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Abstract. Mathematica routines for the fixed point theorem [1].

The routine takes a graph G = s and finds the Lefschetz number L(T ) (here
M(p)) for all the automorphisms T = p of G as well as the zeta function Z(T ). Code
is compressed to ease communication. It can be helpful for the reader to expand
and annotate the code. Take a graph s, delete the first line and explore what the
individual routines do. Important first goal is the list ”aut” of all automorphisms.�
Le f s che t z [ s ] :=Module [{L , v , c , S , per ,T, h , F , g , aut ,M,A, IsAut } ,

L=Length ; S ig=Signature ; Po=Position ;
v=VertexLi s t [ s ] ; n=L [ v ] ; e=EdgeList [ s ] ;m=L [ e ] ;
c=Table [{ e [ [ k , 1 ] ] , e [ [ k , 2 ] ] } , { k ,m} ] ;
S [ k ] :=Module [{ r , b , a=Subsets [ v ,{ k+1,k+1} ]} ,

b [ kk ] :=Binomial [ kk +1 ,2 ] ;
I f [ k==0,r=Table [{ v [ [ j ] ] } , { j , L [ v ] } ] ] ;
I f [ k==1,r=Table [{ e [ [ j , 1 ] ] , e [ [ j , 2 ] ] } , { j , L [ e ] } ] ] ;
I f [ k>1, r ={};Do[ s j=a [ [ j ] ] ; sg=EdgeList [ Subgraph [ s , s j ] ] ;
I f [ L [ sg]==b [ k ] , r=Append [ r , s j ] ] , { j , L [ a ] } ] ] ; r ] ;

per=Permutations [ v ] ; q=L [ per ] ;
T[ x , p ] :=Table [ p [ [ x [ [ j ] ] ] ] , { j , L [ x ] } ] ;
i t e r [ p , k ] :=Module [{ pp=p} ,Do[ pp=T[ pp , p ] ,{ k−1} ] ; pp ] ;
h=Module [{ r , j =2} , r={S [ 0 ] , S [ 1 ] } ;

While [ L [ S [ j ] ]>0 , r=Append [ r , S [ j ] ] ; j ++]; r ] ;
F [ p ] :=Module [{ r ={}} , Do[Do[

I f [ L [Complement [T[ h [ [ k , l ] ] , p ] , h [ [ k , l ] ] ] ]==0 ,
r=Append [ r , h [ [ k , l ] ] ] ] ,

{ l , L [ h [ [ k ] ] ] } ] , { k , L [ h ] } ] ; r ] ;
g [ q , y ] := Sig [Table [ Po [ y , q [ [ k ] ] ] [ [ 1 , 1 ] ] , { k , L [ q ] } ] ] ;
c=Union [Table [{ e [ [ k , 2 ] ] , e [ [ k , 1 ] ] } , { k ,m} ] ,

Table [{ e [ [ k , 1 ] ] , e [ [ k , 2 ] ] } , { k ,m} ] ] ;
IsAut [ p ] :=Module [{ e1 } ,

e1=Table [{p [ [ e [ [ k , 1 ] ] ] ] , p [ [ e [ [ k , 2 ] ] ] ] } , { k , L [ e ] } ] ;
t=True ;Do[ t=And[ t ,MemberQ[ c , e1 [ [ k ] ] ] ] , { k , L [ e1 ] } ] ; t ] ;

aut ={}; Do[ pe=per [ [ j ] ] ;
I f [ IsAut [ pe ] , aut=Append [ aut , pe ] ] , { j , q } ] ;
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M[ p ] :=Module [{} , f=F [ p ] ;
u=Table [−(−1)ˆL [ f [ [ k ] ] ] ∗ g [ f [ [ k ] ] ,T[ f [ [ k ] ] , p ] ] , { k , L [ f ] } ] ;
Sum[ u [ [ k ] ] , { k , L [ u ] } ] ] ;

A=Table [M[ aut [ [ k ] ] ] , { k , L [ aut ] } ] ;
LG=Sum[A [ [ k ] ] , { k , L [A] } ] / L [ aut ] ;
product [ x ] :=Product [ I f [ x [ [ i ] ]==0 ,1 , x [ [ i ] ] ] , { i , L [ x ] } ] ;
Z [ p ] :=Module [{ zz =1, f o l d ={} , cyc l , nn ,TT, f , g , u1 , u2 } ,

c y c l=PermutationCycles [ p ] [ [ 1 ] ] ; nn=product [Map[ L , c y c l ] ] ;
Do[ pp=i t e r [ p , j ] ;

TT[ x ] :=Table [ pp [ [ x [ [ j ] ] ] ] , { j , L [ x ] } ] ;
f=F [ pp ] ; f=Map[ Sort , f ] ; f f ={};
Do[ I f [Not [MemberQ[ f o ld , f [ [ k ] ] ] ] ,

f f=Append [ f f , f [ [ k ] ] ] ] , { k , L [ f ] } ] ;
f=f f ; f o l d=Union [ f o ld , f ] ;
g [ q , y ] := Sig [Table [ Po [ y , q [ [ k ] ] ] [ [ 1 , 1 ] ] , { k , L [ q ] } ] ] ;
u1=Table [ g [ f [ [ k ] ] ,TT[ f [ [ k ] ] ] ] , { k , L [ f ] } ] ;
u2=Table [ (−1)ˆ(L [ f [ [ k ] ] ] + 1 ) , { k , L [ f ] } ] ; u=u1∗u2 ;
zz=zz ∗Product [(1−u1 [ [ k ] ] ( zˆ j ))ˆ(−u2 [ [ k ] ] / j ) ,{k , L [ u ] } ] ,
{ j , nn } ] ; zz ] ;

B=InputForm [Table [ Z [ aut [ [ k ] ] ] , { k , L [ aut ] } ] ] ;
ZZ={B, InputForm [ Simplify [Product [B [ [ k ] ] , { k , L [B ] } ] ] ] } ;
{A,LG, ZZ} ]

L e f s che t z [ CycleGraph [ 4 ] ]� �
Example: Get L(T ) and ζT (z) for the 8 automorphisms T of C4:

T L(T) ζT (z)
(1,2,3,4) 0 (1− z2)/(1− z)2
(1,5,4,2) 2 (1 + z)2/(1− z2)
(2,1,4,3) 2 (1 + z)2/(1− z2)
(2,3,4,1) 0 1
(3,2,1,4) 2 (1− z2)/(1− z)2
(3,4,1,2) 0 1
(4,1,2,3) 0 1
(4,3,2,1) 2 (1 + z)2/(1− z2)

We get L(G) = 1 and ζ(G) = (1 + z)4/(−1 + z)4. For the automorphism
T = (4, 3, 2, 1) for example, we have the following prime periodic points:

j dimension multiplicity zeta factor
p=1 dim=1 2 (1 + z)2

p=2 dim=0 2 1/(1− z2)2

p=2 dim=1 2 (1 + z)2

And the product is ζT (z) = (1 + z)2/(1− z2).
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