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Here are some annotations about the lecture.
The abstract

"The mathematics of low dimensional chaos the-
ory is now over 100 years old. The subject got
a popularity boost about 30 years ago when per-
sonal computers became widely available. While
the eld has lost some of its fancy, it has inspired
and in uenced other disciplines both in mathemat-
ics and beyond. This took place not only because
of the beautiful results which were achieved but
also because it became a prototype where a fresh
point of view invigorated a mathematical eld, ex-
cited the general public and inspired other scien-
ti c areas. In this highly illustrated and accessible
talk, we take a pedestrian walk through some ex-
amples and see how the subject has inspired other
disciplines. We will see examples from mathemat-
ical elds like geometry or number theory, wave
motion physics, celestial dynamics in astronomy
and mathematical areas like population dynam-
ics in sociology, nancial predictions in economics,
music, visual art or Im. The story is an example
on how crossing scienti ¢ boundaries has boosted
the creativity on both sides."

Geometry: About chaos

The theory of dynamical systems traditionally aims to predit the outcome of future events. As
Henry Poincae already realized early in the 20'th centurythis goal is often futile, even for low
dimensional systems: there are systems for which the compatibn to a given precision needs
an e ort which grows exponentially with time. He made his cas for the three body problem
already. Many de nitions of chaos are known. For Hamiltonia systems, chaos can be de ned
as the positivity of Lyapunov exponents on a set of positive easure or the positivity of metric
entropy. In a Birmingham conference, | had suggested a spegdtde nition for interpolating
between "integrable" and chaotic. Integrable means pointpectrum, chaotic means absolutely
continuous spectrum. The crux is to investigate this for alinvariant measures.

Chaos: experiment with logistic map

The lecture illustrates chaos with an experiment, which | st showed with Mathematica in 1994
in a class at Caltech: the two mapd (x) =4x(1 x) and S(x) =4x 4x? do not produce the same
orbit, even when done with a computer algebra system to higiceuracy. One can rephrase this
as the fact that computers do not obey the associativity lawThe reason arerounding errors
which happen in a di erent way. These rounding errors propage in time and become of order
1 afte n steps wheree" 10 7 = 1 which means we expect them aften = log(10*")=log(2) = 57
steps. This is pretty close to what we see in the experiments.

Chaos: low dimensional maps

The fact that it is dicult to understand even the simplest tw o dimensional maps fascinated
me early on and | worked myself for more than a decade on the ptem to show that the map
T(x;y) =(2x+ csin(x) V;Xx) is chaotic in the sense thaDT "(x;y) grows exponentially for a set
of positive measure. The problem is still open. | myself hatded geometric, variational methods,
complex analysis and spectral methods to solve this. | proded the phase space pictures with a C
program "chirikov" | had written 10 years ago. It is pretty fast but still it takes a while to compute

a reasonable picture of the phase space because the retumdito a set increases likeZarea The
movie about the Henon map with the deformed parameter was derwith Mathematica.

Geometry: The pedal map

The pedal map is a dynamical system on the set of triangles. Aidngle is maped into itspedal
triangle . The system was introduced in 1988 by Kingston and Syng@][ Peter Lax noticed in
1990 that this map is chaotic [4]. The shape of a triangle is tigmined by its three angles; ;

It can be represented by a point in an equiliateral trianglethe barycentric coordinates of which
are the angles. This map is conjugated to a Bernoulli shift.t is completely chaotic and of the
same type then the logistic map withc = 4.

Sociology: Evolution of evil

Can moral principles be explained dynamically? Is there arvelutionary process in which certain
moral standards emerge naturally? A primitive model to invgtigate this question is to take a
group of "people" and let them interact. Divide them up into "good" people and "bad" people.
Good people cooperate and trade fairly leaving both modeely happy. Bad people cheat and
take advantage of good people. What will win? If people intact with neighbors and adjust their

moral principles to the neighbor who does best in the currergituation. The cellular automaton

shown in the lecture is the May-Nowak automaton. | programnekthis in Mathematica using the

same colors as used in Nowak's book [6]. Mathematica is anati®ol to investigate such things.

The actual computation of the movies took a few hours duringhe night. It was more time than

the actual programming.

Mechanics: the falling stick



| had implemented this system in javascript and in ash a few gars ago as a web entertainment.
The simulated had been done there as a two particle system, ish are glued together with a
well potential which keeps the particles at a constant distece. The particles bounce at the oor
as usual. Using nite particle dynamics works pretty well fo simulations with dissipation. The
advantage is that one has a very simple system. The Mathemedi code for the simulation for
this talk took me several days of programming. There is no ma@ntum or angular momentum
conservation which helps to evolve the system. There is eggrconservation however. What
happens at the impact? The trick to evolve the system is to us#i erent pictures. There is the
particle picture where two particles have momentum and vetity. Then there is the rigid body
picture, where the situation is described by the height of t center of mass and the angle. The
code uses both systems. In the free fall case, without intetaon, the rigid body picture is used.
For the interaction, the particle system is used. One of theidulties is to detect when one of
the particles hits the ground. One has to nd accurate rootsfaranscendental functions, which is
geometrically the intersection of an accelerated epicyclth a line. This system is very natural
because if we throw a coin, we use it as a random number generatA higher dimensional version
is throwing a dice. In the later case, we have a free fallinggid body which re ects at a plane.

Crystallography: nature of crystals

The word crystal is traditionally used for periodic point arrangements, ofn lattices. Around

1994, crystals with icosahedral symmetry were found and amtee new branch of solid state
physics started. These crystals were no more periodic, theyere named quasicrystals [8]. A
mathematical theorem assures tells a fe fold rotational symetry are impossible for periodic
crystals in the plane or in space: We have periodic crystalguasicrystals for which one has no
periodicity but points spectrum turbulent crystals, wherethere is no point spectrum and nally

chaotic crystal, crystals with absolutely continuous spe&m. Again, also here, for systems with
higher dimensional time, the spectral point of view is peré. | had been interested in crystals
because they are examples of dynamical systems in higher dimsional time and because | had
used these systems to look for dense sphere packings [3].

Number theory: The Catalan system

These slides were taken from a talk on perfect numbers givenhtae Math circle. De ne T(x) =
(x) X, the sum of all proper divisors ok. Because we havé (1) =0 and (0) is not de ned, we
could de ne T(0) = 0 and add so an other xed point. Becausél (1) is a prime, the entire set of

prime numbers is ending up in 0. Positive xed pointx of T are perfect numbers . Amicable

numbers are periodic orbits of period 2 oflf. Periodic cycles ofT are calledaliquot cycles .

Periodic cycles of period larger than 2 are callesbciable numbers . Periodic cycles of length
4,5, 6, 8,9 and 28 are known. It is conjectured that every ottbof the dynamical systemT is
bounded. Eugene Catalan rst studied this system the year 1888. Experimentally, onesees
that about 1 percent of all numbers, for which no end is knownl used this system for a math
circle talk. | think, it was the rst time that the system has b een illustrated on the Ulam spiral.

Complex Dynamics: Mandelbrot set

Even so this is a theme beaten to death, it is still fascinatmn Also after having seen it for the
1000'th time. Producing the movie of the Mandelbrot and Nevgn method zooms were done with
the help of the program "xaos". This program allows to make maes while you zoom by hand
but unfortunately, there are bugs and the movies shake and ttee when you watch them. But

the program uses an external scripting language and | coulder Mathematica to write the script

for xaos and then ran it. Xaos is a fantastic Mandelbrot zoome | know it since more than 10

years and even on my rst PC, a pentium 2, it rocked. The authoof the program wrote also
an addictive game "xkoules", which | still play. This guy knavs how to program! | wish more in
linux would be written like this. There is a tendency to use s@ting languages like Python for

much of the unix administration system.

Astronomy: The Sitnikov system

This system is covered in Moser's book "stable and random nioh" [5] | like the system because
it is possible to demonstrate here without too much technidigies that a three body system is
chaotic. It is a restricted three body problem in the sense #i the third body is assumed not to
in uence the two suns. | do not even know whether the two sunday bounded if one adds some
mass to the third body. In my lecture notes on n-body problemm 2005, you nd more about it.

Economics: market prediction

The movie "The Bank" suggests that dynamical systems theorgnd complex dynamics in par-

ticular allows to predict the stock market. This is of courseubbish but there are some serious
approaches to this. The "fractal market analysis" approaclfi7] replaces the stochastic di erential

equations approaches and suggests to model the nancial dawith fractals. Terms from Gaussian

approaches like standard deviation are replaced by fractdlmensions. The need for this could be
that the standard deviations are in nite. The risks are largr.

Art: generating art

Using mathematics to motivate or generate art is old. Matheatics appears in tiles like in Eschers
work. Fractals are an other source. One of the most amazinggject is "Electric Sheep", a
collaborative art project by thousands of people all over #hworld. to collectively share the work
of creating morphing abstract animations known as "sheep'This collective "android dream" is

an homage to Philip K. Dick's novel "Do Androids Dream of Eletic Sheep?"

Music: generating random music

In college, | built from scratch a sequencer for my Atari comyer attached by Midi to my electronic

piano. The sequencer was programmed in Pascal. Despite tletfthat this machine was much
less powerful than PC's today, it was able to analyze what | py and in real time produce random
improvisations around this theme. It was primitive, like t&king what was played and replay it a
bit later with a random variation. But it produced interesting interaction of computer machine.
It was like playing with a partner. The Mathematica program dsplayed in the lecture generates



Markovian music. Using random number generators and morerg&ally Markov chains to generate

music is old. Randomness is a source for creativity. The thenhas been explored by many artists.

It appears for example in the book [2]. An example of an artielabout the dynamical systems
perspective in music is [1].

Choreography: generating motion

The motion of the legs of the spider are indeed computed by therentz system. The evolution
of the 8 systems of di erential equations was done entirelyith Povray. Evenso Povray is a ray
tracer, it is a Turing complete programming language. If Paay computes a movie, it forgets
about internal parameters, the only thing which changes fro frame to frame is an internal clock
variable. To integrate di erential equations, one has afteevery frame computation store the most
recent variables in an external le.

Credit

CAS: mathematica

Raytracing: povray

Sider uses Povray code by Rafael Ghiglia, 2001
Fractal zoomer with additional scripts
Choreography sequence: bradley and Stuart (Colorado)
Trading movie sequence: Movie: Trading Placess
Chaos sequence: Movie: Jurassic Park

Movie scene from the movie "the bank"

Crysis game scene demo, viewable on YouTube
Movie scene from "Grease" with John Travolta
Primes on Ulam spiral: movie Code conspiracy
Cellular automaton accord: wolfram research
Black hole merger: NASA

Poem by William Shakespeare

Poem generator A.D.A.M. by Nandy Millar

Fractal paintings: Kelly Dietrich

3 body problem picture by Mathew Holman and Joe Christy in forord by D. Goro to
Poincare, Nouvelle Methods
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