MONOPOLES AND LENS SPACE SURGERIES

PETER KRONHEIMER, TOMASZ MROWKA, PETER OZSVATH, AND ZOLTAN SZABO

ABsTRACT. Monopole Floer homology is used to prove that real projective three-space
cannot be obtained from Dehn surgery on a non-trivial knot in the three-sphere. To obtain
this result, we use a surgery long exact sequence for monopole Floer homology, together
with a non-vanishing theorem, which shows that monopole Floer homology detects the
unknot. In addition, we apply these techniques to give information about knots which
admit lens space surgeries, and to exhibit families of three-manifolds which do not admit
taut foliations.

1. INTRODUCTION

Let K be a knot inS3. Given a rational number, let 53(K) denote the oriented three-
manifold obtained from the knot complement by Dehn filling with slopeThe main
purpose of this paper is to prove the following conjecture of Gordon (see [17], [18]):

Theorem 1.1. Let U denote the unknot in3Sand let K be any knot. If there is an
orientation-preserving diﬁeomorphisnﬁ(&i) = S?(U) for some rational number r, then
K=U.

To amplify the meaning of this result, we recall tigiU ) is the manifoldSt x S? in the
case = 0 and is a lens space for all non-zeroMore specifically, with our conventions,
if r = p/qin lowest terms, withp > 0, thenS*(U) = L(p, q) as oriented manifolds. The
manifold Sg/q(K) in general has first homology groufy pZ, independent oK. Because

the lens space (2, q) is RP3 for all odd g, the theorem implies (for example) thap3
cannot be obtained by Dehn filling on a non-trivial knot.

Various cases of the Theorem 1.1 were previously known. Thercase is the “Prop-
erty R” conjecture, proved by Gabai [14], and the case wh&@on-integral follows from
the cyclic surgery theorem of Culler, Gordon, Luecke, and Shalen [7]. The case where
r = +1 is a theorem of Gordon and Luecke, see [19] and [20]. Thus, the advance here is
the case whereis an integer withr| > 1, though our techniques apply for any non-zero
rationalr. In particular, we obtain an independent proof for the case of the Gordon-Luecke
theorem. (Gabai’s result is an ingredient of our argument.)

The proof of Theorem 1.1 uses the Seiberg-Witten monopole equations, and the mono-
pole Floer homology package developed in [21]. Specifically, we use two properties of
these invariants. The first key property, which follows from the techniques developed in
[23], is a non-vanishing theorem for the Floer groups of a three-manifold admitting a taut
foliation. When combined with the results of [14], this non-vanishing theorem shows that
Floer homology can be used to distinguish x S? from §(K) for non-trivial K. The
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second property that plays a central role in the proof is a surgery long exact sequence, or
exact triangle. Surgery long exact sequences of a related type were introduced by Floer in
the context of instanton Floer homology, see [5] and [11]. The form of the surgery long
exact sequence which is used in the topological applications at hand is a natural analogue
of a corresponding result in the Heegaard Floer homology of [28] and [27]. In fact, the
strategy of the proof presented here follows closely the proof given in [33].

Given these two key properties, the proof of Theorem 1.1 has the following outline. For
integral p, we shall say that a kndt is p-standardf Sg(K) cannot be distinguished from

SS(U) by its Floer homology groups. (A more precise definition is given in Section 3,
see also Section 6.) We can rephrase the non-vanishing theorem mentioned above as the
statement that, iK is 0-standard, theK is unknotted. A surgery long exact sequence,
involving the Floer homology groups ﬁ_l(K), Sg(K) and S%, shows that ifK is p-
standard forp > 0, thenK is also(p — 1) standard. By induction, it follows that if

K is p-standard for somg > 0, thenK = U. This gives the theorem for positive
integersp. Whenr > 0 is non-integral, we prove (again by using the surgery long exact
sequence) that 53(K) is orientation-preservingly diffeomorphic @(U ), thenK is also
p-standard, where is the smallest integer greater tharnThis proves Thoerem 1.1 for all
positiver. The case of negativecan be deduced by changing orientations and replacing
K by its mirror-image.

As explained in Section 8, the techniques described here for establishing Theorem 1.1
can be readily adapted to other questions about knots admitting lens space surgeries. For
example, ifK denotes th&2, 5) torus knot, then it is easy to see tl@t(K) = L7,
and §1(K) = L(11, 4). Indeed, a result described in Section 8 shows that any lens space
which is realized as integral surgery on a knoSfrwith Seifert genus two is diffeomorphic
to one of these two lens spaces. Similar lists are given wghen3, 4, and 5. Combining
these methods with a result of Goda and Teragaito, we show that the unknot and the trefoll
are the only knots which admits a lens space surgery with5. In another direction, we
give obstructions to a knot admitting Seifert fibered surgeries, in terms of its genus and the
degree of its Alexander polynomial.

Finally, in Section 9, we give some applications of these methods to the study of taut
foliations, giving several families of three-manifolds which admit no taut foliation. One
infinite family of hyperbolic examples is provided by tiie2, 3, 2n + 1) pretzel knots
for n > 3: it is shown that all Dehn fillings with sufficiently large surgery slopadmit
no taut foliation. The first examples of hyperbolic three-manifolds with this property were
constructed by Roberts, Shareshian, and Stein in [37], see also [6]. In another direction, we
show that ifL is a non-split alternating link, then the double-coverS3foranched along
L admits no taut foliation. Additional examples include certain plumbings of spheres and
certain surgeries on the Borromean rings, as described in this section.

Outline. The remaining sections of this paper are as follows. In Section 2, we give a
summary of the formal properties of the Floer homology groups developed in [21]. We
do this in the simplest setting, where the coefficientsaf2. In this context we give
precise statements of the non-vanishing theorem and surgery exact sequencé,/Nith
coefficients, the non-vanishing theorem is applicable only to knots with Seifert genus

1. In Section 3, we use the non-vanishing theorem and the surgery sequence to prove
Theorem 1.1 for all integep, under the additional assumption that the genus is not 1.
(This is enough to cover all cases of the theorem that do not follow from earlier known
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results, because a result of Goda and Teragaito [16] rules out genus-1 counterexamples to
the theorem.)

Section 4 describes some details of the definition of the Floer groups, and the following
two sections give the proof of the surgery long-exact sequence (Theorem 2.4) and the
non-vanishing theorem. In these three sections, we also introduce more general (local)
coefficients, allowing us to state the non-vanishing theorem in a form applicable to the case
of Seifert genus 1. The surgery sequence with local coefficients is stated as Theorem 5.12.
In Section 6, we discuss a refinement of the non-vanishing theorem using local coefficients.
At this stage we have the machinery to prove Theorem 1.1 for integrad anyK , without
restriction on genus. In Section 7, we explain how repeated applications of the long exact
sequence can be used to reduce the case of non-integral surgery slopes to the case where
the surgery slopes are integral, so providing a proof of Theorem 1.1 in the non-integral
case that is independent of the cyclic surgery theorem of [7].

In Section 8, we describe several further applications of the same techniques to other
guestions involving lens-space surgeries. Finally, we give some applications of these tech-
niques to studying taut foliations on three-manifolds in Section 9.

Remark on orientationsOur conventions about orientations and lens spaces have the fol-
lowing consequences. If a 2-handle is attached to the 4-ball along an attachingkcurve
in S, and if the attaching map is chosen so that the resulting 4-manifold has intersection
form (p), then the oriented boundary of the 4—manifo|dSﬁK). For positivep, the lens

spacel (p, 1) coincides withsg(U) as an oriented 3-manifold. This is not consistent with

the convention thalt (p, 1) is the quotient ofS® (the oriented boundary of the unit ball in
C2) by the cyclic group of ordep lying in the center ofJ (2).

AcknowledgementsThe authors wish to thank Cameron Gordon, John Morgan, and Jacob
Rasmussen for several very interesting discussions. We are especially indebted to Paul
Seidel for sharing with us his expertise in homological algebra. The formal aspects of
the construction of the monopole Floer homology groups described here have roots that
can be traced back to lectures given by Donaldson in Oxford in 1993. Moreover, we have
made use of a Floer-theoretic construction of Frgyshov, giving rise to a numerical invariant
extending the one which can be found in [13].

2. MoNoPOLE FLOER HOMOLOGY

2.1. The Floer homology functors. We summarize the basic properties of the Floer
groups constructed in [21]. In this section we will treat only monopole Floer homology
with coefficients in the field = z/27. Our three-manifolds will always be smooth, ori-
ented, compact, connected and without boundary unless otherwise stated. To each such
three-manifoldy, we associate three vector spaces dver

HM.(Y), HM.(Y), HM,(Y).

These are the monopole Floer homology groups, read “HM-to”, “HM-from”, and “HM-
bar” respectively. They come equipped with linear mapg. and p, which form a long
exact sequence

@ e 2 AL CY) 2 AML(Y) =25 AML(Y) =5 AM(Y) =5 -

A cobordismfrom Yp to Y; is an oriented, connected 4-manifold equipped with an
orientation-preserving diffeomorphism frodW to the disjoint union of-Yp andY;. We
write W : Yo — Y1. We can form a category, in which the objects are three-manifolds, and
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the morphisms are diffeomorphism classes of cobordisms. The three versions of monopole
Floer homology are functors from this category to the category of vector spaces. That is,
to eachW : Yo — Y1, there are associated maps

HM (W) : HM. (Yo) — HM. (Y1)
AM(W) : AM, (Yo) — AM, (Y1)
HM(W) : HM,(Yg) — HM,(Y1).

The maps., j. and p, provide natural transformations of these functors. In addition to
their vector space structure, the Floer groups come equipped with a distinguished endo-
morphism, making them modules over the polynomial fifilg]. This module structure is
respected by the maps arising from cobordisms, as well as by the three natural transforma-
tions.

These Floer homology groups are set up so as to be gauge-theory cousins of the Hee-
gaard homology groupslF*(Y), HF~(Y) and HF*°(Y) defined in [28]. Indeed, if
b1(Y) = 0, then the monopole Floer groups are conjecturally isomorphic to (certain com-
pletions of) their Heegaard counterparts.

2.2. The non-vanishing theorem. A taut foliation & of an oriented 3-manifold is aC°
foliation of Y with smooth, oriented 2-dimensional leaves, such that there exists a closed
2-formw onY whose restriction to each leaf is everywhere positive. We \g(ife) for the
Euler class of the 2-plane field tangent to the leaves, an eleménf@f; 7). The proof
of the following theorem is based on the techniques of [23] and makes use of the results of

[9].

Theorem 2.1. Suppose Y admits a taut foliatigfi and is not $ x S, If either (a)
kll_gY) =0, or (b) b1 (Y) = 1Land g€F) is non-torsion, then the image of j HM,(Y) —
HM,(Y) is non-zero.

The restriction to the two cases (a) and (b) in the statement of this theorem arises from
our use of Floer homology with coefficienEs There is a quite general non-vanishing
theorem for 3-manifolds satisfying the hypothesis in the first sentence; but for this version
(which is stated as Theorem 6.1 and proved in Section 6) we need to use more general,
local coefficients.

Note thatj, for > x St is trivial in view of the following:

Proposition 2.2. If Y is a three-manifold which admits a metric of positive scalar curva-
ture, then the image of, js zero.

According to Gabai’s theorem [14], K is a non-trivial knot, therSS’(K) admits a taut

foliation #, and is notS! x S°. If the Seifert genus oK is greater than 1, thee(F) is
non-torsion. As a consequence, we have:

Corollary 2.3. The image of j : HM.(S(K)) — AM,(S(K)) is non-zero if the Seifert
genus of K i or more, and is zero if K is the unknot. |

2.3. The surgery exact sequencelLet M be an oriented 3-manifold with torus boundary.
Let y1, 2, y3 be three oriented simple closed curvesadvt with algebraic intersection
numbers

(r1-v2)=(2-y3) =(r3-y)=-1
Define y;, for all n so thaty, = yn+3. Let Y, be the closed 3-manifold obtained by
filling along yn: that is, we attacts! x D? to M so that the curvél} x dD? is attached
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to yn. There is a standard cobordis, from Y, to Ys4+1. The cobordism is obtained
from [0, 1] x Yy, by attaching a 2-handle td} x Yy, with framingy,,1. Note that these

orientation conventions are set up so tkat,;1 Uy,,, Wy always contains a sphere with
self-intersection number1.

Theorem 2.4, There is an exact sequence

e —> l_TM.(Yn_l) H;;- l-TM.(Yn) i) I‘TM.(Y[‘H.]_) —_—> e,
in which the maps frare given by the cobordisms\WThe same holds fdiM, andHM,.

The proof of the theorem is given in Section 5.

2.4. Gradings and completions. The Floer groups argradedvector spaces, but there
are two caveats: the grading is not Byand a completion is involved. We explain these
two points.

Let J be a set with an action &, not necessarily transitive. We wrife— j + n for
the action ofn € Z on J. A vector spaceV is graded by Jif it is presented as a direct
sum of subspaceg indexed byJ. A homomorphismh : V — V' between vector spaces
graded byJ has degree if h(Vj) C Vj/+n forall j.

If Y is an oriented 3-manifold, we writg(Y) for the set of homotopy-classes of oriented
2-plane fields (or equivalently nowhere-zero vector fieldsn Y. To define an action of
7, we specify that£] + n denotes the homotopy clags] obtained from£] as follows.
Let B3 c Y be a standard ball, and lpt: (B3, 9B3) — (SO(3), 1) be a map of degree
—2n, regarded as an automorphism of the trivialized tangent bundle of the ball. Outside
the ballB3, we take = &. Inside the ball, we define

E(Y) = p(NEW).
The structure ofl (Y) for a general three-manifold is as follows (see [23], for example). A
2-plane field determines a Sfistructure orl, so we can first write
= U Ivs,
3eSpirf(Y)

where the sum is over all isomorphism classes of Sgliructures. The action @ on each
J(Y, 8) is transitive, and the stabilizer is the subgroup #igdven by the image of the map

2 X = (€1(%), X)
from Hao(Y; Z) to Z. In particular, ifcy(3) is torsion, then] (Y, 3) is an affine copy o¥.
For eachj € J(Y), there are subgroups
HM; (Y) € HM.(Y)
HM; (Y) € AML(Y)
HM; (Y) € HM.(Y),
and there are internal direct sums which we denotb\ll@“ IW* andHM,:
HM..(Y) = D HM; (Y) € HM.(Y)
i
AM..(Y) = @D AM; (V) € AML(Y)
i
AM..(Y) = @5 HM; (Y) C AM.(Y)
i
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Thee versions are obtained from theversions as follows. For eachwith Cl(éllorsion,
pick an arbitraryjo(s) in J(Y, 3). Define a decreasing sequence of subspbiddm] C

HM..(Y) by

AMIn] = @5 @5 AMjg(s)-m(Y).

3 m>n

where the sum is over torsion S/Eji\structures._l\/lake the same definition for the other
two vaLr_ignts. The grougdM, (Y), HM,(Y) andHM, (Y) are the completions of the\di/rect
sumsHM..(Y) etc. with respect to these decreasing filtrations. However, in the catd of
the subspacklM[n] is eventually zero for larga, so the completion has no effect. From
the decomposition od (Y) into orbits, we have direct sum decompositions

HM.(Y) = @D HM.(Y, 9)
AM.(Y) = D AM.L(Y, ¢)
HM,(Y) = D HML (Y. $).

Each of these decompositions has only finitely many non-zero terms.

The maps,, j. and p, are defined on the versions and have degree 0, 0 and
respectively, while the endomorphidinhas degree-2. The maps induced by cobordisms
do not have a degree and do not always preserve: thgbspace: they are continuous
homomorphisms between complete filtered vector spaces.

To amplify the last point above, consider a cobordidm Yo — Yi. The homomor-
phismsHM (W) etc. can be written as sums

HMW) = > HM(W, 5),

where the sum is over SgiAW): for eachs € Spirf (W), we have
HM(W, 3) : HM, (Yo, 30) — HM, (Y1, $1),

wheres ands; are the resulting Spfrstructures on the boundary components. The above
sum is not necessarily finite, but it is convergent. The individual tediMg\W, 3) have a
well-defined degree, in that for eagh € J (Yo, 30) there is a uniqugy € J(Y1, 31) such
that

HM(W, 3) : HMj; (Yo, $0) — HMj; (Y1, 31).

The same remarks apply KM andHM. The elemeni can be characterized as follows.
Let & be an oriented 2-plane field in the clggsand letl be an almost complex structure
onW such that: (i) the planeg are invariant under|y, and have the complex orientation;
and (i) the Spif structure associated tois 3. Let&; be the unique oriented 2-plane field
on Y; that is invariant undet. Thenj; = [&1]. For future reference, we introduce the
notation
jo~ i1
to denote the relation described by this construction.

2.4.1. Remark.Because of the completion involved in the definition of the Floer groups,
the F[U ]-module structure of the groupM..(Y, $) (and its companions) gives rise to an
F[[U]]-module structure ohIAM.(Y, 3), whenever: (3) is torsion. In the non-torsion case,
the action ofU onAM,.(Y, 3) is actually nilpotent, so again the action extends. In this way,
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each ofFTM.(Y), I—W.(Y) andHM, (Y) become modules ovéi{[U]], with continuous
module multiplication.

2.5. Canonical mod 2 gradings. The Floer groups have a canonical grading mod 2. For
a cobordismWV : Yg — Y1, let us define

1
L(W) = E(X(W) + (W) — bi(Y1) + b1(Yo)),

wherey denotes the Euler number,the signature, anb; the first Betti number with real
coefficients. Then we have the following proposition.

Proposition 2.5. There is one and only one way to decompose the grading(¥6tfdr all
Y into even and odd parts in such a way that the following two conditions hold.

(1) The gradings je J(S®) for which I—Tl\ﬁj (S3) is non-zero are even.

(2) f W : Yo — Yz is acobordism andoji j1 for someSpirf structures on W, then
joand j have the same parity if and only:ifW) is even.

This result gives provides a canonical decomposition
HM.(Y) = HMeverY) & HModd(Y),

with a similar decomposition for the other two flavors. With respect to these mod 2 grad-
ings, the maps, and j, in the long exact sequence have even degree, whilkas odd
degree. The maps resulting from a cobordMfrhave even degree if and only:dfW) is

even.

2.6. Computation from reducible solutions. While the groupsH\l\ﬁ.(Y) and ﬁM.(Y)
are subtle invariants of , the groupHM,(Y) by contrast can be calculated knowing only
the cohomology ring off. This is because the definition 8M,(Y) involves only the
reduciblesolutions of the Seiberg-Witten monopole equations (those where the spinor is
zero). We discuss here the case tfias a rational homology sphere.

Whenb; (Y) = 0, the number of different Sgfirstructures orY is equal to the order of
H1(Y; Z), and J(Y) is the union of the same number of copiesZofThe contribution to
HM, (Y) from each Spifistructure is the same:

Proposition 2.6. Let Y be a rational homology sphere and Spirf structure on Y. Then
AM.(Y, ) = FlU ™, U]

as topologicalF[[U ]]-modules, where the right-hand side denotes the ring of formal Lau-
rent series in U that are finite in the negative direction.

The mapsHM, (W) arising from cobordisms between rational homology spheres are
also standard:

Proposition 2.7. Suppose W: Yo — Y1 is a cobordism between rational homology
spheres, with (W) = 0, and suppose that the intersection form on W is negative def-
inite. Lets be aSpirf structure on W, and supposg 4 j1. Then

HM(W, 3) : HMj,(Yo) — HM;j, (Y1)

is anisomorphism. On the other hand, if the intersection form on W is not negative definite,
thenHM (W, 3) is zero, for all3.
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The last part of the proposition above holds in a more general form. W.dte a
cobordism between 3-manifolds that are not necessarily rational homology spheres, and
let b* (W) denote the dimension of a maximal positive-definite subspace for the quadratic
form on the image oH2(W, dW; R) in H2(W; R).

Proposition 2.8. If the cobordism W Yo — Y7 has b" (W) > 0, then the mapiM(W) is
zero.

2.7. Gradings and rational homology spheres.We return to rational homology spheres,
and cobordisms between themWf is such a cobordism, thed2(W, dW; Q) is isomor-
phic to H2(W; @), and there is therefore a quadratic form

Q:H*W;Q) > @
given by Q(e) = (&8 — &)[W, W], whereé € H2(W, dW; Q) is a class whose restriction
to W is e. We will simply write €? for Q(e).

Lemma 2.9. Let W, W’ : Yy — Y1 be two cobordisms between a pair of rational ho-
mology spheresgrand Y. Let jp and j be classes of oriente@-plane fields on the
3-manifolds and suppose that
jo~ 1
jo~ j1
for Spirf structures ands’ on the two cobordisms. Then
£(8) — 2x (W) — 30(W) = c£(5") — 2x (W) — 30 (W),

wherey ando denote the Euler number and signature.

Proof. Every 3-manifold equipped with a 2-plane fiélds the boundary of some almost-
complex manifold(X, |) in such a way that is invariant under ; so bearing in mind

the definition of the relation“, and using the additivity of all the terms involved, we can
reduce the lemma to a statement about closed almost-complex manifolds. The result is
thus a consequence of the fact that

cI®IX] = 2x(X) = 30(X) =0
for the canonical Spfhstructure on a closed, almost-complex manifild O
Essentially the same point leads to the definition of the follovingalued function on
J(Y), and the proof that it is well-defined:

Definition 2.10. For a three-manifold Y withfiY) = O0and j € J(Y) represented by an
oriented2-plane fields, we define hj) € Q by the formula

ah(j) = (X, 1) = 2x(X) = 30(X) + 2,

where X is a manifold whose oriented boundary is Y, and | is an almost-complex structure
such that the2-plane field¢ is |-invariant and has the complex orientation. The quan-
tity cf(x, 1) is to be interpreted again using the natural isomorphisri(K, 9 X; Q) =

H2(X; @).
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The maph : J(Y) — Q satisfiesh(j + 1) = h(j) + 1.
Now let s be a Spifi structure on a rational homology sphéfeand consider the exact
sequence

3) 0— im(py) = AML(Y, 5) - im(iy) — 0,

where p; : AM.(Y, 3) — HM.(Y, 3). The image ofp, is a closed, non-zero, proper
F[U 1, U]]-submodule ofHM,(Y, 3); and the latter is isomorphic t6[U 1, U]] by
Proposition 2.6. The only such submodulesfi# —1, U]] are the submodules’ F[[U]]

forr € 7. It follows that the short exact sequence above is isomorphic to the short exact
sequence

0— F[[U]] - FlUY, U]l — FlU~%, U)/F[[U]] — O.

This observation leads to@-valued invariant of Spinstructures on rational homology
spheres, after Frgyshov [13]:

Definition 2.11. Let Y be an oriented rational homology sphere ana Spirf structure.
We define (by either of two equivalent formulae)
Fr(Y, 3) = min{h(k) | i, : AMk(Y, 3) — HM(Y, 3) is non-zerd,
=max h(k) + 2| ps : AMis1(Y, 3) — HM(Y, 3) is non-zerg.

When |, is zero, sequence (3) determines everything, and we have:

Corollary 2.12. Let Y be a rational homology sphere for which the majs jzero. Then
for eachSpirf structures, the short exact sequence

0= AML(Y, 5) 25 AML(Y, 8) —% AM.(Y, 8) — 0
is isomorphic as a sequence of topologiEgU ]]-modules to the sequence
0— F[[U]] - FlU~Y, U]l — FlU~Y, UJ)/F[U]] — O.

Furthermore, if jnin denotes the lowest degree in whidiMj, (Y, 8) is non-zero, then
h(jmin) = Fr(Y, 3).

2.8. The conjugation action. LetY be a three-manifold, equipped with a spin buridie
The bundleW which is induced fromW with the conjugate complex structure naturally
inherits a Clifford action from the one dW. This correspondence induces an involution

on the set of Spinstructures orY, denoted — 3.
Indeed, this conjugation action descends to an action on the Floer homology groups:

Iir_gposition 2.13. Conjugation induces a well-defined involution Biv, (Y), sending
HM(Y, 8) — HM(Y, 3). Indeed, conjugation induces involutions on the other two theories
as well, which are compatible with the maps j., and p..

3. PROOF OF THEOREM 1.1 IN THE SIMPLEST CASES

In this section, we prove Theorem 1.1 for the case that the surgery coefficient is an
integer and the Seifert genus kfis not 1.
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3.1. The Floer groups of lens spacesWe begin by describing the Floer groups of the
3-sphere. There is only one Spistructure orS®, and j, is zero because there is a metric

of positive scalar curvature. Corollary 2.12 is therefore applicable. It remains only to say
what jmin is, or equivalently what the Fragyshov invariant is.

OrientS® as the boundary of the unit ball ik and let SU2),. and SU2)_ be the sub-
groups of S@) that act trivially on the anti-self-dual and self-dual 2-forms respectively.
Let &, and&_ be 2-plane fields invariant under &, and SU2)_ respectively. Our
orientation conventions are set up so tfgat] = [£;] + 1.

Proposition 3.1. The least je J(S%) for which HM; (S%) is non-zero is j= [£_]. The
largest j € J(S®) for which HM;(S®) is non-zero igfé.] = [£-] — 1. The Frgyshov
invariant of $ is therefore given by:

Fr(S®) = h([&_]) = 0.

We next describe the Floer groups for the lens spage 1), realized a§S’(U) for an
integerp > 0. The short description is provided by Corollary 2.12, becguse zero. To
give a longer answer, we must describe the 2-plane field in which the generbﬁ lodf's,
for each Spifi structure. Equivalently, we must give the Fragyshov invariants.

We first pin down the grading sét(Y) for Y = SS(K) andp > 0. For a general knot
K, we have a cobordism

W(p) : Si(K) — %,

obtained by the addition of a single 2-handle. The mani¥lig) hasH2(W(p)) = Z, and

a generator has self-intersection numbgy. A choice of orientation for a Seifert surface
for K picks out a generatdr = hyp). For each integan, there is a unique Sgfirstructure
Sn,p ONW(p) with

4) (c1(8n,p), h) =2n —p.

We denote the Spinstructure orSf,(K) which arises froms, p by tn p; it depends only
onn mod p. Define j,, p to be the unique element df(SS(K), tn,p) satisfying

jnp ~ €41,

whereé, is the 2-plane field o8 described above. Like, p, the classjn, p depends on
our choice of orientation for the Seifert surface. Our convention impliesjthat [£4]

on S'f(U) = S If n=n' modp, thenjn,p and jv , belong to the same Spiistructure,
so they differ by an element @ acting onJ(Y). The next lemma calculates that element
of Z.

Lemma 3.2. We have

(2n — p)2 — (2n' — p)?
4p ’

jn,p - jn’,p =

Proof. We can equivalently calculate(jn p) — h(jn,p). We can compar@(jn,p) to
h([&+]) using the cobordisriV(p), which tells us

40(jn.p) = 4h([€+]) — 5 (n p) + 2x (W(P)) + 30 (W(p)),
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and hence )

+ w +2-3
p

_ (2n—p)?

p
The result follows. O

4h(jn,p) = —4

5.

Now we can state the generalization of Proposition 3.1.

Proposition 3.3. Let n be in the rang® < n < p. The least je J(Y,t,p) for
which I—Tl\ﬁj(sg(U),tn’p) is non-zero is jp + 1. The largest je J(S(U). tn) for
which I—W,-(SS(U), tn,p) IS non-zero is { p. Equivalently, the Frayshov invariant of
(S3(U), tn,p) is given by:

Fr(S3(U). tn,p) = h(jn.p) + 1
) @n—p?2 1
= 7
The meaning of this last result may be clarified by the following remarks. By Proposi-
tion 2.7, we have an isomorphism
HAM(W(p). $n.p) : HMj, ,(S3(U), tn,p) — AMz 41(S);
and becausg, is zero for lens spaces, the map

Py - AM, 41(S3U), th.p) — AMj, (S3(U). th.p)
is an isomorphism. Proposition 3.3 is therefore equivalent to the following corollary:
Corollary 3.4. The map

HM(W(p), 3n.p) : AMo(S3(U). tn,p) — AM(S?)
is an isomorphism, whenever< n < p.

A proof directly from the definitions is sketched in Section 4.14. See also Proposi-
tion 7.5, which yields a more general result by a more formal argument.

We can now be precise about what it meansS$K) to resembleS3(U) in its Floer
homology.

Definition 3.5. For an integer p> 0, we say that K is p-standard if
(1) the map j : HM,(S}(K)) — HAM.(Sg(K)) is zero; and
(2) for 0 < n < p, the Frgyshov invariant of th8pirf structuret p on §3,(K) is
given by the same formu(&) as in the case of the unknot.

For p = O, for the sake of expediency, we say that K is we@ldtandard if the map.jis
zero for §(K).

Observe that, , depended on an orientation Seifert surface for the khotletting
t;p andt,, , be the two possible choices using the two orientations of the Seifert surface,
it is easy to see tha[{p is the conjugate of, ,. In fact, since the Frgyshov invariant is
invariant under conjugation, it follows that our notationmétandard is independent of the
choice of orientation.

If p > 0andj, is zero, the second condition in the definition is equivalent to the
assertion thalt-IAM(W(p), 3n,p) is an isomorphism fon in the same range:
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Corollary 3.6. If K is p-standard and p> 0O, then
HAM(W(p). 3n,p) : AMW(S3(K), th,p) — AM.(S®)

is an isomorphism fo® < n < p. Conversely, if.jis zero for %(K) and the above map
is an isomorphism fod < n < p, then K is p-standard.

The next lemma tells us that a counter-example to Theorem 1.1 woulgpkstaandard
knot.

Lemma 3.7. If SS(K) and %(U) are orientation-preserving diffeomorphic for some inte-
ger p> 0, then K is p-standard.

Proof. Fix an integem, and lety : S3(K) — S3(U) be a diffeomorphism. To avoid
ambiguity, let us Writetr'f,p and rﬁ,p for the Spilf structures on these two 3-manifolds,

obtained as above. Becaugss zero forSS(K) andHM(W(p), sn, p) is an isomorphism,
the map

HAM(W(p). 3n,p) : AML(SS(K). 15 ) > AM,(S?)

is injective. Making a comparison with Corollary 3.6, we see that

Fr(SS(K). tK ) < Fr(SSW). 1 )

forO<n<p. So

p—-1 p-1
X; Fr(S(K). tnp) < Xc:) Fr(SU). n.p)
n= n=

On the other hand, the asruns from 0 top — 1, we run through all Spfnstructures once
each; and because the manifolds are diffeomorphic, we must have equality of the sums.
The Frgyshov invariants must therefore agree term by termKaisdhereforep-standard.

|

3.2. Exploiting the surgery sequence.When the surgery coefficient is an integer and

the genus is not 1, Theorem 1.1 is now a consequence of the following proposition and
Corollary 2.3, whose statement we can rephrase as saying that a weakly 0-standard knot
has genus 1 or is unknotted.

Proposition 3.8. If K is p-standard for some integer p 1, then K is weakly-standard.
Proof. Suppose thaK is p-standard, so that in particulg, is zero forSS(K). We apply
Theorem 2.4 to the following sequence of cobordisms

o LK) B FK) B PG (K —
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to obtain a commutative diagram with exact rows and columns,

Ji o Jo
Ak Y g sy I g %)

lp* lp* lp*
s ML (k) ML R (3 M, R (3) ——

I I I

s AV (K) T R (K )) T R (%)

lj* lo lo

In the case&K = U, the cobordisnw; is diffeomorphic (preserving orientation) b\ B#,

whereN is a tubular neighborhood of a 2-sphere with self-intersection numiperand
W, has a similar description, containing a sphere with self-interse¢tienl). In general,
the cobordismV is the manifold we calledV(p) above.

Lemma 3.9. The maps
HM(Wi) : HM, (S3(K)) — AM,(S%)
AM (W) : AML(S3(K)) — AM.(S)

are zero if p= 1 and are surjective if p> 2.

Proof. We write
p—1
AM.(S3(K)) = @D AML(S3(K), tn p).-
n=0

If nintherange O< n < p — 1, the mapm.(wl, 3n,p) is an isomorphism by Corol-
lary 3.6, which gives identifications

AN (SS(K), fn.p) P M, ()
F[[U]] — s HUIL

Forn’ = n mod p, under the same identificatioﬂﬂ(wl, 3w, p) becomes multiplication
by U'", where

r= (jn’,p - jn,p)/zo
This difference was calculated in Lemma 3.2. Taking the sum overa}, we see that
> HM(Wi, 8y, p) : AMG(S3(K). tn,p) — AM,(S?)
n'=n (p)
is isomorphic (as a map of vector spaces) to the fgpg]] — F[[U]] given by multipli-
cation by the series
Z U((Zn/—P)Z—(Zn—P)Z)BP e F[[U]].
n'=n (p)



14 KRONHEIMER, MROWKA, OZSVATH, AND SZABO

Whenn = 0, this series is 0 as the terms cancel in pairs. For all atherthe range
1 < n < p— 1, the series has leading coefficient 1 (the contribution frérs n) and is
therefore invertible. Taking the sum over all residue classes, we obtain the reddidfor
The case oHM is similar, but does not depend on Corollary 3.6. O

We can now prove Proposition 3.8 by induction pn Suppose first thap > 2 and
let K be p-standard. The lemma above tells us tHAl (Wp) is surjective, and from the
exactness of the rows it follows thBiM (Wo) is injective. Commutativity of the diagram
shows thaHM (W) o p. is injective, wherep, : HAM.(SS_l(K)) — W.(sg_l(K)). It
follows that

v : HMW(SS_1(K)) > AML(S3_1(K))
is zero, by exactness of the columns. To show K& (p— 1)-standard, we must examine
its Frgyshov invariants.

Fixnintherange < n < p — 2, and let

ee WJn p—l(g_l(K)» fn,p—l)

be the generator. To show that the Frgyshov invarian@ 0of(K) are standard is to show
that

e € imagg(p. : AM.(S5_1(K)) — AM,(S3_; (K))).
From the diagram, this is equivalent to showing
HM(Wo)(e) € image(p; : AM.(S3(K)) — AML(SH(K))).
Suppose on the contrary tHdM(Wp) (e) does not belong to the image pf. This means
that there is a Spfinstructureit on Wy such that
jn,p—1 ~ jm,p + X

for some integex > 0, andm in the range 0< m < p — 1. There is a unique Sgin
structurety on the composite cobordism

X:WloWozﬁz_l(K)a S8

whose restriction t& is 1 and whose restriction td/, is $m, p. We have

. It
Jn,p-1 ~ [E+]+ X.
On the other hand, the composite cobordi¥ns diffeomorphic to the cobordisM/ (p —

1)#@2 (a fact that we shall return to in Section 5), and we can therefore write (in a self-
evident notation)
11:) == gn’,p_l#g

for some Spif structures on@z, and soma’ equivalent tan mod p. From Lemma 2.9,
we have
c2(1w) — 2x(X) — 30 (X)
= 4X + ¢{(3n.p-1) — 2x (W(p — 1)) — 30(W(p — 1))
or in other words

@n—p+12— @20 — p+1)?
p—1

+c2(3) + 1= 4x.
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Butnisintherangexn<p-1 andcf(é) has the form-(2k + 1) for some integek,
so the left hand side is not greater than 0. This contradicts the assumptigngipasitive,
and completes the argument for the case 2.

In the casep = 1, the mapHM(Wy), HM(W;) andHM(Wh) are all zero. A diagram
chase again shows thatis zero fors\g(K), soK is weakly O-standard. O

4. CONSTRUCTION OF MONOPOLE FLOER HOMOLOGY

4.1. The configuration space and its blow-up.Let Y be an oriented 3-manifold,
equipped with a Riemannian metric. L8k(Y) denote the space of isomorphism classes

of triples (s, A, ®), wheres is a Spil¥ structure, A is a Spirlf connection of Sobolev class

L% 1/, in the associated spin bund® — Y, and® is anL_, , section ofS. Here
k—1/2 is any suitably large Sobolev exponent, and we choose a half-integer because there
is a continuous restriction md,q%(X) — Lﬁ_l/z(Y) when X has boundary. The space

B(Y) has one component for each isomorphism class of°Spincture, so we can write

BY)=[B(Y.3).

We call an element a8 (Y) reducibleif ® is zero and irreducible otherwise. If we choose
a particular Spihstructure from each isomorphism class, we can construct a space

e =Jew.s),

where C(Y, 3) is the space of all pairéA, ®), a Spirf connection and section for the
chosenS. Then we can regar@(Y) as the quotient of(Y) by the gauge groug(Y) of
all mapsu : Y — St of cIassLEH/Z.

The spaceB(Y) is a Banach manifold except at the locus of reducibles; the reducible
locus B"Y(Y) is itself a Banach manifold, and the map

B(Y) — 8"™4Y)
[3, A, ®] — [3, A, O]

has fibersl_ﬁ_l/z(S)/Sl, which is a cone on a complex projective space. We can resolve
the singularity along the reducibles by forming a real, oriented blow-up,

7:B°(Y) = BY).

We defineB? (Y) to be the space of isomorphism classes of quadruples, s, ¢), where
¢ is an element ot §_; ,(S) with unit L? norm ands > 0. The mapr is

w3, As ¢l — [3, A Spl.

This blow-up is a Banach manifold with boundary: the boundary consists of points with
s = 0 (we call theseeduciblg, and the restriction af to the boundary is a map

7B (Y) = B4Y)

with fibers the projective spaces associated to the vector spﬁg@E(S).
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4.2. The Chern-Simons-Dirac functional. After choosing a preferred connectidy in
a spinor bundles for each isomorphism class of Spistructure, we can define the Chern-
Simons-Dirac functional on €(Y) by

L(A, ®) = —%/Y(At_ AE)) A (Fat + FA6)+;fY<DA¢>, @) dvol.

HereAlis the associated connection in the line buntifé&s. The formal gradient of® with
respect to the.2 metric | |2+ 5 || A — A2 is a “vector field”V on C(Y) that is invariant
under the gauge group and orthogonal to its orbits. We use quotation marks, b&cause
is a section of theLE_s/2 completion of tangent bundle. Away from the reducible locus,

'V descends to give a vector field (in the same sefseh B(Y). Pulling back by, we
obtain a vector field’? on the interior of the manifold-with-boundagy® (Y). This vector
field extends smoothly to the boundary, to give a section

Ve B(Y) = Tk—zp2(Y),
whereTi_3/2(Y) is the L§_3/2 completion of T 87 (Y). This vector field is tangent to the

boundary ab 8 (Y). The Floer groupsiM(Y), AM(Y) andHM (Y) will be defined using
the Morse theory of the vector field® on 8 (Y).

4.2.1. Example.Suppose thab;(Y) is zero. For each Sgirstructures, there is (up to
isomorphism) a unique connectiénin the associated spin bundle wia: = 0, and there
is a corresponding zero of the vector fididat the pointe = [3, Ag, 0] in B'ed(Y). The
vector fieldV? has a zero at the poiif§, Ag, 0, ¢] in B (Y) precisely wherp is a unit
eigenvector of the Dirac operat@a. If the spectrum oD 4 is simple (i.e. no repeated
eigenvalues), then the set of zeroswf in the projective space ~1(«) is a discrete set,
with one point for each eigenvalue.

4.3. Four-manifolds. Let X be a compact oriented Riemannian 4-manifold (possibly with
boundary), and writeB(X) for the space of isomorphism classes of triplesA, ®),
wheres is a Spilf structure,A is a Spilf connection of clas&2 and ® is anL? section
of the associated half-spin bundi. As in the 3-dimensional case, we can form a blow-
up B (X) as the space of isomorphism classes of quadruplea, s, ¢), wheres > 0
and||¢ll 2(x), = 1. If Y is a boundary component &, then there is a partially-defined
restriction map

r:B8°(X)--» B°(Y)
whose domain of definition is the set of configuratipsisA, s, ¢] on X with ¢|y non-zero.
The magpr is given by

[5, As, @] = [3lv, Aly, s/C, Chlv],

where Jc is the L2 norm of ¢|y. (We have identified the spin bund&on Y with the
restriction ofS™.) When X is cylinder| x Y, with | a compact interval, we have a similar
restriction map

re: B2(1 x Y) --» B°(Y)
for eacht e I.

If X is non-compact, and in particular¥ = R x Y, then our definition of the blow-up
needs to be modified, because 1t norm of ¢ need not be finite. Instead, we define
B7.(X) as the space of isomorphism classes of quadruples, v, R*¢], whereA is
a Spirf connection of clastﬁloc, the setR™ ¢ is the closed ray generated by a non-zero
spinor¢ in Lﬁ,,oc(x; St), andy belongs to the ray. (We write™ for the non-negative
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reals.) This is the usual way to define the blow up of a vector space at 0, without the use of
a norm. The configuration igducibleif v is zero.

4.4. The four-dimensional equations. When X is compact, the Seiberg-Witten mono-
pole equations for a configuration= [3, A, s, ¢] in B° (X) are the equations

1
5P(FR) = S(¢p$*)o =0
Da¢ =0,

wherep : AT(X) — i3u(S") is Clifford multiplication and(¢¢*)o denotes the traceless
part of this hermitian endomorphism 8f. When X is non-compact, we can write down
essentially the same equations using the “norm-free” definition of the blowBfjp(X).

In either case, we write these equations as

Fy)=0.

(6)

In the compact case, we write
M(X) C 87 (X)
for the set of solutions. We draw attention to the non-compact case by WikiliggX) C
B (X).
Take X to be the cylindeR x Y, and suppose that = [3, A, ¥, RT¢] is an element
of Mioc(R x Y). A unique continuation result implies that the restrictiorpdb each slice
{t} x Y is non-zero; so there is a well-defined restriction

y(®) =ri(y) € B7(Y)

for all t. We have the following relation between the equatihg ) = 0 and the vector
field Ve

Lemma 4.1. If y isin Miec(R x Y), then the corresponding pathis a smooth path in the
Banach manifold-with-boundar$? (Y) satisfying

d

—p(t) = —V°.

T y(®)
Every smooth path satisfying the above condition arises from some elementef{®1x
Y) in this way.

We should note at this point that our sign convention is such that the 4-dimensional
Dirac operatorDjAr on the cylinderR x Y, for a connectionA pulled back fromY, is
equivalent to the equation

d
a¢+DA¢=0

for a time-dependent section of the spin bungle> Y.
Next we define the moduli spaces that we will use to construct the Floer groups.

Definition 4.2. Leta andb be two zeros of the vector fiek” in the blow-upB? (Y). We
write M(a, b) for the set of solutiong € Mioc(R x Y) such that the corresponding path
y (t) is asymptotic tar as t — —oo and tob as t - +oc.

LetW : Yo — Y1 be an oriented cobordism, and suppose the metri&/as cylindrical
in collars of the two boundary components. Mgt be the cylindrical-end manifold ob-
tained by attaching cylinde®~ x Yo andR™ x Y;. From a solutiory in Mjgc(W*), we
obtain pathgyp : R~ — 87 (Yp) andy; : Rt — B87(Y1). The following moduli spaces
will be used to construct the maps on the Floer groups arising from the cobdidism
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Definition 4.3. Leta and b be zeros of the vector fiel®l? in 87 (Yg) and B8 (Y1) re-
spectively. We write i, W*, b) for the set of solutiony € Moc(W*) such that the
corresponding pathgy(t) andyy(t) are asymptotic ta andb ast— —oco andt — +o0
respectively.

4.4.1. Example.In example 4.2.1, suppose the spectrum is simplaylet 98°(Y) be
the critical point corresponding to the eigenvalyeand letg; be a corresponding eigen-
vector of Da,. Then the reducible locudt redq, | a,) in the moduli spaceM (ay, a,,) is
the quotient byC* of the set of solutiong to the Dirac equation

d
— D =0
g:? + Pad

on the cylinder, with asymptotics

Coe Mg,, ast > —oo,
CieH¢,, ast - +oo,

¢ ~
for some non-zero constar®y, C;.

4.5. Transversality and perturbations. Leta € B87(Y) be a zero of¥?. The derivative
of the vector field at this point is a Fredholm operator on Sobolev completions of the
tangent space,

DV Tk—172(Y)a = Tk—3/2(Y)a-
Because of the blow-up, this operator is not symmetric (for any simple choice of inner
product on the tangent space); but its spectrum is real and discrete. We saysthan-
degeneratas a zero ofv? if 0 is not in the spectrum. If is a non-degenerate zero, then
it is isolated, and we can decompose the tangent space as

Ti-12 = K & K7,

where X and X [ is the closures of the sum of the generalized eigenvectors belonging to
positive (respectively, negative) eigenvalues. $table manifoldbf a is the set

Sa={ro() |y € Mic(R™ xY), lim ri(y) =a}.

The unstable manifold/, is defined similarly. Ifa is non-degenerate, these are locally
closed Banach submanifolds 87 (Y) (possibly with boundary), and their tangent spaces
at a are the spaceg(; and X, respectively. Via the map +— yp, we can identify
M (a, b) with the intersection

M(a, b) = 8, N Ue.

In general, there is no reason to expect that the zeros are all non-degenerate. (In partic-
ular, if b1(Y) is non-zero then the reducible critical points are never isolated.) To achieve
non-degeneracy we perturb the equations, replacing the Chern-Simons-Dirac functional
£ by £ + f, where f belongs to a suitable clas®(Y) of gauge-invariant functions on
C(Y). We write g for the gradient off on €(Y), andq® for the resulting vector field on
the blow-up. Instead of the flow equation of Lemma 4.1, we now look (formally) at the
equation

%?(t) =-V7-q°.
Solutions of this perturbed flow equation correspond to solutions B° (R x Y) of
an equationf,(y) = 0 on the 4-dimensional cylinder. We do not define the class of
perturbations” (Y) here (see [21]).
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The first important fact is that we can choose a perturbatidnom the class? (Y)
so that all the zeros oP° + q° are non-degenerate. From this point on we suppose that
such a perturbation is chosen. We continue to wwit@, 0) for the moduli spaces§, and
U, for the stable and unstable manifolds, and so on, without mention of the perturbation.
The irreducible zeros will be a finite set; but as in Example 4.2.1, the number of reducible
critical points will be infinite. In general, there is one reducible critical painin the
blow-up for each paita, 1), wherea = [3, A, 0] is a zero of the restriction o + g to
B'9(Y), andx is an eigenvalue of a perturbed Dirac operddyy,. The pointa, is given
by [3, A, 0, 9,1, whereg, is a corresponding eigenvector, just as in the example.

Definition 4.4. We say that a reducible critical point € 38 (Y) is boundary-stable if
the normal vector to the boundary atbelongs toX . We sayr is boundary-unstable if
the normal vector belongs & .

In our description above, the critical poimt is boundary-stable if > 0 and boundary-
unstable ifx < 0. If a is boundary-stable, the#y, is a manifold-with-boundary, angl$,
is the reducible Iocugged. The unstable manifol@/, is then contained iAB° (Y). If a
is boundary-unstable, thet,, is a manifold-with-boundary, whilé, is contained in the
B (Y).

The Morse-Smale condition for the flow of the vector figlél + q° would ask that the
intersectiond, N U, is a transverse intersection of Banach submanifold®8inY), for
every pair of critical points. We cannot demand this condition, becauséiboundary-
stable and is boundary-unstable, thefy and Uy are both contained i68B° (Y). In this
special case, the best we can ask is that the intersection be transverse in the boundary.

Definition 4.5. We say that the moduli space (M b) is boundary-obstructed if and b
are both reducibleq is boundary-stable anfl is boundary-unstable.

Definition 4.6. We say that a moduli space (W b) is regular if the intersectior, N Uy
is transverse, either as an intersection in the Banach manifold-with-bour8&gy) or
(in the boundary-obstructed case) as an intersectiob®? (Y). We say the perturbation
is regular if;

(1) allthe zeros of¥” 4 q° are non-degenerate;

(2) all the moduli spaces are regular; and

(3) there are no reducible critical points in the compone®$(Y, 3) belonging to

Spirf structuress with ¢1(8) non-torsion.

The classP (Y) is large enough to contain regular perturbations, and we suppose hence-
forth that we have chosen a perturbation of this sort. The moduli spdc¢esb) will be
either manifolds or manifolds-with-boundary, and the latter occurs onlyisfooundary-
unstable and is boundary-stable. We write!"%(a, b) for the reducible configurations in
the moduli space

4.5.1. Remark.The moduli spacé (a, b) cannot contain any irreducible elements i
boundary-stable or ifi is boundary-unstable.

We can decomposk (a, b) according to the relative homotopy classes of the paths
y(t): we write

M(a, b) = |_J Ma(a. b),
4

where the union is over all relative homotopy classespaths from to b. For any points
a andb and any relative homotopy clazswe can define an integergi, b) (as the index
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of a suitable Fredholm operator), so that

gr,(a, b) + 1, inthe boundary-obstructed case,

dimMz(a, b) = _
200 gry(a, b), otherwise,

whenever the moduli space is non-empty. The quantit§ngb) is additive along compos-
ite paths. We refer to g(a, b) as theformal dimensiorof the moduli spacé/;(a, b).

LetW : Yo — Y1 be a cobordism, and supposgandqi are regular perturbations for
the two 3-manifolds. Form the Riemannian manif@ltt by attaching cylindrical ends as
before. We perturb the equatiof#Sy) = 0 on the compact manifold/ by a perturbation
p that is supported in cylindrical collar-neighborhoods of the boundary components. The
term perturbatiory near the boundary componeétitis defined by d@-dependent element
of £ (Y;), equal togg in a smaller neighborhood of the boundary. We continue to denote
the solution set of the perturbed equaticfigy) = 0 by M(W) c B°(W). Thisis a
Banach manifold with boundary, and there is a restriction map

roi1: M(W) - 87 (Yo) x 87(Y1).

The cylindrical-end moduli spackl (a, W*, b) can be regarded as the inverse image of
Uq x 8p underrg 1:

M(a, W*, b)) —— Uq X 8p

| l

MW) —21s 89(Y) x B°(Yy).

The moduli spaceM (a, W*, b) is boundary-obstructed a is boundary-stable anfl is
boundary-unstable.

Definition 4.7. If M (a, W*, b) is not boundary-obstructed, we say that the moduli space
is regular if rg 1 is transverse tAl, x 4;. In the boundary-obstructed case, (W) W*, b)
consists entirely of reducibles, and we say that it is regular if the restriction

rées s MeIW) — 387 (Yo) x 987 (Y1)
is transverse tA, x 8.

One can always choose the perturbatian W so that the moduli spacéd (a, W*, b)
are all regular. Each moduli space has a decomposition

M (a, W*, b) = |_J Mz(a, W*, b)
z

indexed by the connected components the fiberrofi(a, b) of the map
ro1: B (W) --» B? (Yg) x 8% (Y1).

The set of these components is a principal homogeneous space for theH ot Yo U
Y1; Z). We can define an integer,gn, W, b) which is additive for composite cobordisms,
such that the dimension of the non-empty moduli spaces is given by:

gr,(a, W, 0) + 1, inthe boundary-obstructed case,

dim My(a, W*, b) = :
« : {gfz(a, W, b), otherwise,
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4.6. Compactness.We suppose now that a regular perturbatiois fixed. The moduli
spaceM (a, b) has an action dR, by translations of the cylindé x Y. We write M (a, b)
for the quotient byR of the non-constant solutions:

M(a, b) = {y € M(a, b) | r¢(y) is non-constan/R.

We refer to elements dfl (a, b) as unparametrized trajectories. The spb?kgea, b) has a
compactification: the space of broken (unparametrized) trajectbijes:, b). This space
is the union of all products

(7) Mg, (a0, a1) X --- X Mg (@1, ar),

whereag = a, @) = b and the composite of the pathsis z.

Because of the presence of boundary-obstructed trajectories, the enumeration of the
strata that contribute to the compactification is more complicated than it would be for a
Morse-Smale flow. For example:

Lemma 4.8. If My(a, b) is zero-dimensional, then it is compact. Nf,(a, b) is one-
dimensional and contains irreducible trajectories, then the non-empty prodticthat
contribute to the compactificatiod " (a, b) are of two types:

(1) productsMg, (a, az) x Mz, (az, b) with two factors;
(2) productsMy, (a, a1) x Mgz,(a1, az) x Mz, (az, b) with three factors, of which the
middle one is boundary-obstructed.

The situation for the reducible parts of the moduli spaces is simplel\7|§?f’(a, b)
has dimension one, then its compactification involves only broken trajectories with two
components,

M;‘fd(a, a1) x M;‘;d(al, b).

In [21], gluing theorems are proved that describe the structure of the compactification
l\7lj(a, b) near a stratum of the type (7). In the case of a 1-dimensional moduli space
containing irreducibles (as in the lemma above), the compactificatiorCi$ manifold
with boundary in a neighborhood of the strata of the first type. At a point belonging to a
stratum of the second type (with three factors), the structure of the compactification is more
complicated: a neighborhood of such a point can be embedded in the positive quadrant
RT x R* as the zero set of a continuous function that is strictly positive on the positive
x-axis, strictly negative on the positiweaxis, and zero at the origin. We refer to this
structure (more general than a 1-manifold with boundary) as a codimensi@tricture.
Despite the extra complication, spaces with this structure share with compact 1-manifolds
the fact that the number of boundary points is even:

Lemma 4.9. Let N = N; U Ng be a compact space, containing an open subsethisit
is a smoothl-manifold and a closed complemeng that is a finite set. Suppose N has a
codimension-3B-structure in the neighborhood of each point of. N'hen|Np| is even.

4;6.1. Remark.In the case that is boundary-unstable arids boundary-stable, the space
Mz(a, b) is already a manifold-with-boundary before compactification: the boundary is
I\7I£9d(a, b).

The moduli spaceM;(a, W*, b) can be compactified in a similar way. For example, if
Mz(a, W*, b) contains irreducibles and is one-dimensional, then it has a compactification
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obtained by adding strata that are products of either two or three factors. Those involving
two factors have one of the two possible shapes

Mg, (a, a1) x Mg,(az, W*, b)
Mgz, (a, W*, b1) x Mg, (b1, b)

where thea’s belong to8° (Yg) and theb’s belong to8?(Y1). Those involving three
factors have one of the three possible shapes

Mz, (a, a1) x Mg, (az, az) x Mz, (az, W*, b)
9 Mg, (a, a1) X x Mg, (a1, W¥, b1) x Mz, (b1, b)
Mgz, (@, W*, b1) x Mg, (b1, b2) x Mz (bz, b).

In the case of three factors, the middle factor is boundary-obstructed. All these strata are
finite sets, and the compactificatidd™ (a, W*, b) has a codimension-tstructure at each
point.

8)

4.7. Three Morse complexes.Let €5, €Y and €° denote the set of critical points (ze-
ros of V2 + q° in B87(Y)) that are boundary-stable, boundary-unstable, and irreducible
respectively. Let
C3(Y), CUY), C°%Y)
denote vector spaces overwith bases, indexed by the elementsof these three sets.
For every pair of critical points, b, we define
@, ) = IM(a, b)] mod 2 if dim Mz(a, b) =0,
0, otherwise.

From these, we construct linear maps

a9 : Co(Y) — C°(Y)

ad : CO(Y) — C3(Y)

dg : CY(Y) — C°(Y)

3l : CY(Y) — C5(Y)
by the formulae

Qe =Y Y nabe, (aeC,
beo 2z
and so on. The four maps correspond to the four cases in which a space of trajectories can
contain irreducibles: see Remark 4.5.1 above.
Along with then,(a, b), we define quantitieg;(ap) using the reducible parts of the
moduli spaces:
@, by = IM€(q, b)| mod 2 if dim M;ed(a, b) =0,
0, otherwise.

These are used similarly as the matrix entries of linear maps

35 1 CS(Y) — C5(Y)

35 : CS(Y) — CU(Y)

g 1 CU(Y) — C5(Y)

3 CU(Y) — CU(Y).
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Note that the mapa! anda are different. The former counts reducible elements in zero-
dimensional moduli spacd@fd(a, b), where the corresponding irreducible moduli space
M (a, b) will be 1-dimensional.

Lemma 4.10. We have the following identities:
0905 + 950505 = 0
3909 + 0302 + 39599 = 0
390y + 950 + dg950s =0
38 + 020y + 9508 + a5ay + aga5ae = 0.
Proof. All four identities are proved by enumerating the end-points of all the 1-
dimensional moduli space®l; (a, b) that contain irreducibles, using Lemma 4.8 and

Lemma 4.9. In the last identity of the four, the extra tedhis accounted for by Re-
mark 4.6.1. O

Using the reducible parts of the moduli spaces, we obtain the simpler result:
Lemma 4.11. We have the following identities:
5S5S + 8435 =0
553U + 3U3Y = 0
5U3S + 3535 = 0
auaY + 508 = 0.
(Il

Definition 4.12. We construct three vector spaces with differentie@(Y), ), (C(Y). 9)
and (C(Y), d), by setting

C(Y) = CO(Y) @ C5(Y)

C(Y) =C(Y)@ C'(Y)

C(Y) = C%(Y) & C¥(Y),
and defining

s [% % 1 5_[% % 5o [%
90 33+ auds|’ 5592 8Y + agay |’

1 DI

d
S
ol -
u

The proof that the differentias, 3 andd each have square zero follows by elementary
manipulation of the identities in the previous two lemmas. We define the Floer homology
groups _

HM..(Y), HM.(Y), HM.(Y)

as the homology of the three complexes above. Each of these is a sum of subspaces con-
tributed by the connected compone@®$ (Y, 3) of 87 (Y), so that

HM..(Y) = @D HM.(Y. 5)

for example. After choosing a base-point, we can grade the conth¥xs) by 7/dz,
wheredZ is the subgroup of arising as the image of the map

Z— gr,(a,a)
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from 1(B2 (Y, 3), a) to Z. This image is contained inZZand coincides with the image of
the map (2). The versions of the Floer groups are obtained by completion, as explained

in Section 2.4.
To motivate the formalism a little, it may be helpful to say that the construction of these

complexes can also be carried out (with less technical difficulty) in the case that we replace
B°(Y) by a finite-dimensional manifold with boundar, 9 B). In the finite-dimensional
case, the complexes compute respectively the ordinary homology groups,

H«(B;F), Hy«(B,9B;F), H.(B;F).

The long exact sequence (1) is analogous to the long exact sequence of(B, 3.
The maps.,, j, andp, arise from maps, j, p on the chain complexes of Definition 4.12,
given by the matrices

_[o ay [t 0 o[ &
1 94| 0 3| 0 1]

The exactness of the sequence is a formal consequence of the identities.

Up to canonical isomorphism, the Floer groups are independent of the choice of metric
and perturbation that are involved in their construction. As in Floer’s original argument
[12], this independence follows from the more general construction of maps from cobor-

disms, and their properties.

4.8. Maps from cobordisms. Let W : Yo — Y; be a cobordism equipped with a Rie-
mannian metric and a regular perturbatioso that the moduli spacéd,(a, W*, b) are
regular. For each pair of critical points b belonging toYy andY; respectively, let

[Mz(a, W*, )] mod 2 if dim M,(a, W*, b) = 0,

mz(a, W, b) = .
2( ) 0, otherwise.

Define m,(a, W, b) for reducible critical points similarly, using’lged(a, W*, b). These
provide the matrix entries of eight linear maps

m3 : C2(Yo) — C2(Y1)
m? : Cf(Yo) — Cf(Yl)
4 CY(Yo) — CO(Y1)
o : CY(Yo) — C3(Y1)

and
: C3(Yo) = CJ(Y1)
m; : Cf(Yo) — CE(Y]_)

mY : C¥(Yo) — C3(Y1)

my : CJ'(Yo) — CJ(Y1),
with definitions parallel to the those of the majgsetc. above. For example,

mie) = Y Y mya, W, be, (aeCYo).
be@s(Yy) Z

The bullets denote completion, which is necessary because, for acgitleere are infin-

itely manyb for whichm{ _ may be non-zero for sone (For a givent andb, only finitely

manyz can contribute.) Againng andmy are different maps. By enumerating the bound-
ary points of 1-dimensional moduli spacktt(a, W*, b) and appealing to Lemma 4.9,
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we obtain identities involving these operators. For example, by considering such moduli
spaces for which the end-pointsandb are both irreducible, we obtain the identity

(10) mJag + amQ + a5 agm2 + agm5ad + mgagad = 0.
The five terms in this identity enumerate the boundary points of each of the five types

described in (8) and (9).
We combine these linear maps to define maps

MW) : Cu(Yo) — Co(Y2),
mW) : Co(Yo) — Cu(Y1),
mM(W) : Co(Yo) — Ca(Ya),

by the formulae

W) = [mg myas + agms } ’

m2  m$+ mlas + aums
(0} u
MW) = [maagrffégmg 4 708 53mg} ’
and
Identities such as (10) supply the proof of:

Proposition 4.13. The mapsh(W), m(wW) andm(W) are chain maps, and they commute
withi, j and p.

We defineH\I\ﬁ(W), HAM(W) andHM (W) to be the maps on the Floer homology groups
arising from the chain mapa(w), m(w) andm(Ww).

4.9. Families of metrics. The chain maps(W) depend on a choice of Riemannian met-
ric g and perturbatiop onW. Let P be a smooth manifold, perhaps with boundary, and let
gp andpp be a smooth family of metrics and perturbationsidnfor p € P. We suppose
that there are collar neighborhoods of the boundary compoivgiatsdY; on which all the

gp are equal to the same fixed cylindrical metrics and on which albfhagree with the
given regular perturbations) andq1. We can form gparametrizednoduli space oveP,

as the union

M (a, W*, b)p = U {p} x M(a, W*, b)p
p

C P x 8Bp.(WH).
Regularity for such moduli spaces is defined as the transversality of the map
ro1: M(W)p — B7(Yo) x 87 (Y1)

to the submanifold/, x 85, with the usual adaptation in the boundary-obstructed cases. If
P has boundar, then we take regularity d1 (a, W*, b)p to include also the condition
thatM (a, W*, b)q is regular. Given any family of metrigg, for p € P, and any family of
perturbationgq for g € Q such that the moduli spacés(a, W*, b) o are regular, we can
choose an extension of the family to all of P in such a way that all the moduli spaces
M (a, W*, b)p are regular also.
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Now suppose tha® is compact, with boundar®). For eacht andb, define

IMP (@, W*, b)| mod 2 if dim MS (@, W*, b) =0,

mz(a, W, b)p = otherwise

Use the moduli spaces of reducible solutions to dafiger, W, b) p similarly. From these,
we construct linear maps
M(W)p : Ce(Yo) — Ca(Y1)

with companion mapsi(W)p andm(W)p. If the boundaryQ is empty, then these are
chain maps, just as in the case tRdt a point: the proof is by enumeration of the boundary
points in the compactifications of 1-dimensional moduli spades, W*, b)p. (The com-
pactification is constructed as the parametrized union of the moduli spgces W*, b)
overP.)

If Q is non-empty, then the boundary bf;(a, W*, b)p has an additional contribu-
tion, namely the moduli spadél,(a, W*, b)q. Identities such as (10) therefore have an
additional term: we have, for example (one of eight similar identities),

1) (M)Pag + (M) + 3595 (MD)p + 35 (M) pg + (M) pIdg = (MY)q.-
The mapsh(W)p etc. are no longer chain maps: instead, we have

IM(W)p + M(W)pd = M(W)q

IMW)p + MW)pd = M(W)q

AMW)p + mM(W)pd = M(W)q.

Thusm(W)q is chain-homotopic to zero, ami(W) p provides the chain-homotopy. If we
take P to be the intervalO, 1] and Q to be the boundarj0, 1}, we obtain:

Corollary 4.14. The chain mapsh(W)g andm(W)4 from Co(Yo) to Ca (Y1), correspond-

ing to two different choices of metric and regular perturbation on the interior of W, are
chain homotopic, and therefore induce the same map on Floer homology. The same holds
for the other two flavors.

4.10. Composing cobordisms.Let W : Yo — Y> be a composite cobordism

W:Yo 28 v, My,

Equip W with a metric which is cylindrical near the two boundary components as well
as in a neighborhood of; ¢ W, and letp be a perturbation that agrees with the regular
perturbationg;j nearY; fori =0, 1, 2. For eacil > 0, letW(T) = W be the Riemannian
manifold obtained by cutting alony; and inserting a cylindef—T, T] x Y1 with the
product metric. We can form the parametrized union

(12) U Mz(a, W(T)*, b).
T>0

Since the manifold®V(T) are all copies ofV with varying metric, this can be seen as an
example of a parametrized moduli spade(a, W*, b)p of the sort we have been consid-
ering, withP = [0, co). We add a fiber ovef = oo by setting

W(o0)* = W5 LT Wy,
a disjoint union of the two cylindrical end manifolds. We define
Mz(a, W(c0)*, b)
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to be the union of products
(13) U U Mz, WE. ) x Mgy (e, Wi, D).
¢ Zp,21
The union is over all pairs of classes z1 with compositez and allc € €(Y1). Putting in
this extra fiber, we have a family
Mz(a, W5, 0)p = ] {T} x Mg(a, W(T)*, ),
Te[0,00]

parametrized by the spad® = [0, co]. The moduli space just defined is a non-compact
manifold with boundary. The boundary consists of the union of the two fibersTovel0
andT = oo, together with the reducible Iocum;e“(a, W*, b) in the case that the moduli
space contains both reducibles and irreducibles. It is contained in a compact space

M (@, W* 0)p = ) (T} x M (@, W(T)*, ),
Te[0,00]

where forT = oo a typical element oM (a, W(T)*, b) is a quintuple

(Y0, Y01, Y1, V12, V2),

wherey; is a broken trajectory foy; (possibly with zero components) amgh, y12 belong
to the moduli spaces &M andW;.

Lemma 4.15. If Mz (a, W*, b)p is zero-dimensional, then it is compact. £, W*, b)p

is one-dimensional and contains irreducible trajectories, then the compactification
M (a, W*, b) s is al-dimensional space with a codimensio#-4tructure at all boundary
points. The boundary points are of the following types:

(1) the fiber over T= 0, namely the space Ma, W*, b) for W(0) = W;
(2) the fiber over T= oo, namely the union of produc(3);
(3) products of two factors, of one of the forms

Mg, (a, az) x Mz, (az, W*, b)p
Mg, (@, W*, b1)p x My, (b1, b)

(cf. (8) above);
(4) products of three factors, of one of the forms

Mz, (a, a1) x Mz, (a1, az) x Mz (az, W*, b)p
Mz, (@, a1) X Mz, (az, W*, b1)p x Mz, (b, b)
Mgz, (@, W*, b1)p x Mg, (b1, b2) x Mz, (b2, b)

(cf. (9) above);
(5) parts of the fiber Nf (a, W(o0)*, b) over T = oo of one the forms

Mz, (@, a1) x Mz, (a1, Wg, ©) x Mg, (c, Wy, b)
Mgz, (@, W, c1) X Mz,(c1, ¢) x Mz(c, W, b)
MZ]_(av WE)k? C) X MZZ(C5 Wfa bl) X I\\AZ3(I):|_7 b)a

where the middle factor is boundary-obstructed in each case;

(6) the reducible locus Iy?d(a, W*, b)p in the case that the moduli space contains
both irreducibles and reducibles (which requireto be boundary-unstable arid
to be boundary-stable).
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Following a familiar pattern, we now count the elements in the zero-dimensional moduli
spaces, to obtain elementsfof
[Mz(a, W*, b)p| mod 2 if dim Mz(a, W*, b)p = 0,

mz(a, W, b)p = .
2( )P {o, otherwise,

and
MY, W* if dim M%a. W*. D)o —
(e W, by — [IME@ W7 D) mod 2. if dim Mida, W, byp =0,
0, otherwise.

These become the matrix entries of maps
K3 : C2(Yo) — C2(Y2)
K : C2(Yo) — C3(Y2)
Kg : CY(Yo) — C2(Y2)
K¢ : CY(Yo) — C(Y2)

and ~
Kss : Cf(YO) — Cf(Yz)

KS: C3(Yo) = Cl(Y2)
K& : CY(Yo) — C3(Y2)
Ky : CJ(Yo) — CJ(Ya),
just as we definedhd and its companions. From Lemma 4.15 and Lemma 4.9 we obtain

identities involving these operators, as usual. For example, as an opefdity) —
C°(Y>), we have

m2(W) + m3(Wp)m3(Wo) + K289 + 82K + K850 + a8 K32 + a3a5K2
+ Mg (WM (W) a2 -+ mg (Wi)a5m2(Wo) + a3 mg (W1)m2(Wp) = 0.

The ten terms in this identity correspond to the ten possibilities listed in the first five cases
of the lemma above. (The final case of the lemma does not apply.)
We combine the piecds? etc. to define a map

K : Co(Yo) = Ca(Y2)
by the matrix
K — [Kg’ _ KYBS + m3(W)m§(Wo) + 95K§ }
KS KS+ K§a§ + md(Wpmg(Wo) + a8 K§ |
Proposition 4.16. We have the equality
0K + K = m(Wp)m(Wo) + (W)
as mapL.(Yo) — C.(Y2). At the level of homology therefore, we have
HM (Wi) o HM(Wo) = HM(W).
There are similar identities for the other two flavors of Floer homology.

Proof. The chain-homotopy identity is a formal consequence of the ten-term identity
above, together with its seven companions and the corresponding identities foarioe
m operators. |
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4.11. The module structure. We describe now a way to define thjJ ]-modules struc-
ture on Floer homology. A different and more general approach is taken in [21], but the
result is the same, and the present version of the definition (based on [8]) is simpler to de-
scribe. LetW : Yo — Y1 be a cobordism, and lety, ..., wp, € W be chosen points. Let
By, ..., Bp be standard ball neighborhoods of these points. The spac¢gy) is a Hilbert
manifold with boundary; and because it arises as a free quotient by the gaugeggobup
LﬁH mapsu : By — S, there is a natural line bundley on B8° (By) associated to the
homomorhpismu — u(wg) from g to st

Because of unique continuation, there is a well-defined restriction map

and hence also
rq . M(C[, W*, b) —> cBG(Bq),
for all a andb. Letsq be a smooth section dfg, and letVy C 87 (By) be its zero set.
Omitting the restriction maps that are implied by our notation, we now consider the moduli
spaces
Mz(a, W*, {w1, ..., wp}, b) C Mz(a, W*, b)
defined as the intersection

We can choose the sectiogg so that, for alla and b, their pull-backs ofsy, ..., s to

M (a, W*, b) have transverse zero sets. The above intersection is then a smooth manifold.
We repeat verbatim the construction of the chain magsVv), m(W) and m(W)

from Section 4.8, but replacini;(a, W*, b) by the lower-dimensional moduli space

Mz(a, W*, {wy, ..., wp}, b) throughout. In this way, we construct maps that we tem-

porarily denote by

HM(W, {w1, ..., wp}) : HM4(Yo) = HM. (Y1),
with similar maps for the other two flavors. As a special case, we define a map
U : HM(Y) — HM.(Y)

by takingp = 1 and takingw to be the cylindef0, 1] x Y. The proof of the composition
law for composite cobordisms adapts to prove thatis equal to the map arising from the
cylindrical cobordism withp base-points; and more generally,

HM(W, {w1, ..., wp}) = UPHM(W),
(a formula which then makes the notatidV(W, {w1, ..., wp}) obsolete).
4.12. Local coefficients. There is a variant of Floer homology, using local coefficients.
We continue to work over the field = 7/2, and we consider a local systemtefector

spaces” on B (Y). This means that for each pointin B (Y) we have a vector spaty
overl, and for each relative homotopy-class of patfrom a to b we have an isomorphism

2 :Tq— Tp.

These should satisfy the composition lew= I'z, o I';; for composite paths. Given such
a local system, and given as usual a Riemannian metric and regular perturbatomvi®r
introduce vector spacé®’(Y; I'), C3(Y; I') andCU(Y; I'), defining them as

Pr..
a
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where the sum is over all critical points 87 (Y) that are irreducible, boundary-stable
or boundary-unstable respectively. We define a Bgp C°(Y; ') — C°(Y; ') by the
formula

RO = Y n(a,Hr@(e, (eecly),

beCo z

wheren;(a, b) is defined as before. This map, along with its companiighstc., are then
used to define the differential

§:C(Y;T) = C(Y: T

for the comple>C(Y; ) = CO(Y; ') @ CS(Y; I). Proceeding as before, we construct the
Floer groupHM, (Y; T'), and also its companio$M, (Y; T') andHM,(Y; T).

LetW : Yo — Y1 now be a cobordism, and suppose local systEmare given or;
fori =0, 1. The restriction maps

ri: B°(W) --» B89(Y;), (=12

are only partially defined, but the pull-badk§(T) provide well-defined local systems on
B°(W). This is because a local systdhon B°(Y) is, in a canonical way, the pull-back
of a local system o8 (Y), and the restriction maps 8(Y;) are everywhere defined.

Definition 4.17. A W-morphism from the local systdrg on B (Yp) to the local system
I'1 on B9 (Y1) is an isomorphism of local systems,

F'w :rg(Co) — r{(Cy).

Givena in 87 (Yp) andb in 89 (Y1), and given a choice of a connected component in
ro_j(a, b), aW-morphism provides us with an isomorphism

'w(2) : Ty — Ty,

which behaves as expected with respect to composition on either side with pahev).
We can usd’y to define maps

mg : C°(Yo; I'o) — C°(Yq; '),
and so on, just as in Section 4.8 above: for example, we define

my@ = Y D m(a,W,0)Tw@(E), (ecToq).

beGO(Y)) Z
The resultis a map
HM(W; Tw) : HM,(Yo: To) — HM,(Y1: I'p),

with companion maps OHM andHM. The proof of independence of the choice of metric
and perturbation ofV, and the proof of the composition law (with the obvious notion of
composition ofW-morphisms), carry over with straightforward modifications.

4.12.1. Support of local systemd.et Y be a three-manifold, and fix an open subgket:
Y. There is a partially-defined restriction mag : 87 (Y) --» 8°(M). A local system
I" over 87 (M) induces a local systewy, (I") over 8° (Y) by pull-back. (The fact that the
powm is only partially defined is again of no conequence, as above.)

Definition 4.18. A local system oveB? (Y) which is obtained as the pull-back of one over
B (M) is said to be supported on M.
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Similarly, suppose we have a cobordisth: Yo — Y1, equipped with an open set
B c W, and letMg = BN YpandM1 = BN Y;. LetT'p andI'1 be local systems on the
M;. Again, we have partially-defined restriction maps

00: B°(B) --» B° (M), (=12
which induce well-defined local systemg(I'j). over 8°(B). A B-morphism of local
systems is an isomorphism
I'g: p5(Fo) — p1(T1)
of local systems ove? (B). Using the restriction map
p: B (W) --» B7(B),
we can pull back 8-morphismI'g of local systems to obtain\&-morphism
pa(TB): r5(p5(To)) —> ri(p1(r')).
Such aw-morphism is said to bsupported on B

4.12.2. Example.Let n be aC* singular 1-cycle inY with real coefficients. Given a
relative homotopy class of pattasfrom a to b in 87 (Y), let us choose a representative
pathz, and let[ As, s, ¢5] be the corresponding element8f ([0, 1] x Y). Define

f,(2) = (i/27) Fat.
[0.1xn *

This depends only on andz.
Let K be an integral domain of characteristic 2, and let

w:R— K

be a homomorphism from the additive groBpo the multiplicative group of units iex.
We can construct a local systdry on 87 (Y) by declaring that',,  is KK for all a, and that

@) :Tya—Thp

is multiplication by the unig(f,(2)) in K*. For definiteness, we henceforth takeo be
the field of fractions of the group ring{R], andu to be the natural inclusion

R — FIR] C K.

Now letW : Yo — Y1 be a cobordism, lej, 71 be 1-cycles as above, and Ig} be the
corresponding local systems. Suppose we are givet? aingular 2-chairv in W, with

v = n1 —1no.
Given a componert in ro‘_}(a, b), we choose a representatip®,, s, ¢,] in 8° (W), and
we extend our notation above by setting
fL(2=d /271)/U Fa,.
We can define &/-morphisml'w,, : I';, — I, by specifying that the isomorphism
Pw (@ Tyoa = Tipo
is given by multiplication by (f,(2)). There are corresponding maps
HM(W; Tw,) : HM4 (Yo: T'yg) — HM,(Ya; Tyy)
AM(W; Tw,) : AL (Yo; Ty0) — AM(Ya; Tyy)
HM(W; T'w,,) : HM4(Yo: T'pg) = HM,(Y1: T'yp)
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We can consider these constructions as defining functors on an extension of our cobor-
dism category. We have a category whose objects are @&ir3, whereY is a 3-manifold
(compact, connected and oriented as usual)gisca C* singular 1-cycle with real coef-
ficients. The morphisms are diffeomorphism classes of gilitsy), wherev is a 2-cycle
andov = n1 — no.

From the definitions, it follows that i = v + 96 for someC* 3-chaind, thenTyy,,
andI'y ; are equal. As a consequence, there are isomorphisms (for example)

HM,(Y; ;) = HM(Y; T

whenever{n] = ['] in H1(Y; R). However, to specify a particular isomorphism, one
must express — n’ as a boundary. Indeed, suppose thef = n — n’ = 9vy, then
the two isomorphisms differ by the automorphism whichHiM, (Y, t; I',) is given by
multiplication by ({c1(1), [v — v'])). In particular, wherY is a rational homology three-
sphere andg} is a cycle, then there is a canonical identification

HM(Y; T',) = HM(Y) ® K.

If the 1-cyclen is contained itV C Y, then the local coefficient systelt is supported
on M, in the sense of the definition above. Moreover, suppdsé’y — Y1 is a cobordism,
B ¢ W is an open set wittM; = B NY;, andn; are 1-cycles irM;. Letv be a 2-cycle
with 9v = n1 — no. Then theW-morphismI'w,, : T'y, — Ty, is supported orB if v is
contained inB.

We conclude this section by noting the following result. (The only particular property
of our choice of andyu that is used here is the fact that-1.(t) is a unit, for all non-zero

t)

Lemma 4.19. If [5] is non-zero in H(Y; R), thenHM,(Y;T,) = 0 and hence ,j :
HM,(Y; I';)) — HM,(Y; I';) is an isomorphism.

Proof. If cy(8) is non-torsion, there are no reducible critical points,Hd,(Y; I'y)
has contributions only from thosewith torsion first Chern class. For each sughthe
space of reducibles iB(Y, ) has the homotopy type of the torés' (Y; R)/H(Y; Z),
for it deformation-retracts onto the tords of Spirf connectionsA in Swith Far = 0.
The lemma is a consequence of the fact that the ordinary homology ¢tadp I';;) with
local coefficients is zero. Details are given in [21]. O

4.13. Duality and pairings. Along with the chain complexC.(Y), 3) and its compan-
ions, we have the corresponding cochain complexes,

(C*(Y), 3%, (C*(Y), 8%, (C*(Y),d"),

and the monopole Floer cohnomology grourﬁ\a* ), I-W*(Y), HM*(Y). These are mod-

ules overfF[U], with U now acting with degree 2. To form theversionsl—Tl\ﬁ'(Y), we

should now complete in the direction of increasing degree, so that they again become mod-
ules overF[[U]]. We can do the same with local coefficients, and we have non-degenerate
pairings ofK-vector spaces

(14) HMI (Y; T_,) x HM; (Y; T,) — K,

for anyC® real 1-cyclen.
Let —Y denote the oriented manifold obtained frofiby reversing the orientation. The
spacesB? (Y) andB? (—Y) can be canonically identified, though the change of orientation



MONOPOLES AND LENS SPACE SURGERIES 33

changes the sign of the function&l and so changes the vector fi&d to —V°. If q is

a regular perturbation for, we can select-q as regular perturbation ferY. The notion

of boundary-stable and boundary-unstable are interchanged when the vector field changes
sign, so we have identifications

EO(Y) = €°(-Y)
ES(Y) = CY(-Y)
CU(Y) = C5(-Y).

The moduli spacd (a, b) for the cylindemR x Y is the same as the moduli spad&b, a)
for the cylinderR x (—Y). So the operatad? on —Y, for example, become@g)* for Y.

In this way, the boundary mapfor —Y becomes the operatéf for Y, and so on. Thus
we obtain the following proposition, which we state also for local coefficients.

Proposition 4.20. There are canonical isomorphisms
D : HM; (=Y) — AMI(Y)
D : HM;(=Y) — HM!(Y)
D : HM; (=Y) — HM!(Y).

If n is a real 1-cycle in Y, and", the corresponding local system with fildgy then there
are also isomorphisms

D : HM;(=Y;T,) — AMI(Y;T,)
D : HM;(=Y;T,) — HMI(Y;T,)
D : HMj(=Y;T,) = HMI(Y;T,).
Here j belongs to the grading set(¥), which we can identify canonically with(3Y),

because the notion of an orient8eplane field on Y makes no reference to the orientation
of the manifold.

Note that the canonical identificatiah(Y) = J(—Y) does not respect the action Hf
there is a sign change, go+ n becomeg — n if the orientation ofY is reversed.

If we combine the isomorphisms D with the pairing (14), we obtain a non-degenerate
pairing of vector spaces over

(—. = )b : AML(=Y) x HM.(Y) - F.
With local coefficients, there is a non-degenerate pairing of vector spaceiover
(=, —)p: AM(=Y; T, x HM.(Y; ;) — K.

4.14. Calculations for lens spacesLet SS(U) be the lens space obtained by integer
surgery on the unknot, for some > 0, and letW(p) : S,?;(U) — S be the surgery
cobordism, as described in Section 3.1. Corollary 3.4 states that the map

(15) HM(W(p). $n,p) : AMe(S3(U), tn,p) — AM,(S?)

is an isomorphism if 6< n < p, an assertion which is equivalent to the calculation of the
Frayshov invariant otsg(U), tn,p) as given in Proposition 3.1. We shall now provide a
proof of this result.

Recall that we have injective maps

P - AML(S(V). tn.p) > AMu(S(U). tn.p)
b, : AVL(SY) > AV ()
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because these 3-manifolds have positive scalar curvature for their standard metrics, c.f.
Proposition 2.2. The comple@*(sg(U)) can be described using the material of Exam-

ple 4.2.1. In£(SS(U), tn,p), We have a unique critical poirt = [0, Ay, 0], with Atn

flat. After a choice of small perturbation, we can assume that the perturtiafpg of

the Dirac operatoD p, has simple spectrum; and there is then one non-degenerate critical
pointa, in the blow-up:B”(Sg(U), tn,p) for each eigenvalug of D, 4. The differentials

in the Floer complexes are all zero, and we have

AM.(S3(U). tn,p) = C.(SSU). tn,p)

“@re..

A

The imagep*l-m*(sg(u ), tn.p) is the subspace
C.(SU). tnp) = PFe,.

r<0
which is generated as &filU ]-module by the elememxml, wherei_1 is the first negative
eigenvalue. Leb, , similarly denote the critical point i (S%) corresponding to the
generator ofp*l-m*(s3); so u—_1 is the first negative eigenvalue of the perturbed Dirac

operator ors®.
The assertion that the map (15) is surjective is equivalent to the assertion that

AM(W(p). $n.p) (&) = &

The moduli spacd!/lgidp (ax_,, W(P), b,_,) can be identified with the space of equivalence
classes of pairA, ¢], where
e Ais a Spilf connection fos, , onW(p)*, satisfyingF]:t = 0 and such thaa' is
asymptotic to a flat connection on both ends; and
e ¢ isasection o5 onW(p)* satisfying a small-perturbation of the Dirac equation
DX’p¢ = 0 and having asymptotics

n_q"

lp| = O(e™*1Y), t— —oo,
lp] = O(e "1, t — +o0,

on the two ends oV (p)*.

(The equivalence relation is generated by the action of gauge treansformations and scaling
¢ by non-zero complex scalars.)

The connectionA satisfying the first condition is unique up to gauge transformation.
Given A, the spinorsb satisfying the second condition form an open subset of a projective
space of complex dimensiord2whered is the L2 index of the Dirac operatoDX on
W(p)*. The moduli space is a point@ = 0. So the surjectivity of (15) is eventually
equivalent to the next lemma.

Lemma 4.21. Let A be aSpirf connection for &pirf structures on W(p)*, and suppose
that that Fa: is anti-self-dual and is asymptotically zero on both ends. Then the index of
the Fredholm operator

D} : L2 A(W(P)*, 1) — L2W(p)*, S°)
is zero if the pairing of £(3) with a generator h of (W (p); Z) satisfies
—p < {ci(%),h) < p.
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Proof. If we change the orientation &/ (p), make a conformal change, and add two

points, we obtain a Kahler orbifold/, the weighted projective space obtained as the quo-

tient of C3 \ {0} by the action ofC* with weights(1, 1, p). Because of its conformal

invariance, we can equivalently study the index of the Dirac operatW¥ obet the K&hler

form w be normalized so as to have integral 1lgrand letLy be the orbifold line bundle

on W with curvaturec; (Lx) = K[w]. Let &g be the canonical Spfirstructure (which has

c1(30) = —(p + 2)[w]) and letsy be the Spif structure oW obtained by tensoringg

with L. Let Ax be a Spif connection fos, compatible with the holomorphic structure.
The kernel ofDXk is isomorphic to the orbifold Dolbeault cohomology group

HOO(W; L) @ HO2(W; Li).

If k < 0, thenH %0 vanishes becauss then has negative degreeklt- — p—2, thenH %2
vanishes, by Serre duality. So the kernel of the Dirac operator is zeroder 2 < k < 0;
or equivalently—p — 2 < ¢1(3k) < p + 2. The cokernel iH 0.1(W; L), which vanishes
for all k. O

5. PROOF OF THE SURGERY LONG EXACT SEQUENCE

We return to the notation of Theorem 2.4. Before starting the proof in earnest, we
explain the simple argument which shows that the compobitds(Wh-1) o HM«(Wh)
are zero. We use the composition law to equate this mapM@X,), where X, is the
composite cobordism,
>(n = Wn UYn+1 Wn+1

from Yy, to Y,12. Recall that each cobordisiV, arises from the addition of a single 2-
handle. The core of the 2-handle\t,,; attaches to the cocore of the 2-handl&NR to
form an embedded 2-sphere,

En C Xn.

This sphere has self-intersection numbdr, and the boundar§, of a tubular neighbor-
hood of E,, is an embedded 3-sphere, giving an alternative decompaosition

Xn = Bn#‘s1 Zn,

where hereB, is another cobordism fron, to Y12 (obtained by a two-handle addition),
punctured at point, and,, is the tubular neighborhood. (See Figure 1 for a schematic
sketch ofXy.)

There is a diffeomorphism : X, — Xy which is the identity orB,, with

T«[En] = —[En]

in Ho(Xn; 2). If & is a Spilf structure onXpy, then (c1(3), [En]) is odd; sor acts on
Spirf (X,,) without fixed points. We can write

HM(Xn) = Y~ HM(Xq, 9),

and by diffeomorphism-invariance, the contributions frerandz*(3) are equal. Sincg
has characteristic 2, the sum vanishes.

The proof that the sequence is exact is considerably harder than the proof that the com-
posites are zero. We use the following straightforward result from homological algebra.
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Y Y, Y,

Ficure 1. Breaking up the composite. This indicates two ways of
breaking up the composite cobordisfa. Y, separatex; into W; and
W,, while S separates it int@®; andZ;.

Lemma 5.1. Let{Cn}nez/37z be a collection of chain complexes ov&f27 and let

{fn: Ch — Cn+1}neZ/SZ
be a collection of chain maps with the following two properties:
(1) the composite ofi1 o fy : Cn —> Cpp2 is chain-homotopic to zero, by a chain
homotopy H:
doHn+Hpod = fry1o fr;
(2) the sum
Yn = fnye2 0o Hy+ Hpgp10 fr: Cy —> Cy
(which is a chain map) induces isomorphisms on homology). : H.«(Cn) —
H..(Cn).
Then the sequence

(fr-1)« (fn)s«
coo— Hi(Yn1) — Hie(Yn) — Hi(Yny2) — -+

is exact.

We wish to apply the lemma to the chain mapéW\,); and while we know that the
compositesn(Wh.1)M(Why) induce the zero map on Floer homology, we need an explicit
chain-homotopy in order to apply the lemma. That is our goal in the next subsection.

5.1. The first chain homotopy. We now construct the required null-homotopy of
M(Wh+1)M(W,). Taken = 1, and equipXy with a metricg which is product-like near
both the separating hypersurfacésandS;. From this, we construct a family of metrics
Q(S1, Y2) parametrized by € R as follows. When the paramet@&r for the family is
negative, we insert a cylindgfr, —T] x § normal toS;, and when it is positive, we insert
a cylinder[—T, T] x Y2 normal toY,. We can arrange that the metric 8nhas positive
scalar curvature and is close to the round metric.

There is a corresponding parametrized moduli space

Mz(a, XI, b)Q
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As in Section 4.10, we can complete the family of Riemannian manifoldB:=at—oco we
obtain the disjoint union
X1(—o0)* = By O Z],
and atT = +o0 we obtain
X1(+00)* = Wy LT WS
The manifoldB} has three cylindrical ends. There is now a moduli space

Mz(a, X, 0)g — Q(SL, Y2)

over Q(S, Y2) = [—o0, oo] and its compactificatioM (a, X%, b)Q, involving broken
trajectories.

Define quantitiesn,(a, X1, b)g € F by counting elements in zero-dimensional moduli
spacedM;(a, Xj, b)q in the now familiar way, and defin@z(a, X1, b)q similarly, using
M;ed(a, X7, b)g. We use these as the matrix entries of the linear map

(16) HY : C°(Y1) — C°(Y3)
and its seven companiomt?, HY, HY, HS, HS, HY andHY; and from these we construct
a mapH; by the same formula that defined the chain-homotpy Section 4.10:
o [HE  HGaS + mG(Wo)mG (W) + g HS
PTLHE  HS + HYBS + mE(Wo)mS (W) + a8 HS |-

Proposition 5.2. If the chosen perturbation om & S® is sufficiently small, then we have
3o Hi + Hiod = m(Wa) o M(Wy)
as chain maps fror, (Y1) to C,(Ys).

Proof. The formula closely resembles the formula involvikgfrom Proposition 4.16.
The chain homotopK was defined using the family of metrics parametrized by the posi-
tive half, [0, o], of the family Q. The fiber ovefT = 0 contributed the extra terma(W)

in the previous formula.

To prove the present proposition, we proceed as before, obtaining identities involving
HQ and its companions by examining 1-dimensional moduli sptgsa, X3, b)g and
counting their boundary points. The new phenomena occur in examining the fibetof
—0OQ.

A typical element oM (a, X3, b)g in the fiber ovelT = —oo is a quintuple

();Yy );Su );ng VB1s 7/21)9
where the first three are broken trajectories on the corresponding cylinders (each of these
may be empty) angtg, andyz, are solutions on the corresponding cylindrical-end mani-
folds.

To understand which of these decompositions occur, we must understand the Floer com-
plex for the three-spher&,. Since theS has positive scalar curvature and is simply-
connected, there is a unique (reducible) critical poinBi{5;). After a small perturbation,
the critical points inB° () still lie over a single reducible configuration. We label these
critical points in8° (S) asay,; , where; are the eigenvalues of a self-adjoint Fredholm op-
erator obtained as a small perturbation of the Dirac operat@®otiSee Example 4.2.1.)

We assume that thig are strictly increasing aisruns throughZ and thatig is the first
positive eigenvalue:

(17) "')\_2<)\._1<0<)\,0<)\,1<....
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It is a consequence of this description thyat a priori live in even-dimensional moduli
spaces. In fact, by counting dimensions, we see that the trajecjegiaés this fiber are
empty.

We claim that the possibilities fgrz, come in pairs. Specifically, regai# as a man-
ifold with boundaryS; (so that—S is a boundary component d;). For each criti-
cal point, we have moduli spacé8,(Z1, a,;). The choice ofz is equivalent in this in-
stance to a choice of Sgirstructures on Z;, which in turn is determined by its first
Chern class. We writgy for the component corresponding to the Spstructures with
(ca(s), [Eal) = 2k — 1.

Lemma 5.3. The following hold for a sufficiently small perturbation on S

(1) The moduli spaces MZ1, ay,) contain no irreducibles. They are empty fori0.

(2) Fori < 0O, the moduli space BJ(Z1, ay;) consists of a single point when it has
formal dimension equal to zero.

(3) The formal dimensions of M(Z1, a;;) and My, _, (Z1, a;,) are the same.

Proof. The formal dimensions of all the moduli spadds, (Z1, a,,) are the same as the

moduli spaces for the corresponding Spétructures oveEP-. It follows that the formal
dimension oMy (Z1, a;;) is —k(k—1) —2i —1ifi > 0, and—k(k—1)—2i —2ifi <O,.

Thus, the formal dimensions of all the moduli spab&gZ;, a,;) withi > 0 are negative,

and these moduli spaces are therefore empty<I0, thena,; is boundary-unstable, so the
corresponding moduli space contains no irreducibles. That the zero-dimensional moduli
spaces are points is the same phenomenon that underlies Proposition 2.7. Specifically, The
last statement is a consequence of the diffeomorphisiZ, — Z; which is the identity

on the cylindrical end and senfi§;] to —[E1]. O

From the lemma, it follows that the number of end-points of a 1-dimensional moduli
spaceM; (a, X3, b)Q which lie overT = —oo is even. The identities which we obtain
from these moduli spaces are therefore the same as the identiti€2 éoc. in Section 4.10,
but without the term fronT = 0. For example, we have

m2(W1)m2(Wo) + H289 + aSHS + HY 8509 + a8 H3aS + a8 aSHS
+ Mg (WM (Wo) a2 -+ mg (Wa)a5m2(Wo) + a5 mg (W1)m2(Wo) = 0.

The chain identity in the proposition follows from this identity and its companions[]

5.2. The second chain homotopy.Proposition 5.2 gives us the first chain homotopy re-
quired by Lemma 5.1. Our next goal is to to construct the second homotopy required by
the lemma. This will be constructed by counting points in moduli spaces associated to a
two-parameter family of metrics on a four-manifold.

Specifically, consider the four-manifoldy obtained as

V1 = Wy Uy, W7 Uy, Wa.

This four-manifold contains the 2-sphergs and E», and the 3-sphereS§; and S, which
bound their tubular neighborhoods. The sphdggsand E; intersect transversely in a
single point, with intersection number 1. The 3-sphe&3eandS; intersect transversely in
a 2-torus. LetN; be a regular neighborhood & U E; containing the 3-sphereg and
S. The boundary ofN; is a separating hypersurfaé in V1, diffeomorphic toSt x S2.
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The manifoldN; is diffeomorphic to the complement of the neighborhood of a standard
circle in CTPZ, and gives a decomposition

V1 = U Ur, N1

The manifoldU1 is obtained topologically by removing a neighborhood of the c{@yex
K from the cylindrical cobordisni—1, 1] x Y;, whereK is the core of the solid torus
St x D2 that was used in the Dehn filling to create

In all, we have five separating hypersurfacés Ri, Y3, &, and S, as pictured in
Figure 2. These are arranged cyclically so that any one intersects only its two neighbors.
For any two of these surfaces, s&and S, which donot intersect, we can construct a
2-parameter family of metricB (S, S) parametrized bR™ x R™, by inserting cylinders
[-Ts, Ts] x Sand[-Tg, Tg] x S. In the usual way, we complete this family to obtain a
family of Riemannian manifolds over the “square”

P(S, S) = [0, oo] x [0, 0o].

There are five such families of metrics, corresponding to the five pairs of disjoint separating
surfaces. The squares fit together along five common edges, corresponding to families of
metrics where just one of the lengthsis non-zero. In this way we set up a two-parameter
family of metricsP = P(Ry, Y2, Y3, S1, $), as the union of five square®(S, S), as

shown in Figure 3. For each of the five hypersurfaSethere are two edges & where

Ts = co. We denote the union of these two edgesQy: Thus,

3P = Qs, U Qy, U Qv, U Qs, U QR,.

By a small adjustment, we can arrange throughout the family that the metriRs, @,
and$S are standard.

For each pair of critical points, b in €(Y1), we now have a (parametrized) moduli
spaceM;(a, V{, b)p and its compactificatioM; (a, V;*, b)5. If this moduli space is
zero-dimensional, then it is compact. As usual, we define quantities

mZ(av Vl? b)fh r.ﬁZ(av Vl7 b)F_J

Y Y,

=
<

Ry

FiGure 2. Breaking up the triple-composite. This indicates the five
hypersurfaces which separate
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Q(Y3)

Ficure 3. The two-parameter family of metrics. This is a schematic
illustration of the two-parameter family of metrié% parameterized by

a pentagon. The five regions parameterize the five two-parameter fam-
ilies of metrics where the metrics are varied normal to two of the five
three-manifolds. Any two two-parameter families meet along an edge
which parameterizes metrics where only one of the five three-manifolds
is pulled out. The five edges on the boundary parameterize metrics where
one of the five three-manifolds is stretched completely out.

by counting points (mod 2) in zero-dimensional moduli spadéga, V., b)p and
Mfd(a, V¥, b)p respectively. These are the matrix entries of maps such as
Gg . C?(Yl) —> C?(Yl)

and its seven companio®g, GY, GY, GS, GS, GY andG|.
Now suppose thatl;(a, V", b)p has dimension 1. In the first instance, let us suppose
thata andb are inG°(Y1). As in the earlier settings, we will obtain an identity

A3=0
for an operatorA : C2(Y1) — C2(Y1) by enumerating mod 2 the endpoints of the com-

pactificationM (a, V*, b) 5, and summing over alt, b andz. First, there are the end-

points which lie over the interior oP c P. These arise from strata with either two
factors,

Mg, (a, a1) x Mg, (az, V5, b)p
MZ]_(a’ Vik’ bl)P X Mzz(bls b),

or three: 5 5
Mz, (a, a1) x Mg, (ag, az) x Mg (az, Vi, b)p

Mg, (a, a1) X Mz, (a1, V5, b1)p x Mz, (b1, b)

Mg, (a, V', b1)p x Mz, (b1, b2) x Mg, (b2, b),

justasin Lemma 4.15. In the case of three factors, the middle one is boundary-obstructed.
Together, these terms contribute

(18a) GS9S + 93GT + 3J05G2 + 93G5 a2 + Goasa2
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to the operatoAJ. The remaining terms oAJ come from boundary points in the moduli
space that lie over one of the five pa@s of the boundandP. In the case tha = S
or S, the contribution fronQs is zero. This is because whég, or Ts, becomes infinite,
the manifoldV; splits off eitherZ} or Z3, so we can apply Lemma 5.3 to see that the total
number of endpoints oveds, andQs, is even. (This is the same mechanism involved in
the proof of Proposition 5.2.)

Next we analyze the endpoints which lie O\I_@f(a. WhenTy, = oo, the manifoldV;
decomposes as a disjoint unigf U W3, whereX7 is the composite cobordism above. In

the family parametrized b@v,, the metric on\; is constant, while the family of metrics
on the componenkj is the same familyQ that appeared a@(Sy, Y2) in Section 5.1.
Endpoints lying over the interior part of the edg@y, C Qy, may belong to strata with
two factors, which have the form

le(a, XI’ al)o X MZZ(ala W;:a b);

or they may belong to strata with three factors, one of which is boundary obstructed, as in
case 5 of Lemma 4.15. Altogether, these terms contribute four terid$, to

(18b) mM(Wa)HO(X1) + md(Wa)HS(X1)d9
+ ma(W3)aSHO (X1) + dgms (Ws) HO(X1)

where the operatorbl = H(X1) are those defined at (16). The contributions from
endpoints lying oveQy, are similar: we obtain

(18c) HG(X2)mJ(Wa) + Hg'(X2)rg (Wa)dg
+ HI(X2)3Sm2(Wa) + 85 HS(X2)m2(Wa).
T_here is also one possible type of endpoint that occurs at the verﬂéwufere(jya and
Qv, meet: these lie in a moduli space
Mz, (@, WS, a1) x Mz, (a1, W5, az) x Mz (az, W3, b),
where the middle factor is boundary-obstructed. These contribute a term

(18d) Mg (Wa)mg (Wa)m2 (W1)
to AS.
WhenTg, = oo, we have a decomposition ®f into two pieces
N; U U7,

whereU; and N; are as above. The manifold; has three ends. We regadi as a
cobordism fromRy LI Y7 to Y1, and N; as a manifold with oriented boundaf. The
1-parameter family of metricQg, is constant otJ1, and we have moduli spaces

MZ(Nla a/)Q and MZ(a/a a9 va h)
ora’ € €(Ry) anda, b € €(Yy). HereQ = [—o0, oo] is the family of metricsQ(S;, &)

on U; which stretches alon§, whenT is negative and whenT is positive. OnN1 we
can count points in zero-dimensional moduli spalglgN1, a/)Q, and so define elements

ns € CJ(Ry),
No € CJ(Ry)
Ns € Cf(Rl)
Ay € CJ(Ry).
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(The last two count points in zero-dimensional moduli spdd@’é‘(Nl, a’).) The situation
simplifies slightly, on account of the following lemma.

Lemma 5.4. If the perturbation on Ris sufficiently small, then there are no irreducible
critical points (so ry is zero), and no irreducible trajectories dhx R;. The perturbation
can be chosen so that the one-dimensional reducible trajectories come in paits,a$o
3¢ anda! are all zero. The invarianiis is zero also.

Proof. We postpone the proof to Section 5.3 below, where we also caldyjate O

The zero-dimensional moduli spacé4;(a’, a, UJ, b) provide the matrix entries of

maps
ms®: CJ(Ry) ® C2(Yy) — CJ(Y1)

as well aang!, md° andmg", while the reducible parts of these moduli spaces defire
ms3, msY, miY, mds, mys, mdv andmy!. Of these eight maps defined by zero-dimensional
moduli spaces of reducible solutions, the maus, ms" andmy® arise from boundary-
obstructed moduli spaces. The moduli spabkga’, a, U7, b) contributing tom® are
doublyboundary obstructed (or boundary obstructed with corank 2, in the notation of [21]):
these zero-dimensional moduli spaces have formal dimensjom gt, U1, b) = —2.

We can now enumerate the end-points belongin@tg in the 1-dimensional moduli
spacedM (a, V', b) 5 that contribute toA9. First there are points belonging to strata with
two factors, of the form

Mz, (N5, a/)Q X Mz, (a’, a, Uf, b),

wherea’ is necessarily boundary-unstable (so the solutiolNgris reducible). Next we
should look for points belonging to strata with three factors, one of which is boundary-
obstructed; but when and b are irreducible, there are no such contributions. Finally,
there are points belonging to strata with four factors, one of which is doubly boundary-
obstructed. These have the form

MZl(Nik7 a/)o X Mzz(av al) X MZg(a/v az, Uikv bl) X MZ4(b17 b)a

whereqa’ is boundary-stabley; is boundary-stable, angh is boundary-unstable. From
these we obtain the final two terms AQ:
(18e) Mp°(Mu ® -) + 35 M5 (Ns ® 35(-)).

The identity AJ = 0 has sixteen terms, from (18a)—(18e):

G332 + 9GS + 8Ya5G2 + G532 + GUISa2
+ m3(Wa) HO(X1) + mi(Wa) HS(X1) 82
+ Mg (W3)dgHO(X1) 4 a5 M5 (Wa) H (X1)
+ H2(X2)MZ(Wa) 4 HI(X2) M (Wy)a2
+ HY (X2)d5m2(Wh) + 82 HE(X2)m2(Wh)
+ mg(Wg)n"lfJ (Wz)mg(Wl) + mg"(ﬁu ®:)+ 8(‘,‘mﬁs(ns ® BS°(~)) =0.
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There are three similar identitie8g = 0, Ay = 0 andA{ = 0, coming from the three
other types of 1-dimensional moduli spaces that contain irreducibles. In full, these are

A2 = 353G + G232 + 9GS + G232 + 3L 95G2 + Y G5 a2 + GYa5a2
+ M3%(Ns ® 9g-) + dgMy>(Ns ® 95"
+m°(Mu ® )
+ Hg(X2)MQ(Wh) + Hg (X2)mg (Wy)
+ 0g H3 (X2)M2(Wh) + Hg'(X2)a5me(Wi) + Hg'(X2) M (W1)9g
+ M(W3) HY(X1) + m2(Wa)HP (X1)
+ 99mG (Wa) He'(X1) + Mg (W3) 95 Hg'(X1) + Mg (Wa) HE (X1) g
+ mg (W3)mg (W2)mg (Wy)
AY = 399G + G203y + Gy + Gaay + 9995GY + 95 GSas + Gaag oy
+ 95My°(Ns ® dg ) 4 oMy (Ns @ )
+ mg“(ﬁu )
+ HJ(X2)mg (W) + Hg'(X2)my (Wi)
+ 3 HS (X2)mI (W) + HE (X2)a5mE (Wh) + HE' (X2) MG (W) ay
-+ mG(Wa) Hg'(X1) + mb (Wa) Hy (X1)
+ 8y MG (Wa) He' (X1) 4+ mi(Wa) 95 Hg' (X1) -+ mi (Wa) Mg (X1)
+ My (Wa)mg (W2)mZ (Wh)
Al = GY + 35GY + GZaY + 3Gl + GEal + aY95GY + 0GR ol + Gaasay
+ 09Gy + G2y
+ 0gM53(Ns ® dg-) 4 a¢M;"(Ns ® ) + MU(Ns ® -) + M33(Ns ® 05
+mg'(Mu ® )
+ HS(X2)ml (Wh) + HE (X2)my (Wh)
+ Y HS(X2)md (W) + HE (X2)a5me (Wh)
+ Hg (X2)MG (W1)dg' + Hg (X2)mg (W)
+ M(Wa) Hg'(X1) + Mg (Wa) Hy (X1)
+ 955 (Wa) Hg' (X1) + MY (Wa) a3 Hg' (X0)
+ Mg (Wa) HS(X1)ag' + mZ(Wa) Hg'(X1)
+ My (Wa)mg (W2)mg (Wh)
There are four simpler identities involving only the reducible moduli spaces: these are
the vanishing of expression, A3, Ad and A}, where for example
AS = G333 + GLaS + a5GE + Y GS
+ MZ(Wa) Hg (X1) + M5 (Wa) HS(X1) + HS (X2)MZ(Wi) + Hg'(X2)mg (Wr)
+ MS(Ay ® ).
We define an operator
L : CaYy) > Ca(Yr)



44 KRONHEIMER, MROWKA, OZSVATH, AND SZABO

by combining some of the contributions froQ,: we write

_[Le _ Leds+ gLy
(19) L—[Lg [3+ Y35 +auis )"

where

v

L = mi°(Ay ® ),

and so on. (The ternm, appears in the definition of all of these.) In words, when
gr,(a, V1, b) = —1 thee, component of. (e,) counts points in the zero-dimensional strata
of I\7I;(a, b) which are broken along a critical point @' (Ry).

We defineG : C,(Y1) — C.(Y1) by the formula

N a b
Gz[c d}’
a= G

b= 35G; + Gad + MgHS + HEMe + 35 (M33(Ns ® )
c=G2

d = GS + 095Gy + Ggag + MgHS + Hemp, + om53(ns ® ).

where

Here, we have writteml H® for example as an abbreviation fiol(Ws) HS(X1), because
no ambiguities arise in the formulae. In words, ifgrV,*, b) = —2, thee, component of

G(e,) counts points in the zero-dimensional strat&?tgf(a, b).
Proposition 5.5. We have the identity
50é+éoé=rﬁ3o |:|1+|:|20ﬁ’11—|—|:,

whererhg = m(Ws) and Hq, Ho are the operators from Proposition 5.2, using 2nd X
respectively.

Proof. In addition to the identities\* = 0 andA. = 0, there are the identities arising

from pieces of the cobordism. For example, we can consider the three-ended manifold
Uj. On this, once again, we can enumerate ends of the one-dimensional moduli spaces
Mz(a’, a, U, b). These give relations which are formally similar to the relations coming
from a two-ended cobordism froivy to Y» (since differentials for the Floer homology of

Ry are trivial, c.f. Lemma 5.4). Looking at ends of irreducible moduli spaces, we get four
relations of the typ8{°, B{Y, BgY andBg" For example, the relation of the forBf" = 0,

can be written out as:

BYY = M2U(- ® ) + MES(- ® 99 () + miU(- ® 33 ()

(20) 3S Ul U U
+0smg (- ® )+ oMy (- ®-)

In addition to these, we have eight relations coming from looking at ends of reducible
moduli spaceﬁi* = 0 (where here each can be either symbal or s). There are the
relations coming from ends of moduli spaces for ¥eand X, (with its two-parameter
families of metrics), the ends of the moduli spaces\igr and finally, the ends of moduli
spaces foR x Yj. Putting all these together, we get the proposition. O
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We can put the above outlined proof of Proposition 5.5 into a more conceptual frame-
work. Throughout the following discussion, we fix two critical pointsand b with
gr(a, V¥, b) = —1 (where bothh andb are in€3 U €°, if we are considering the case of
HM, for example). We count the ends of those one-dimensional strag i, V;*, b).
Clearly, these ends count points in the zero-dimensional strakdjfia, V/, b We
claim that the total sum of these zero-dimensional strata counts, tbemponent of the
image ofe, under the map
(22) éoé+éoé+rﬁ30|:|1+|:|20m1~l—|:,
which must therefore be zero.

The verification can be broken into the following three steps. Recall that the strata of
M (a, Vf, b)p consist of fibered products over various critical points of moduli spaces.
We call these critical points with multiplicity (if the same critical point appears more than
once)break pointsfor the stratum. We say that a stratumMy (a, V;*, b) has agood
breakif at least one of its break points lies@@SUE®)(Y;) (withi € {1, 2, 3}) orin CY(Ry).
One must verify first that the non-empty, zero-dimensional strak&jtia, V;*, b)s which
have a good break have, in fact, a unique (i.e. with multiplicity one) good break. This
follows from a straightforward dimension count, after listing all possible good breaks.
Indeed, in view of the definitions of the mag@s H, M, andL, the above dimension counts
show that the strata for which the good break occurs a¥raye counted i o G + G o 4,
those where it occurs alongs are counted imhg o H,, those where it occurs along
are counted irH, o My, and those where it occurs aloyy are counted ir_. Second,
one verifies that any of the zero-dimensional strata with one good break appear uniquely
as boundaries of one-dimensional moduli spaced ji(a, V', b)5. Finally, one verifies
that any of the zero-dimensional strataNty (a, V', b)s which have no good break, and
hence are not accounted for in Equation (21), are counted exactly twice: they appear in the
boundaries of two distinct one-dimensional stratd/ifi (a, V;*, b)p.

5.3. Calculation. The plan of the proof is to deduce Theorem 2.4 from Lemma 5.1. We
have already constructed the chain homotopies referred to in the first part of the lemma:
these are the chain homotopikl. To verify the hypothesis in the second part of the
lemma, it is enough to verify that induces isomorphisms in homology, because of Propo-
sition 5.5. That is the content of the next proposition.

Proposition 5.6. The map[ : Co(Y1) — C. (Y1) induces isomorphisms in homology.

—~——

Indeed, the resulting map di#M, (Y1) is multiplication by the power series

Z u k(k+1)/2
k>0

which has leading coefficient

We begin by examining the Floer complexes of the manifjd= S' x S?, equipped
with a standard metric and small regular perturbatidinom the class?(Ry). With no
perturbation, the critical pointsA, ®) of the Chern-Simons-Dirac functional all belong to
the Spilf structuresg with c1(309) = 0. They are simply the reducible solutiop, 0) with
Alflat. In B(Ry), they form a circle. For any flat connectid¥ the corresponding Dirac
operatorDa on Ry has no kernel, so there is no spectral flow between any two points in
the circle. We can choose our small perturbation to restrict to a standard Morse function on
this circle, with one maximura® and one minimuna®. We also need to arrange that the
corresponding perturbed Dirac operators a these two points have simple eigenvalues, and
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we choose the perturbation small enough so as not to introduce any spectral flow on the
paths joiningx? to «°. In the blow-up8? (Ry), each of these critical points gives rise to a
collection of critical pointsziO andail, corresponding to the eigenvalugsof the perturbed

Dirac operator. We again assume these eigenvalues are labeled in increasing order, with
Ao the first positive eigenvalue, as in (17). The pohtﬂsamdail are boundary-stable when

i > 0 and boundary-unstable wher: 0.

The trajectories o x R; are all reducible, becaus® has positive scalar curvature.
Their images inB(Ry) are therefore either constant paths&tor o, or one of the two
trajectoriesy, y’ from «! to «® on the circle. For each, there are two trajectorieg
andy/ lying overy andy’ respectively in a moduli spadﬂz(ail, aio). These are the only
trajectories belonging to 1-dimensional moduli spaces, so all boundary maps are zero in
the Floer complexes. Thm.(Rl) = é.(Rl), which has generators

e, (20
corresponding to the critical poindr? andail, while €, (Ry) has generators
e, e, (i <0).

We identify J(Y, 30) with Z in such a way tha&ag belongs tcﬁo(Rl). Thene{* is in grading
w —+ 2i fori positive and in grading. + 2i + 1 fori negative.

The manifoldN; has boundanR;, and its homology is generated by the clagted
and[E2] of the two spheres. A Sgirstructuret on N7 whose restriction tdR; is 3 is
uniquely determined by the evaluation@mft) on[E;1]. For eactk € Z, we writety for the
Spirf structure whose first Chern class evaluatesktg-2L on[E;]. The Spiff structures
tx andt_1_g are complex conjugates. We write

Mk(Nf, a/)Q

for the union of the moduli spaces belonging to componentéich give rise the Sph
structuretk. The family Q is the same 1-parameter famiy(S;, ) that appeared above.
The following lemma and its two corollaries are straightforward.

Lemma 5.7. The dimension of the moduli space W, ai")Q is given by

. \ —p—k(k+1)— 2, i >0,
dimMi(N7, oy = | 1 TP
—u—kkk+1) -2 -1, i <O

O

Corollary 5.8. The only non-empty moduli spacex (7, a')g with a’ boundary-stable
occurwhenk=0or —landa’ = ag, in which case the moduli space is zero-dimensional.
The moduli spaces Q?P(N*, a’) g are empty for all boundary-stable. O

Corollary 5.9. The zero-dimensional moduli spaces (M, a’)Q, with o’ boundary-
unstable, are the moduli spaces

(22) Mc(N}. al)g. k= —1—kk+1)/2
O

At this point, we have verified all parts of Lemma 5.4, and in addition we can now
expresq), € CY(Ry) as

- 1
Ny = Z €1 k(k+1)/2
kez
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whereay counts points in the moduli space (22) (which consists entirely or reducibles,
becausetilk is boundary-unstable).

Lemmab5.10. Forallk € Z, the sum g+ a_;_k is1 mod2.

Proof. Let g be any Riemannian metric d¥; that is standard on the end. Fix a Spin
structuretk on N1. BecauseN; has no first homology and no self-dual, square-integrable
harmonic 2-forms, there is a unique Spaonnection

A=Ak, Q)

in the associated spin bundB — N; with L2 curvature satisfying the abelian anti-self-
duality equatiorF,jt = 0. On the cylindrical endA! is asymptotically flat, &\ defines a
point

0k(9) € 4,
wheres$ c 8(Ry) is the circle of flat Spificonnections. This depends only bandg.

Fix a Spin structure ofR; whose associated Sfistructure is3p. This fixes an iso-
morphism betweemg and its complex conjugate. Complex conjugation now gives an
involution on the circleg : § — 4§, with two fixed pointss; ands_. The isomorphism
betweensg and its conjugate extends to an isomorphigm- t_1_x, and we therefore
have

(23) 0-1-k(9) = o6k(Q).

Consider now the family of metric® = Q(Si, $) on N1. As T goes to—oo, the
manifold N;* decomposes into two pieces, one of which has cylindrical &ds S and
R* x Ry. This piece, call iff*, carries nd.2 harmonic 2-forms (it is a puncturesf x D?
with cylindrical ends), so the mafy extends to continuously {6 = —oco andfx(—oo) is
one ofs; ors_. The same applies t6 = +o0, S0 we obtain a map

bk : Q — 4
with
Ok (£o0) € {sy,s_}.
We also havé (+o00) = 6_1_k(+00), and the same witli = —oo. Thus the two maps
Ok, O_1-k : [—00, 0] — &
together define a mod 2 1-cycle & The statement of the lemma follows from the asser-
tion that this 1-cycle has non-zero degree mod 2.

Specifically, let®ok: S —> $ be the cycle obtained by joinirflg andd_1_x. We show
that for generix € 4, the spac@gl(x) is cobordant to

(24) (leb(Nf, ahg M (NF, al)Q> x M3, (10, 1] x Rp)*, 8) x5 {x} x S

Here, le‘b(N*, al)Q denotes the moduli space of solutions to the perturbed abelian anti-

self-duality equiations. Similarlwab(al, ([0, 1] x Rp)*, 8) denotes the moduli space of
solutions to the perturbed abelian anti-self-duality equations, where we use the perturbation
at thet = oo and no perturbation and the= —oo end. In particular, this moduli space
admits a map by taking the limit &s+—~ oo to . The claimed compact cobordism is
induced by taking a one-parameter family of perturbations indexed by R* on N

which are supported on ever-longer pieces of the attached cylinder. The fibeF awer

0 of this cobordism igx} x s (MZ(N;, ) U M3 (N, 5)), whose number of points
coincides with the stated degree, while the fiber dvet oo is the space described in (24).
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In particular, if the stated degree is odd, then so is the number of poimﬁq("Nf, abu
M_1 (N3, ab). But MZ(N;, al) is identified withMyx (N3, o).
It remains now to show that the degree@f is non-zero modulo two. This in turn is
equivalent to saying that
Ok (00) # Ok(—00),
because of the relationship (23). So we must proveghaQ — 4 is a path joining_ to

S
To get a concrete model fég, choose a standard closed cubuepresenting the gener-

ator of H1(Ry), and lets c N; be a topological open disk with a cylindrical eRd x §.
To pin it down, we makex disjoint fromZ; C Ni and have geometric intersection 1 with
Es C Zo. If we write A = A(k, g) again for the anti-self-dual connection, then

1
ok(9) = eXPE/Z Fat

is a model for the mapy as a map from the circle. (The factor of2lis there because of
the relationship betweeA and Al.) WhenT = —o0, the surfaceZ is contained in the
pieceT;* on which the connectio! has become flat. So with this modél(—oo) = 1.
WhenT = +o0, the surfacez decomposes into two pieces: one is a cylinder contained
in T, which contributes nothing to the integral; and the other is a diskith cylindrical

end contained iZ; = cP° \ B%. The curvaturer 5t has exponential decay on the end of
Z; and its integral om is equal to its integral on any compact surfacec Z3 having

the same intersection witl,. SinceA has intersection 1 witlkE, andc; (tk) evaluates to
—(2k + 1) on Ep, we have

A
So6k(oc0) = —1, and we have the result. O

For each integer < 0, we can define a map
Lli]: Cu(Y2) — Co(2)

by repeating the definition df above, but replacing, in the formulae by the basis vector
q-l. Because there are no differentials B, the mapL[i] is a chain map, and from the
formula forny, we have

L= aLll-1-kk+1)/2]
kez

=> Ll-1—kk+1)/2],
k>0

where in the second line we have used Lemma 5.10. Proposition 5.6 now follows from:

Lemma 5.11. The mapL[i] : C.(Y1) — C,(Yp) fori < 0 gives rise to the map
HM. (Y1) — HM, (Y1) given by multiplication by U’ —1.

Proof. We use the fact that the manifold; (whose moduli spaces defing can be
realised as the complement[inl, 1] x Yi of the tubular neighborhood a cure thus

[-1,1] x Y1 = U3 Ugr, N(K),

whereN(K) = S! x B3 and R; is the oriented boundary dfi(K). Referring to the
definition of the action obJ P from Section 4.11, we choogebasepointsvy, ... wp in the
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interior of N(K), and use these together with the cylindrical cobordjsth, 1] x Y; to
define a chain map

(25) M([—1, 1] x Y1, {w1, ..., wp}) : Ca(Y1) = Co(Y1)

which induces the mag P on HM,(Y1).
We can use any Riemannian metric on the cylinder in the construction of this chain
map. We choose a metric in whidi(K) has positive scalar curvature, the metricRn
is standard, andR; has a product neighborhood. We then consider the family of metrics
parametrized by = [0, co) obtained by inserting a cylind¢~T, T] x R;. By an argu-
ment similar to our previous analysis, we obtain in this way a chain-homotopy between the
chain map (25) and the chain map
> by Lijl,
j<0
where
ij e" = Ny (N(K))
j<0
is the element of,(Ry) = HM,(R;) obtained by counting points in moduli spaces on
N (K)* with p base-points. That is,

by = IM(N(K), a) NViN--- N Vy| mod 2

or zero if the intersection is not zero-dimensional. An examination of dimensions shows
that the only contributions occur whgn= —1 — p. The moduli consists of reducibles, so

the calculation obj is straightforward: we havigj = 1 whenj = —1 — p. Thus the sum
above has just one term, and the nthp is equal to the map arising from the chain map
L[-1— p]. O

With the verification of Proposition 5.6, the proof of Theorem 2.4 is complete for the
case oHM,. The other two case have similar proofs. In the cadéMf, the formulae are
considerably simpler. The exactness in the casdMf could also be deduced from the
other two cases, by chasing the square diagram in which the columns arg,tpeexact
sequences and the rows are the surgery cobordism sequences.

5.4. Local coefficients. We describe here a refinement of the long exact sequence, with
local coefficients. As in Section 2.3, we consider a 3-manifdlaith torus boundary, and
let yo, y1, y2 be three oriented simple closed curvesod with algebraic intersection

o-vD=W1-y2)=02-v0) =-1

We again writé\, : Yy, —> Y41 for the 2-handle cobordisms.

The interiorM° can be viewed as an open subsetypfor all i. Fix local coefficient
systemsI'j overY; which are supported iM°® C Y, in the sense of Definition 4.18.
Moreover, the sef0, 1] x M can be viewed as an open subseWyf (where herg0} x
MP° C Yy and{1} x M° C Yp41). Let

FWn: Fn —> Fn+1
be aW,-morphism of the local system which is supporteddnl] x M°.

Theorem 5.12.LetI'y be local systems on the Yand letl"yy, : 'y — 'ny1 be morphisms
of local systems. Suppose these satisfy the support condition just described. Then, the
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induced maps with local coefficierfis = HM(Wi; I'w, ) fit into a long exact sequence of
the form

v oy — =
- AMa(Yn_1: Tn-1) = AN (Ya: Tn) —% AMa(Ynst; Tnpt) — - - -

There are also corresponding long exact sequences for the other two variants of Floer
homology.

Proof. To prove exactness, we once again appeal to Lemma 5.1. Indeed, the homotopies
H/: C(Yn: Tn) — C(Yns2: [ny2) are constructed as before, only now the entries contain
also theXp-morphisms gotten by composing the morphidigg andI'w, , (we add the
primes to distinguish the homotopies here from the ones appearing in the discussion in
Subsection 5.1). Observe that this composite morphism of local systems is supported in
the complement o, (so as in Lemma 5.4, the contributions fraf still drop out in
pairs). In fact, the proof of Proposition 5.5 carries over, as well, since the triple-composite
morphism of local systems is supported in a complement oNthe

In the same way, the map’ is seen to be multiplication gotten by multiplying the
chain map induced by the triple-composditg,, , o I'w,,, o I'w, (which is supported in the
complement of\,,) by the power series. In particular, the maﬁ’ is a quasi-isomorphism,
too. U

Specializing to the local system determined by cycles (Example 4.12.2), we get the
following:

Corollary 5.13. Let Yp, Y1, Y2 be as above, with the additional property that(Mp; Z2) =
Z and Hi(Y1; Z) = Hi(Y2; Z) = 0. Fix a cyclen in M° which generates the image of
H1(M; Z) in H1(M; R). In this case, we have a long exact sequence

- Lo . .
- — HML(Y_1) ® K — HM,(Yo; Tpo) o, HM. (Y1) ® K LENU

in which the magF1 can be expressed in terms of the usual maps induced by cobordisms,
by the following formula:

Fi= ) u(c(®), (h) - HM(W, $),

where[h] € Hy(Wy; Z) = Z is a generator.

Proof. We apply Theorem 5.12 in the following setting. Wellgtbe the local system on

Y, induced by the chain ¢ M° C Y,. Indeed, in the cobordism&f,: Y, — Yni1, we

choose two-chains, which are products, = [0, 1] x n C [0, 1] x M® C W,. The chain

vn induces a,-morphism of the local systeiy, ,,, which is supported ifi0, 1] x M°.
Recall that the isomorphism classHi (Y I',) depends only on the homology class of

n. In fact, since botty; andY, are homology three-spheres, the cycle is null-homologous,

so it follows at once that for = 1, 2,

(26) HM(Yi: Iy) = HM(Y) @ K.

We argue that the chaim C W represents a generator bh(Wi, 0Wy; 7) = 7.
To see why, recall that insid¥;, yo can be viewed as a knot, with a Seifert surface
Pushing the interior of the Seifert surface i@ 1] x Y;, which we then cap off inside
the added two-handle, we obtain a gener{iﬁ)}for Ho(Wy; Z). On the other hand, our
chainvy is gotten by[0, 1] x n, andy links the knotyg once. Thus, it follows that the
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oriented intersection number & with v1 is +1, and hencégvq] is also a generator of
H2 (W1, 9W1). Now, for each Spih structure onW;, we see that composing with the
identification from Equation (26), we see that the mdl(Wy; I, .. 3) is identified
with w((c1(3), [v]])) - I—Tl\ﬁ(Wl, 3), where herdv] € Hx(Wjy; Z) is the unique homology
class corresponding ta. The result now follows. O

6. PROOF OF THE NON-VANISHING THEOREM

6.1. Statement of the sharper result. We now turn to the proof of Theorem 2.1. There
is a sharper version of this non-vanishing theorem, which involves the Floer groups with
local coefficients.

Theorem 6.1. Suppose Y admits a taut foliatiofi and is not $ x S?. Letn be a C®
singular1-cycle in Y whose homology clajsg satisfies

P.D.[n] = [w] +te(F) € HX(Y; R)

wherew is closed2-form which is positive on the leaves$fand t € R. Then the image
of the map . .

Jx : HMi(Y: Ty) — HMk(Y; T'y)
is non-zero, where ke J(Y) is the homotopy class of tfplane given by the tangents
planes toF

As an application, we consider the case of the maniYold S?(K), whereK # U. By
the results of [14] again, this manifold has a taut foliatinand if w is closed and positive
on the leaves, then the cohomology cl@s$ will be non-zero, because Gabai’s foliation
has a compact leaf. We therefore have the following corollary. Unlike Corollary 2.3, this
result applies also to genus one knots:

Corollary 6.2. Suppose K# U, let g be the Seifert genus of K, and tebe a Spirf
structure on §(K) for which a(s) is 2g — 2 times a generator for (S (K); Z). Then
there is a ke J(Y, 3) such that the image of

it HMI(SS(K): Ty) = AM(SS(K); Ty)

is non-zero whenever the homology claglsis non-zero. By contrast, js zero for g(u ),
for all #. O

The proof of the theorem is based on the results of [23]. X.&te a compact oriented
4-manifold with oriented boundary. We assumeX is connected, but may allow to be
disconnected. Lef be an oriented contact structure ¥ncompatible with the orientation
of Y. If « is a 1-form onY whose kernel is the field of 2-planés then the orientation
condition can be expressed as the condition¢hatdo > 0. Lets be the Spif structure
onY determined by, and letsx be any extension of to X. Note that the space of
isomorphism classes of such extensions, denoted by Sfi), is an affine space for the
groupH2(X, Y; Z). Generalizing the monopole invariants of closed 4-manifolds, the paper
[23] defines an invarianti(X, &, 3x) associated to such data. Neglecting orientations, we
can take it to be an elementbf= Z/2. We review some of the properties of this invariant.

The 2-plane field: picks out not just a Spfstructures on Y, but also a preferred
nowhere-vanishing sectiosg of the spin bundleS — Y. Whensy is given, we can
interpretdg as a section oS;Uy, and there is a relative second Chern class (or Euler class)
which we use as the definition of @, &, 3x):

gr(X, £, 3x) = (C2(S), o), [X, 3X]) € Z.
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The condition g(X, &, 5x) = 0 is equivalent to the existence of an almost complex struc-
ture onX for which the 2-plane$ are complex and such that the associated Sgimicture
IS 3x.

Theorem 6.3([23]).

(1) The invariantm(X, &, 3x) is non-zero only ifr(X, &, 3x) = 0, and vanishes for
all but finitely manysx € Spirf(X, &).

(2) Suppose X carries a symplectic fognthat is positive on the orientétdplane field
£. Lets, ¢ Spirf(X, &) be the canonicaBpirf structure whichw determines on
X. Then

m(X, &, 3,) =1

(3) Letw and s, be as in the previous item, lete H2(X, 9X; Z), and lets,, + e €
Spirf (X, ) denote theSpirf structure with spin bundle & S, ® L, where L is
the line bundle, trivialized oA X, with relative first Chern class ¢L) = e. Then,
if m(X, &, 3, +e) #0, it follows that

(e—w, [X,0X]) >0,
with equality only if e= 0. O

We combine the individual invarianta(X, &, 3x) into a generating function. Recall
thatK is the field of fractions of [R], and thatu : R — K* is the canonical homomor-
phism. Given a reference Sfistructurezg on X extendings, we define a function

m*(X, &, 380) : Ho(X, Y; R) — K

by the formula
m* (X, &, 50)(h) = Y m(X. &, 50+ €) u(2e h).
e
As a corollary of Theorem 6.3 we have:
Corollary 6.4. If X carries a symplectic forrv positive org then
m*(X, &, 8,)(P.D.[w]) # 0.
Further, if the intersection form on H X, 3 X) is trivial then
m*(X, &, 3,) (P.D.([o] +tc1(3,))) #0
forallt € R.
Proof. The first statement is an immediate consequence of Theorem 6.3. For the second
statement, we note that the conditiori)ré, 3, + €) = 0 is equivalent to
e — (e+Ci(3,)) =0,

or simply toe — c1(3,,) = 0 when the cup product on the relative cohomology is zero; so

m* (X, £, 3,) (P.D.([w] +t C1(30))) = m*(X, &, 3,)(P.D.[0]).
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6.2. Construction of the invariants of (X, £). We review the construction of the invari-
antm(X, &, sx) from [23]. Leta again be the 1-form defining the 2-plane figldn Y,
let wo be the symplectic fornd(t2«/2) on[1, o) x Y, and letgg be a compatible met-
ric. Attaching[1, co) x Y to X, we obtain a complete Riemannian manifd{d with an
expanding conical end. On the end, there is a canonicaF $pimectionAg and spinor
@ of unit length. We choose a reference Spatructuresg on X, extending the Sph
structure on the end, and exteAd and ®q arbitrarily. For a pair A, ®) consisting of a
Spirf connection insx and a section OSE we consider the equations of1:

1 1
Ep(F;\ﬁ) — (PP*)o = §p<F,‘:5) — (PoPy)o + €.
Did =0,

(27)

wheree is a perturbation term: an exponentially decaying sectioimmtsjg). There is a
moduli spaceM (X, gx) consisting of all gauge-equivalence classes of soluti@dnsb)
on X which are asymptotically equal td\g, ®g), in that

A—Ajel?

® — dg € Lf p-

For generic, this moduli space is a smooth manifold, and
dimM (X", éx) = gr(X, &, 3x)

if the moduli space is non-empty. Note that the asymptotic conditions mea tisaton-

zero, so there are no reducible solutions in the moduli space. The moduli space is compact,
andm(X, &, 3x) is defined as the number of points in the moduli space, mod 2, or as zero
if the dimension is positive.

(28)

6.3. Floer chains from contact structures. Let Z now denote the half-infinite cylinder

RT x (=Y), which has oriented boundaf§} x Y. Given a contact structugedefined by a
1-forma as above, we again form the symplectic cghexo) x Y, with oriented boundary

{1} x (—=Y), and attach this t&. The result is a complete Riemannian manifgltl with

one cylindrical end and one expanding conical end; the latter carries the symplectic form
Q.
On Z*+, we write down monopole equations which resemble the equations (27) on the
conical end and resemble the perturbed equatfgns: 0 on the cylindrical end. A conve-
nient way to make this construction is as a fiber product. To do this, we choose a regular
perturbationy for the equations olY, and letp be at-dependent perturbation on the cylin-
der Z that is equal tgy on the end and is zero near the boundary. For each critical point

in 8°(-Y), there is a moduli space

M@RT x (=Y),a) € 87 (R x (=Y)).
This is a Banach manifold with a restriction map
ro: M(RT x (=Y), a) - 87 ({0} x (=Y)) = B(Y).
There is also the moduli spad; of solutions to the equations (27) on the conical manifold
[1, 00) x Y, with asymptotic conditions (28). We choose the terso that the right-hand
side of the first equation vanishes near the boundayyx Y. This is another Banach

manifold; and because the solutions are irreducible, there is a restriction map to blown-up
configuration space of the boundary, because of a unique continuation argument:

ri:Mp— B8°({1) x Y) = 87(Y).
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Definition 6.5. We define the moduli space(E™, a) as the fiber product of the mapg r
and ny.

Although the fiber product makes a convenient definition, we can also régetd, )
as a subspace wgc(zﬂ. Giveny in M(Z™, a), we can define a path in 87 (Y) by
restrictingy to the sliceqt} x Y, first in the cylindrical end then in the conical endlf
y’ are two solutions, then the corresponding patlendy’ both have limit pointx on the
cylindrical end and have the same asymptotics on the conical end; so there is a well-defined
difference element i1 (B (Y), a). In this way, we partitioM (Z*, a) into components
of different topological type:

MZt, a) = U My (Zt, a).
V4

Once again, we can count points in zero-dimensional moduli spaces, to define:

Ma(Z*. @) = IMz(ZF, a) mod 2 if dim MZ(Z+, a) =0,
0, otherwise.

The compactness results of [23] tell us that(Z ™", a) is zero for all but finitely many
a andz. BecauseM,(Z™, a) consists only of irreducibles, must be either irreducible or
boundary-stable or-Y if the moduli space is to be non-empty. (Note that the notion of
“boundary-stable” for a critical point depends on the orientatioi$(—Y) is the same as
CY(Y).) Taking the irreducible and boundary-stable elements in turn, we define an element
of the complexC.(—Y) = C°(-Y) & C5(-Y), by

(29) V= S,
where

Yo=Y m(Z" ne

aeGo z
and
Yo=Y " myZt e,
aeCs z
We have:

Lemma 6.6. The elemeni’ in C,(—Y) is closed: that ispy = 0.

Proof. As usual, this is proved by counting the boundary points of 1-dimensional moduli
spacedM,(Z T, b), augmented by the observation that there are no reducible solutions in
these moduli spaces. Specifically, counting boundary points in the cageshatducible
gives the identity

AQY° + 895y =0,
while the case thdt is boundary-stable provides the identity
gy + 93y + 8585y ° = 0.

Together these tell us thaty = 0. O
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Next we extend the construction ¢fto the Floer complex with local coefficients. Let
n be aC® real 1-cycle inY, and lety™ be the corresponding non-compact 2-chain in
Z*. Like ZT, the 2-chaim™ has one cylindrical end and one expanding conical end; it
is oriented so that the cylindrical end coincides witiR* x 7). Extend the connection
Ag from the conical end to all o™ in such a way that it is translation-invariant and
in temporal gauge on the cylindrical end. Letbelong toM(Z*, ), and letA be the
corresponding Spfnconnection orz ™. The integral

f@=G/20) [ (Fa—F)
n+

is finite, and depends onthrough only its homotopy class LetI'_,, be the local system
on B° (—Y) defined in Example 4.12.2, and denote the generator} & K by e,. Then
we can define an element

Uy = (W2, € C(=Y; Ty
by the formulae
Yo=Y my(Z", ou(f (@) e
ae@o z

Yo=Y m(Z" au(f2) e
ae@s Z
As in the previous case, we have:

Lemma 6.7. The elemeni, in C.(-Y; T'_,) is closed. O

6.4. Proof of Theorem 6.1. We recall Eliashberg and Thurston's construction [9],
whereby a taut foliation olY leads to a symplectic formay on the cylinder

W=[-11]xY

and contact structures. on the boundary components. Letbe a 1-form defining the
tangents to the foliatiotF, and letw be a closed 2-form positive on the leaves. Set

ow =d(ta) + @

onW. This form is symplectic. According to [9], there exist smooth contact structures
and&_, compatible with the orientations 8f and—Y respectively, which ar€° close to
the tangent plane field of the foliation. We regard these as contact structures on the two
boundary componentd} x Y and{—1} x Y of W; the C%-close condition means thaty
will be positive on these 2-plane fields.

If we regardW as a manifold with a contact structufe= (¢£_, £;) on its boundary
{—1, 1} x Y, then we can construct the invariants

m(W, &, sw)

for Spirf structuresiy extending the standard Spistructure determined by the 2-plane
field on the boundary, as above. On the other hand, the contact strg¢tyrevides a
cycle

V(D) = (WOED), U ED) € Cu(=Y),
and from&_ we similarly obtain a cycle

V(E) = (¥OE), ¥3(ET) € Cu(Y).
Let 5 _ 5 v

V(&) € HML(=Y) W) € HML(Y)

be the homology classes of these.
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Proposition 6.8. We have the pairing formula

D om(W, &, sw) = (W (ED, WED),,
Sw

where( — , — )p is the duality pairing
AM..(=Y) ® HM.(Y) - F,

from Section 4.13.

Proof. LetZ™ (£, ) be the manifold with one cylindrical end and one conical end, obtained
by applying the construction of the previous subsectiog t@n Y, and letZ*(£_) be
constructed similarly using-. As above, we have counting-invariants

M(ZF (), ) €F,  (a e C(=Y)UES(-Y)),
my(ZT(E2), a) e F, (a e C°®Y)UES(Y)).
In the case of the first of these two, we can regaab a critical point inB° (Y) via the
identification
CO(=Y) U BS(=Y)) = C°(Y) U BY(Y)).

If we unravel the pairing on the right-hand side of the formula in the proposition, we find
itis equal to

30) Y my(ZTE), my(ZTED, @)

ae€o(Y)

+ D D My (ZYED), ng(a, DMy (ZT (&), D)

aeCS(Y) beCU(Y)

wherenz(a, b) counts unparametrized boundary-obstructed trajectories as in Section 4.7.
On the other hand, we can consider the 1-parameter family of metri¢¢ parametrized

by Q = [0, co) in which the length of the cylinder is increased. There is a corresponding
parametrized moduli space

M (W+, SW)Q
associated to the manifoy/* with two conical ends. The map R is proper, and there
is a compactificatiotM (W™, SWg over Q = [0, oo], where atco the manifoldw be-
comes the disjoint union & (¢_) anZ* (¢,). If we look at the union of all 1-dimensional
moduli spacedt (W, SwW)g and count the endpoints of these, then the contributions from

endpoints lying over & Q is equal to the left-hand side in the proposition, while the con-
tribution from the endpoints lying ovex is the sum (30). O

We now reformulate this proposition for local coefficients. Becdusandé, are both
COclose toF, there is a canonical choice of reference Smittucturesg on W, and we
can write an arbitrargy as

Sw =50+6
for somee € H2(W, dW; 7). Lety be a 1-cycle irY, and set
hy =[-1, 1] x [n]
regarded as a class kp (W, 0W; R). Let
m*(W, &, 30) : Ha(W, dW; R) — K
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be as in Section 6.1. The constructionyof leads to classes
W) € HML (=Y T_y) W, (60) € HM,(Y: ).
Just as in the case of coefficiefitave have:
Proposition 6.9. We have the pairing formula
m*(W, &, 50)(hy) = (1.9 (64), ¥y (€2))p,
where( — , — )p is the duality pairing
HAM.(=Y; T_,) ® HM.(Y; T;)) — F,
from Section 4.13, and, js the mapHM..(—Y; T_,;) — AM.(=Y; T_,). 0
Now we conclude the proof of Theorem 6.1. Suppose the ¢idss H1(Y; R) satisfies
P.D.[n] = [w] + tci(¥F),
so that the clasi,, in Ha(W, 9W; R) satisfies
P.D.[h;] = [ww] + t C1(Swy)-

The intersection form onHZ(W, W) is trivial, so Corollary 6.4 tells us that
m*(W, &, 30)(h,) is non-zero. (Note thatg and 5, are the same.) From the propo-
sition above, it follows thatj*\if,,(s+) is non-zero; and in particular the image jpfis
non-trivial in AM,.(—Y; I'_,). The hypotheses of the theorem are symmetrical with re-
spect to orientation, s has non-zero image also ML (Y ). O

6.5. Application to knots of genus one.Using the non-vanishing theorem with local co-
efficients, we can now complete the proof of Theorem 1.1 for knots of genus 1, in the case
that the surgery coefficient is an integer. The arguments of Section 3 continue to show that
if K is p-standard theiK is (p — 1)-standard, for integerp > 2. We need therefore only
prove the following result, by a method applicable to genus 1.

Proposition 6.10. If K is p-standard for p= 1, then K is the unknot.

Proof. Consider the long exact sequence sequence with local coefficients, in the form
given in Corollary 5.13, applied to 3-manifol®, S}(K) and $(K):

> AML(SY) @ K 3 ML (S(K): Typ) % AML(S(K) @ K > -+
If K is 1-standard, then the mép is given by multiplication by

STUNTHD2. (420 4 1) + p(-2n - 1)),

n>0

thought of as a map from[U %, UT/K[U] (= HM(S}(K)) ® K = HM(S®) ® K) to itself.
Since the coefficient of) is a non-zero element df, this map is an isomorphism. By
the long exact sequence, we can concludeft\mitﬁ(K); ') = 0. It follows now from
Corollary 6.2 thaK is the unknot. O
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7. THE CASE OF NON-INTEGRAL I

We now turn to the proof of Theorem 1.1 in the case whieigenon-integral. Some of
the results proved along the way apply in more general settings, and will be used later.
Our strategy here is to show that if there is an orientation-preserving diffeomorphism
33(K) = S?(U) forr > 0, thenK is p-standard wherg is the smallest integer greater
thanr. In this way, we reduce to the case of integraWwhich is proved earlier in the
paper. Of course, the case, where 0 once again follows from the case where 0, by
reflecting the knot.

Lemma 7.1. Let W: Y7 — Y2 be a cobordism which contains a sphere with self-
intersection number zero & W which represents a non-trivial homology class in
Ho(W, 0W; 7). Then, for eaclSpirf structures e Spirf(W), the induced map on Floer
homologies are trivial.

Proof.  Since St x $? admits a metric of positive scalar curvature, it follows that if
HM(W, 3) is non-trivial, then(cy(3), [S]) = 0. _

We must now prove that even {€1(3), [S]) = 0, then the induced madM (W, 3)
is trivial. To see this, we pass to the blow-Wp = WHCP>. Fix a two-sphereE in

W supported inCP? with square—1. Givens e Spirf(W), there is a Spinstructure
e Sme(W) which extend% and W|th the addmonal 1al property that; (3), [E]) = +1.
By the blow-up formuIaHM(W 3) = HM(W c’) = HM(W + PD(E)). Since[S] —
[E] can also be represented by a sphere with self-intersection numbéﬂ\l\ﬁ(VT/ 3+
PD(E)) = HM(W 3+ PD[S])) By repeatedly using the same argument , we have
thatHM(W 5) = HM(W 3+ kPD[S)]) for all k € Z. However, our hypotheses on
S ensure tha( + kP D[S]}kez is an infinite collection of Spinstructures; but for any
fixed n € HM(Y1), there can be only finitely many Spistructures for which the map
HM(W t)(n) is non-trivial. It now follows thatHM(W 8) = 0. Sinceb*(W) > 0, it
follows from Proposition 2.8 that the mapM (W, ) = 0 as well, and an easy diagram
chase now also shows tHaM (W, 3) = 0. O

Proposition 7.2. Let M be a three-manifold with torus boundary, and choose oriented
curvesy; and y» with y1 - y» = —1. Fix also a cyclep ¢ M. Lettingy3 be a curve
representindy1] + [y2] andy4 be a curve representing1] — [y2]. Consider the surgery
long exact sequences

s AML (Y1 Ty) =5 AM. (Y2; Ty) —% AN, (Ya; ) —> -

s AL (Y2 Ty) 2 AML (Y3 Ty) =5 AN (Ya; Ty) =3 -

where here Yis obtained from M by filling; and F; and G; are maps induced by the
cobordisms equipped with the product cyclésl] x 5, thought of as supported in the
complement of the two-handle additions, as in Theorem 5.12. Then we hate ¢l —

0 = G, o F1. For composites of the e maps belonging to the long exact sequences for the
other two Floer homologieBIM and HM, we have an analogous vanishing results. (e.g.
F10G, = 0).

Proof. Let A1: Y1 —> Yz denote the cobordism inducing the mép, and and
B2: Y2 —> Y1 denote the cobordism inducing the m@&p, so that the uniorB; Uy,
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A1: Yy —> Yi is a cobordism (i.e.F; = HM(As; T'a,,) andGy = HM(Bg; '),
where here the chainsare induced by the product cyclg® 1] x n, thought of as sup-
ported the complement of two-handle additions).

Inside the composite cobordislV = B Uy, A1, one can find a sphere with self-
intersection numbe equal to zero, which represents a non-trivial homology class in
H2(W, 0W; 7). Specifically, suppose tha; is built from Y; by attaching a two-handle
along K1 (with some framing) andB; is obtained by then attaching a two-handle along
K> (with some other framing), then the two-sph&eorresponds td,, and it is homo-
logically non-trivial since the homology class correspondingtointersects it once (c.f.
Figure 4).

It follows from the composition law for cobordisms, together with Lemma 7.1 that

0= HM(W; T'w,,) = HM(By; Tg, ) o HM(Ag; Ty ) = Ga o Fr.

The compositéfl o éz vanishes in the same way.

FiGure 4. Handle decomposition for Proposition 7.2.Consider the
link pictured above, where het¢; is thought of as any initial framed
knot in the three-manifol®f1, andK>, K3, andK4 are unknots with the
property that; links K;_1 andK; ;1 geometrically once (for = 2, 3).
The three cobordism#i: Y1 — Yo, A2: Y2 — Y3, and Az: Y3 —
Y1 which induce maps fitting into the long exact sequence are given as
follows. A; is specified by the framed knd#t;, Az is specified by the
framed knotK (thought of as a knot iiY,) with framing —1, while Az

is specified by the framed kndtz with framing —1. Three cobordisms
B2: Y2 — Y1, B1: Y1 — Y4, Bs: Y4 — Yo are specified as follows.
B> is specified byK, (thought of as a knot insid¥,) with framing O,
while Bj is specified byK3 with framing —1, andBy is specified byKy4
with framing —1. In particular, the cobordismB; Uy, A1: Y1 — Y

is specified by the linkk; U K, where hereK is given framing 0.
In this composite cobordisnk, corresponds to a homologically non-
trivial sphere with self-intersection number zero.
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Proposition 7.3. Let K be a knot in & and fix a cycley € S* — K whose homology
class generates HS® — K; R). Letrg,r1 € QU {oo} with ro, rq non-negative. Suppose
moreover that if we writeg and r; as fractions in their lowest terms &= pi /g (where
here all p, g are non-negative integers), thenm — p1go = 1. Then, we have a short
exact sequence of the form:

0 — HM.(S}(K): T'y) — HMo(S(K): T)) —> HMo (S (K); Ty)) — O,
where heres = (po + p1)/(do + 01)-

Proof. We prove the result by induction ap = qo + qz.
In the case whergp + q1 = 1, it follows thatqg = 0 andgs = po = 1. Now,
Theorem 5.12 gives us an exact sequence

HM(W;T'w,,)

— HML (S 3 (K): Ty) — HMo(S% ) HMo (S5, (K): Ty) —> -+

We claim that the mabTM(W; I',) = 0. This follows from commutativity of the diagram,

N HM, (W; T J—
AML (S T,) —— 0 B (8, (K); Ty)

i*l iil
HM, (S I)) HM. (S5, (K): T'y)

HM (W)
e
bearing in mind that,: HM,(S% ') — HM,(S% T,) is surjective, together with the
fact thatHM,(W; I'w,,) = 0, which is analyzed in two cases. In the case whgre- 0,
HMMW) = 0 sinceb;(W) = 1, in view of Proposition 2.8; while in the case where
p1 = 0, it follows from the fact thaHM, (S3(K); I';) = 0, in view of Lemma 4.19. (Note
that the present case of Lemma 4.19 follows at once from Proposition 2.7, together with
the surgery long exact sequence on the levéllf with local coefficients.)
For the inductive step, Theorem 5.12 gives a long exact sequence

— ML (S3: 7)) — AML(S3: ) —> AML(S: ) — -

Letrz = (po— p1)/(do — q1). If go > Q1. then by induction on the denominator, we have
a short exact sequence

0— I—TM.(§1; ry,) S, I—TI\Z.(SZ; r,) — HM, ( w5 Typ) — 0.

By Proposition 7.2, it follows thas o F = 0. SinceG is injective, it follows thatF is the
trivial map.
In the case whergy < g1, by induction on the denominator, we have

0 — AML(SS,(K); Ty) — AML (S (K); T,) —> HML(S8 (K); T)) —> 0.

Now, sinceF o G = 0 andG is surjective, it follows thaF = 0.
In the final case, whergy = qy, it follows thatgp = q1 = 1 and thatpg = p; + 1.
Exactness now follows from the short exact sequence

0 — HM. (S, (K. T}) — HM(S] ,1(K).T)) — HM. (S, T,) — 0

which was established earlier. O
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Proposition 7.4. Let K be a knot in $and suppose that

j: HM(S(K)) — AML(S}(K))
is trivial for some non-integral, rational = 0. Let p be the smallest integer greater than
or equal tor, then

j : HML(S5(K)) —> AML(S3(K))

is trivial, as well.

Proof. Note that for > 0, if 5 is any real cycle in the rational homology sph&K ),
then the map
in: HMo(S(K); T) — AML(S}(K); T)
is non-trivial if and only if the corresponding map
j: HM(S(K)) — AML(S}(K))
is; in fact sincey is null-homologous, we have identifications
HMW(S}(K): T) = AML(S(K) @ K and AML(S(K); ;) = AML(S}(K)) ® Ik,
under which the map ® Id is identified withj,,.

Writer = p/q in its lowest terms. Sinc@ andq are relatively prime, we can find a
pair of integersa andb with the property thahq — bp = £1. Sincep > 0 andq > 1, it
follows thata andb must have the same sign,a& 0. Without loss of generality, we can
assume thaa andb are both non-negative. By simultaneously subtracting multiplgs of
off from a and multiples ofy off from b, we can arrange for& a < pand0< b < g.

If ag — bp = +1, letrg = a/b,r1 = (p—2a)/(q — b) andr, = r = p/q, while if
aq—bp=—-1,weletro = (p—a)/(g — b) andr; = a/b. In both cases, the short exact
sequence from Proposition 7.3 holds, giving us the following diagram, where the rows and
columns are exact

HM, (S _F, AM.(S$3) —— 0

iil i,’f’l

M) —F— AMa() —— 0

l

0
It follows at once that.? is surjective as well. Note that the denominator@fs smaller
than that ofr, and there are no integers betwaeandrg; hence by induction on this
denominator, the result follows from the long exact sequence which conpgdts and
Js- O

LetK c S®be a knot and > 0 be a rational number. We can construct a map
o : Spirf(S(K)) — Spirf(S(U))
as follows. Consider the Hirzebruch-Jung continued fractions expansion of
1

(31) r=la,.anl=a1 - ———,
ap —

1
an
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wherea; > 1 anda > 2 fori > 1. Consider the four-manifold whose Kirby calculus

picture is giverK = K1 followed by a chain of unknotK», . .., Ky, whereK; links Kj_1

andK; ;1 once; and the framing df; is —a; . After deleting a ball, this gives a cobordism
W (K): S3(K) — S,

It is straightforward to see that any Spistructuret e Spirf(S3(K)) can be extended to
a Spirf structure oveW. Let s denote such an extension. Next, Wt (U) denote the
corresponding cobordism for the unknot

W (U): L(p,q) — S°.

By the construction of these cobordisms, there is a distinguished identification

T2 H2(W (U): ) —> H2(W (K): 2).

Let, 3’ e Spirf(W; (U)) denote the Sphstructure structure withr(c1(8")) = c1(3). It

is straightforward to see that the correspondence which semmishe restriction ofs’
to S’ (U) ¢ aW, (U) induces a well-defined mag as stated in the beginning of the
paragraph.

Proposition 7.5. Let K be a knotin & Then, for allt € Spirf(S3(K)), we have that
max C1(3)2 + rkHa (W (U)) < —4Fr (1),
(s€SPIF (W (U) 81,y =or (1)

with equality when K= U.

Proof. Throughout this proof, we let € HM;_ (S®) be the non-zero class supported in the
in the summand corresponding to the two-plane fielce J(S®) (recall thath(¢_) = 0).
Note thati, (o) € HM,(S®) is non-trivial. Note that; (K): S$(K) — S3is a cobor-
dism between rational homology three-spheres w;tmwr(K)) = 0. Since for each

s e Spirf(W (K)), the induced mapiM(W; (K), $) is an isomorphism (c.f. Proposi-
tion 2.7), so we get a diagram

AML(S(K), 1) 009 1y, ()

| I
AML (S(K), 1) 8O o, (s9),
where here = 3|, It follows that the ma, o HM(W; (K), ) is surjective, and hence
there is a two-plane-fielfl € J(t) and an elemerg ¢ W,— (33(K)) with the property that
HM(W;: (K), $)(8) = «.
Now, by the dimension formula
—4n(j) = c1(3)% — 2 (W (K)) — 30 (W (K)) = €1(5)? + rkHa (W (K)).
But sincei.(B) € I—TI\E- (S3(K)) is a non-zero-homogeneous element in the image, f
follows thath(j) > Fr(t). Putting these together, we have shown that
(32) €1(3)? + rkHa(Wr (K)) < —4Fr (1),

for any 3 which extends over W; (K). Note that the left-hand-side of this equation de-
pends only on the homological propertiesfdf(K ), and hence can be replaced\(U)
as in the statement of the proposition.
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It remains to show that for givehe SpirF(S?(U)), there is a Spihstructure for which
equality holds in Equation (32).
To this end, we claim that there is a cobordism

Vi(U): S — S,

with the property thaX = W; (U) Uy r (U): S — S is a negative-definite four-
manifold (indeed, it is obtained from the cylind@; 1] x S® by a sequence of blow-ups).
Moreover, each Spfnstructuret e Spirf(S3(U)) can be extended to a Sfistructure

u e Spirf(X) with the property that;(1)? + rkHa(X) = 0 (i.e. so that its square is
maximal). Concretelyy, (U) is constructed from a plumbing of spheres with multiplicities
{by, ..., bm} chosen so that

l1=[as,....,an, 1, b1, ..., bml.

The property of Spihstructures with minimal square can be proved by induction on the
size of the expansion.
Given this fact, note that the composite

i” o HM(V; (U), 1]y, ) : AML(S®) — HM.(S}(U))

is once again surjective for all ¢ Spirf(X) (as it is the composite of an isomorphism
with a surjection). It follows that if there were no no extensiont af SpirF(S?(U)) to
W (U) for which equality holds in Equation (32), then the composite rHMJ(X n) =
HM(Wr U), ulwuy) o HM(Vr (U), uy, u)) would have kernel for any € Spirf(U) with
Uy = t. But for any choice ofi € Spirf(X) with cq(u|w, (U))Z + rkH2(W; (U); 2) =

0, this map is an isomorphism. O

The following result reduces Theorem 1.1 in the case whergenon-integral to the
integral case:

Theorem 7.6. Suppose that there is an orientation-preserving diffeomorphi%ﬁ(}sz
S(U) for some non-integral r> 0. Then K is p-standard, where p is the smallest integer
greater thanr.

Proof. SinceS;?(K) is orientation-preserving diffeomorphic @(U), it follows that
Y REK.h= Y RS,
teSpirf($(K)) teSpirf($U))

Sinceo; is a bijection, it follows from this equation together with Proposition 7.5 that
in fact Fr(SP(K) t) = Fr(S3(U) or (1)) for all t e Spirf(S$(K)). Sincej is triv-
ial on HM,(S3(U)) = HM,(S3(K)), it follows from Proposition 7.4 thaf is trivial on
HM (Sp(K)) as well.

We claim thatFr (S3(K), t) = Fr(Sy(U), op(1)) for all t € Spirf(S3(U)). To see this,
note that by construction, we can decompose

W (K) =V USS(K) Wp(K),

whereV : §(K) — S3(K) is obtained from the — 1 two-handle additions (specified

by Ko, ..., Kp). We claim that anyt € SpirF(SS’(K)) admits an extensiof over all of
W; (K), so that the induced map

HM (W (K), 8): HMJ (S (K), 8]Wk (K)) — HM,(S%)
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is an isomorphism. Now, corresponding to the decomposition, we can write
HM (W (K), 8) = HM(Wp(K), Slwyk)) © HM(V, 5]v).

Sinceb; (V) = 0, HM(V, 3]v) induces an isomorphism (c.f. Proposition 2.7), dnds
trivial for both §(K) andS3(K), it follows easily thaHM(V, s|v) is surjective. It follows
that

HM(Wp. 8w, (k) : HMW(S3(K), 1) — HM(S%)
is an isomorphism, and hence that S3(K)., t) = Fr(S3(U). op(t)). From this, it follows
readily thatk is p-standard. O

8. FURTHER APPLICATIONS FOR LENS SPACE SURGERIES

In this section, we use the surgery long exact sequence, along with some earlier results,
to study the more general problem of lens space surgeries.

Recall the following result of Meng and Taubes [25] (reformulated in the context of
monopole Floer homology):

Theorem 8.1. Let K be a knot in & and write its symmetrized Alexander polynomial as
Ak(T)y=ag+ Y a(T' +T7).
i

We fix a generator te H2(§§(K); Z), and Ietl—Tl\ﬁ.(Q?(K), i) denote the Floer homology
of S?(K) with local coefficients determined by any cyel@hich generates HSS(K); R)),
evaluated in th&spirf stuctures with (c1(3), [h]) = 2i. Then

o0
X HM(S(K), 1) = =) jajij+j.-
j=1
(Where here the left-hand-side is the Euler characteristic over thelfielifractions of the
group-ring F[R], and the sign is determined by the canonical mod two grading on Floer
homology described in Subsection 2.5.)

Combining this with the results of this paper, we obtain the following necessary criterion
for a S3(K) to be a lens space:

Theorem 8.2. Let K be a knot in $with the property that some integer surgery on K
gives alens space, then the Seifert genus of K coincides with the degree of the symmetrized
Alexander polynomial of K.

Proof. If the genus ofK is bigger than the degree of the Alexander polynomial, then
the according to the Meng-Taubes theorem, we knowxh&t\l\ﬁ(ﬁ(K), g-—1) =0,
while by the non-vanishing result, Corollary 6.($(K), g—1 # 0, and hence
I-Tl\ﬁodd(%*’(K)) # 0. Thus, by Theorem 5.12, we have the exact sequence

— HMogd(S%; T'y) — HMogd(S(K), T) — HMogd(SS(K), T,) —>

Sincel—Tl\ﬁodd(S3) = 0, it follows thatﬁmodd(sf(K)) # 0 (whether or not we use the local
coefficient systent',).

Indeed, ifHMoga(S3(K)) # 0, it follows easily thall—Tl\Wodd(SSH(K)) # 0, since in
this case, Theorem 2.4 sequence takes the form

— HM.(S%) — HM,(S3(K)) — HM.(S3,1(K) —>,
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where herep andFp 1 preserve the absolu&/27 grading (c.f. Section 2.5). In particu-
lar, this makes it impossible f@&(K ) to be a lens space (for integrat> 0). O

In [31], it is shown that ifK is any knot with the property thﬁg(K) = L(p,Q),
then the Alexander polynomial df is uniquely determined up to a finite indeterminacy.
Indeed, this algorithm is concrete: its input is the Milnor torsionlfép, q) andL(p, 1),
and the finite indeterminacy depends on the homology class of the induced k(g ig).

Consider the rational numbeds—L (p, q), i) associated to a lens spdcép, q) (recall
that we have fixed here the orientation convention thgt, q) = Sg/q (U)), and an element
i € Z/pZ, determined by the recursive formula

d(—L(1, 1), 0) 0
pg— (2 +1— p—q)?
4pq

wherer and | are the reductions modutpof p andi respectively. (Note that these num-
bers turn out to agree with the Frgyshov invariants of the lens spad@, q), under a
particular identification Spf{L(p, q)) = Z/pZ.)

The following can be found in Corollary 7.5 of [31]:

d(=L(p.a).1) ) —d(=L(q,r), ),

Theorem 8.3. The lens space (p, q) is obtained as surgery on a knot K S° only if
there is a one-to-one correspondence

o:7Z/pZ — Spirf(L(p,q))
with the following symmetries:
e o(=[ih) =0o(iD
o there is an isomorphism: 7/ pZ — 7/ pZ with the property that
o(lih) —o(ljh =¢i —jD,
with the following properties. For & Z, let[i] denote its reduction modulo p, and define
{ —d(L(p, ), oliD +d(L(p, D), [ID if2li]<p
ti =

0 otherwise,
then the Laurent polynomial

LU(T)=1+Z<%—ti+t%1)T‘=Zai-T‘
i i

has integral coefficients, and all the< 0. Indeed, if :g(K) = L(p, q), then its Alexander
polynomial has the form L(T) for some choice of as above.

By combining Theorem 8.2, results of [31], and work of Goda and Teragaito [16], we
obtain the following:

Corollary 8.4. If K is a knot with the property that for somegZz, SS(K) is a lens space
and|p| < 9, then K is either the unknot or the trefoil.

Proof. Inview of Theorem 8.3, it is now an experiment in numerology to see tlﬁ'(l{)
is a lens space withp| < 9, then Alexander polynomial o€ is either trivial orT —1+T 1
(see the list at the end of Section 10 of [31]). In view of Theorem 8.2, it follows that the
genus ofK is zero or one. Combining this with a theorem of Goda and Teragaito [16],
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according to which the only genus on knot which admits lens space surgeries is the trefoil,
the corollary is complete. O

As another application, we obtain the following bound on the Seifert ggrafK in
terms of the order of the lens space.

Corollary 8.5. Let K be a knot in 3with the property that for some integer pg(:’&) is
alens space, thedg — 1 < p.

Proof. The bound @ — 1 < p whered is the degree of the Alexander polynomialkof
follows immediately from the algorithm described in Theorem 8.3; the rest follows from
Theorem 8.2. O

The bound on the Seifert genus stated above is still fairly coarse, and can usually be im-
proved for fixedp andq using Theorem 8.2, combined with the algorithm for determining
the Alexander polynomial oK given in Theorem 8.3.

It is interesting to compare Corollary 8.5 with a conjecture of Goda and Teragaito for
hyperbolic knots which admit lens space surgeries. They conjecture that for such a knot,
the orderp of the fundamental group is related with the Seifert gamby the inequalities
29+ 8 < p < 4g — 1. Indeed they prove (Theorem 1.1 of [16]) thaKifis a hyperbolic
knotin S°, and ifsg(K) is a lens space, thep| < 12g— 7. They restrict to the hyperbolic
case, since the case of non-hyperbolic knots yielding lens space surgeries is completely
understood, c.f. [4], [40], [41]. The only such knots with lens space surgeries are torus
knots, and th&2, 2pq + 1)-cable of a(p, q) torus knot (in which case the resulting lens
space id (4pq + 1, 492)).

The condition that; < 0 from Theorem 8.3 has an improvement, using the Floer ho-
mology for knots (see [30] and [34]). Specifically, in Corollary 1.3 of [29], it is shown
that if K is a knot on which some integral surgery is a lens space, then all the non-zero
coefficients of its Alexander polynomial atiel, and they alternate in sign.

Combining all this information, we can give stronger constraints on the lens spaces
which can be obtained by surgeries on knots with a fixed Seifert genus. As an illustration,
we have the following:

Corollary 8.6. The only lens spaces which can be obtained by positive integer surgery on
a knot in $ with Seifert genug are orientation-preserving diffeomorphic toq@, 7) and
L(11, 4.

Proof. According to Theorem 8.2, combined with Corollary 1.3 of [29] (which states
that the non-zero coefficients of the Alexander polynomial all have absolute value one and
alternate in sign), we see thatKf has genus two and some integral surgery on it gives a
lens space, then is eitherT 2—1+T20rT2—-T-141—T+ T2 In the first caseK
is neither a torus knot nor th@, 2pq & 1)-cable of a(p, q) torus knot, and hence it must
be hyperbolic (c.f. [4], [40], [41]). According to Goda and Teragaito’s boupdl,< 17.
But this is now ruled out by Corollary 7.5 of [31]. In the second case, we can rule out the
possibility thatK is hyperbolic andp # 9, 11 in the same manner. In these remaining
cases, the algorithm of Theorem 8.3 forﬁSK) to be one of the two listed possibilities.

O
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The above procedure is purely algorithmic, and can be repeated for higher genera. For
instance, if positive integral surgery on a genus three knot gives a lens space, then that lens
space is contained in the list

L(11,9), L (13, 10), L(13,9), L(15,4)
(all of which are realized by torus knots); in the genus four case, the list is
L(14, 11), L(16,9), L(17,13), L(19,5)
(again, all of these are realized by torus knots). In the genus five case, the list reads
L (18 13), L(19 11), L(21, 16), L (23, 6),

where now the last two examples are realized by a torus knot, and the first two are realized
by the (-2, 3, 7) pretzel knot (c.f. [10]).

In a different direction, we can combine Theorem 8.2 with properties of the Heegaard
Floer homology for knots (see [30] or [34]) to obtain the following result on the four-ball
genera of knots admitting lens space surgeries, compare also [22]:

Corollary 8.7. Let K be a knot in Swith the property that §K) = L(p. q). Then, the
Seifert genus, the four-ball genus, and the degree of the Alexander polynomial all coincide.

Proof. According to [29] (c.f. Corollary 1.6 in that reference), the four-ball genuis i
bounded below by the degree of the Alexander polynomidl oThe equality of the three
guantities follows from the fact that the four-ball genus is less than or equal to the Seifert
genus ofK, together with Theorem 8.2. O

8.1. Seifert fibered surgeries. We give an application of the long exact sequence to the
question of when a knot i62 admits a Seifert fibered surgery. To state the strongest form,
it is useful to pin down orientations.

LetY be a Seifert fibered space with(Y) = 0 or 1. Such a manifold can be realized
as the boundary of a four-manifol (I") obtained by plumbing two-spheres according to
a weighted tred". Here, the weights are thought of as a nmafrom the set of vertices of
['toz.

Definition 8.8. Let Y be an oriented Seifert fibered three-manifold withyh = O or

1. We say that Y has a positive Seifert fibered orientation if it can be presented as the
oriented boundary of a plumbing of spheregIWy along a weighted tre& so that with

b~ (W(')) = 0. If Y does not have a positive Seifert fibered orientation, th&¥ndoes,

and we say that Y isegatively oriented

Moreover, either orientation on any lens space is a positive Seifert orientation; similarly,
either orientation on a Seifert fibered space vithlY) = 1 is a positive Seifert orienta-
tion. Finally, if Y is the quotient of a circle bundke: N — X over a Riemann surface
by a finite group of orientation-preserving automorphiggisand if N is oriented as a
circle bundle with positive degree, then the induced orientatioll @a positive Seifert
orientation.

The basic property of the monopole Floer homology of Seifert fibered spaces we will
use is the following result, which follows quickly from [26]. Or, alternatively, using Theo-
rem 2.4, one can adapt the proof of the corresponding result for Heegaard Floer homology
(c.f. Corollary 1.4 of [32]), to the context of Seiberg-Witten monopoles.
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Theorem 8.9. If Y is a positively oriented Seifert fibered rational homology three-sphere,
thenHM, (Y) is supported entirely in even degrees.

Sometimes, we will consider Seifert fibered spaces with first Betti number equal to one.
One could adapt techniques of [26] to this situation, as well, but it is quicker now to appeal
to the surgery long exact sequence. The relevant fact in this case is the following:

Corollary 8.10. I\f/Yo is a Seifert fibered space with @/p) = 1, andn is a generator of
H1(Yo; R), thenHM, (Yo, T';)) is supported entirely in odd degrees.

Proof. ExpressYp as the boundary of a plumbiny of spheres witth—(W) = 0, and

let Y1 denote the new Seifert fibered space obtained by increasing the multiplicity of the
central node by one, and & denote the plumbing of spheres obtained by deleting the
central node. (The latter spacé; is a connected sum of lens spaces.) We have that the
Floer homology group¥p, Y1, andY> fit into a long exact sequence as in Theorem 5.12.
In fact, sinceY, can be given a positive scalar curvature metric, HM(Y,, T r,) —

HM, (Y2, ) is surjectlve and hence, smbleM(Yo, 7) = 0(c.f. Lemma 4.19), it follows

that the map fronHM, Y2, Ty) — HM., Yo, Ty is tr|V|aI Thus, we get the short exact
sequence

—~— —~—

0— HM.(Yo. T) 8 ¥, (v1. 1) "M% M, (Y2, T) —> O.

SinceHM, (Y1, I',) is supported in even degrees and the rHM)(Wo) reverses the canon-
ical mod two grading (c.f. Proposition 2.5), the result follows. O
Another application of the surgery long exact sequence gives the following:

Proposition 8.11. Let K be a knotin & Then, for allr= p/q > 0, we have that
tkHModd(Sh/q Tv) = 0 - TkHMeved S(K), T').

Proof. This follows immediately from Proposition 7.3. O

We obtain the following direct generalization of Theorem 8.2:

Theorem 8.12. Let K be a knot whose Alexander polynomigt (T) has degree strictly
less than its Seifert genus. Then, there is no rational numbeOrwith the property that
53(K) is a positively oriented Seifert fibered space.

Proof. In view of Theorem 8.1, the condition df ensures thaﬁ\l\ﬁever(ﬁ(K), r,#0
(and also thaH\l\Wodd(SS(K), I';) # 0, but we do not use this here). The case wiete0
now is ruled out by the latter fact, together with Corollary 8.10. For the case wher@,
I-Wodd(33(K), I';) # 0 in view of Proposition 8.11, and hence Theorem 8.9 shows that it
is never a positively oriented Seifert fibered space. O

It is a more subtle problem to detect whetl88(K) is a negative Seifert fibered space
forr > 0. We include the following:

Theorem 8.13. If K is a knot whose Seifert genus g is strictly greater than the degree of
its Alexander polynomial, and alsog 1, then %n(K) is not a Seifert fibered space for
any integer n.
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Proof. As usual, by reflecting if necessary, it suffices to consider the case wheteO.
Sf/n(K) is not a positively oriented Seifert fibered space, according to Theorem 8.12.
Thus, we are left with the case whare- 0 andY is a negatively oriented Seifert fibered
space.

We claim that ifY is a negatively oriented Seifert fibered space, then the cokernel of
ie: AML(Y) — HM.(Y) is supported entirely in odd degrees. This follows easily from
duality.

Now, in view of Corollary 2.3, our hypothesis on the kn#t ensures that
HMoad(S3(K)) # 0. Indeed, letting: be any non-trivial element diMoga(SS(K), g —

1) C I—T‘l\ﬁodd(sg’(K)), its conjugatet lies in the summandmodd(sg(K), —-g+1),and
hence it is linearly independent gt Consider the surgery exact sequence, following
Proposition 7.3

0 — HML(Yo(K)) —> HM. (Yy/n(K)) — AML(Y 1) — O,

where hereF reverses the mod 2 degree. Sirfeds injective, ifn = F (&), theny is
linearly independent from. It follows thatn is not in the image off, : HM(Y1/n(K)) —
I—W.(Yl/n(K)), since conjugation acts trivially ddM (Y1, (K)). In view of the previous
paragraphsf/n(K) is not negatively Seifert fibered for> 0. O

9. FOLIATIONS

The exact sequence, together with Theorem 2.1 can be used to exhibit large classes of
three-manifolds admitting no taut foliations.

Definition 9.1. A monopolel-spaces a rational homology three-sphere Y for which
jo: HM4(Y) — HAM,(Y)
is trivial.

Examples include all lens spaces, and indeed all three-manifolds with positive scalar cur-
vature. By Theorem 2.1, a monopdlespace admits no taut foliations.

Proposition 9.2. Let M be a connected, oriented three-manifold with torus boundary,
equipped with three oriented, simple closed cumgs/1, andy, as in Theorem 2.4. Sup-
pose moreover thatpY Y1, and Y, are rational homology three-spheres, with the property
that

[H1(Y2; 2)| = [H1(Yo; 2)| + [H1(Y1; Z)].

Suppose also thatyp¥and Y; are monopole L-spaces. Then it follows thafisa monopole
L-space, too.

Proof. It follows from the hypotheses that the cobordisvg: Yo — Y1 hasbéfr Wo) =
1, and hence according to Section 2.6 the H(Wp) : HM(Yo) — HM(Yy) is trivial.
Now, Theorem 2.4, and our hypothesis, gives the following diagram (where all rows and
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columns are exact):

lo lj* lo

s AMGYp) MY BRI (V) MW B (Yo) ———

i Lp 1p

— 0 AM.y) MW ERL V) MW e (Y — 2

b bk
s AMl(Yy MW AR ) MW AR Yy ———

lo lj* lo

Now, a diagram-chase shows that= 0 as well. O

Using the above proposition, together with Theorem 2.1, we can find large classes of
three-manifolds which admit no taut foliations. We list several here:

Definition 9.3. A weighted graplis a graph G equipped with an integer-valued function
m on its vertices. Thdegreeof a vertexv, written d(v), is the number of edges which
contain it.

Corollary 9.4. Let G be a connected, weighted tree which satisfies the inequality

d(v) at each vertex, and for which the inequality is strict at at least one vertex. L&&Y
denote the three-manifold which is the boundary of the sphere-plumbing associated to the
graph G. Then, YG, m) admits no taut foliations.

Proof. We prove that under the hypotheses(@) m), Y (G, m) is a monopole.-space

by an induction on the number of vertices @f If the number of vertices is one, then

Y (G, m) is a lens space. L&b be a general tree satisfying the hypotheses, and fix a leaf
v. We prove the corollary by sub-induction on the weightv). If m(v) = 1, we can
form the graph(G’, m") where hereG’ is obtained fromG by deleting the vertex, and

m’ agrees withm|G’ except at the neighbas of v, wherem'(w) = m(w) — 1. Itis easy to

see thatr (G, m) = Y(G’, m’) and that(G’, m’) also satisfies the hypotheses, and hence it
is anL-space by the inductive hypothesis (on the number of leaves)Ggtmg) be the
weighted graph obtained by deleting the verteftom G, and(G1, m;) be the weighted
graph obtained fron® by decreasing the weight atby one. It is easy to see that

IH1(Y (G, m); Z)| = [H1(Y(Go; 2)| + [H1(G1; 2)I.

The inductive step now follows from Proposition 9.2, together with Theorem 2.1. (For
more details, see the corresponding result in [32].) O

Corollary 9.5. Let L be a non-split, alternating link in3S and let =(L) denote the
branched double-cover of&long L. ThenX (L) does not admit a taut foliation.

Proof. For any link diagram foiL, choose a crossing, and ley and L1 denote the
two resolutions ofL at the crossing, as pictured in Figure 5. It is easy to see3lih,

¥ (Lg), andX (L) fit into an exact triangle as in Theorem 2.4. Furthermore, if we start
with a connected, reduced alternating projectionfpthen bothL g andL ; are connected,
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alternating projections and henzgL ), X (L) andX (L) are rational homology spheres.
Indeed,

[Hi(Z(L)[ = [H1(E(Lo)| + [H1(E(L )]
by classical knot theory (c.f. [24]). The result now follows from Proposition 9.2, together
with Theorem 2.1. (For more details, see the corresponding result in [33].) O

Corollary 9.6. Let K ¢ S® be a knot for which there is a positive rational number r with
the property that &(K) is a lens space or, more generally, a monopole L-space. Then, for
all rational numbers s> r, SS(K) admits no taut foliation.

Proof. By Proposition 7.4, ifp denotes the smallest integer greater th,antnensg(K) is
also a monopolé -space. The result now follows from repeated applications of Proposi-
tion 9.2. O

By a theorem of Thurston (c.f. [38], [39]), K is not a torus knot or a satellite knot, then
33(K) is hyperbolic for all but finitely many. One can now use the above corollary to
construct infinitely many hyperbolic three-manifolds with no taut foliation by, for example,
starting with a hyperbolic knot which admits some lens space surgery. (A complete list of
the known knots which admit lens space surgeries can be found in [1], see also [2], [15],
[10].) The first examples of hyperbolic three-manifolds which admit no taut foliation were
constructed in [37], see also [6]

In the interest of concreteness, we include the following:

Corollary 9.7. Fix an odd integer n> 7, and let K be th€—2, 3, n) pretzel knot. For all
r > 2n+ 4, then $(K) admits no taut foliations.

Proof. Whenn = 7, thenSfS(K) is a lens space. The result now follows from Corol-
lary 9.6. Indeed, fon > 7, it is well-known (c.f. [3]),Sz3n+4(K) is a Seifert fibered space
with Seifert invariant§—2, 1/2, 1/4, (n — 8)/(n — 6)). Repeated applications of Propo-
sition 9.2 can be used to show that this Seifert fibered space is a morlojsplace, and
hence again we can apply Corollary 9.6. O

These bounds can be sharpened. For example, wher, §7(K) is a quotient ofs?
by a finite isometry group, and in particular, it has positive scalar curvature. Thus, for all
r> 17, 33(K) admits no taut foliation. In fact, with some extra work, one can improve the
bound in general to > n+ 2. Itis interesting to compare this with results of Roberts [35],

X OO X
/L L, /0N

FicUure 5. Resolving link crossings.Given a link with a crossing as
labelled inL above, we have two resolutiohs) and L4, obtained by
replacing the crossing by the two simplifications pictured above.
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[36], which constructs taut foliations on certain surgeries on fibered knots. For example,
whenK is the(—2, 3, 7) pretzel knot, she shows thaf(K) admits a taut foliation for all
r<1.

In a similar vein, we have

Proposition 9.8. For any three rational numbers ,®,¢c > 1, the three-manifold
M (a, b, ¢) obtained by performing a, b, and ¢ surgery on the Borromean rings carries
no taut foliations.

Proof. First, we prove the case wheagh, andc are integers. In the basic case whare

b = ¢, the manifoldM (1, 1, 1) is the Poincaré homology sphere, which admits a metric of
positive scalar curvature, and hence it is a monopekpace. For the inductive step, we
apply Proposition 9.2, to see that the fact tt@at1)#L (c, 1) andM(a, b, ¢) are monopole
L-spaces implies that so M (a + 1, b, ). Repeated applications of the proposition also
gives now the result for all rational numbexsh, andc in the range. O

Note that this family includes the “Weeks manifolt¥f (1, 5/2, 5), which is known by
other methods not to admit any taut foliations, see [6].
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