

1 , a′)Q̄ × Mz2(a, a1)× Mz3(a
′, a1,U

∗

1 , b1)× Mz4(b1, b),

wherea′ is boundary-stable,a1 is boundary-stable, andb1 is boundary-unstable. From
these we obtain the final two terms inAo

o:

(18e) muo
o (n̄u ⊗ ·)+ ∂u

o m̄ss
u (ns ⊗ ∂o

s (·)).

The identityAo
o = 0 has sixteen terms, from (18a)–(18e):

Go
o∂

o
o + ∂o

oGo
o + ∂u

o ∂̄
s
uGo

s + ∂u
o Ḡs

u∂
o
s + Gu

o∂̄
s
u∂

o
s

+ mo
o(W3)H

o
o (X1)+ mu

o(W3)H̄
s
u(X1)∂

o
s

+ mu
o(W3)∂̄

s
u Ho

s (X1)+ ∂u
o m̄s

u(W3)H
o
s (X1)

+ Ho
o (X2)m

o
o(W1)+ Hu

o (X2)m̄
s
u(W1)∂

o
s

+ Hu
o (X2)∂̄

s
umo

s(W1)+ ∂u
o H̄s

u(X2)m
o
s(W1)

+ mu
o(W3)m̄

s
u(W2)m

o
s(W1)+ muo

o (n̄u ⊗ ·)+ ∂u
o m̄ss

u (ns ⊗ ∂o
s (·)) = 0.
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There are three similar identities,Ao
s = 0, Au

o = 0 andAu
s = 0, coming from the three

other types of 1-dimensional moduli spaces that contain irreducibles. In full, these are

Ao
s = ∂̄s

sGo
s + Ḡs

s∂
o
s + ∂o

s Go
o + Go

s∂
o
o + ∂u

s ∂̄
s
uGo

s + ∂u
s Ḡs

u∂
o
s + Gu

s ∂̄
s
u∂

o
s

+ m̄ss
s (ns ⊗ ∂o

s ·)+ ∂u
s m̄ss

u (ns ⊗ ∂o
s ·)

+ muo
s (nu ⊗ ·)

+ H̄s
s (X2)m

o
s(W1)+ Ho

s (X2)m
o
o(W1)

+ ∂u
s H̄s

u(X2)m
o
s(W1)+ Hu

s (X2)∂̄
s
umo

s(W1)+ Hu
s (X2)m̄

s
u(W1)∂

o
s

+ m̄s
s(W3)H

o
s (X1)+ mo

s(W3)H
o
o (X1)

+ ∂u
s m̄s

u(W3)H
o
s (X1)+ mu

s(W3)∂̄
s
u Ho

s (X1)+ mu
s(W3)H̄

s
u(X1)∂

o
s

+ mu
s(W3)m̄

s
u(W2)m

o
s(W1)

Au
o = ∂o

oGu
o + Go

o∂
u
o + ∂u

o Ḡu
u + Gu

o∂̄
u
u + ∂u

o ∂̄
s
uGu

s + ∂u
o Ḡs

u∂
u
s + Gu

o∂̄
s
u∂

u
s

+ ∂u
o m̄ss

u (ns ⊗ ∂u
s ·)+ ∂u

o m̄su
u (ns ⊗ ·)

+ muu
o (nu ⊗ ·)

+ Ho
o (X2)m

u
o(W1)+ Hu

o (X2)m̄
u
u(W1)

+ ∂u
o H̄s

u(X2)m
u
s(W1)+ Hu

o (X2)∂̄
s
umu

s(W1)+ Hu
o (X2)m̄

s
u(W1)∂

u
s

+ mo
o(W3)H

u
o (X1)+ mu

o(W3)H̄
u
u (X1)

+ ∂u
o m̄s

u(W3)H
u
s (X1)+ mu

o(W3)∂̄
s
u Hu

s (X1)+ mu
o(W3)m̄

s
u(X1)∂

u
s

+ mu
s(W3)m̄

s
u(W2)m

o
s(W1)

Au
s = Ḡu

s + ∂̄s
sGu

s + Ḡs
s∂

u
s + ∂u

s Ḡu
u + Gu

s ∂̄
u
u + ∂u

s ∂̄
s
uGu

s + ∂u
s Ḡs

u∂
u
s + Gu

s ∂̄
s
u∂

u
s

+ ∂o
s Gu

o + Go
s∂

u
o

+ ∂u
s m̄ss

u (ns ⊗ ∂u
s ·)+ ∂u

s m̄su
u (ns ⊗ ·)+ m̄su

s (ns ⊗ ·)+ m̄ss
s (ns ⊗ ∂u

s ·)

+ muu
s (nu ⊗ ·)

+ H̄s
s (X2)m

u
s(W1)+ Hu

s (X2)m̄
u
u(W1)

+ ∂u
s H̄s

u(X2)m
u
s(W1)+ Hu

s (X2)∂̄
s
umu

s(W1)

+ Hu
s (X2)m̄

s
u(W1)∂

u
s + Ho

s (X2)m
u
o(W1)

+ m̄s
s(W3)H

u
s (X1)+ mu

s(W3)H̄
u
u (X1)

+ ∂u
s m̄s

u(W3)H
u
s (X1)+ mu

s(W3)∂̄
s
u Hu

s (X1)

+ mu
s(W3)H̄

s
u(X1)∂

u
s + mo

s(W3)H
u
o (X1)

+ mu
s(W3)m̄

s
u(W2)m

u
s(W1)

There are four simpler identities involving only the reducible moduli spaces: these are
the vanishing of expressions̄As

s, Ās
u, Āu

s and Āu
u, where for example

Ās
s = Ḡs

s∂̄
s
s + Ḡu

s ∂̄
s
u + ∂̄s

sḠs
s + ∂̄u

s Ḡs
u

+ m̄s
s(W3)H̄

s
s (X1)+ m̄u

s(W3)H̄
s
u(X1)+ H̄s

s (X2)m̄
s
s(W1)+ H̄u

s (X2)m̄
s
u(W1)

+ m̄us
s (n̄u ⊗ ·).

We define an operator

Ľ : Č•(Y1) → Č•(Y1)
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by combining some of the contributions from̄QR1: we write

(19) Ľ =

[
Lo

o Lu
o∂̄

s
u + ∂u

o L̄s
u

Lo
s L̄s

s + Lu
s ∂̄

s
u + ∂u

s L̄s
u

]
,

where

Lo
o = muo

o (n̄u ⊗ ·),

and so on. (The term̄nu appears in the definition of all of these.) In words, when
grz(a,V1, b) = −1 theeb component of̌L(ea) counts points in the zero-dimensional strata
of M̆+

z (a, b) which are broken along a critical point inCu(R1).
We defineǦ : Č•(Y1) → Č•(Y1) by the formula

Ǧ =

[
a b
c d

]
,

where
a = Go

o

b = ∂u
o Ḡs

u + Gu
o∂̄

s
u + mu

o H̄s
u + Hu

o m̄s
u + ∂u

o (m̄
ss
u (ns ⊗ ·))

c = Go
s

d = Ḡs
s + ∂u

s Ḡs
u + Gu

s ∂̄
s
u + mu

s H̄s
u + Hu

s m̄s
u + ∂u

s m̄ss
u (ns ⊗ ·).

Here, we have writtenmu
o H̄s

u for example as an abbreviation formu
o(W3)H̄s

u(X1), because
no ambiguities arise in the formulae. In words, if gr(a,V∗

1 , b) = −2, theeb component of
Ǧ(ea) counts points in the zero-dimensional strata ofM̆+

z (a, b).

Proposition 5.5. We have the identity

∂̌ ◦ Ǧ + Ǧ ◦ ∂̌ = m̌3 ◦ Ȟ1 + Ȟ2 ◦ m̌1 + Ľ,

wherem̌3 = m̌(W3) and Ȟ1, Ȟ2 are the operators from Proposition 5.2, using X1 and X2
respectively.

Proof. In addition to the identitiesA∗
∗ = 0 andA

∗

∗ = 0, there are the identities arising
from pieces of the cobordism. For example, we can consider the three-ended manifold
U∗

1 . On this, once again, we can enumerate ends of the one-dimensional moduli spaces
Mz(a

′, a,U∗

1 , b). These give relations which are formally similar to the relations coming
from a two-ended cobordism fromY1 to Y2 (since differentials for the Floer homology of
R1 are trivial, c.f. Lemma 5.4). Looking at ends of irreducible moduli spaces, we get four
relations of the typeBuo

o , Buu
s , Buu

o andBuu
s For example, the relation of the formBuu

s = 0,
can be written out as:

(20)
Buu

s = m̄uu
s (· ⊗ ·)+ m̄us

s (· ⊗ ∂u
s (·))+ muu

s (· ⊗ ∂̄u
u (·))

+ ∂̄s
smuu

s (· ⊗ ·)+ ∂u
s m̄uu

u (· ⊗ ·)

In addition to these, we have eight relations coming from looking at ends of reducible
moduli spacesB

∗∗

∗ = 0 (where here each∗ can be either symbolu or s). There are the
relations coming from ends of moduli spaces for theX1 and X2 (with its two-parameter
families of metrics), the ends of the moduli spaces forWi , and finally, the ends of moduli
spaces forR × Yi . Putting all these together, we get the proposition.
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We can put the above outlined proof of Proposition 5.5 into a more conceptual frame-
work. Throughout the following discussion, we fix two critical pointsa and b with
gr(a,V∗

1 , b) = −1 (where botha andb are inCs
∪ Co, if we are considering the case of̂

HM, for example). We count the ends of those one-dimensional strata inM+
z (a,V∗

1 , b)P.
Clearly, these ends count points in the zero-dimensional strata inM+

z (a,V∗

1 , b)P. We
claim that the total sum of these zero-dimensional strata counts theeb component of the
image ofea under the map

(21) ∂̌ ◦ Ǧ + Ǧ ◦ ∂̌ + m̌3 ◦ Ȟ1 + Ȟ2 ◦ m̌1 + Ľ,

which must therefore be zero.
The verification can be broken into the following three steps. Recall that the strata of

M+
z (a,V∗

1 , b)P consist of fibered products over various critical points of moduli spaces.
We call these critical points with multiplicity (if the same critical point appears more than
once)break pointsfor the stratum. We say that a stratum inM+

z (a,V∗

1 , b)P has agood
breakif at least one of its break points lies in(Cs

∪Co)(Yi ) (with i ∈ {1,2,3}) or in Cu(R1).
One must verify first that the non-empty, zero-dimensional strata inM+

z (a,V∗

1 , b)P which
have a good break have, in fact, a unique (i.e. with multiplicity one) good break. This
follows from a straightforward dimension count, after listing all possible good breaks.
Indeed, in view of the definitions of the mapsǦ, Ȟ , m̌, andĽ, the above dimension counts
show that the strata for which the good break occurs alongY1 are counted iň∂ ◦ Ǧ+ Ǧ ◦ ∂̌,
those where it occurs alongY3 are counted inm̌3 ◦ Ȟ1, those where it occurs alongY2

are counted inȞ2 ◦ m̌1, and those where it occurs alongR1 are counted inĽ. Second,
one verifies that any of the zero-dimensional strata with one good break appear uniquely
as boundaries of one-dimensional moduli spaces inM+

z (a,V∗

1 , b)P. Finally, one verifies
that any of the zero-dimensional strata inM+

z (a,V∗

1 , b)P which have no good break, and
hence are not accounted for in Equation (21), are counted exactly twice: they appear in the
boundaries of two distinct one-dimensional strata inM+

z (a,V∗

1 , b)P.

5.3. Calculation. The plan of the proof is to deduce Theorem 2.4 from Lemma 5.1. We
have already constructed the chain homotopies referred to in the first part of the lemma:
these are the chain homotopiešHn. To verify the hypothesis in the second part of the
lemma, it is enough to verify thaťL induces isomorphisms in homology, because of Propo-
sition 5.5. That is the content of the next proposition.

Proposition 5.6. The mapĽ : Č•(Y1) → Č•(Y1) induces isomorphisms in homology.
Indeed, the resulting map on

̂

HM•(Y1) is multiplication by the power series∑
k≥0

Uk(k+1)/2,

which has leading coefficient1.

We begin by examining the Floer complexes of the manifoldR1 = S1
× S2, equipped

with a standard metric and small regular perturbationq from the classP (R1). With no
perturbation, the critical points(A,8) of the Chern-Simons-Dirac functional all belong to
the Spinc structures0 with c1(s0) = 0. They are simply the reducible solutions(A,0)with
At flat. In B(R1), they form a circle. For any flat connectionA, the corresponding Dirac
operatorDA on R1 has no kernel, so there is no spectral flow between any two points in
the circle. We can choose our small perturbation to restrict to a standard Morse function on
this circle, with one maximumα1 and one minimumα0. We also need to arrange that the
corresponding perturbed Dirac operators a these two points have simple eigenvalues, and
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we choose the perturbation small enough so as not to introduce any spectral flow on the
paths joiningα1 to α0. In the blow-upBσ (R1), each of these critical points gives rise to a
collection of critical pointsa0

i anda1
i , corresponding to the eigenvaluesλi of the perturbed

Dirac operator. We again assume these eigenvalues are labeled in increasing order, with
λ0 the first positive eigenvalue, as in (17). The pointsa0

i anda1
i are boundary-stable when

i ≥ 0 and boundary-unstable wheni < 0.
The trajectories onR × R1 are all reducible, becauseR1 has positive scalar curvature.

Their images inB(R1) are therefore either constant paths atα0 or α1, or one of the two
trajectoriesγ , γ ′ from α1 to α0 on the circle. For eachi , there are two trajectoriesγi

andγ ′

i lying overγ andγ ′ respectively in a moduli spaceMz(a
1
i , a0

i ). These are the only
trajectories belonging to 1-dimensional moduli spaces, so all boundary maps are zero in
the Floer complexes. Thus

̂

HM•(R1) ∼= Č•(R1), which has generators

e0
i ,e

1
i , (i ≥ 0)

corresponding to the critical pointsa0
i anda1

i , while Ĉ•(R1) has generators

e0
i ,e

1
i , (i < 0).

We identifyJ(Y, s0)with Z in such a way thate0
0 belongs toČ0(R1). Theneµi is in grading

µ+ 2i for i positive and in gradingµ+ 2i + 1 for i negative.
The manifoldN1 has boundaryR1, and its homology is generated by the classes[E1]

and [E2] of the two spheres. A Spinc structuret on N1 whose restriction toR1 is s0 is
uniquely determined by the evaluation ofc1(t) on [E1]. For eachk ∈ Z, we writetk for the
Spinc structure whose first Chern class evaluates to 2k + 1 on [E1]. The Spinc structures
tk andt−1−k are complex conjugates. We write

Mk(N
∗

1 , a′)Q̄

for the union of the moduli spaces belonging to componentsz which give rise the Spinc

structuretk. The family Q̄ is the same 1-parameter familȳQ(S1, S2) that appeared above.
The following lemma and its two corollaries are straightforward.

Lemma 5.7. The dimension of the moduli space Mk(N∗

1 , a
µ
i )Q̄ is given by

dim Mk(N
∗

1 , a
µ
i )Q̄ =

{
−µ− k(k + 1)− 2i, i ≥ 0,

−µ− k(k + 1)− 2i − 1, i < 0.

�

Corollary 5.8. The only non-empty moduli spaces Mk(N∗

1 , a′)Q with a′ boundary-stable

occur when k= 0 or −1 anda′
= a0

0, in which case the moduli space is zero-dimensional.
The moduli spaces Mred

k (N∗

1 , a′)Q̄ are empty for all boundary-stablea′. �

Corollary 5.9. The zero-dimensional moduli spaces Mk(N∗

1 , a′)Q̄, with a′ boundary-
unstable, are the moduli spaces

(22) Mk(N
∗

1 , a1
ik)Q̄, ik = −1 − k(k + 1)/2.

�

At this point, we have verified all parts of Lemma 5.4, and in addition we can now
express̄nu ∈ Cu

• (R1) as

n̄u =

∑
k∈Z

ak e1
−1−k(k+1)/2
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whereak counts points in the moduli space (22) (which consists entirely or reducibles,
becausea1

ik
is boundary-unstable).

Lemma 5.10. For all k ∈ Z, the sum ak + a−1−k is 1 mod2.

Proof. Let g be any Riemannian metric onN∗

1 that is standard on the end. Fix a Spinc

structuretk on N1. BecauseN∗

1 has no first homology and no self-dual, square-integrable
harmonic 2-forms, there is a unique Spinc connection

A = A(k, g)

in the associated spin bundleS+
→ N1 with L2 curvature satisfying the abelian anti-self-

duality equationF+

At = 0. On the cylindrical end,At is asymptotically flat, soA defines a
point

θk(g) ∈ S,

whereS ⊂ B(R1) is the circle of flat Spinc connections. This depends only onk andg.
Fix a Spin structure onR1 whose associated Spinc structure iss0. This fixes an iso-

morphism betweens0 and its complex conjugate. Complex conjugation now gives an
involution on the circle,σ : S → S, with two fixed pointss+ ands−. The isomorphism
betweens0 and its conjugate extends to an isomorphismt̄k → t−1−k, and we therefore
have

(23) θ−1−k(g) = σθk(g).

Consider now the family of metrics̄Q = Q̄(S1, S2) on N1. As T goes to−∞, the
manifold N∗

1 decomposes into two pieces, one of which has cylindrical endsR−
× S1 and

R+
× R1. This piece, call itT∗

1 , carries noL2 harmonic 2-forms (it is a puncturedS2
× D2

with cylindrical ends), so the mapθk extends to continuously toT = −∞ andθk(−∞) is
one ofs+ or s−. The same applies toT = +∞, so we obtain a map

θk : Q̄ → S

with
θk(±∞) ∈ {s+, s−}.

We also haveθk(+∞) = θ−1−k(+∞), and the same withT = −∞. Thus the two maps

θk, θ−1−k : [−∞,∞] → S

together define a mod 2 1-cycle inS. The statement of the lemma follows from the asser-
tion that this 1-cycle has non-zero degree mod 2.

Specifically, let2k
: S1

−→ S be the cycle obtained by joiningθk andθ−1−k. We show
that for genericx ∈ S, the space2−1

k (x) is cobordant to

(24)
(

Mab
k (N

∗

1 , a1)Q̄

⋃
Mab

−1−k(N
∗

1 , a1)Q̄

)
× Mab(a1, ([0,1] × R1)

∗,S)×S {x} × S

Here,Mab
k (N

∗

1 , a1)Q̄ denotes the moduli space of solutions to the perturbed abelian anti-

self-duality equiations. Similarly,Mab(a1, ([0,1] × R1)
∗,S) denotes the moduli space of

solutions to the perturbed abelian anti-self-duality equations, where we use the perturbation
at thet = ∞ and no perturbation and thet = −∞ end. In particular, this moduli space
admits a map by taking the limit ast 7→ ∞ to S. The claimed compact cobordism is
induced by taking a one-parameter family of perturbations indexed byT ∈ R+ on N∗

1
which are supported on ever-longer pieces of the attached cylinder. The fiber overT =

0 of this cobordism is{x} ×S
(
Mab

k (N
∗

1 ,S) ∪ Mab
−1−k(N

∗

1 ,S)
)
, whose number of points

coincides with the stated degree, while the fiber overT = ∞ is the space described in (24).



48 KRONHEIMER, MROWKA, OZSVÁTH, AND SZABÓ

In particular, if the stated degree is odd, then so is the number of points inMab
k (N

∗

1 , a1) ∪

M−1−k(N∗

1 , a1). But Mab
k (N

∗

1 , a1) is identified withMk(N∗

1 , a1
ik
).

It remains now to show that the degree of2k is non-zero modulo two. This in turn is
equivalent to saying that

θk(∞) 6= θk(−∞),

because of the relationship (23). So we must prove thatθk : Q̄ → S is a path joinings− to
s+.

To get a concrete model forθk, choose a standard closed curveδ representing the gener-
ator of H1(R1), and let6 ⊂ N∗

1 be a topological open disk with a cylindrical endR+
× δ.

To pin it down, we make6 disjoint from Z1 ⊂ N1 and have geometric intersection 1 with
E2 ⊂ Z2. If we write A = A(k, g) again for the anti-self-dual connection, then

θk(g) = exp
1

2

∫
6

FAt

is a model for the mapθk as a map from the circle. (The factor of 1/2 is there because of
the relationship betweenA and At.) WhenT = −∞, the surface6 is contained in the
pieceT∗

1 on which the connectionAt has become flat. So with this model,θk(−∞) = 1.
WhenT = +∞, the surface6 decomposes into two pieces: one is a cylinder contained
in T∗

2 , which contributes nothing to the integral; and the other is a disk1 with cylindrical

end contained inZ∗

2
∼= CP

2
\ B4. The curvatureFAt has exponential decay on the end of

Z∗

2 and its integral on1 is equal to its integral on any compact surface1′
⊂ Z∗

2 having
the same intersection withE2. Since1 has intersection 1 withE2 andc1(tk) evaluates to
−(2k + 1) on E2, we have ∫

1

FAt = (2π/ i )(2k + 1).

Soθk(∞) = −1, and we have the result.

For each integeri < 0, we can define a map

Ľ[i ] : Č•(Y1) → Č•(Y1)

by repeating the definition of̌L above, but replacinḡnu in the formulae by the basis vector
e1

i . Because there are no differentials onR1, the mapĽ[i ] is a chain map, and from the
formula forn̄u, we have

Ľ =

∑
k∈Z

ak Ľ[−1 − k(k + 1)/2]

=

∑
k≥0

Ľ[−1 − k(k + 1)/2],

where in the second line we have used Lemma 5.10. Proposition 5.6 now follows from:

Lemma 5.11. The mapĽ[i ] : Č•(Y1) → Č•(Y1) for i < 0 gives rise to the map̂

HM•(Y1) →

̂

HM•(Y1) given by multiplication by U−i −1.

Proof. We use the fact that the manifoldU1 (whose moduli spaces definěL) can be
realised as the complement in[−1,1] × Y1 of the tubular neighborhood a curveK : thus

[−1,1] × Y1 = U1 ∪R1 N(K ),

where N(K ) ∼= S1
× B3 and R1 is the oriented boundary ofN(K ). Referring to the

definition of the action ofU p from Section 4.11, we choosep basepointsw1, . . . wp in the



MONOPOLES AND LENS SPACE SURGERIES 49

interior of N(K ), and use these together with the cylindrical cobordism[−1,1] × Y1 to
define a chain map

(25) m̌([−1,1] × Y1, {w1, . . . , wp}) : Č•(Y1) → Č•(Y1)

which induces the mapU p on

̂

HM•(Y1).
We can use any Riemannian metric on the cylinder in the construction of this chain

map. We choose a metric in whichN(K ) has positive scalar curvature, the metric onR1
is standard, andR1 has a product neighborhood. We then consider the family of metrics
parametrized byQ = [0,∞) obtained by inserting a cylinder[−T, T] × R1. By an argu-
ment similar to our previous analysis, we obtain in this way a chain-homotopy between the
chain map (25) and the chain map ∑

j<0

bj Ľ[ j ],

where ∑
j<0

bj e
1
j = n̄u(N(K ))

is the element ofĈ•(R1) ∼= ĤM•(R1) obtained by counting points in moduli spaces on
N(K )∗ with p base-points. That is,

bj = |M(N(K ), a1
j ) ∩ V1 ∩ · · · ∩ Vp| mod 2,

or zero if the intersection is not zero-dimensional. An examination of dimensions shows
that the only contributions occur whenj = −1− p. The moduli consists of reducibles, so
the calculation ofbj is straightforward: we havebj = 1 when j = −1 − p. Thus the sum
above has just one term, and the mapU p is equal to the map arising from the chain map
Ľ[−1 − p].

With the verification of Proposition 5.6, the proof of Theorem 2.4 is complete for the
case of

̂

HM•. The other two case have similar proofs. In the case ofHM•, the formulae are
considerably simpler. The exactness in the case ofĤM• could also be deduced from the
other two cases, by chasing the square diagram in which the columns are thei, j, p exact
sequences and the rows are the surgery cobordism sequences.

5.4. Local coefficients. We describe here a refinement of the long exact sequence, with
local coefficients. As in Section 2.3, we consider a 3-manifoldM with torus boundary, and
let γ0, γ1, γ2 be three oriented simple closed curves on∂M with algebraic intersection

(γ0 · γ1) = (γ1 · γ2) = (γ2 · γ0) = −1.

We again writeWn : Yn −→ Yn+1 for the 2-handle cobordisms.
The interiorMo can be viewed as an open subset ofYi for all i . Fix local coefficient

systems0i over Yi which are supported inMo
⊂ Yi , in the sense of Definition 4.18.

Moreover, the set[0,1] × Mo can be viewed as an open subset ofWn (where here{0} ×

Mo
⊂ Yn and{1} × Mo

⊂ Yn+1). Let

0Wn : 0n −→ 0n+1

be aWn-morphism of the local system which is supported in[0,1] × Mo.

Theorem 5.12.Let0n be local systems on the Yn, and let0Wn : 0n → 0n+1 be morphisms
of local systems. Suppose these satisfy the support condition just described. Then, the
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induced maps with local coefficientšFn =

̂

HM(Wn;0Wn) fit into a long exact sequence of
the form

· · · −→

̂

HM•(Yn−1;0n−1)
F̌n−1
−→

̂

HM•(Yn;0n)
F̌n

−→

̂

HM•(Yn+1;0n+1) −→ · · · .

There are also corresponding long exact sequences for the other two variants of Floer
homology.

Proof. To prove exactness, we once again appeal to Lemma 5.1. Indeed, the homotopies
Ȟ ′

n : Č(Yn;0n) −→ Č(Yn+2;0n+2) are constructed as before, only now the entries contain
also theXn-morphisms gotten by composing the morphisms0Wn and0Wn+1 (we add the
primes to distinguish the homotopies here from the ones appearing in the discussion in
Subsection 5.1). Observe that this composite morphism of local systems is supported in
the complement ofZn (so as in Lemma 5.4, the contributions fromZi still drop out in
pairs). In fact, the proof of Proposition 5.5 carries over, as well, since the triple-composite
morphism of local systems is supported in a complement of theNi .

In the same way, the map̌L ′ is seen to be multiplication gotten by multiplying the
chain map induced by the triple-composite0Wn+2 ◦0Wn+1 ◦0Wn (which is supported in the
complement ofNn) by the power seriešL. In particular, the map̌L ′ is a quasi-isomorphism,
too.

Specializing to the local system determined by cycles (Example 4.12.2), we get the
following:

Corollary 5.13. Let Y0, Y1, Y2 be as above, with the additional property that H1(Y0; Z) ∼=

Z and H1(Y1; Z) = H1(Y2; Z) = 0. Fix a cycleη in Mo which generates the image of
H1(M; Z) in H1(M; R). In this case, we have a long exact sequence

· · · −→

̂

HM•(Y−1)⊗ K
F̌−1
−→

̂

HM•(Y0;0η0)
F̌0

−→

̂

HM•(Y1)⊗ K
F̌1

−→ · · · .

in which the mapF̌1 can be expressed in terms of the usual maps induced by cobordisms,
by the following formula:

F̌1 =

∑
s∈Spinc(W1)

µ(〈c1(s), [h]〉) ·

̂

HM(W1, s),

where[h] ∈ H2(W1; Z) ∼= Z is a generator.

Proof. We apply Theorem 5.12 in the following setting. We let0n be the local system on
Yn induced by the chainη ⊂ Mo

⊂ Yn. Indeed, in the cobordismsWn : Yn → Yn+1, we
choose two-chainsνn which are productsνn = [0,1] × η ⊂ [0,1] × Mo

⊂ Wn. The chain
νn induces aWn-morphism of the local system0Wn,νn which is supported in[0,1] × Mo.

Recall that the isomorphism class of

̂

HM(Y;0η) depends only on the homology class of
η. In fact, since bothY1 andY2 are homology three-spheres, the cycle is null-homologous,
so it follows at once that fori = 1,2,

(26)

̂

HM(Yi ;0ηi )
∼=

̂

HM(Yi )⊗ K.

We argue that the chainν1 ⊂ W1 represents a generator ofH2(W1, ∂W1; Z) ∼= Z.
To see why, recall that insideY1, γ0 can be viewed as a knot, with a Seifert surface6.
Pushing the interior of the Seifert surface into[0,1] × Y1, which we then cap off inside
the added two-handle, we obtain a generator[6̂] for H2(W1; Z). On the other hand, our
chainν1 is gotten by[0,1] × η, andη links the knotγ0 once. Thus, it follows that the
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oriented intersection number of̂6 with ν1 is ±1, and hence[ν1] is also a generator of
H2(W1, ∂W1). Now, for each Spinc structure onW1, we see that composing with the
identification from Equation (26), we see that the map

̂

HM(W1;0W1,ν, s) is identified
with µ(〈c1(s), [ν]]〉) ·

̂

HM(W1, s), where here[ν] ∈ H2(W1; Z) is the unique homology
class corresponding toν1. The result now follows.

6. Proof of the non-vanishing theorem

6.1. Statement of the sharper result.We now turn to the proof of Theorem 2.1. There
is a sharper version of this non-vanishing theorem, which involves the Floer groups with
local coefficients.

Theorem 6.1. Suppose Y admits a taut foliationF and is not S1 × S2. Let η be a C∞

singular1-cycle in Y whose homology class[η] satisfies

P.D.[η] = [ω] + t e(F ) ∈ H2(Y; R)

whereω is closed2-form which is positive on the leaves ofF and t ∈ R. Then the image
of the map

j∗ :

̂

HMk(Y;0η) → ĤMk(Y;0η)

is non-zero, where k∈ J(Y) is the homotopy class of the2-plane given by the tangents
planes toF

As an application, we consider the case of the manifoldY = S3
0(K ), whereK 6= U . By

the results of [14] again, this manifold has a taut foliationF ; and ifω is closed and positive
on the leaves, then the cohomology class[ω] will be non-zero, because Gabai’s foliation
has a compact leaf. We therefore have the following corollary. Unlike Corollary 2.3, this
result applies also to genus one knots:

Corollary 6.2. Suppose K6= U, let g be the Seifert genus of K , and lets be aSpinc

structure on S30(K ) for which c1(s) is 2g − 2 times a generator for H2(S3
0(K ); Z). Then

there is a k∈ J(Y, s) such that the image of

j∗ :

̂

HMk(S
3
0(K );0η) → ĤMk(S

3
0(K );0η)

is non-zero whenever the homology class[η] is non-zero. By contrast, j∗ is zero for S30(U ),
for all η. �

The proof of the theorem is based on the results of [23]. LetX be a compact oriented
4-manifold with oriented boundaryY. We assumeX is connected, but may allowY to be
disconnected. Letξ be an oriented contact structure onY, compatible with the orientation
of Y. If α is a 1-form onY whose kernel is the field of 2-planesξ , then the orientation
condition can be expressed as the condition thatα ∧ dα > 0. Lets be the Spinc structure
on Y determined byξ , and letsX be any extension ofs to X. Note that the space of
isomorphism classes of such extensions, denoted by Spinc(X, ξ), is an affine space for the
groupH2(X,Y; Z). Generalizing the monopole invariants of closed 4-manifolds, the paper
[23] defines an invariantm(X, ξ, sX) associated to such data. Neglecting orientations, we
can take it to be an element ofF = Z/2. We review some of the properties of this invariant.

The 2-plane fieldξ picks out not just a Spinc structures on Y, but also a preferred
nowhere-vanishing section80 of the spin bundleS → Y. WhensX is given, we can
interpret80 as a section ofS+

X |Y, and there is a relative second Chern class (or Euler class)
which we use as the definition of gr(X, ξ, sX):

gr(X, ξ, sX) = 〈c2(S
+

X ,80), [X, ∂X]〉 ∈ Z.



52 KRONHEIMER, MROWKA, OZSVÁTH, AND SZABÓ

The condition gr(X, ξ, sX) = 0 is equivalent to the existence of an almost complex struc-
ture onX for which the 2-planesξ are complex and such that the associated Spinc structure
is sX .

Theorem 6.3([23]).

(1) The invariantm(X, ξ, sX) is non-zero only ifgr(X, ξ, sX) = 0, and vanishes for
all but finitely manysX ∈ Spinc(X, ξ).

(2) Suppose X carries a symplectic formω that is positive on the oriented2-plane field
ξ . Let sω ∈ Spinc(X, ξ) be the canonicalSpinc structure whichω determines on
X. Then

m(X, ξ, sω) = 1.

(3) Letω andsω be as in the previous item, let e∈ H2(X, ∂X; Z), and letsω + e ∈

Spinc(X, ω) denote theSpinc structure with spin bundle S= Sω ⊗ L, where L is
the line bundle, trivialized on∂X, with relative first Chern class c1(L) = e. Then,
if m(X, ξ, sω + e) 6= 0, it follows that

〈e^ ω, [X, ∂X]〉 ≥ 0,

with equality only if e= 0. �

We combine the individual invariantsm(X, ξ, sX) into a generating function. Recall
that K is the field of fractions ofF[R], and thatµ : R → K× is the canonical homomor-
phism. Given a reference Spinc structures0 on X extendings, we define a function

m∗(X, ξ, s0) : H2(X,Y; R) → K

by the formula

m∗(X, ξ, s0)(h) =

∑
e

m(X, ξ, s0 + e) µ〈2e, h〉.

As a corollary of Theorem 6.3 we have:

Corollary 6.4. If X carries a symplectic formω positive onξ then

m∗(X, ξ, sω)(P.D.[ω]) 6= 0.

Further, if the intersection form on H2(X, ∂X) is trivial then

m∗(X, ξ, sω)(P.D.([ω] + t c1(sω))) 6= 0

for all t ∈ R.

Proof. The first statement is an immediate consequence of Theorem 6.3. For the second
statement, we note that the condition gr(X, ξ, sω + e) = 0 is equivalent to

e^ (e+ c1(sω)) = 0,

or simply toe^ c1(sω) = 0 when the cup product on the relative cohomology is zero; so

m∗(X, ξ, sω)(P.D.([ω] + t c1(sω))) = m∗(X, ξ, sω)(P.D.[ω]).
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6.2. Construction of the invariants of (X, ξ). We review the construction of the invari-
ant m(X, ξ, sX) from [23]. Letα again be the 1-form defining the 2-plane fieldξ on Y,
let ω0 be the symplectic formd(t2α/2) on [1,∞) × Y, and letg0 be a compatible met-
ric. Attaching[1,∞) × Y to X, we obtain a complete Riemannian manifoldX+ with an
expanding conical end. On the end, there is a canonical Spinc connectionA0 and spinor
80 of unit length. We choose a reference Spinc structures0 on X, extending the Spinc

structure on the end, and extendA0 and80 arbitrarily. For a pair(A,8) consisting of a
Spinc connection insX and a section ofS+

X , we consider the equations onX+:

(27)

1

2
ρ(F+

At)− (88∗)0 =
1

2
ρ(F+

At
0
)− (808

∗

0)0 + ε,

D+

A8 = 0,

whereε is a perturbation term: an exponentially decaying section ofi su(S+

X ). There is a
moduli spaceM(X+, sX) consisting of all gauge-equivalence classes of solutions(A,8)
on X+ which are asymptotically equal to(A0,80), in that

(28)
A − A0 ∈ L2

k

8−80 ∈ L2
k,A0

.

For genericε, this moduli space is a smooth manifold, and

dimM(X+, sX) = gr(X, ξ, sX)

if the moduli space is non-empty. Note that the asymptotic conditions mean that8 is non-
zero, so there are no reducible solutions in the moduli space. The moduli space is compact,
andm(X, ξ, sX) is defined as the number of points in the moduli space, mod 2, or as zero
if the dimension is positive.

6.3. Floer chains from contact structures. Let Z now denote the half-infinite cylinder
R+

× (−Y), which has oriented boundary{0}×Y. Given a contact structureξ defined by a
1-formα as above, we again form the symplectic cone[1,∞)×Y, with oriented boundary
{1} × (−Y), and attach this toZ. The result is a complete Riemannian manifoldZ+ with
one cylindrical end and one expanding conical end; the latter carries the symplectic form
ω0.

On Z+, we write down monopole equations which resemble the equations (27) on the
conical end and resemble the perturbed equationsFp = 0 on the cylindrical end. A conve-
nient way to make this construction is as a fiber product. To do this, we choose a regular
perturbationq for the equations onY, and letp be at-dependent perturbation on the cylin-
der Z that is equal toq on the end and is zero near the boundary. For each critical pointa
in Bσ (−Y), there is a moduli space

M(R+
× (−Y), a) ⊂ Bσ (R+

× (−Y)).

This is a Banach manifold with a restriction map

r0 : M(R+
× (−Y), a) → Bσ ({0} × (−Y)) = Bσ (Y).

There is also the moduli spaceM1 of solutions to the equations (27) on the conical manifold
[1,∞)× Y, with asymptotic conditions (28). We choose the termε so that the right-hand
side of the first equation vanishes near the boundary{1} × Y. This is another Banach
manifold; and because the solutions are irreducible, there is a restriction map to blown-up
configuration space of the boundary, because of a unique continuation argument:

r1 : M1 → Bσ ({1} × Y) = Bσ (Y).
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Definition 6.5. We define the moduli space M(Z+, a) as the fiber product of the maps r0
and r1.

Although the fiber product makes a convenient definition, we can also regardM(Z+, a)
as a subspace ofBσ

loc(Z
+). Givenγ in M(Z+, a), we can define a patȟγ in Bσ (Y) by

restrictingγ to the slices{t} × Y, first in the cylindrical end then in the conical end. Ifγ ,
γ ′ are two solutions, then the corresponding pathsγ̌ andγ̌ ′ both have limit pointa on the
cylindrical end and have the same asymptotics on the conical end; so there is a well-defined
difference element inπ1(B

σ (Y), a). In this way, we partitionM(Z+, a) into components
of different topological type:

M(Z+, a) =

⋃
z

Mz(Z
+, a).

Once again, we can count points in zero-dimensional moduli spaces, to define:

mz(Z
+, a) =

{
|Mz(Z+, a)| mod 2, if dim Mz(Z+, a) = 0,

0, otherwise.

The compactness results of [23] tell us thatmz(Z+, a) is zero for all but finitely many
a andz. BecauseMz(Z+, a) consists only of irreducibles,a must be either irreducible or
boundary-stable on−Y if the moduli space is to be non-empty. (Note that the notion of
“boundary-stable” for a critical pointa depends on the orientation:Cs(−Y) is the same as
Cu(Y).) Taking the irreducible and boundary-stable elements in turn, we define an element
of the complexČ∗(−Y) = Co(−Y)⊕ Cs(−Y), by

(29) ψ̌ = (ψo, ψs),

where

ψo
=

∑
a∈Co

∑
z

mz(Z
+, a)ea

and

ψs
=

∑
a∈Cs

∑
z

mz(Z
+, a)ea.

We have:

Lemma 6.6. The elemenťψ in Č∗(−Y) is closed: that is,̌∂ψ̌ = 0.

Proof. As usual, this is proved by counting the boundary points of 1-dimensional moduli
spacesMz(Z+, b), augmented by the observation that there are no reducible solutions in
these moduli spaces. Specifically, counting boundary points in the case thatb is irreducible
gives the identity

∂o
oψ

o
+ ∂u

o ∂̄
s
uψ

s
= 0,

while the case thatb is boundary-stable provides the identity

∂o
sψ

o
+ ∂̄s

sψ
s
+ ∂u

s ∂̄
s
uψ

s
= 0.

Together these tell us that∂̌ψ̌ = 0.



MONOPOLES AND LENS SPACE SURGERIES 55

Next we extend the construction ofψ̌ to the Floer complex with local coefficients. Let
η be aC∞ real 1-cycle inY, and letη+ be the corresponding non-compact 2-chain in
Z+. Like Z+, the 2-chainη+ has one cylindrical end and one expanding conical end; it
is oriented so that the cylindrical end coincides with−(R+

× η). Extend the connection
A0 from the conical end to all ofZ+ in such a way that it is translation-invariant and
in temporal gauge on the cylindrical end. Letγ belong toMz(Z+, a), and letA be the
corresponding Spinc connection onZ+. The integral

f (z) = (i /2π)
∫
η+

(FAt − FAt
0
)

is finite, and depends onγ through only its homotopy classz. Let0−η be the local system
onBσ (−Y) defined in Example 4.12.2, and denote the generator 1 in0a

∼= K by ea. Then
we can define an element

ψ̌η = (ψo
η , ψ

s
η) ∈ Č(−Y;0−η)

by the formulae
ψo
η =

∑
a∈Co

∑
z

mz(Z
+, a)µ( f (z))ea

ψs
η =

∑
a∈Cs

∑
z

mz(Z
+, a)µ( f (z))ea.

As in the previous case, we have:

Lemma 6.7. The elemenťψη in Č∗(−Y;0−η) is closed. �

6.4. Proof of Theorem 6.1. We recall Eliashberg and Thurston’s construction [9],
whereby a taut foliation onY leads to a symplectic formωW on the cylinder

W = [−1,1] × Y

and contact structuresξ± on the boundary components. Letα be a 1-form defining the
tangents to the foliationF , and letω be a closed 2-form positive on the leaves. Set

ωW = d(tα)+ ω

on W. This form is symplectic. According to [9], there exist smooth contact structuresξ+
andξ−, compatible with the orientations ofY and−Y respectively, which areC0 close to
the tangent plane field of the foliation. We regard these as contact structures on the two
boundary components{1} × Y and{−1} × Y of W; theC0-close condition means thatωW

will be positive on these 2-plane fields.
If we regardW as a manifold with a contact structureξ = (ξ−, ξ+) on its boundary

{−1,1} × Y, then we can construct the invariants

m(W, ξ, sW)

for Spinc structuressW extending the standard Spinc structure determined by the 2-plane
field on the boundary, as above. On the other hand, the contact structureξ+ provides a
cycle

ψ̌(ξ+) =
(
ψo(ξ+), ψs(ξ+)

)
∈ Č∗(−Y),

and fromξ− we similarly obtain a cycle

ψ̌(ξ−) =
(
ψo(ξ−), ψs(ξ−)

)
∈ Č∗(Y).

Let
9̌(ξ+) ∈

̂

HM∗(−Y) 9̌(ξ−) ∈

̂

HM∗(Y)

be the homology classes of these.
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Proposition 6.8. We have the pairing formula∑
sW

m(W, ξ, sW) =
〈
j∗9̌(ξ+), 9̌(ξ−)

〉
D,

where〈 − , − 〉D is the duality pairing

ĤM∗(−Y)⊗

̂

HM∗(Y) → F,

from Section 4.13.

Proof. Let Z+(ξ+) be the manifold with one cylindrical end and one conical end, obtained
by applying the construction of the previous subsection toξ+ on Y, and letZ+(ξ−) be
constructed similarly usingξ−. As above, we have counting-invariants

mz(Z
+(ξ+), a) ∈ F, (a ∈ Co(−Y) ∪ Cs(−Y)),

mz(Z
+(ξ−), a) ∈ F, (a ∈ Co(Y) ∪ Cs(Y)).

In the case of the first of these two, we can regarda as a critical point inBσ (Y) via the
identification

Co(−Y) ∪ Cs(−Y)) = Co(Y) ∪ Cu(Y)).

If we unravel the pairing on the right-hand side of the formula in the proposition, we find
it is equal to

(30)
∑

a∈Co(Y)

mz1(Z
+(ξ−), a)mz2(Z

+(ξ+), a)

+

∑
a∈Cs(Y)

∑
b∈Cu(Y)

mz1(Z
+(ξ−), a)nz2(a, b)mz3(Z

+(ξ+), b)

wherenz(a, b) counts unparametrized boundary-obstructed trajectories as in Section 4.7.
On the other hand, we can consider the 1-parameter family of metrics onW parametrized
by Q = [0,∞) in which the length of the cylinder is increased. There is a corresponding
parametrized moduli space

M(W+, sW)Q

associated to the manifoldW+ with two conical ends. The map toQ is proper, and there
is a compactificationM(W+, sW)Q̄ over Q̄ = [0,∞], where at∞ the manifoldW+ be-
comes the disjoint union ofZ+(ξ−) anZ+(ξ+). If we look at the union of all 1-dimensional
moduli spacesM(W+, sW)Q̄ and count the endpoints of these, then the contributions from

endpoints lying over 0∈ Q̄ is equal to the left-hand side in the proposition, while the con-
tribution from the endpoints lying over∞ is the sum (30).

We now reformulate this proposition for local coefficients. Becauseξ− andξ+ are both
C0-close toF , there is a canonical choice of reference Spinc structures0 on W, and we
can write an arbitrarysW as

sW = s0 + e,

for somee ∈ H2(W, ∂W; Z). Let η be a 1-cycle inY, and set

hη = [−1,1] × [η]

regarded as a class inH2(W, ∂W; R). Let

m∗(W, ξ, s0) : H2(W, ∂W; R) → K
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be as in Section 6.1. The construction ofψ̌η leads to classes

9̌η(ξ+) ∈

̂

HM∗(−Y;0−η) 9̌η(ξ−) ∈

̂

HM∗(Y;0η).

Just as in the case of coefficientsF, we have:

Proposition 6.9. We have the pairing formula

m∗(W, ξ, s0)(hη) =
〈
j∗9̌η(ξ+), 9̌η(ξ−)

〉
D,

where〈 − , − 〉D is the duality pairing

ĤM∗(−Y;0−η)⊗

̂

HM∗(Y;0η) → F,

from Section 4.13, and j∗ is the map

̂

HM∗(−Y;0−η) → ĤM∗(−Y;0−η). �

Now we conclude the proof of Theorem 6.1. Suppose the class[η] in H1(Y; R) satisfies

P.D.[η] = [ω] + t c1(F ),

so that the classhη in H2(W, ∂W; R) satisfies

P.D.[hη] = [ωW] + t c1(sωW).

The intersection form onH2(W, ∂W) is trivial, so Corollary 6.4 tells us that
m∗(W, ξ, s0)(hη) is non-zero. (Note thats0 and sωW are the same.) From the propo-
sition above, it follows thatj∗9̌η(ξ+) is non-zero; and in particular the image ofj∗ is
non-trivial in ĤM∗(−Y;0−η). The hypotheses of the theorem are symmetrical with re-
spect to orientation, soj∗ has non-zero image also in̂HM∗(Y;0η). �

6.5. Application to knots of genus one.Using the non-vanishing theorem with local co-
efficients, we can now complete the proof of Theorem 1.1 for knots of genus 1, in the case
that the surgery coefficient is an integer. The arguments of Section 3 continue to show that
if K is p-standard thenK is (p − 1)-standard, for integersp ≥ 2. We need therefore only
prove the following result, by a method applicable to genus 1.

Proposition 6.10. If K is p-standard for p= 1, then K is the unknot.

Proof. Consider the long exact sequence sequence with local coefficients, in the form
given in Corollary 5.13, applied to 3-manifoldsS3, S3

1(K ) andS3
0(K ):

· · · −→

̂

HM•(S
3)⊗ K

F̌−1
−→

̂

HM•(S
3
0(K );0η0)

F̌0
−→

̂

HM•(S
3
1(K ))⊗ K

F̌1
−→ · · · .

If K is 1-standard, then the map̌F1 is given by multiplication by∑
n≥0

Un(n+1)/2
· (µ(2n + 1)+ µ(−2n − 1)),

thought of as a map fromK[U−1,U ]/K[U ] (∼=

̂

HM(S3
1(K ))⊗K ∼=

̂

HM(S3)⊗K) to itself.
Since the coefficient ofU0 is a non-zero element ofK, this map is an isomorphism. By
the long exact sequence, we can conclude that

̂

HM(S3
0(K );0η0) = 0. It follows now from

Corollary 6.2 thatK is the unknot.
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7. The case of non-integral r

We now turn to the proof of Theorem 1.1 in the case wherer is non-integral. Some of
the results proved along the way apply in more general settings, and will be used later.

Our strategy here is to show that if there is an orientation-preserving diffeomorphism
S3

r (K ) ∼= S3
r (U ) for r > 0, thenK is p-standard wherep is the smallest integer greater

than r . In this way, we reduce to the case of integralr , which is proved earlier in the
paper. Of course, the case, wherer < 0 once again follows from the case wherer > 0, by
reflecting the knot.

Lemma 7.1. Let W: Y1 → Y2 be a cobordism which contains a sphere with self-
intersection number zero S⊂ W which represents a non-trivial homology class in
H2(W, ∂W; Z). Then, for eachSpinc structures ∈ Spinc(W), the induced map on Floer
homologies are trivial.

Proof. Since S1
× S2 admits a metric of positive scalar curvature, it follows that if̂

HM(W, s) is non-trivial, then〈c1(s), [S]〉 = 0.
We must now prove that even if〈c1(s), [S]〉 = 0, then the induced map

̂

HM(W, s)

is trivial. To see this, we pass to the blow-up̂W = W#CP
2
. Fix a two-sphereE in

Ŵ supported inCP
2

with square−1. Givens ∈ Spinc(W), there is a Spinc structure
ŝ ∈ Spinc(Ŵ) which extendss and with the additional property that〈c1(̂s), [E]〉 = +1.
By the blow-up formula,

̂

HM(W, s) =

̂

HM(Ŵ, ŝ) =

̂

HM(Ŵ, ŝ + P D(E)). Since[S] −

[E] can also be represented by a sphere with self-intersection number−1,

̂
HM(Ŵ, ŝ +

P D(E)) =

̂
HM(Ŵ, ŝ + P D[S])). By repeatedly using the same argument , we have

that
̂

HM(W, s) =

̂
HM(Ŵ, ŝ + k P D[S]) for all k ∈ Z. However, our hypotheses on

S ensure that{̂s + k P D[S]}k∈Z is an infinite collection of Spinc structures; but for any
fixed η ∈

̂

HM(Y1), there can be only finitely many Spinc structures for which the map̂

HM(Ŵ, t)(η) is non-trivial. It now follows that

̂

HM(W, s) = 0. Sinceb+(W) > 0, it
follows from Proposition 2.8 that the mapHM(W, s) = 0 as well, and an easy diagram
chase now also shows that̂HM(W, s) = 0.

Proposition 7.2. Let M be a three-manifold with torus boundary, and choose oriented
curvesγ1 and γ2 with γ1 · γ2 = −1. Fix also a cycleη ⊂ M. Letting γ3 be a curve
representing[γ1] + [γ2] andγ4 be a curve representing[γ1] − [γ2]. Consider the surgery
long exact sequences

· · · −→

̂

HM•(Y1;0η)
F̌1

−→

̂

HM•(Y2;0η)
F̌2

−→

̂

HM•(Y3;0η) −→ · · ·

· · · −→

̂

HM•(Y2;0η)
Ǧ2

−→

̂

HM•(Y1;0η)
Ǧ1

−→

̂

HM•(Y4;0η)
Ǧ4

−→ · · ·

where here Yi is obtained from M by fillingγi and F̌i and Ǧi are maps induced by the
cobordisms equipped with the product cycles[0,1] × η, thought of as supported in the
complement of the two-handle additions, as in Theorem 5.12. Then we have thatF̌1◦ Ǧ2 =

0 = Ǧ2 ◦ F̌1. For composites of the maps belonging to the long exact sequences for the
other two Floer homologiesHM andĤM, we have an analogous vanishing results. (e.g.
F̂1 ◦ Ĝ2 = 0).

Proof. Let A1 : Y1 −→ Y2 denote the cobordism inducing the mapF̌1, and and
B2 : Y2 −→ Y1 denote the cobordism inducing the mapǦ2, so that the unionB2 ∪Y2
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A1 : Y1 −→ Y1 is a cobordism (i.e.F̌1 =

̂

HM(A1;0A1,ν) and Ǧ2 =

̂

HM(B2;0B2,ν),
where here the chainsν are induced by the product cycles[0,1] × η, thought of as sup-
ported the complement of two-handle additions).

Inside the composite cobordismW = B2 ∪Y2 A1, one can find a sphere with self-
intersection numberS equal to zero, which represents a non-trivial homology class in
H2(W, ∂W; Z). Specifically, suppose thatA1 is built from Y1 by attaching a two-handle
along K1 (with some framing) andB2 is obtained by then attaching a two-handle along
K2 (with some other framing), then the two-sphereS corresponds toK2, and it is homo-
logically non-trivial since the homology class corresponding toK1 intersects it once (c.f.
Figure 4).

It follows from the composition law for cobordisms, together with Lemma 7.1 that

0 =

̂

HM(W;0W,ν) =

̂

HM(B2;0B2,ν) ◦

̂

HM(A1;0A1,ν) = Ǧ2 ◦ F̌1.

The compositeF̌1 ◦ Ǧ2 vanishes in the same way.

K

K K

1

2 3 K4

Figure 4. Handle decomposition for Proposition 7.2.Consider the
link pictured above, where hereK1 is thought of as any initial framed
knot in the three-manifoldY1, andK2, K3, andK4 are unknots with the
property thatK i links K i −1 andK i +1 geometrically once (fori = 2,3).
The three cobordismsA1 : Y1 → Y2, A2 : Y2 → Y3, and A3 : Y3 →

Y1 which induce maps fitting into the long exact sequence are given as
follows. A1 is specified by the framed knotK1, A2 is specified by the
framed knotK2 (thought of as a knot inY2) with framing−1, while A3
is specified by the framed knotK3 with framing−1. Three cobordisms
B2 : Y2 → Y1, B1 : Y1 → Y4, B4 : Y4 → Y2 are specified as follows.
B2 is specified byK2 (thought of as a knot insideY2) with framing 0,
while B1 is specified byK3 with framing−1, andB4 is specified byK4
with framing −1. In particular, the cobordismB2 ∪Y2 A1 : Y1 → Y1
is specified by the linkK1 ∪ K2, where hereK2 is given framing 0.
In this composite cobordism,K2 corresponds to a homologically non-
trivial sphere with self-intersection number zero.
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Proposition 7.3. Let K be a knot in S3, and fix a cycleη ∈ S3
− K whose homology

class generates H1(S3
− K ; R). Let r0, r1 ∈ Q ∪ {∞} with r0, r1 non-negative. Suppose

moreover that if we write r0 and r1 as fractions in their lowest terms ri = pi /qi (where
here all pi , qi are non-negative integers), then p0q1 − p1q0 = 1. Then, we have a short
exact sequence of the form:

0 −→

̂

HM•(S
3
r1
(K );0η) −→

̂

HM•(S
3
r2
(K );0η) −→

̂

HM•(S
3
r0
(K );0η) −→ 0,

where here r2 = (p0 + p1)/(q0 + q1).

Proof. We prove the result by induction onq2 = q0 + q1.
In the case whereq0 + q1 = 1, it follows thatq0 = 0 andq1 = p0 = 1. Now,

Theorem 5.12 gives us an exact sequence

−→

̂

HM•(S
3
p1+1(K );0η) −→

̂

HM•(S
3
;0η)

̂

HM(W;0W,ν )
−→

̂

HM•(S
3
p1
(K );0η) −→ · · · .

We claim that the map

̂

HM(W;0ν) ≡ 0. This follows from commutativity of the diagram,

HM•(S3
;0η)

HM•(W;0W,η)
−−−−−−−−→ HM•(S3

p1
(K );0η)

i∗

y i ′∗

ŷ

HM•(S3
;0η))

̂

HM(W)
−−−−→

̂

HM•(S3
p1
(K );0η)

bearing in mind thati∗ : HM•(S3
;0η) −→

̂
HM•(S3

;0η) is surjective, together with the
fact thatHM•(W;0W,η) ≡ 0, which is analyzed in two cases. In the case wherep1 > 0,
HM(W) ≡ 0 sinceb+

2 (W) = 1, in view of Proposition 2.8; while in the case where
p1 = 0, it follows from the fact thatHM•(S3

0(K );0η) = 0, in view of Lemma 4.19. (Note
that the present case of Lemma 4.19 follows at once from Proposition 2.7, together with
the surgery long exact sequence on the level ofHM with local coefficients.)

For the inductive step, Theorem 5.12 gives a long exact sequence

−→

̂

HM•(S
3
r2

;0η) −→

̂

HM•(S
3
r0

;0η)
F

−→

̂

HM•(S
3
r1

;0η) −→ · · ·

Let r3 = (p0 − p1)/(q0 − q1). If q0 > q1, then by induction on the denominator, we have
a short exact sequence

0 −→

̂

HM•(S
3
r1

;0η)
G

−→

̂

HM•(S
3
r0

;0η) −→

̂

HM•(S
3
r3

;0η) −→ 0.

By Proposition 7.2, it follows thatG ◦ F = 0. SinceG is injective, it follows thatF is the
trivial map.

In the case whereq0 < q1, by induction on the denominator, we have

0 −→

̂

HM•(S3
r3
(K );0η) −→

̂

HM•(S3
r1
(K );0η)

G
−→

̂

HM•(S3
r0
(K );0η) −→ 0.

Now, sinceF ◦ G = 0 andG is surjective, it follows thatF ≡ 0.
In the final case, whereq0 = q1, it follows thatq0 = q1 = 1 and thatp0 = p1 + 1.

Exactness now follows from the short exact sequence

0 −→

̂

HM•(S
3
p1
(K , 0ν) −→

̂

HM•(S
3
p1+1(K ), 0ν) −→

̂

HM•(S
3, 0ν) −→ 0

which was established earlier.
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Proposition 7.4. Let K be a knot in S3 and suppose that

j :

̂

HM•(S
3
r (K )) −→ ĤM•(S

3
r (K ))

is trivial for some non-integral, rational r> 0. Let p be the smallest integer greater than
or equal to r , then

j :

̂

HM•(S
3
p(K )) −→ ĤM•(S

3
p(K ))

is trivial, as well.

Proof. Note that forr > 0, if η is any real cycle in the rational homology sphereS3
r (K ),

then the map
jη :

̂

HM•(S
3
r (K );0η) −→ ĤM•(S

3
r (K );0η)

is non-trivial if and only if the corresponding map

j :

̂

HM•(S
3
r (K )) −→ ĤM•(S

3
r (K ))

is; in fact sinceη is null-homologous, we have identificationŝ

HM•(S
3
r (K );0η) ∼=

̂

HM•(S
3
r (K ))⊗ K and ĤM•(S

3
r (K );0η) ∼= ĤM•(S

3
r (K ))⊗ K,

under which the mapj ⊗ IdK is identified with jη.
Write r = p/q in its lowest terms. Sincep andq are relatively prime, we can find a

pair of integersa andb with the property thataq − bp = ±1. Sincep > 0 andq > 1, it
follows thata andb must have the same sign, ora = 0. Without loss of generality, we can
assume thata andb are both non-negative. By simultaneously subtracting multiples ofp
off from a and multiples ofq off from b, we can arrange for 0≤ a < p and 0< b < q.
If aq − bp = +1, let r0 = a/b, r1 = (p − a)/(q − b) and r2 = r = p/q, while if
aq − bp = −1, we letr0 = (p − a)/(q − b) andr1 = a/b. In both cases, the short exact
sequence from Proposition 7.3 holds, giving us the following diagram, where the rows and
columns are exact

HM•(S3
r )

F
−−−−−→ HM•(S3

r0
) −−−−−→ 0

i r
∗

y i
r0
∗

ŷ

HM•(S3
r )

F̌
−−−−−→

̂

HM•(S3
r0
) −−−−−→ 0y

0

It follows at once thati r0
∗ is surjective as well. Note that the denominator ofr0 is smaller

than that ofr , and there are no integers betweenr and r0; hence by induction on this
denominator, the result follows from the long exact sequence which connectsp∗, i∗, and
j∗.

Let K ⊂ S3 be a knot andr > 0 be a rational number. We can construct a map

σr : Spinc(S3
r (K )) −→ Spinc(S3

r (U ))

as follows. Consider the Hirzebruch-Jung continued fractions expansion ofr

(31) r = [a1, ..,an] = a1 −
1

a2 −
1

. . . − 1
an

,
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wherea1 ≥ 1 andai ≥ 2 for i > 1. Consider the four-manifold whose Kirby calculus
picture is givenK = K1 followed by a chain of unknotsK2, . . . , Kn, whereK i links K i −1
andK i +1 once; and the framing ofK i is −ai . After deleting a ball, this gives a cobordism

Wr (K ) : S3
r (K ) −→ S3.

It is straightforward to see that any Spinc structuret ∈ Spinc(S3
r (K )) can be extended to

a Spinc structure overW. Let s denote such an extension. Next, letWr (U ) denote the
corresponding cobordism for the unknot

Wr (U ) : L(p,q) −→ S3.

By the construction of these cobordisms, there is a distinguished identification

τ : H2(Wr (U ); Z)
∼=

−→ H2(Wr (K ); Z).

Let, s′
∈ Spinc(Wr (U )) denote the Spinc structure structure withτ(c1(s

′)) = c1(s). It
is straightforward to see that the correspondence which sendst to the restriction ofs′

to S3
r (U ) ⊂ ∂Wr (U ) induces a well-defined mapσr as stated in the beginning of the

paragraph.

Proposition 7.5. Let K be a knot in S3. Then, for allt ∈ Spinc(S3
r (K )), we have that

max
{s∈Spinc(Wr (U ))

∣∣s|
S3
r (U )

=σr (t)}

c1(s)
2
+ rkH2(Wr (U )) ≤ −4Fr(t),

with equality when K= U.

Proof. Throughout this proof, we letα ∈ HMξ−(S
3) be the non-zero class supported in the

in the summand corresponding to the two-plane fieldξ− ∈ J(S3) (recall thath(ξ−) = 0).
Note thati∗(α) ∈

̂

HM•(S3) is non-trivial. Note thatWr (K ) : S3
r (K ) −→ S3 is a cobor-

dism between rational homology three-spheres withb+

2 (Wr (K )) = 0. Since for each
s ∈ Spinc(Wr (K )), the induced mapHM(Wr (K ), s) is an isomorphism (c.f. Proposi-
tion 2.7), so we get a diagram

HM∗(S3
r (K ), t)

HM(Wr (K ),s)
−−−−−−−−→

∼=

HM∗(S3)

i∗

y yi∗̂

HM∗(S3
r (K ), t)

̂

HM(Wr (K ),s)
−−−−−−−−→

̂

HM∗(S3),

where heret = s|S3
r (K )

. It follows that the mapi∗ ◦

̂

HM(Wr (K ), s) is surjective, and hence

there is a two-plane-fieldj ∈ J(t) and an elementβ ∈ HM j (S3
r (K )) with the property that

HM(Wr (K ), s)(β) = α.
Now, by the dimension formula

−4h( j ) = c1(s)
2
− 2χ(Wr (K ))− 3σ(Wr (K )) = c1(s)

2
+ rkH2(Wr (K )).

But sincei∗(β) ∈

̂

HM j (S3
r (K )) is a non-zero-homogeneous element in the image ofi∗, it

follows thath( j ) ≥ Fr(t). Putting these together, we have shown that

(32) c1(s)
2
+ rkH2(Wr (K )) ≤ −4Fr(t),

for any s which extendst over Wr (K ). Note that the left-hand-side of this equation de-
pends only on the homological properties ofWr (K ), and hence can be replaced byWr (U )
as in the statement of the proposition.



MONOPOLES AND LENS SPACE SURGERIES 63

It remains to show that for givent ∈ Spinc(S3
r (U )), there is a Spinc structure for which

equality holds in Equation (32).
To this end, we claim that there is a cobordism

Vr (U ) : S3
−→ S3

r (U ),

with the property thatX = Wr (U ) ∪S3
r (U )

Vr (U ) : S3
−→ S3 is a negative-definite four-

manifold (indeed, it is obtained from the cylinder[0,1] × S3 by a sequence of blow-ups).
Moreover, each Spinc structuret ∈ Spinc(S3

r (U )) can be extended to a Spinc structure
u ∈ Spinc(X) with the property thatc1(u)

2
+ rkH2(X) = 0 (i.e. so that its square is

maximal). Concretely,Vr (U ) is constructed from a plumbing of spheres with multiplicities
{b1, . . . ,bm} chosen so that

1 = [a1, . . . ,an,1,b1, . . . ,bm].

The property of Spinc structures with minimal square can be proved by induction on the
size of the expansion.

Given this fact, note that the composite

i ′∗ ◦ HM(Vr (U ),u|Vr (U )) : HM•(S
3) −→

̂

HM•(S
3
r (U ))

is once again surjective for allu ∈ Spinc(X) (as it is the composite of an isomorphism
with a surjection). It follows that if there were no no extension oft ∈ Spinc(S3

r (U )) to
Wr (U ) for which equality holds in Equation (32), then the composite map

̂

HM(X,u) =̂

HM(Wr (U ),u|Wr (U )) ◦

̂

HM(Vr (U ),uVr (U )) would have kernel for anyu ∈ Spinc(U ) with
u|S3

r (U )
= t. But for any choice ofu ∈ Spinc(X) with c1(u|Wr (U ))

2
+ rkH2(Wr (U ); Z) =

0, this map is an isomorphism.

The following result reduces Theorem 1.1 in the case wherer is non-integral to the
integral case:

Theorem 7.6. Suppose that there is an orientation-preserving diffeomorphism S3
r (K ) ∼=

S3
r (U ) for some non-integral r> 0. Then K is p-standard, where p is the smallest integer

greater than r.

Proof. SinceS3
r (K ) is orientation-preserving diffeomorphic toS3

r (U ), it follows that∑
t∈Spinc(S3

r (K ))

Fr(S3
r (K ), t) =

∑
t∈Spinc(S3

r (U ))

Fr(S3
r (U ), t).

Sinceσr is a bijection, it follows from this equation together with Proposition 7.5 that
in fact Fr(S3

r (K ), t) = Fr(S3
r (U ), σr (t)) for all t ∈ Spinc(S3

r (K )). Since j is triv-
ial on

̂

HM•(S3
r (U )) =

̂

HM•(S3
r (K )), it follows from Proposition 7.4 thatj is trivial on̂

HM•(S3
p(K )) as well.

We claim thatFr(S3
p(K ), t) = Fr(S3

p(U ), σp(t)) for all t ∈ Spinc(S3
p(U )). To see this,

note that by construction, we can decompose

Wr (K ) = V ∪S3
p(K )

Wp(K ),

whereV : S3
r (K ) −→ S3

p(K ) is obtained from then − 1 two-handle additions (specified

by K2, . . . , Kn). We claim that anyu ∈ Spinc(S3
p(K )) admits an extensions over all of

Wr (K ), so that the induced map̂

HM(Wr (K ), s) :

̂

HM•(S
3
r (K ), s|Wr (K )) −→

̂

HM•(S
3)
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is an isomorphism. Now, corresponding to the decomposition, we can writê

HM(Wr (K ), s) =

̂

HM(Wp(K ), s|Wp(K )) ◦

̂

HM(V, s|V ).

Sinceb+

2 (V) = 0, HM(V, s|V ) induces an isomorphism (c.f. Proposition 2.7), andj∗ is
trivial for both S3

r (K ) andS3
p(K ), it follows easily that

̂

HM(V, s|V ) is surjective. It follows
that ̂

HM(Wp, s|Wp(K )) :

̂

HM•(S
3
p(K ), t) −→

̂

HM•(S
3)

is an isomorphism, and hence thatFr(S3
p(K ), t) = Fr(S3

p(U ), σp(t)). From this, it follows
readily thatK is p-standard.

8. Further applications for lens space surgeries

In this section, we use the surgery long exact sequence, along with some earlier results,
to study the more general problem of lens space surgeries.

Recall the following result of Meng and Taubes [25] (reformulated in the context of
monopole Floer homology):

Theorem 8.1. Let K be a knot in S3, and write its symmetrized Alexander polynomial as

1K (T) = a0 +

∑
i

ai (T
i
+ T−i ).

We fix a generator h∈ H2(S3
0(K ); Z), and let

̂

HM•(S3
0(K ), i ) denote the Floer homology

of S3
0(K )with local coefficients determined by any cycleν which generates H1(S3

0(K ); R)),
evaluated in theSpinc stuctures with 〈c1(s), [h]〉 = 2i . Then

χK(

̂
HM(S3

0(K ), i )) = −

∞∑
j =1

ja|i |+ j .

(Where here the left-hand-side is the Euler characteristic over the fieldK of fractions of the
group-ring F[R], and the sign is determined by the canonical mod two grading on Floer
homology described in Subsection 2.5.)

Combining this with the results of this paper, we obtain the following necessary criterion
for a S3

p(K ) to be a lens space:

Theorem 8.2. Let K be a knot in S3 with the property that some integer surgery on K
gives a lens space, then the Seifert genus of K coincides with the degree of the symmetrized
Alexander polynomial of K .

Proof. If the genus ofK is bigger than the degree of the Alexander polynomial, then
the according to the Meng-Taubes theorem, we know thatχ(

̂

HM(S3
0(K ), g − 1)) = 0,

while by the non-vanishing result, Corollary 6.2,

̂

HM(S3
0(K ), g − 1) 6= 0, and hencê

HModd(S3
0(K )) 6= 0. Thus, by Theorem 5.12, we have the exact sequence

−→

̂

HModd(S
3
;0ν) −→

̂

HModd(S
3
0(K ), 0ν) −→

̂

HModd(S
3
1(K ), 0ν) −→

Since

̂

HModd(S3) = 0, it follows that

̂

HModd(S3
1(K )) 6= 0 (whether or not we use the local

coefficient system0ν).
Indeed, if

̂

HModd(S3
p(K )) 6= 0, it follows easily that

̂

HModd(S3
p+1(K )) 6= 0, since in

this case, Theorem 2.4 sequence takes the form

−→

̂

HM•(S
3) −→

̂

HM•(S
3
p(K )) −→

̂

HM•(S
3
p+1(K )) −→,
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where hereFp andFp+1 preserve the absoluteZ/2Z grading (c.f. Section 2.5). In particu-
lar, this makes it impossible forS3

n(K ) to be a lens space (for integraln > 0).

In [31], it is shown that ifK is any knot with the property thatS3
p(K ) = L(p,q),

then the Alexander polynomial ofK is uniquely determined up to a finite indeterminacy.
Indeed, this algorithm is concrete: its input is the Milnor torsion forL(p,q) andL(p,1),
and the finite indeterminacy depends on the homology class of the induced knot inL(p,q).

Consider the rational numbersd(−L(p,q), i ) associated to a lens spaceL(p,q) (recall
that we have fixed here the orientation convention thatL(p,q) = S3

p/q(U )), and an element
i ∈ Z/pZ, determined by the recursive formula

d(−L(1,1),0) = 0

d(−L(p,q), i ) =

(
pq − (2i + 1 − p − q)2

4pq

)
− d(−L(q, r ), j ),

wherer and j are the reductions moduloq of p andi respectively. (Note that these num-
bers turn out to agree with the Frøyshov invariants of the lens space−L(p,q), under a
particular identification Spinc(L(p,q)) ∼= Z/pZ.)

The following can be found in Corollary 7.5 of [31]:

Theorem 8.3. The lens space L(p,q) is obtained as surgery on a knot K⊂ S3 only if
there is a one-to-one correspondence

σ : Z/pZ −→ Spinc(L(p,q))

with the following symmetries:

• σ(−[i ]) = σ([i ])
• there is an isomorphismφ : Z/pZ −→ Z/pZ with the property that

σ([i ])− σ([ j ]) = φ([i − j ]),

with the following properties. For i∈ Z, let [i ] denote its reduction modulo p, and define

ti =

 −d(L(p,q), σ [i ])+ d(L(p,1), [i ]) if 2|i | ≤ p

0 otherwise,

then the Laurent polynomial

Lσ (T) = 1 +

∑
i

(
ti −1

2
− ti +

ti +1

2

)
T i

=

∑
i

ai · T i

has integral coefficients, and all the ti ≤ 0. Indeed, if S3p(K ) ∼= L(p,q), then its Alexander
polynomial has the form Lσ (T) for some choice ofσ as above.

By combining Theorem 8.2, results of [31], and work of Goda and Teragaito [16], we
obtain the following:

Corollary 8.4. If K is a knot with the property that for some p∈ Z, S3
p(K ) is a lens space

and|p| < 9, then K is either the unknot or the trefoil.

Proof. In view of Theorem 8.3, it is now an experiment in numerology to see that ifS3
p(K )

is a lens space with|p| < 9, then Alexander polynomial ofK is either trivial orT−1+T−1

(see the list at the end of Section 10 of [31]). In view of Theorem 8.2, it follows that the
genus ofK is zero or one. Combining this with a theorem of Goda and Teragaito [16],



66 KRONHEIMER, MROWKA, OZSVÁTH, AND SZABÓ

according to which the only genus on knot which admits lens space surgeries is the trefoil,
the corollary is complete.

As another application, we obtain the following bound on the Seifert genusg of K in
terms of the order of the lens space.

Corollary 8.5. Let K be a knot in S3 with the property that for some integer p, S3
p(K ) is

a lens space, then2g − 1 ≤ p.

Proof. The bound 2d − 1 ≤ p whered is the degree of the Alexander polynomial ofK
follows immediately from the algorithm described in Theorem 8.3; the rest follows from
Theorem 8.2.

The bound on the Seifert genus stated above is still fairly coarse, and can usually be im-
proved for fixedp andq using Theorem 8.2, combined with the algorithm for determining
the Alexander polynomial ofK given in Theorem 8.3.

It is interesting to compare Corollary 8.5 with a conjecture of Goda and Teragaito for
hyperbolic knots which admit lens space surgeries. They conjecture that for such a knot,
the orderp of the fundamental group is related with the Seifert genusg by the inequalities
2g + 8 ≤ p ≤ 4g − 1. Indeed they prove (Theorem 1.1 of [16]) that ifK is a hyperbolic
knot in S3, and ifS3

p(K ) is a lens space, then|p| ≤ 12g−7. They restrict to the hyperbolic
case, since the case of non-hyperbolic knots yielding lens space surgeries is completely
understood, c.f. [4], [40], [41]. The only such knots with lens space surgeries are torus
knots, and the(2,2pq ± 1)-cable of a(p,q) torus knot (in which case the resulting lens
space isL(4pq ± 1,4q2)).

The condition thatti ≤ 0 from Theorem 8.3 has an improvement, using the Floer ho-
mology for knots (see [30] and [34]). Specifically, in Corollary 1.3 of [29], it is shown
that if K is a knot on which some integral surgery is a lens space, then all the non-zero
coefficients of its Alexander polynomial are±1, and they alternate in sign.

Combining all this information, we can give stronger constraints on the lens spaces
which can be obtained by surgeries on knots with a fixed Seifert genus. As an illustration,
we have the following:

Corollary 8.6. The only lens spaces which can be obtained by positive integer surgery on
a knot in S3 with Seifert genus2 are orientation-preserving diffeomorphic to L(9,7) and
L(11,4).

Proof. According to Theorem 8.2, combined with Corollary 1.3 of [29] (which states
that the non-zero coefficients of the Alexander polynomial all have absolute value one and
alternate in sign), we see that ifK has genus two and some integral surgery on it gives a
lens space, then1K is eitherT−2

−1+T2 or T−2
−T−1

+1−T +T2. In the first case,K
is neither a torus knot nor the(2,2pq ± 1)-cable of a(p,q) torus knot, and hence it must
be hyperbolic (c.f. [4], [40], [41]). According to Goda and Teragaito’s bound,|p| ≤ 17.
But this is now ruled out by Corollary 7.5 of [31]. In the second case, we can rule out the
possibility thatK is hyperbolic andp 6= 9,11 in the same manner. In these remaining
cases, the algorithm of Theorem 8.3 forcesS3

p(K ) to be one of the two listed possibilities.
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The above procedure is purely algorithmic, and can be repeated for higher genera. For
instance, if positive integral surgery on a genus three knot gives a lens space, then that lens
space is contained in the list

L(11,9), L(13,10), L(13,9), L(15,4)

(all of which are realized by torus knots); in the genus four case, the list is

L(14,11), L(16,9), L(17,13), L(19,5)

(again, all of these are realized by torus knots). In the genus five case, the list reads

L(18,13), L(19,11), L(21,16), L(23,6),

where now the last two examples are realized by a torus knot, and the first two are realized
by the(−2,3,7) pretzel knot (c.f. [10]).

In a different direction, we can combine Theorem 8.2 with properties of the Heegaard
Floer homology for knots (see [30] or [34]) to obtain the following result on the four-ball
genera of knots admitting lens space surgeries, compare also [22]:

Corollary 8.7. Let K be a knot in S3 with the property that S3p(K ) = L(p,q). Then, the
Seifert genus, the four-ball genus, and the degree of the Alexander polynomial all coincide.

Proof. According to [29] (c.f. Corollary 1.6 in that reference), the four-ball genus ofK is
bounded below by the degree of the Alexander polynomial ofK . The equality of the three
quantities follows from the fact that the four-ball genus is less than or equal to the Seifert
genus ofK , together with Theorem 8.2.

8.1. Seifert fibered surgeries.We give an application of the long exact sequence to the
question of when a knot inS3 admits a Seifert fibered surgery. To state the strongest form,
it is useful to pin down orientations.

Let Y be a Seifert fibered space withb1(Y) = 0 or 1. Such a manifold can be realized
as the boundary of a four-manifoldW(0) obtained by plumbing two-spheres according to
a weighted tree0. Here, the weights are thought of as a mapm from the set of vertices of
0 to Z.

Definition 8.8. Let Y be an oriented Seifert fibered three-manifold with b1(Y) = 0 or
1. We say that Y has a positive Seifert fibered orientation if it can be presented as the
oriented boundary of a plumbing of spheres W(0) along a weighted tree0 so that with
b−(W(0)) = 0. If Y does not have a positive Seifert fibered orientation, then−Y does,
and we say that Y isnegatively oriented.

Moreover, either orientation on any lens space is a positive Seifert orientation; similarly,
either orientation on a Seifert fibered space withb1(Y) = 1 is a positive Seifert orienta-
tion. Finally, if Y is the quotient of a circle bundleπ : N −→ 6 over a Riemann surface
by a finite group of orientation-preserving automorphismsG, and if N is oriented as a
circle bundle with positive degree, then the induced orientation onY is a positive Seifert
orientation.

The basic property of the monopole Floer homology of Seifert fibered spaces we will
use is the following result, which follows quickly from [26]. Or, alternatively, using Theo-
rem 2.4, one can adapt the proof of the corresponding result for Heegaard Floer homology
(c.f. Corollary 1.4 of [32]), to the context of Seiberg-Witten monopoles.
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Theorem 8.9. If Y is a positively oriented Seifert fibered rational homology three-sphere,
then

̂

HM•(Y) is supported entirely in even degrees.

Sometimes, we will consider Seifert fibered spaces with first Betti number equal to one.
One could adapt techniques of [26] to this situation, as well, but it is quicker now to appeal
to the surgery long exact sequence. The relevant fact in this case is the following:

Corollary 8.10. If Y0 is a Seifert fibered space with b1(Y0) = 1, andη is a generator of
H1(Y0; R), then

̂

HM•(Y0, 0η) is supported entirely in odd degrees.

Proof. ExpressY0 as the boundary of a plumbingW of spheres withb−(W) = 0, and
let Y1 denote the new Seifert fibered space obtained by increasing the multiplicity of the
central node by one, and letY2 denote the plumbing of spheres obtained by deleting the
central node. (The latter space,Y2 is a connected sum of lens spaces.) We have that the
Floer homology groupsY0, Y1, andY2 fit into a long exact sequence as in Theorem 5.12.
In fact, sinceY2 can be given a positive scalar curvature metric,i∗ : HM(Y2, 0η) −→̂

HM•(Y2, 0η) is surjective, and hence, sinceHM(Y0, 0η) = 0 (c.f. Lemma 4.19), it follows
that the map from

̂

HM•(Y2, 0η) −→

̂

HM•(Y0, 0η) is trivial. Thus, we get the short exact
sequence

0 −→

̂

HM•(Y0, 0η)

̂

HM(W0)
−→

̂

HM•(Y1, 0η)

̂

HM(W1)
−→

̂

HM•(Y2, 0η) −→ 0.

Since

̂

HM•(Y1, 0η) is supported in even degrees and the map

̂

HM(W0) reverses the canon-
ical mod two grading (c.f. Proposition 2.5), the result follows.

Another application of the surgery long exact sequence gives the following:

Proposition 8.11. Let K be a knot in S3. Then, for all r = p/q > 0, we have that

rk

̂

HModd(S
3
p/q, 0ν) = q · rk

̂

HMeven(S
3
0(K ), 0ν).

Proof. This follows immediately from Proposition 7.3.

We obtain the following direct generalization of Theorem 8.2:

Theorem 8.12. Let K be a knot whose Alexander polynomial1K (T) has degree strictly
less than its Seifert genus. Then, there is no rational number r≥ 0 with the property that
S3

r (K ) is a positively oriented Seifert fibered space.

Proof. In view of Theorem 8.1, the condition onK ensures that

̂

HMeven(S3
0(K ), 0η) 6= 0

(and also that

̂

HModd(S3
0(K ), 0η) 6= 0, but we do not use this here). The case wherer = 0

now is ruled out by the latter fact, together with Corollary 8.10. For the case wherer > 0,̂

HModd(S3
r (K ), 0η) 6= 0 in view of Proposition 8.11, and hence Theorem 8.9 shows that it

is never a positively oriented Seifert fibered space.

It is a more subtle problem to detect whetherS3
r (K ) is a negative Seifert fibered space

for r ≥ 0. We include the following:

Theorem 8.13. If K is a knot whose Seifert genus g is strictly greater than the degree of
its Alexander polynomial, and also g> 1, then S31/n(K ) is not a Seifert fibered space for
any integer n.
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Proof. As usual, by reflectingK if necessary, it suffices to consider the case wheren > 0.
S3

1/n(K ) is not a positively oriented Seifert fibered space, according to Theorem 8.12.
Thus, we are left with the case wheren > 0 andY is a negatively oriented Seifert fibered
space.

We claim that ifY is a negatively oriented Seifert fibered space, then the cokernel of
i• : HM•(Y) −→

̂

HM•(Y) is supported entirely in odd degrees. This follows easily from
duality.

Now, in view of Corollary 2.3, our hypothesis on the knotK ensures that̂

HModd(S3
0(K )) 6= 0. Indeed, lettingξ be any non-trivial element of

̂

HModd(S3
0(K ), g −

1) ⊂

̂

HModd(S3
0(K )), its conjugateξ lies in the summand

̂

HModd(S3
0(K ),−g + 1), and

hence it is linearly independent ofξ . Consider the surgery exact sequence, following
Proposition 7.3

0 −→

̂

HM•(Y0(K ))
F

−→

̂

HM•(Y1/n(K )) −→

̂

HM•(Y 1
n−1
) −→ 0,

where hereF reverses the mod 2 degree. SinceF is injective, if η = F(ξ), thenη is
linearly independent fromη. It follows thatη is not in the image ofi∗ : HM(Y1/n(K )) −→̂

HM•(Y1/n(K )), since conjugation acts trivially onHM(Y1/n(K )). In view of the previous
paragraph,S3

1/n(K ) is not negatively Seifert fibered forn > 0.

9. Foliations

The exact sequence, together with Theorem 2.1 can be used to exhibit large classes of
three-manifolds admitting no taut foliations.

Definition 9.1. A monopoleL-spaceis a rational homology three-sphere Y for which

j∗ :

̂

HM•(Y) −→ ĤM•(Y)

is trivial.

Examples include all lens spaces, and indeed all three-manifolds with positive scalar cur-
vature. By Theorem 2.1, a monopoleL-space admits no taut foliations.

Proposition 9.2. Let M be a connected, oriented three-manifold with torus boundary,
equipped with three oriented, simple closed curvesγ0, γ1, andγ2 as in Theorem 2.4. Sup-
pose moreover that Y0, Y1, and Y2 are rational homology three-spheres, with the property
that

|H1(Y2; Z)| = |H1(Y0; Z)| + |H1(Y1; Z)|.

Suppose also that Y0 and Y1 are monopole L-spaces. Then it follows that Y2 is a monopole
L-space, too.

Proof. It follows from the hypotheses that the cobordismW0 : Y0 −→ Y1 hasb+

2 (W0) =

1, and hence according to Section 2.6 the mapHM(W0) : HM(Y0) −→ HM(Y1) is trivial.
Now, Theorem 2.4, and our hypothesis, gives the following diagram (where all rows and
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columns are exact): y0

y j∗

y0

−−−−−→ ĤM•(Y1)
ĤM(W1)

−−−−−→ ĤM•(Y2)
ĤM(W)

−−−−−→ ĤM•(Y0) −−−−−→yp∗

yp∗

yp∗

0
−−−−−→ HM•(Y1)

HM(W1)
−−−−−→ HM•(Y2)

HM(W)
−−−−−→ HM•(Y0)

0
−−−−−→yi∗

yi∗

yi∗

−−−−−→

̂

HM•(Y1)

̂

HM(W1)
−−−−−→

̂

HM•(Y2)

̂

HM(W)
−−−−−→

̂

HM•(Y0) −−−−−→y0

y j∗

y0

Now, a diagram-chase shows thatj∗ = 0 as well.

Using the above proposition, together with Theorem 2.1, we can find large classes of
three-manifolds which admit no taut foliations. We list several here:

Definition 9.3. A weighted graphis a graph G equipped with an integer-valued function
m on its vertices. Thedegreeof a vertexv, written d(v), is the number of edges which
contain it.

Corollary 9.4. Let G be a connected, weighted tree which satisfies the inequality m(v) ≥

d(v) at each vertexv, and for which the inequality is strict at at least one vertex. Let Y(G)
denote the three-manifold which is the boundary of the sphere-plumbing associated to the
graph G. Then, Y(G,m) admits no taut foliations.

Proof. We prove that under the hypotheses on(G,m), Y(G,m) is a monopoleL-space
by an induction on the number of vertices ofG. If the number of vertices is one, then
Y(G,m) is a lens space. LetG be a general tree satisfying the hypotheses, and fix a leaf
v. We prove the corollary by sub-induction on the weightm(v). If m(v) = 1, we can
form the graph(G′,m′) where hereG′ is obtained fromG by deleting the vertexG, and
m′ agrees withm|G′ except at the neighborw of v, wherem′(w) = m(w)−1. It is easy to
see thatY(G,m) ∼= Y(G′,m′) and that(G′,m′) also satisfies the hypotheses, and hence it
is anL-space by the inductive hypothesis (on the number of leaves). Let(G0,m0) be the
weighted graph obtained by deleting the vertexv from G, and(G1,m1) be the weighted
graph obtained fromG by decreasing the weight atv by one. It is easy to see that

|H1(Y(G,m); Z)| = |H1(Y(G0; Z)| + |H1(G1; Z)|.

The inductive step now follows from Proposition 9.2, together with Theorem 2.1. (For
more details, see the corresponding result in [32].)

Corollary 9.5. Let L be a non-split, alternating link in S3, and let6(L) denote the
branched double-cover of S3 along L. Then,6(L) does not admit a taut foliation.

Proof. For any link diagram forL, choose a crossing, and letL0 and L1 denote the
two resolutions ofL at the crossing, as pictured in Figure 5. It is easy to see that6(L),
6(L0), and6(L1) fit into an exact triangle as in Theorem 2.4. Furthermore, if we start
with a connected, reduced alternating projection forL, then bothL0 andL1 are connected,
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alternating projections and hence6(L),6(L0) and6(L1) are rational homology spheres.
Indeed,

|H1(6(L))| = |H1(6(L0))| + |H1(6(L1)|

by classical knot theory (c.f. [24]). The result now follows from Proposition 9.2, together
with Theorem 2.1. (For more details, see the corresponding result in [33].)

Corollary 9.6. Let K ⊂ S3 be a knot for which there is a positive rational number r with
the property that S3r (K ) is a lens space or, more generally, a monopole L-space. Then, for
all rational numbers s≥ r , S3

s(K ) admits no taut foliation.

Proof. By Proposition 7.4, ifp denotes the smallest integer greater thanr , thenS3
p(K ) is

also a monopoleL-space. The result now follows from repeated applications of Proposi-
tion 9.2.

By a theorem of Thurston (c.f. [38], [39]), ifK is not a torus knot or a satellite knot, then
S3

r (K ) is hyperbolic for all but finitely manyr . One can now use the above corollary to
construct infinitely many hyperbolic three-manifolds with no taut foliation by, for example,
starting with a hyperbolic knot which admits some lens space surgery. (A complete list of
the known knots which admit lens space surgeries can be found in [1], see also [2], [15],
[10].) The first examples of hyperbolic three-manifolds which admit no taut foliation were
constructed in [37], see also [6]

In the interest of concreteness, we include the following:

Corollary 9.7. Fix an odd integer n≥ 7, and let K be the(−2,3,n) pretzel knot. For all
r ≥ 2n + 4, then S3r (K ) admits no taut foliations.

Proof. Whenn = 7, thenS3
18(K ) is a lens space. The result now follows from Corol-

lary 9.6. Indeed, forn ≥ 7, it is well-known (c.f. [3]),S3
2n+4(K ) is a Seifert fibered space

with Seifert invariants(−2,1/2,1/4, (n − 8)/(n − 6)). Repeated applications of Propo-
sition 9.2 can be used to show that this Seifert fibered space is a monopoleL-space, and
hence again we can apply Corollary 9.6.

These bounds can be sharpened. For example, whenn = 7, S3
17(K ) is a quotient ofS3

by a finite isometry group, and in particular, it has positive scalar curvature. Thus, for all
r ≥ 17,S3

r (K ) admits no taut foliation. In fact, with some extra work, one can improve the
bound in general tor ≥ n+2. It is interesting to compare this with results of Roberts [35],

L0 L1L
Figure 5. Resolving link crossings.Given a link with a crossing as
labelled inL above, we have two resolutionsL0 and L1, obtained by
replacing the crossing by the two simplifications pictured above.



72 KRONHEIMER, MROWKA, OZSVÁTH, AND SZABÓ

[36], which constructs taut foliations on certain surgeries on fibered knots. For example,
whenK is the(−2,3,7) pretzel knot, she shows thatS3

r (K ) admits a taut foliation for all
r < 1.

In a similar vein, we have

Proposition 9.8. For any three rational numbers a,b, c ≥ 1, the three-manifold
M(a,b, c) obtained by performing a, b, and c surgery on the Borromean rings carries
no taut foliations.

Proof. First, we prove the case wherea, b, andc are integers. In the basic case wherea =

b = c, the manifoldM(1,1,1) is the Poincaré homology sphere, which admits a metric of
positive scalar curvature, and hence it is a monopoleL-space. For the inductive step, we
apply Proposition 9.2, to see that the fact that(p,1)#L(c,1) andM(a,b, c) are monopole
L-spaces implies that so isM(a + 1,b, c). Repeated applications of the proposition also
gives now the result for all rational numbersa, b, andc in the range.

Note that this family includes the “Weeks manifold”M(1,5/2,5), which is known by
other methods not to admit any taut foliations, see [6].
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