DETERMINANTS Math 121, 11/14/2005 O.Knill |

Determinants are characterized as the only n-linear alterating and normalized function from M, (F) to F. |

DEFINITION. The determinant
(= cofactor) expansion

ofan n matrix M over the eld F is de ned recursively by the Laplace

det(M)= " I ( 1M1 My det(M,

where Aj isthe (n 1) (n 1) matrix obtained from M by deleting i'th row and j 'th column.

2 3
12 2
EXAMPLE. The determinant of the 3 3 matrix A=4 1 2 15 inthe eld F3 of characteristic 3 is
11 2

lde( 5 ) 2dei( | 2 )+adet( ; 5 )=13 21+2 (1= 1=2:

REMARK. The usefulnes to consider also other eldsF besidesR or C had been demonstrated again recently in
cryptology: on November 8'th, the number RSA-640 had been fatored using an algorithm, which uses matrice:
de ned over F,.
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TYPE 1 ELEMENTARY MATRICES have determi- Example: 4 1 0 0 5 which switches the rst and
nant 1. 0 01
second row. 3
100
TYPE 2 ELEMENTARY MATRICES have determi- Example: 4 0 a 0 5 which multplies the second
nant a. 0 01
row with 3
1 00b
TYPE 3 ELEMENTARY MATRICES have determi- Example: 4 0 1 05 which addsbtimes the third
nant 1. 0 01
row to the rst row.
PERMUTATION MATRIX. A permutation = f (1);::; (n)g of f1;::;ng de nes a permutation matrix

P g = e (). Dene the function ( ) = det(P ). on the group S, of all permutations. If a permutation
matrix M can be written as a product ofk type 1 elementary matrices, then detM ) = ( 1)¥. In other words,
(PQ)= (P) (Q) for permutation matrices.

P

THEOREM. det( M) = 28, (M1 A2 An ()

PROOF. Induction in n: group all permutations according to which elementk is rst. Each group is the set
of all permutations of n 1 elements. So =[k; (2);::; (n)] where is a permutation of f1;:::;ng n fkg.
The signatures satisfy ( ) =( 1)¥*' (). Grouping the terms in the sum appearing in the statement ofthe
theorem gives the Laplace expansion.

REMARK. Without the () part, the sum is called the permanant of M. It is not known whether there is
a polynomial algorithm to computer permanents.

COROLLARY. We cap, also do Laplace expansion with respect to rst column: det(A) = " (A or
any column det(A) =~ [, ( 1)*1Aj orany row det(A) = [ ( 1)TA; .

COROLLARY: det( AT) = det( A)

Proof. For any permutation de ne a inverse permutaton by *byaPT =P ' Wehave ()= ( 1)
because the inverse permutation has the same signature: ietchanging two elements in the permutation change
sign. If one needd such transpositions to unscramble the permuation then ( ) =( 1)'. But then, one needs
alsol transpositions to scramble it. Replacing each with ! in the permutation formula does not change the|
value of the formula.

PROPERTIES. The determinant is a normalized n-form

N-LINEARITY: The determinant is linear in a column (row), if the other columns (rows) xed.
ALTERNATING: The determinant changes sign, if two columns (rows) are interchanged.
NORMALIZED: The determinant of the identity matrix is 1.

Proof: induction with repect to n. The statements for rows become statements for columns forhe transpose
matrix M T so that it su ces to prove the statment for columns.
For n = 2, we have det(A) = A11A22  A12A2; and all properties are true. Assume the property is true for|
n 1. To prove (i), distinguish the case, where the column is therst column and the case, where we have a
other column. In the rst case, we see the linearity directly, in the second case, we use induction. (ii) follow;
from the permutation formula. The third statement is obviou s.

ROW REDUCTION. The determinant changes sign, if two rows are interchanged. The determinant is multplied
by a factor a if a row is multiplied with a. The 6eterminant does not change if a multiple of one row is aded
to an other row. Therefore, det(M)=( 1)° q where p is the number of row
transpositions and a; are the scaling factors applied during the row reductions.

REMARK: Row reduction is the most convenient algorithm to compute determinants. Instead of adding n!

terms, the row reduction algorithm only needs O(n®) steps since there areO(n?) row reduction steps each
involving O(n) operations.

i=1 &

COROLLARY. Any invertible matrix M is the product M = E; ::
Proof. This is a reformulation of what happens during row rediction.

Ey of elementary matrices.

COROLLARY. det( AB) = det( A) det(B).

Proof. If A is not invertible, its rank is smaller than n and so the rank 6AB so that AB is not invertible and
both sides of the formula are the same. In the invertible casedet(M) = ~, det(E;). Because the multiplicative
formula is true if the rst matrix is an elementary the formul a is true in general by inducuction.

COROLLARY. det( A) 6 0 if and only if A is invertible.
Proof. If A is invertible, then AB = 1 for some matrix B. Because det is multiplicative det(A)det(B) = 1 so
that det(A) 6 0. If det( A) 6 0, then each of the elementary matrices building upA is invertible and so alsoA.

THEOREM. If :Mu(F)! F isn-linear, alternating and normalized, then = det.

PROOF. step (i): If E; is an elementary matrix of type 1, then (E1)=( 1)

if E2 is an elementary matrix of type 2, then (Ez) = a

If E3 is an elementary matrix of type 3, then (E3) =1.

step (ii): it follows that  is multiplicative (AB) = (A) (B): Proof: check this rstif A is an elementary|

matrix. Because every inverible matrix is a product of elematary matrices, it is true in general.

step (iii): if A is invertible, then (A) 6 0. Proof: there exists then a matrix B such that AB = 1. Because of|

the multiplicative property (ii) and the assumption (1) = 1, it can not be that (A) =0. Q

step (iv): it follows that if M = E; :: Eg is the product of k elementary matrices, then detM ) = ~, det(E;).

step (v): it follows that if M is invertible, then each E; is invertible and since for invertible elementary matrices
(E)60,also (M)60.

step (vi): ifqﬁ is not invertible, then (A) = 0, the same as det(A). étep (vi): f% invertible marices, we can

wrép; M = ~ [, Ei. Because (E;j) = det( Ej), we getdeltaM) = (~{_; E)= ~{; (Ei)= " det(Ej)=
("l E)= (M),




DETERMINANTS II Math 121, 11/16/2005 O.Knill |

A summary of all properties about determinants. |

PERMUTATIONS. A permutation of f1;2;:::;ngis a rearrangement
of f1;2;:::;ng. There aren! = n (n 1):: 1 dierent permutations
of f1;2;:::;ng: xing the position of rst element leaves (n  1)!
possibilities to permute the rest.
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EXAMPLE. There are 6 permutations of
(1:2:3):(1:3:2);: (2 1;3);(2: 3, 1): (31 1:2): (31 21).

f1;2;3g:

PATTERNS AND SIGN. The matrix A with zeros everywhere except
A;; (iy = 1is called a permutation matrix or the pattern of . An
inversion is a pairk <| suchthat (k) < (I). The sign of a permuta-
tion , denoted by ( 1) () is ( 1) for an odd number of inversions in
the pattern, otherwise, the sign is 1. (To get the sign in the permutations to
the right, count the number of pairs of black squares, where t he upper square
is to the right).
EXAMPLES.
(2;3,1)=1.

1;2) =0, (1) = 1. 1;2,3) =
1:32)= 321)= (213)= 1L

(3:21) =

%TERMINANT The determinant of an n matrix A is de ned as the sum

()AL A2 @ An (| Where is a permutation of f1;2;:::;ngand ( ) is its sign.
2 2 CASE. The determinant of A= 2 3 isad bc There are two permutations of (1;2). The identity

permutation (1;2) givesA11A12, the permutation (2; 1) givesAz1Az;.
If you have seen some multi-variable calculus, you know thatdet(A) is the area of the parallelogram spanne
by the column vectors of A. The two vectors form a basis if and only if det(A) 6 0.

a b c
3 3 CASE. The determinantof A= d e f

g h i
6 permutations of (1;2;3). Geometrically, det(A) is the volume of the parallelepiped spanned by the colum
vectors of A. The three vectors form a basis if and only if det@) 6 0.

isaei+ bfg+ cdh ceg fha bdicorresponding to the

EXAMPLE DIAGONAL AND TRIANGULAR MATRICES. The determinant
is the product of the diagonal elements.

of a diagonal or triangular matrix

EXAMPLE PERMUTATION MATRICES. The determinant of a matrix w
A; (j) = Llisjust the sign ( ) of the permutation.

hich has everywhere zeros except

HOW FAST CAN WE COMPUTE_THE DETERMINANT?. | X
The cost to nd the determinant is the same as for the Gauss-

Jordan elimination as we will see below The graph to the left Bows
some measurements of the time needed for a CAS to calculate¢h
determinant in dependence on the size of then n matrix. The
matrix size ranges from n=1 to n=300. We also see a best cubict
of these data using the least square method from the last less.
It is the cubic p(x) = a+ bx+ cx? + dx® which ts best through
the 300 data points.

WHY DO WE CARE ABOUT DETERMINANTS?

check invertibility of matrices allow to de ne orientation in any dimensions

have geometric interpretation as volume appear in change of variable formulas in higher

- . . . ’ dimensional integration.
explicit algebraic expressions for inverting a ma-
trix proposed alternative concepts are unnatural,

. . . . hard to teach and and harder to understand
as a natural functional on matrices it appears in

formulas in particle or statistical physics determinants are fun

PARTITIONED MATRICES.
The determinant of a partitioned matrix

TRIANGULAR AND DIAGONAL MATRICES.
The determinant of a diagonal or triangular

matrix is the p;oduct of its diz;gonal elements. /g ‘(3) is the product det(A)det(B).
1000 2340 0
) 4 50 oé _ 120 0 é _ _
Example: det(§ 2 3 a4 05)=20 Example det@ ; o , ,£6)=2 12=24
1121 00 2 2

LINEARITY OF THE DETERMINANT. If the columns of A and B are the same except for the'th column,

In general, one hag det([va;:::; kv; v 1] = k det([va; i v; vl ‘ The same identities hold for rows and follo
directly from the original de nition of the determimant.

PROPERTIES OF DETERMINANTS.

det(AB) = det( A)det(B) | det(SAS 1) = det( A)
det(A 1) =det(A) ! det(AT) = det( A) det( A)=( 1)"det(A)]

If B is obtained from A by switching two rows, then det(B) = det(A). If B is obtained by adding an other
row to a given row, then this does not change the value of the derminant.

det(A )= "det(A)

PROOF OF det(AB) = det( A)det(B), one brings then n matrix [AjAB] into row reduced echelon form
Similar than the augmented matrix [Ajb] was brought into the form [1jA b, we end up with [JA AB]=[1jB].
By looking at the n n matrix to the left during Gauss-Jordan elimination, the det erminant has changed by g
factor det(A). We end up with a matrix B which has determinant det(B). Therefore, det(AB ) = det( A)det(B).
PROOF OF det(AT) = det( A). The transpose of a pattern is a pattern with the same signatre.
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PROBLEM. Find the detegni-
000 2

SOLUTION. Three row transpositions give B = E

5
9Zama-
nantofAzg ‘21

12 45 g
07 2 9%
0 06 4 trix which has determinant 84. Therefore det(A) = ( 1)°det(B) = 84.

PROBLEM. Determine det( A1), where A is the matrix é 16

SOLUTION. det( A) = 10, det( A1) = (det( A))%° =10 =1 gogool. This name as well as the gogoolplex
10" are o cial. They are huge numbers: the mass of the universe fo example is 16?kg and 1=101°" is the
chance to nd yourself on Mars by quantum uctuations. (R.E. Crandall, Scient. Amer., Feb. 1997).

ROW REDUCED ECHELON FORM. Determining rref( A) also determines det@).
If A is a matrix and ; are the factors which are used to scale di erent rows ands is the number of times, two
rows are switched, thenl det(A)=( 1)° 1 n det(rref(A)) |

INVERTIBILITY. Because of the last formula: ‘A n n matrix A is invertible if and only if det( A) 6 0. ‘ ‘




GENERAL LAPLACE EXPANSION. We compute the determinantof n n matricesA = a; . Choose a column
i. For each entry &; in that column, take the (n= 1) (n 1) matrix A; called minor which does not contain
the i'th column and j 'th row. One gets

det(A) = ( 1 andet(A) +  +( 1) "andet(An) = | 1o ( 1)) a; det(Ay)

This Laplace expansion just arranges the permutations: lisng all permutations of the form (1; ;::; ) of n
elements is the same then listing all permutations of (2 ;:::; ) of (n 1) elements.

ORTHOGONAL MATRICES. Because QTQ = 1, we have det(Q)? = 1 and so jdet(Q)j = 1 Rotations have
determinant 1, re ections have determinant 1.

QR DECOMPOSITION. If A = QR, then det(A) = det( Q)det(R). The determinant of Q is 1 times the
determinant of R is the product of the diagonal elements ofR.

DETERMINANT AND VOLUME. If Aisan n matrix and the eld F is the real line, then jdet(A)j is the
volume of the n-dimensional parallelepipedE, spanned by then column vectorsy; of A.

Proof. Use the QR decomposition A = QR, where Q is orthogonal and R is
upper triangular. From QQT = 1, we get 1 = det(Q)det(QT) = det( Q)? see that
jdet(Q)j = 1. Therefore, det(A) = det(R). The determinant of R is the product
of the jjuijj = jivi  projy, ,vijj which was the distance fromy; to V; ;. The
volume vol(E;j) of a j-dimensional parallelepipedE; with base Ej; 1 in V; ; and
height jjuijbis VOI(Ej 1)jju;jj. Inductively vol( Ej) = jju;jjvol(E; 1) and therefore
VoI(En) = j":l jiujjj = det(R).

Proof. QTQ = I, givesATA = (QR)T(QR) = RTQTQR = RTR. So, detR"R) = det( R)? = (Q}(:1 Jiug jj)2.
(Note that A isan k matrix and that ATA= RTR andR arek k matrices.)

ORIENTATION. Determinants allow to de ne the orientation of n vectors in n-dimensional space. They ar¢
the "right hand rule" in hyperspace... To do so, de ne the matrix A with column vectors v; and de ne the
orientation as the sign of det(A). In three dimensions, this agrees with the right hand rule: if v, is the thumb,
Vv, is the pointing nger and vs is the middle nger, then their orientation is positive.

x, det(A) =

CRAMER'S RULE. This is an explicit formula for the solution o f Ax = b. If A;
denotes the matrix, where the columnv; of A is replaced by®, then

det [ xi = det(A)=det(A) |
Proof. qgt(Ai) = det(vy;::inbyiinw] = det(fva; i (AX);iinve] =
det(fve; i XiVisiiiva]l = xidet([ve;iiiivisiiival) = xidet(A)

i
EXAMPLE. Solve the system 5x+3y = 8;8x+5y = 2 using Cramers rule. This linear system withA = g g
_ 8 _ 8 3 _ _ 5 8 _
and b= 5 - We get x = det 2 5 =34y =det g 2 - 54.

GABRIEL CRAMER. (1704-1752), born in Geneva, Switzerland, he worked on geometry
and analysis. He died during a trip to France, where he wantedo start his retirement.
Cramer used the rule named after him in a book "Introduction a I'analyse des lignes courbe:
algebraique”, where he solved like this a system of equatios with 5 unknowns. According
to a short biography of Cramer by J.J O'Connor and E.F. Robertson, the rule had however
been used already before by other mathematicians. Solving/stems with Cramers formulas
is slower than by Gaussian elimination. The rule is still important. For example, if A or b
depends on a parametet, and we want to see howx depends on the parametett one can
nd explicit formulas for ( d=dt)x; (t). Cramers rule tells for example that the solution can
depend in a sensitive way on parameters if the determinant ismall.

THE INVERSE OF A MATRIX. Because the columns of A ! are solutions of Ax = €, where g are basis
vectors, Cramers rule together with the Laplace expansion yes the formula:

[A 5 =( 1)*idet(A; )=det(A)

Bj = ( 1)*idet(A;j) is called the classical adjoint of A. Note the changeij ! ji. Don't confuse the
classical adjoint with the transpose AT which is sometimes also called theadjoint .

23 1° “ 14 21 10°
EXAMPLE. A=4 5 2 45hasdetpA)= 17andwegetA 1=4 11 8 3 5= 17):
6 0 7 12 18 11
2 4 31 31
By =( 1) det o 7 =14 Bu=( 1)1*2 det 0 7 = 2L.Bi=( 1)1*3 det > 2 =10
5 4 2 1 2 1
- 2+1 = = 2+2 = = 2+3 -
Ba1=( 1) det 6 7 - 11.B» =( 1) det 6 7 - 8. Bz =( 1) det 5 4 - 3.
5 2 2 3 2 3
Ba1 =( l)3+1 det 6 0 = 12.Bag =( l)3+2 det 6 0 =18. Baz =( 1)3+3 det 5 2 = 11.

THE ART OF CALCULATING DETERMINANTS. When confronted with a  matrix, it is good to go through
a checklist of methods to crack the determinant. Often, there are di erent possibilities to solve the problem, in
many cases the solution is particularly simple using one métod.

Isita2 2or3 3 matrix? Do you see duplicated columns or rows?

Is it a upper or lower triangular matrix? Can you row reduce to a triangular case?
Is it a partitioned matrix? Are there only a few nonzero patters?

Is it a trick: like A090? Laplace expansion with some row or column?

Does geometry imply noninvertibility? Later: Can you see the eigenvalues oA | ,?
EXAMPLES. q 5 a
r4 o 4 o
123 4 5 21000
2 4 6 8 10 11100
1)A=85 5 5 5 4 4 Tryrow reduction. 2)A=80 0 2 1 0% Laplace expansion.
1327 4 000 31
328 4 9 0 0O0O0 4
z =) 4 o
11000 1 6 10 1 15
12200 2 8 17 1 29
3)A=8 0 1 1 0 0% Partitioned matrix. 4HA=R0 0 3 8 124 Make it triangular.
00013 00 0 4 9
0 00 4 2 00 0 0 5




APPLICATION HOFSTADTER BUTTERFLY. In solid state physics, one is interested in the functionf (E) =
det(L Ely), where

2 cos() 1 0 0 1 8
1 cos(2) 1 0
_ 0 1
L= 1 0
0 1 cos(h 1)) 1
1 0 0 1 cos )

describes an electron in a periodic crystalE is the energy and =2 =n. The electron can move as a Bloc
wave whenever the determinant is negative. These intervalform the spectrum of the quantum mechanical
system. A physicist is interested in the rate of change of (E) or its dependence on whenE is xed. .

The graph to the left shows the function E 7!
log(jdet(L  El,)j) in the case =2 and n = 5.
In the energy intervals, where this function is zero,
the electron can move, otherwise the crystal is an
insulator. The picture shows the spectrum of the
A crystal depending on . It is called the "Hofstadter
butter y" made popular in the book "Gedel, Escher
Bach" by Douglas Hofstadter.

A DETERMINANT OVER AN OTHER FIELD. Let  F be the eld of rational functions p(x)=q(x) where p; q
are polynomials over the reals and let

x2+3x+1 2x

A= x+1 1

Then det(A) =7x?+ x + 1.

DETERMINANTS IN NUMBER THEORY. Does the system of equations

3x+5y = amod 11
x+y = bmod11l

have solutsions for alla; b.

Answer: this is a linear system of equations over the eldFi;. The determinant is 9 in that eld which is
nonzero. So, there is always a solution.

REMARK. When working over a eld F, with prime p, we always can compute the determinant of the matrix
as we are used to oveR, then take the result modulo p.

CHANGE OF VARIABLES. If x 7! y = u(x) is a change of variable, then the Jacobean matrixDu(x) is the
linearization of the map near x and jjdyjj = jdet(Du(x))j jjdxjj. This leads to the change of variable formula
z z

f(x)dx= f (y) jdet(Du (y)jdy :
s S)

u(

If uis amap fromR™ to R", wherem n, then the expansion factor isp det(ATA), where A = Du.

Rip—— R, ——
Example : (1 dim) if x = u (y) = sin(y), dx = cos(y) dy. 01 P 1 xZdx= 0 2 (1 sin(y)) cos(y) dy =

R_
o CoS(y)dy= =

Example (2 gim) Ifgu(s;t) = (X(gt); y(s;i1); x(s; 1)) is a surface, thenA = Du(s;t)isa3 2 matrix with column
Xu Xv X X X Y

vectorsX = 4 y, 5Y =4y, 5 (which are tangent vectors to the surface). NowAT A = XY vy
zy zy

whose determinantsiiX ji?j Y ji* ji X Yii? = jiXji%jiYjj2(1 cos()?) = jiXjj%jYii*sin( )2 = jjX Yjj?. The

expansion factor is* det(ATA) = jiX Yjj.

JACOBIS DETERMINANT IDENTITY.

If A= B C andA 1= v.w

D E Y then det(A)det(Y) = det( B).

PROOF. For triangular partitioned matrices
diagonal matrices. Use now the identity

the determinant is the product of the determinants of the

B C 1w B 0
D E 0 Y D 1

VAN DER MONDE DETERMINANT. If we de ne for a scalar athe vectora= 1;a;a?
scalarsap;:::;an we(fonsider the 6 +1) (n+1)-matrix with rows &.

CLAIM: det( A) = isj (& a). To prove this, we make a Laplace expansion with respect to he last
column. To do so, we calla, = x and see that the determinant is a polynomial f (x) of degreen in Xx.
It satises f(ap) = f(a1) = i = f(an 1) = O because in those cases, the determinant is zero. Theraf®e
f(x)= k(x ap):::;(Xx an 1) for some constantk. The number k(if the coe cient in front of x": it is the
van der Monde determinant in the casen 1. The recursion VM, = n5j (an @ )VM, 1 proves the claim.

DETERMINANTS IN PHYSICS. Physicists are excited about dete rminants because
summation over all possible "paths" is used as a quantizatio method. The Feynmann
path integral is a "summation” over a suitable class of pathsand leads to quantum me-
chanics. The relation with determinants comes because eacsummand in a determinant
can be interpreted as a contribution of a path in a nite graph with n nodes.

Y ists trying to glue quantum mechanics with general rédativity hope to make sense of expressions liki
o €%AE) where A is an operator attached to some geometryy and where the integral "sums” over all
possible geometries.




