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DG QUOTIENTS OF DG CATEGORIES

VLADIMIR DRINFELD

ABSTRACT. Keller introduced a notion of quotient of a differential graded

category modulo a full differential graded subcategory which agrees with

Verdier’s notion of quotient of a triangulated category modulo a trian-

gulated subcategory. This work is an attempt to further develop his

theory.
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Conventions. We fix a commutative ring k£ and write ® instead of ®; and
“DG category” instead of “ differential graded k-category”. If A is a DG
category we write “DG module over A” instead of “DG functor from A to the
DG category of complexes of k-modules” (more details on the DG module
terminology can be found in §Id]). Unless stated otherwise, all categories are
assumed to be small. Triangulated categories are systematically viewed as Z-
graded categories (see[[ZTl). A triangulated subcategory C’ of a triangulated
subcategory C is required to be full, but we do not require it to be strictly
full (i.e., to contain all objects of C isomorphic to an object of C'). In
the definition of quotient of a triangulated category we do not require the

subcategory to be thick (see TZ2HIZ3).

1. INTRODUCTION

1.1. It has been clear to the experts since the 1960’s that Verdier’s notions
of derived category and triangulated category [26} 57| are not quite satisfac-
tory: when you pass to the homotopy category you forget too much. This
is why Grothendieck developed his derivator theory [17, A0J].

A different approach was suggested by Bondal and Kapranov H]. Ac-
cording to ] one should work with pretriangulated DG categories rather
than with triangulated categories in Verdier’s sense (e.g., with the DG cat-
egory of bounded above complexes of projective modules rather than the
bounded above derived category of modules). Hopefully the part of homo-
logical algebra most relevant for algebraic geometry will be rewritten using
DG categories or rather the more flexible notion of A,.-category due to
Fukaya and Kontsevich (see [14), [T5, B0, BT, 24, 25, B3], B6l, B7]), which goes
back to Stasheff’s notion of A..-algebra [51), H2].

One of the basic tools developed by Verdier [56], b7] is the notion of quo-
tient of a triangulated category by a triangulated subcategory. Keller [23]
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has started to develop a theory of quotients in the DG setting. This work
is an attempt to further develop his theory. I tried to make this article
essentially self-contained, in particular it can be read independently of [23].

The notion of quotient in the setting of A,.-categories is being developed
by Kontsevich — Soibelman [33] and Lyubashenko — Ovsienko [38]).

1.2.  The basic notions related to that of DG category are recalled in §2.
Let A be a DG category and B C A a full DG subcategory. Let A% denote
the triangulated category associated to A (we recall its definition in ).
A DG quotient (or simply a quotient) of A modulo B is a diagram of DG
categories and DG functors

(1.1) A A

such that the DG functor A — A is a quasi-equivalence (see for the
definition), the functor Ho(A) — Ho(C) is essentially surjective, and the
functor A" — C' induces an equivalence A" /B — C'. Keller [23] proved
that a DG quotient always exists (recall that our DG categories are assumed
to be small, otherwise even the existence of A" /B" is not clear). We recall
his construction of the DG quotient in §dl, and give a new construction in
&

The new construction is reminiscent of but easier than Dwyer-Kan local-
ization [T}, M2, [T3]. It is very simple under a certain flatness assumption
(which is satisfied automatically if one works over a field): one just kills the
objects of B (see BJl). Without this assumption one has to first replace .4
by a suitable resolution (see BH).

The idea of Keller’s original construction of the DG quotient (see )
is to take the orthogonal complement of B as a DG quotient, but as the
orthogonal complement of B in A is not necessarily big enough he takes
the complement not in .4 but in its ind-version A studied by him in [22].

The reason why it is natural to consider the orthogonal complement in A4 is

explained in Of course, instead of 4 one can use the pro-version A.

—

Keller’s construction using A (resp. A) is convenient for considering right

(resp. left) derived DG functors (see §H).

In we show that the DG quotient of A modulo B is “as unique as
possible”, so one can speak of thhe DG quotient of A modulo B (“thhe” is
the homotopy version of “the”). In and [’ we give another explanation
of uniqueness. Unfortunately, both explanations are somewhat clumsy.

1.3. Hom complexes of the DG quotient. We are going to describe
them first as objects of the derived category of k-modules (see [[3]), then
in a stronger sense (see [L32). We will do it by successive approximation
starting with less precise and less technical statements.
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1.3.1.  Each construction of the DG quotient shows that if X,Y € Ob A,
X, YeObA X — X, Y — Y then the complex

(1.2) Home (§(X), £(Y))

viewed as an object of the derived category of complexes of k-modules is
canonically isomorphic to

L -
(1.3) Cone(hy ®p hx — Hom(X,Y)),

where hy is the right DG B-module defined by hy (Z) := Hom(Z,Y), Z € B,
and hx is the left DG B-module defined by hx(Z) := Hom(X, %), Z €

L -
B. One can compute hy ®p hx using a semi-free resolution of hy or hx
(see TLY for the definition of “semi-free”), and this corresponds to Keller’s
construction of the DG quotient. If hy or hx is homotopically flat over k (see

L
for the definition of “homotopically flat”) then one can compute hy ®p

hx using the bar resolution, and this corresponds to the new construction
of the DG quotient (see BHLi)).

1.3.2. Let D(A) denote the derived category of right DG modules over A.
By 7 the functor D(A) — D(A) is an equivalence, so for fixed Y € Ob A
the complex (C2) defines an object of D(A). This object is canonically
isomorphic to [C3). Quite similarly, for fixed X € Ob A the complex ([CZ)
viewed as an object of D(A°) is canonically isomorphic to (). If A is ho-
motopically flat over k (see B3)) then ([C2) and ([L3)) are canonically isomor-
phic in D(A®;, A°) (see BB(i)). (Without the homotopical flatness assump-

L
tion they are canonically isomorphic as objects of the category D(A ® A°)
defined in [6.H)

1.3.3. Let (LJ)y denote (LCZ) viewed as an object of D(A). The mor-
phism (3), — (CZ),, mentioned in [T and is uniquely charac-
terized by the following property: the composition hy := Hom(?,Y) —
[@3),, — ([C32A), equals the obvious morphism Hom(?,Y) — (L2Z),.. To
prove the existence and uniqueness of such a morphism we may assume that
A = A and the DG functor A — A equals id 4. Rewrite the DG A°-module

X — hy ég hx as LInd-Reshy (here Res : D(A) — D(B) is the restric-
tion functor and L Ind is its left adjoint, i.e., the derived induction functor)
and notice that Hom(LInd-Reshy, M) = 0 for every DG A°-module M
with Res M = 0, in particular for M = (L2),. As Res([d), = 0 and
Res-LInd ~ id, the fact that our morphism (C3), — (C2)y is an isomor-
phism is equivalent to the implication (i)=-(ii) in the following proposition.

1.4. Proposition. Let £ : A — C be a DG functor and B C A a full
DG subcategory such that the objects of £(B) are contractible and Ho(§) :
Ho(A) — Ho(C) s essentially surjective. Then the following properties are
equivalent:
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(i) £ : A—C is a DG quotient of A modulo B;
(ii) for every Y € A the DG A°-module

(1.4) X +— Cone(Hom4(X,Y) — Home(£(X),£(Y)))
is in the essential image of the derived induction functor LInd : D(B) —
D(A);

(ii°) for every X € A the DG A-module
Y — Cone(Hom4(X,Y) — Home(£(X),£(Y)))
is in the essential image of LInd : D(B°) — D(A°).
The proof is contained in (@3]

Remark. A DG A°-module M belongs to the essential image of the de-
rived induction functor LInd : D(B) — D(A) if and only if the morphism
LIndRes M — M is a quasi-isomorphism.

1.5. On Keller’s construction of the DG quotient. As explained in
MO2, the next proposition follows directly from [[L4 The symbol Ho™ below
denotes the graded homotopy category (see [Z3]).

1.5.1. Proposition. Let £ : A — C be a DG quotient of A modulo B and
let & : D(C) — D(A) be the corresponding restriction functor. Then

(a) the composition Ho (C) — D(C) — D(A) is fully faithful;

(b) an object of D(A) belongs to its essential image if and only if it
is isomorphic to Cone(LIndResa — a) for some a € Ho'(A) C D(A),
where LInd (resp. Res) is the derived induction (resp. restriction) functor
corresponding to B — A.

Remark. In fact, the whole functor D(C) — D(A) is fully faithful (see
[CEA(i1) or EEBLii))

1.5.2. Soif £ : A — C is a DG quotient then Ho'(C) identifies with a full
subcategory of D(A). But D(A) = Ho'(A), where A is the DG category

of semi-free DG A°-modules (see MZF). Thus Ho'(C) identifies with the
graded homotopy category of a certain DG subcategory of 4. This is the

DG quotient A " B from @
1.6. Universal property of the DG quotient.

1.6.1. 2-category of DG categories. There is a reasonable way to orga-
nize all (small) DG categories into a 2-category DGcat, i.e., to associate to
each two DG categories Ay, As a category of quasi-functors T(A;, A2) and
to define weakly associative composition functors T'(A;,.As) X T'( Az, A3) —
T (A1, A3) so that for every DG category A there is a weak unit object in
T(A, A). Besides, each T(A;1, A2) is equipped with a graded k-category
structure, and if A is pretriangulated in the sense of Z4] then T'(A;1, As) is
equipped with a triangulated structure. We need DGecat to formulate the
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universal property of the DG quotient. The definition of DGcat will
be recalled in §I6l Here are two key examples.

Examples. (i) Let K be a DG model of the derived category of complexes
of k-modules (e.g., K = the DG category of semi-free DG k-modules). Then
T(A,K) is the derived category of DG A-modules. (If K is not small then
T(A,K) is defined to be the direct limit of T'(A,K’) for all small full DG
subcategories K’ C K).

(ii) If Ag is the DG category with one object whose endomorphism DG
algebra equals k then T'(Ap,.A) is the graded homotopy category Ho (A).

It is clear from the definition of T'(A;,.As) (see I8 or from Example (ii)
above that ® € T'(A1, As) induces a graded functor Ho (A1) — Ho"(Ag) and
thus Ho" becomes a (non-strict) 2-functor from DGcat to that of graded
categories. It is also clear from JIfl that one has a bigger 2-functor A — AY
from DGecat to the 2-category of triangulated categories (with triangulated
functors as 1-morphisms).

A DG functor F : A; — Ajg defines an object @ € T'(A1, As) (see[[G.7T).
Thus one gets a 2-functor DGcat,,ve — DGceat, where DGceat,,iye is the
2-category with DG categories as objects, DG functors as 1-morphisms,
and degree zero morphisms of DG functors as 2-morphisms. If F' is a quasi-

equivalence then @ is invertible. So a diagram A; A £ Aj still defines
an object of T'(A1,.Az). All isomorphism classes of objects of T'(A1, Ag) come
from such diagrams (see and [[33).

1.6.2. Main Theorem. Let B be a full DG subcategory of a DG category
A. For all pairs (C,€), where C is a DG category and § € T(A,C), the
following properties are equivalent:

(i) the functor Ho(A) — Ho(C) corresponding to £ is essentially surjec-
tive, and the functor A" — CY™ corresponding to & induces an equivalence
Atr/Btr — Ctr’.

(ii) for every DG category K the functor T(C,K) — T(A,K) correspond-
ing to & is fully faithful and ® € T(A,K) belongs to its essential image if
and only if the image of ® in T'(B,K) is zero.

A pair (C, ) satisfying (i)-(ii) exists and is unique in the sense of DGecat.

A weaker version of the universal property was proved by Keller, who
worked not with the 2-category DGecat but with the category whose mor-
phisms are 2-isomorphism classes of 1-morphisms of DGecat (see Theorem
4.6, Proposition 4.1, and Lemma 4.2 of [23]) . Theorem will be proved
in using the following statement, which easily follows (see [II]) from
Proposition [C4L

1.6.3. Proposition. Let ¢ : A — C be a quotient of a DG category A modulo
a full DG subcategory B. If a DG category K is homotopically flat over k
then £ Ridg : AQK — CRK is a quotient of the DG category AQ K modulo
B® K.
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1.7. More on uniqueness. Let (C1,£1) and (Co,&2), & € T(A,C;), be DG
quotients of A modulo B. Then one has an object ® € T'(C1,C3) defined up
to unique isomorphism. In fact, the graded category T'(C1,Cs) comes from
a certain DG category (three choices of which are mentioned in [[6.§) and
one would like to lift ® to a homotopically canonical object of this DG cat-
egory. The following argument shows that this is possible under reasonable
assumptions. If C; and Cy are homotopically flat over k£ in the sense of
these assumptions hold for the Keller model (see [[68 in particular ([GA4) ).

Suppose that T'(A, C;) (resp. T(Cy1,Cs)) is realized as the graded homotopy
category of a DG category DG(A,C;) (resp. DG(Cy,Cs)) and suppose that
the graded functor

T(A,C1) X T(C1,C2) x T(A,C2)° — {Graded k-modules}
defined by (F1,G, Fy) — @, Ext"(Fp, GF) is lifted to a DG functor
(1.5) U : DG(A,C1) x DG(Cq,C2) x DG(A,Cs)° — k-DGmod,

where k-DGmod is the DG category of complexes of k-modules. We claim
that once §;, i € {1,2}, is lifted to an object of DG(A,C;) one can lift
® € T(C1,C2) to an object of DG(Cy,C2) in a homotopically canonical way.
Indeed, once &; is lifted to an object of DG(A, C;) the DG functor (LH) yields
a DG functor ¢ : DG(C1,C2) — k-DGmod such that the corresponding
graded functor T'(Cy,C2) — {Graded k-modules} is corepresentable (it is
corepresentable by ®). Such a functor defines a homotopically canonical

object of DG(Cy,C2) (see TATGZHIZTG.T)).

1.8. What do DG categories form? To formulate uniqueness of the DG
quotient in a more elegant and precise way than in [L7 one probably has
to spell out the relevant structure on the class of all DG categories (which
is finer than the structure of 2-category). I hope that this will be done by
the experts. Kontsevich and Soibelman are working on this subject. They
introduce in [33 B4] a notion of homotopy n-category so that a homotopy
1-category is same as an A, -category (the notion of homotopy category is
defined in [34] with respect to some category of “spaces”, and in this descrip-
tion of the results of [34] we assume that “space”=“complex of k-modules”).
They show that homotopy 1-categories form a homotopy 2-category and they
hope that homotopy n-categories form a homotopy (n + 1)-category. They
also show that the notion of homotopy n-category is closely related to the
little n-cubes operad. E.g., they prove in [32, 34] that endomorphisms of the
identity 1-morphism of an object of a homotopy 2-category form an algebra
over the chain complex of the little squares operad (Deligne’s conjecture).
As DG categories are Ay-categories we will hopefully understand what DG
categories form as soon as Kontsevich and Soibelman publish their results.

In the available texts they assume that the ground ring & is a field. Pos-
sibly the case of an arbitrary ground ring k is not much harder for experts,
but a non-expert like myself becomes depressed when he comes to the con-
clusion that DG models of the triangulated category T'(A, K) are available
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only if you first replace A or K by a resolution which is homotopically flat

over k (see [6H).

1.9. Structure of the article. In § we recall the basic notions related to
DG categories. In §§BIH we give the two constructions of the quotient DG
category. In §8 and 1 we discuss the notion of derived DG functor. The
approach of §0]is based on Keller’s construction of the DG quotient, while
the approach of Jiis based on any DG quotient satisfying a certain flatness
condition, e.g., the DG quotient from §8 In §8 we give an explanation of
the uniqueness of DG quotient. In §§8HITl we prove the theorems formulated
in §43HA

Finally, S$4I2HT0] are appendices; hopefully they make this article essen-
tially self-contained.

1.10. I am very grateful to R. Bezrukavnikov who asked me how to intro-
duce the notion of quotient in the framework of DG categories and drew my
attention to Keller’s article [22]. I thank A. Neeman, P. Deligne, V. Hinich,
M. Kapranov, Y. Soibelman, A. Tikaradze and especially A. Beilinson and
M. Kontsevich for stimulating discussions. I thank B. Keller, V. Lyuba-
shenko, S. Majid, M. Mandell, J. P. May, J. Stasheff, and D. Yetter for
useful references.

2. DG CATEGORIES: RECOLLECTIONS AND NOTATION

2.1.  We fix a commutative ring k£ and write ® instead of ®; and “DG cat-
egory” instead of “ differential graded k-category”. So a DG category is a
category A in which the sets Hom(X,Y), X, Y € Ob A, are provided with
the structure of a Z-graded k-module and a differential d : Hom(X,Y) —
Hom(X,Y) of degree 1 so that for every X,Y,Z € Ob.A the composition
map Hom(X,Y)xHom(Y, Z) — Hom(X, Z) comes from a morphism of com-
plexes Hom(X,Y) ® Hom(Y, Z) — Hom(X, Z). Using the super commuta-
tivity isomorphism A® B —~» B®A in the category of DG k-modules one de-
fines for every DG category A the dual DG category A° with Ob A° = Ob A,
Hom 40 (X,Y) = Hom4 (Y, X) (details can be found in §1.1 of [22]).

The tensor product of DG categories A and B is defined as follows:

(i) Ob(A ® B) := ObA x ObB; for a € ObA and b € Ob B the corre-
sponding object of A ® B is denoted by a ® b;

(ii) Hom(a®b, ' ®V') := Hom(a, a’)@Hom(b, b") and the composition map
is defined by (fi®g1)(f2®g2) == (=1)* fifo®g192, p := deg g1, ¢ := deg fa.

2.2. Remark. Probably the notion of DG category was introduced around
1964 (G. M. Kelly [29] refers to it as a new notion used in [2§] and in an
unpublished work by Eilenberg and Moore).
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2.3. Given a DG category A one defines a graded category Ho'(A) with
ObHo'(A) = ObA by replacing each Hom complex by the direct sum of
its cohomology groups. We call Ho'(A) the graded homotopy category of A.
Restricting ourselves to the 0-th cohomology of the Hom complexes we get
the homotopy category Ho(A).

A DG functor F is said to be a quasi-equivalence if Ho' (F') : Ho' (A) —
Ho'(B) is fully faithful and Ho(F') is essentially surjective. We will often use
the notation A —> B for a quasi-equivalence from A to B. The following
two notions are less reasonable. F': A — B is said to be a quasi-isomorphism
if Ho (F) is an isomorphism. We say that F': A — Bis a DG equivalence if
it is fully faithful and for every object X € B there is a closed isomorphism
of degree 0 between X and an object of F'(A).

2.4. To a DG category A Bondal and Kapranov associate a triangulated
category A" (or Tr*(A) in the notation of [4]). It is defined as the homotopy
category of a certain DG category AP™ . The idea of the definition of AP*e%
is to formally add to A all cones, cones of morphisms between cones, etc.
Here is the precise definition from [H]. The objects of AP™" are “one-sided
twisted complexes”, i.e., formal expressions (D;._, Ci[ri],q), where C; € A,
ri € Z,n >0, q=(gij), ¢;j € Hom(C}, C;)[r; — r;] is homogeneous of degree
1, qij = 0 for i > 7, dq+q2 =0.If C, C' e ObAprO_tr, C = (@;L:l Cj[rj],q),
C' = (B;~, Ci[rl],q) then the Z-graded k-module Hom(C, C") is the space
of matrices f = (fij), fi; € Hom(Cj, Cl)[ri — r;], and the composition map
Hom(C,C") ® Hom(C’,C") — Hom(C,C") is matrix multiplication. The
differential d : Hom(C, C") — Hom(C, C") is defined by df := dpaive f + ¢ f —
(—1)!fq if deg fij =1, where dyaivef := (dfij)-

AP contains A as a full DG subcategory. If X, Y € Aand f: X —
Y is a closed morphism of degree 0 one defines Cone(f) to be the object
(Y @ X[1],q) € AP**Y where ¢12 € Hom(X,Y)[1] equals f and q11 = qo1 =
q22 = 0.

Remark. As explained in [], one has a canonical fully faithful DG functor
(the Yoneda embedding) AP — A°-DGmod, where A°-DGmod is the
DG category of DG A°-modules ; a DG A°-module is DG-isomorphic to an
object of AP™' if and only if it is finitely generated and semi-free in the
sense of Quite similarly one can identify AP*** with the DG category
dual to that of finitely generated semi-free DG A-modules.

A non-empty DG category A is said to be pretriangulated if for every
X € A, k € Z the object X[k] € AP™" is homotopy equivalent to an
object of A and for every closed morphism f in A of degree 0 the object
Cone(f) € AP is homotopy equivalent to an object of A. We say that A
is strongly pretriangulated (4-pretriangulated in the terminology of M) if
same is true with “homotopy equivalent” replaced by “DG-isomorphic” (a
DG-isomorphism is an invertible closed morphism of degree 0).



DG QUOTIENTS OF DG CATEGORIES 9

If A is pretriangulated then every closed degree 0 morphism f: X — Y
in A gives rise to the usual triangle X — Y — Cone(f) — X[1] in Ho(A).
Triangles of this type and those isomorphic to them are called distinguished.
Thus if A is pretriangulated then Ho'(A) becomes a triangulated category
(in fact, the Yoneda embedding idenitifies Ho'(.A) with a triangulated sub-
category of Ho'(A°-DGmod)).

If A is pretriangulated (resp. strongly pretriangulated) then every object
of AP™' is homotopy equivalent (resp. DG-isomorphic) to an object of A.
As explained in M, the DG category AP™' is always strongly pretriangu-
lated, so A" := Ho (AP*™™) is a triangulated category.

2.5. Proposition. If a DG functor F' : A — B is a quasi-equivalence then
same 1is true for the corresponding DG functor FPTetr . gpre-tr _, gpre-tr,

The proof is standard.

2.6. Remark. Skipping the condition “g;; = 0 for ¢ > j” in the definition
of AP one gets the definition of the DG category Pre-Tr(A) considered
by Bondal and Kapranov H]. In Proposition one cannot replace APt
and BP'' by Pre-Tr(A) and Pre-Tr(B). E.g., suppose that A and B are
DG algebras (i.e., DG categories with one object), namely A is the de Rham
algebra of a C°° manifold M with trivial real cohomology and nontrivial 7y,
B =R, and F': A — B is the evaluation morphism corresponding to a point
of M. Then Pre-Tr(F) : Pre-Tr(.A) — Pre-Tr(B) is not a quasi-equivalence.
To show this notice that Ko(M) ® Q = Q, so there exists a vector bundle
¢ on M with an integrable connection V such that ¢ is trivial but (£, V) is
not. &-valued differential forms form a DG A-module M which is free as
a graded A-module. Considering M as an object of Pre-Tr(.A) we see that
Pre-Tr(F') is not a quasi-equivalence.

2.7. Derived category of DG modules. Let A be a DG category. Fol-
lowing [22] we denote by D(A) the derived category of DG .A°-modules,
i.e., the Verdier quotient of the homotopy category of DG A°-modules by
the triangulated subcategory of acyclic DG A°~-modules. According to The-
orem 10.12.5.1 of [6] (or Example 7.2 of [22]) if a DG functor A — B is
a quasi-equivalence then the restriction functor D(B) — D(A) and its left
adjoint functor (the derived induction functor) are equivalences. This also
follows from 3 because D(.A) can be identified with the homotopy category
of semi-free DG A°-modules (see [[LF).

2.8.  Given DG functors A" — A «— A" one defines A’ x 4 A" to be the fiber
product in the category of DG categories. This is the most naive definition
(one takes the fiber product both at the level of objects and at the level of
morphisms). More reasonable versions are discussed in §I0l
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2.9. To a DG category A we associate a new DG category Mor A, which
is equipped with a DG functor Cone : Mor A — AP™%. The objects of
Mor A are triples (X,Y, f), where X, Y € Ob A and f is a closed morphism
X — Y of degree 0. At the level of objects Cone(X,Y, f) is the cone of f.
We define Hom((X,Y, f), (X', Y, ")) to be the subcomplex

{u € Hom(Cone(f), Cone(f)) | n'ui = 0},

where i : Y — Cone(f) and 7’ : Cone(f') — X'[1] are the natural mor-
phisms. At the level of morphisms, Cone : Hom((X,Y, f), (X', Y', f')) —
Hom(Cone(f), Cone(f’)) is defined to be the natural embedding. Composi-
tion of the morphisms of Mor A is defined so that Cone : Mor A — APt
becomes a DG functor. There is an obvious DG functor Mor A4 — A x A
such that (XY, f) — (X,Y).

2.10. Given a DG category A one has the “stupid” DG category Morgyp A
equipped with a DG functor F' : Morgu,, A — AxA: it has the same objects
as Mor A (see Z9), Hom((X,Y, f), (X', Y, f')) is the subcomplex

{(u,v) € Hom(X, X') x Hom(Y,Y") | f'u = vf},

F(X,Y,f) := (X,Y), F(u,v) = (u,v), and composition of the morphisms
of Morgip A is defined so that F' : Morg,, A — A x A becomes a DG
functor. There are canonical DG functors ® : Morg,, A — Mor A and
U : Mor A — Morg,p A such that ®(X,Y, f) .= (X,Y, f), ¥(X,Y, f) :=
(Y, Cone(f),i), where i : Y — Cone(f) is the natural morphism. So one
gets the DG functor

(2.1) OV : Mor A — Mor A

3. A NEW CONSTRUCTION OF THE DG QUOTIENT

3.1. Construction. Let A be a DG category and B C A a full DG sub-
category. We denote by A/B the DG category obtained from .4 by adding
for every object U € B a morphism g7 : U — U of degree —1 such that
d(ey) = idy (we add neither new objects nor new relations between the
morphisms).

So for X, Y € A we have an isomorphism of graded k-modules (but not
an isomorphism of complexes)

(3.1) P Hom’} 5(X,Y) — Homy/5(X,Y)
n=0

where Hom'y /B(X ,Y') is the direct sum of tensor products Hom 4 (Uy,, Up+1)®
k[1]@Homa(Upn—1, Up)®k[1] .. .®@k[1]@Hom 4(Uo, U1), Up := X, Uny1 =Y,
U; € B for 1 <i <n (in particular, Homgl/B(X, Y) = Homu4(X,Y)) ; the
morphism BJl) maps f,®e® fn_1...Qe® fo to fueu, fn-1--.€v, fo, where
¢ is the canonical generator of k[1]. Using the formula d(eyy) = idy one
can easily find the differential on the Lh.s. of (Bl corresponding to the
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one on the r.h.s. The image of @2’20 Homfﬁt/B(X, Y) is a subcomplex of

Hom 4/5(X,Y), so we get a filtration on Hom 4,3(X,Y). The map (B
induces an isomorphism of complexes

(3.2) P Hom’} 5(X,Y) — gr Hom 4/5(X,Y)

n=0

3.2. Example. If A has a single object U with End4 U = R then A/A has
a single object U with End 4,4 U = R, where the DG algebra R is obtained
from the DG algebra R by adding a new generator € of degree —1 with
de = 1. As a DG R-bimodule, R equals Cone(Bar(R) — R), where Bar(R)
is the bar resolution of the DG R-bimodule R. Both descriptions of R show
that it has zero cohomology.

A more interesting example can be found in B

3.3. The triangulated functor A" — (A/B)" maps B to zero and there-
fore induces a triangulated functor ® : A" /B" — (A/B)". Here A"/B"
denotes Verdier’s quotient (see §I2). We will prove that if k is a field then
® is an equivalence. For a general ring k this is true under an additional
assumption. E.g., it is enough to assume that A is homotopically flat over
k (we prefer to use the name “homotopically flat” instead of Spaltenstein’s
name “K-flat” which is probably due to the notation K(C) for the homo-
topy category of complexes in an additive category C). A DG category A
is said to be homotopically flat over k if for every X,Y € A the complex
Hom(X,Y') is homotopically flat over k in Spaltenstein’s sense [B0], i.e., for
every acyclic complex C' of k-modules C' ®; Hom(X,Y") is acyclic. In fact,
homotopical flatness of A can be replaced by one of the following weaker
assumptions:

(3.3) Hom(X, U) is homotopically flat over k for all X € A, U € B;

(3.4) Hom(U, X) is homotopically flat over k for all X € A, U € B.

Here is our first main result.

3.4. Theorem. Let A be a DG category and B C A a full DG subcategory.
If either {Z3) or (34) holds then ® : A™/B" — (A/B)™ is an equivalence.

The proof is contained in §8

3.5. If B3) and BF) are not satisfied one can construct a diagram (LTI)
by choosing a homotopically flat resolution A —— A and putting C :=
ft/ B, where B C A is the full subcategory of objects whose image in A is
homotopy equivalent to an object of B. Here “homotopically flat resolution”
means that A is homotopically flat and the DG functor A — A is a quasi-
equivalence (see [Z3)). The existence of homotopically flat resolutions of .4
follows from Lemma
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3.6. Remarks. (i) If (B3]) or (B4) holds then one can compute ([L3)) using
the bar resolution of the DG B-module hx or the DG B°-module hy. The
corresponding complex representing the object (L3]) of the derived category
is precisely Hom 4,5(X,Y).

(ii) Let A and B be as in and suppose that (B3) or (B4]) holds for
both B ¢ A and B ¢ A. Then the DG functor A/B — A/B is a quasi-
equivalence, i.e., it induces an equivalence of the corresponding homotopy
categories. This follows from Theorem B4l One can also directly show that
if X,Y € Ob(A/B) = Ob A are the images of X,Y € Ob(A/B) = Ob A then
the morphism Hom /B(X ,Y) — Homy /B(X,Y) is a quasi-isomorphism (use
(B2) and notice that the morphism Homz/g(f(,f/) — Hom'y 5(X,Y) is a
quasi-isomorphism for every n; this follows directly from the definition of
Hom" and the fact that B3) or 4 holds for Bc A and B C A).

(iii) Usually the DG category .A/B is huge. E.g., if A is the DG category of
all complexes from some universe U and B C A is the subcategory of acyclic
complexes then the complexes Hom 4/5(X,Y), X,Y € A, are not U-small
for obvious reasons (see [I8], §1.0 for the terminology) even though (A/B)%™
is a U-category. But it follows from Theorem B4 that whenever (A/B)" is
a U-category there exists an Ay-category C with U-small Hom complexes
equipped with an A.-functor C — A/B which is a quasi-equivalence (so one
can work with C instead of A/B).

(iv) The DG category A/B defined in Bl depends on the ground ring &,
so the full notation should be (A/B)j. Given a morphism ky — k we have a
canonical functor F : (4/B)x, — (A/B)g. If (B3) or ([B4) holds for both kg
and k then the functor (A/B)g, — (A/B)j is a quasi-isomorphism by B4l

3.7. Example.

3.7.1. Let Ag be the DG category with two objects X1, X5 freely generated
by a morphism f : X; — Xs of degree 0 with df =0 (so Hom(X;, X;) = k,
Hom(X1, X2) is the free module kf and Hom(X2,X;) = 0). Put A :=
Agmtr. Let B C A be the full DG subcategory with a single object Cone(f).
Instead of describing the whole DG quotient A/B we will describe only
the full DG subcategory (A/B)y C A/B with objects X; and X5 (the DG
functor (A/B)5" " — (A/B)P*™ is a DG equivalence in the sense of 33, so
A/B can be considered as a full DG subcategory of (A/B)F*""). Directly
using the definition of A/B (see Bl one shows that (A/B)y equals the
DG category K freely generated by our original f : X; — X5 and also a
morhism g : Xo — X7 of degree 0, morphisms «; : X; — X; of degree —1,
and a morphism u : X; — Xs of degree —2 with the differential given by
df =dg =0,do; =gf —1,das = fg—1, du = fag — azf. On the other
hand, one has the following description of Ho ((.A/B)o).

3.7.2. Lemma. Extz/B(Xi,Xj) =0 forn # 0, Extg‘/B(Xi,Xi) =k, and
Ext&/B(Xl,Xg), Ext&/B(Xg,Xl) are free k-modules generated by f and f~1.
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As (A/B)y = K one gets the following corollary.

3.7.3. Corollary. K is a resolution of the k-category Iy generated by the
category Jo with 2 objects and precisely one morphism with any given source
and target.

Clearly K is semi-free in the sense of [341

3.7.4. Proof of Lemma By B4, Ho' (A/B) = AY/B". As X, €
(B™)+ the map Ext’y(X;, X5) — Extzgr/gn(Xi,Xﬂ, i = 1,2, is an isomor-
phism by [Z4l Therefore Ext’) /B(XZ',XQ) is as stated in the lemma. But
f+ X1 — X becomes an isomorphism in Ho(A/B), so Ext’y 5(X;, X1) is
also as stated. O

3.7.5. Modification of the proof. In the above proof we used Theorem
B and [ZA to show that ¢ : Ext’(X;, X2) — Ext} 5(Xi, X3) is an iso-
morphism. In fact, this follows directly from ([BZ2), which is an immediate
consequence of the definition of A/B. Indeed, ¢ is induced by the canonical
morphism « : Hom 4(X;, X2) — Hom4/5(X;, X2). By B2) a is injective
and L := Coker ¢; is the union of an increasing sequence of subcomplexes
0= Ly C Ly C...such that L,/L,_1 = Homfﬁlpm_m/B(Xi,Xg for n > 1.
Finally, Hom),re.i: /B(XZ',XQ) is acyclic for all n > 1 because the complex
Homy (U, X3), U := Cone(f : X1 — X3), is contractible.

3.7.6. Remarks. (i) The DG category K from Bl and the fact that it
is a resolution of Iy were known to Kontsevich [31]. One can come to the
definition of K as follows. The naive guess is that already the DG category
K freely generated by f,g,a1,as as above is a resolution of I, but one
discovers a nontrivial element v € Ext™!(Xy, X5) by representing fgf — f
as a coboundary in two different ways (notice that f(gf —1) = fgf — f =
(fg—1)f). Killing v one gets the DG category I, which already turns out
to be a resolution of Js.

(ii) The DG category K from BT has a topological analog Kiop. This
is a topological category with two objects X7, Xs freely generated by mor-
phisms f € Mor(X1, X2), g € Mor(Xs, X;), continuous maps «; : [0,1] —
Mor(X;, X;), and a continuous map u : [0,1] x [0,1] — Mor(X;, X2) with
defining relations «;(0) = idx;, a1(1) = gf, az(1) = fg, u(t,0) = fai(t),
u(t,1) = ag(t)f, u(0,7) = f, w(l,7) = fgf. It was considered by Vogt [68],
who was inspired by an article of R. Lashof. The spaces Morg,,, (X;, X;)
are contractible. This can be easily deduced from using a cellular
decomposition of Mory,,, (X;, X;) such that the composition maps

Morg,,, (Xi, X;) x Morg,,, (X;, Xi) — Mork,,, (Xi, Xi)

are cellular and the DG category one gets by replacing the topological spaces
Morg,,, (Xi, X;) by their cellular chain complexes equals K.
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4. THE DG CATEGORIES A AND 4. KELLER'S CONSTRUCTION OF THE
— —
DG QUOTIENT.

The DG category A/B from §8 depends on the ground ring k (see B0(iv)).
Here we describe Keller’s construction of a quotient DG category, which does
not depend at all on k (if you like, assume k = Z). The construction makes
use of the DG category A studied by him in [22], which may be considered as

a DG version of the category of ind-objects. There is also a dual construction
based on A (a DG version of the category of pro-objects).

4.1. If Ais a DG category we denote by A the DG category of semi-free
DG A°-modules (see for the definition gf “semi-free” ). The notation A
has been chosen because one can think of objects of A4 as a certain kind (:f:
direct limits of objects of AP*™ (see ELZ). We put A—Z: (A°)°. Of course,
the DG categories 4 and A are not small. They are saongly_l))retriangulated
in the sense of MTand Eo(é) = _,_4)“r identifies with the derived category

D(A) of DG A°-modules (see [[ZR). We have the fully faithful DG functors
A +— A — A. Given a DG functor B — A one has the induction DG

functors B — A and B — A (see [ZYl). In particular, if B C A is a full
subcategory then B, B are identified with full DG subcategories of A, A.

—

4.2. Remark. Here is a small version of 4. Fix an infinite set I and consider

the following DG category A" (which coincides with the DG category
APret from ZA]if I = N). To define an object of A"~ make the following
changes in the definition of an object of AP™*™. First, replace @}, Ci[r;]
by @,c; Cilri] and require the cardinality of {i € I|C; # 0} to be strictly
less then that of I. Second, replace the triangularity condition on ¢ by the
existence of an ordering of I such that ¢;; # 0 only for ¢ < j and {7 € I]i < j}
is finite for every j € I (in other words, for j € I let I-; denote the set of
i € I for which there is a finite sequence 4,...,i, € I with n > 0, ig = 7,
in = i such that ¢;, i # 0, then for every j € I the set I; should be
finite and should not contain j). Morphisms of A are defined to be matrices

(fij) as in B such that {i € I|f;; # 0} is finite for every j € I. The DG
functor A — A extends in the obvious way to a fully faithful DG functor

re-tr—
./4? — A

One also has the DG category A?re_tﬂ_ = ((AO)IIJW_W_))O and the fully
faithful DG functor Alfre'tr_) — A.

—
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4.3. Remark. A quasi-equivalence F': A =, B induces quasi-equivalences

~

.A ~ B .A ~ B Apre—tr—> ~ B§)re—tr—>7 A?re—tﬂ— ~ BIIJre—tw— (the fact
that A — B is a quasi-equivalence was mentioned in 7). This is a conse-

quence of the following lemma.

4.4. Lemma. A triangulated subcategory of Ho(A) containing Ho(A) and

closed under (infinite) direct sums coincides with Ho(A). A triangulated

subcategory of HO(AII)rO'trQ) containing Ho(A) and closed under direct sums
indezed by sets J such that Card J < Card [ coincides with Ho(A?rC'tr_)).

This was proved by Keller ([22], p.69). Key idea: if one has a sequence of
DG A°-modules M; and morphisms f; : M; — M; 1 then one has an exact

sequence 0 — M=y - limM; — 0, where M := @, M; and f: M — M
is induced by the f;’s.
4.5. Now let B C A be a full DG subcategory. Let B+ (resp. +B) denote

the full DG subcategory of A (resp. of A) that consists of objects X such

that for every b € B the complex Hom(b, X) (resp. Hom(X,b)) is acyclic.
Recall that D(A) = Ho(A) = A™.

4.6. Proposition. Let £ : A — C be a quotient of a DG category A modulo
B C A. Then
(i) § :A — C 18 a quotient ofA modulo B'

(i’) § A — C 18 a quotient ofA modulo B

(ii) the restmctwn functor D(C) — D(A) is fully faithful, and its essential
image consists precisely of objects of D(A) annihilated by the restriction
functor p: D(A) — D(B); the functor D(A)/D(C) — D(B) induced by p is
an equivalence.

See for the proof.

4.7. Proposition. (i) The essential image of B in A" is right-admissible

in the sense of IZ0.
(ii) The right orthogonal complement of Btr in _,4tr equals (B+)¥.

(iii) The functor (B+)" — _,4”/,8tr is an equwalence

(iv) The functor A" /B — Atr / Btr 18 fully faithful.

(i° )-(iv° ) Statements (i)- (zv) remain true if one replaces A% and B by
_,:ttr and §tr, “right” by “left”, and B+ by +B. - -

The proof will be given in [Tl
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4.8. Remark. Keller [23] derives Proposition EE6(i) from Neeman’s theo-
rem on compactly generated triangulated categories (Theorem 2.1 of [7]).
Statements (i) and (iv) of Proposition E7 are particular cases of Lemmas
1.7 and 2.5 of Neeman’s work [7].

4.9. Now let A /' B C B* be the full DG subcategory of objects X € B+
such that for some a € A and some closed morphism f : a — X of degree 0
the cone of f is homotopy equivalent to an object of B. Let A / B C 1B

be the full DG subcategory of objects X € B such that for some a € A
and some closed morphism f : X — a of degree 0 the cone of f is homotopy
equivalent to an object of 3. By Proposition B7 we have the fully faithful
functor A%/BY — AY/BY = (BY)" = Ho(Bt), and its essential image
equals (A / B)™. So we get an equivalence

(4.1) A" /BT =5 (A B)T

~

and a similar equivalence A" /B" — (A / B)".

4.10. Let us construct a diagram (LI with C = A ' B such that the
corresponding functor A" — (A ' B)" induces @) (so A ~ B will

become a DG quotient of A modulo B). The DG category A ::i is defined
as follows. First consider the DG category Mor A (see Z9l). Its objects

are triples (a,Y,g), where a,Y € A and g is a closed morphism a — Y of

degree 0. We define _XC Mor A to be the full DG subcategory of triples
(a,Y,g) such that a € A, Y € A / B C A, and Cone(a EN Y’) is homotopy

equivalent to an object of 3. The DG functors A <—,2—> A /' B are defined
by (a,Y,g) — a and (a,Y,g) — Y.

~l
4.11. Remarks. (i) Let 4 C Mor A be the full DG subcategory of triples

(P,a, f) € Mor A such that P € B, a € A, and Cone(P ER a) € Bt
The DG functor (Z1l) (with A replaced by A) induces a quasi-equivalence

N
sl s st

A —A, so one can use A instead of :Z
(ii) It follows from the definition of 1) that the image of the DG functor

~s!

A —>:i is contained in :istup:::i NMorgup A (see ZI0 for the definition of
Morggup A C Mor A).

4.12. Dualizing the construction from EET0 one gets the full DG subcategory
4 _ _
AC Mor A which consists of triples (Y, a,g) such that Y € A/ B, a € A,

and Cone(Y EX a) is homotopy equivalent to an object of B. Dualizing
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! o

E:E[] one gets a DG category _A equipped with a quasi-equivalence 4 —>A,
_A C Mor A is the full DG subcategory of triples (a, P, f) such that a € A,

— _ /!
P € B, and Cone(f) € *B. The diagrams A <—jzl—> A/ Band A <—jzl —
A /B are also DG quotients of A modulo B. The image of the DG functor

<«

< PN <
A — A is contained in A gpup:=A4 N Morgup A.

4.13. One can also include the diagrams constructed in EET0l and into
a canonical commutative diagram of DG categories and DG functors

A = A = A
l T T
(4.2) A & 4 = 4
1 l !

A/ B & Ay/B = AJB

in which each column is a DG quotlent of A modulo B The DG category A

is defined to be the fiber product A X A A where A and A were defined
in ELTT], @ (recall that “fiber product” is understood in the most naive
sense, see ). To define A /' B we use the DG category 4 such that

Ob A := ObA|]Ob A, A and A are full DG subcategories of A, and for
Y gObA, 11/_6 Objél (;1e hashHom(Y, Y) := 0, Hom(Y,Y) :: Y@4Y
(recall th;t Y is a DE A°-module and Y is a DG A-module, so Y @4 Y
is well defined, see [Z3)). For a € A we denote by a (resp. a) the image
of a in A (resp. A) we have the “identity” morph?sm e = Za ra — a.
Now deﬁne A/ B C MOT_A to be the full DG subcategory of trlples

(Y,Y,f)GMorAsuchthatYGA/BCA,YEA/BCA,and

> T h
f:Y — Y can be represented as a composition ¥ % a 5% a 5 Y, a € A,

—

so that Cone(g) is homotopy equivalent to an object of B and Cone(h) is
homotopy equivalent to an object of B (g and h are closed morphisms of

degree 0).
The DG functors A /* B — A / Band A / B — A / B send

(Y,Y,f) € A/ B respectively to Y and Y. The DG functor j—> A/
B C Mor A is defined to be the composition

Raoad <! ~sl

A=A Xq4 A _>.Astup XA .Astup_> MOT’A
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~sl ~

where the DG functors j:l/—jztsmp and A4 — Astup were defined in
and F' :j:lstup X A zsmp—» Mor A is the composition DG functor: at the level
of objects, if u = (a,Y,g:a — 37) € Morsgwp Aand = (Y,a,§: Y —a) €
Morgup A, a € A, then F(a,u) = (Y,Y, gg);:here is no problem to define
the DG f;nctor F' at the level of morphisms because we are working with
the “stupid” versions j:tstup, Zstupa Morgyp (the “non-stupid” composition

j:t X A Z—> Mor Ais defined as an Ao-functor rather than as a DG functor).

5. DERIVED DG FUNCTORS

We will define a notion of right derived functor in the DG setting modeled
on Deligne’s definition in the triangulated setting. One can easily pass from
right derived DG functors to left ones by considering the dual DG categories.

5.1. Deligne’s definition. Let G : 7 — 7’ be a triangulated functor
between triangulated categories and S C 7 a triangulated subcategory.
Denote by CohoFunct(7”) the category of k-linear cohomological functors
from (77)° to the category of k-modules. RG is defined to be the functor
7 /S — CohoFunct(7") defined by

(5.1) RG(Y):= “lim” G(2),
(Y—=2)eQy
which is a shorthand for
(5.2) RG(Y)(X):= lim Hom(X,G(Z)), YeT,XeT.
(Y—=2)eQy

Here Qy is the filtering category of 7-morphisms f : Y — Z such that
Cone(f) is isomorphic to an object of S.

RG has the following universal property. Let m : 7 — 7 /S denote the

canonical functor and v : 7/ — CohoFunct(7’) the Yoneda embedding. Let

® : 7 /S — CohoFunct(7’) be a graded functor (see [ZTl for a discussion of
the meaning of “graded”). Then there is a canonical isomorphism

(5.3) Hom(RG, ®) = Hom(vG, @)
functorial in ® (here Hom is the set of morphisms of graded functors). In
particular, if RG(7 /S) C 7' then RG : T/S — T’ is a derived functor in
Verdier’s sense [b6, B7].

Let (7 /S)¢ be the category of triples (Y, X, ¢), where Y € T/S, X € T,
¢: X = RG(Y). The functor

(54) (T/S)G - Tl? (Y7 X, ()0) — X

is also denoted by RG. We have an equivalence (Y, X,¢) — Y between
(T/S)c and a full subcategory of 7 /S (the full subcategory of objects Y €
7T /S such that RG(Y) is defined as an object of 7).
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Remark. Deligne (cf. Definition 1.2.1 of [I0]) considers RG as a functor
from 7 /S to the category of ind-objects ind(7”) rather than to the category
CohoFunct(7”). In fact, this does not matter. First of all, the image of
the functor RG defined by (B2)) is contained in the full subcategory of ind-
representable functors (77)° — k-mod, which is canonically identified with
ind(7”) (see §8.2 of [I8]). This is enough for our purposes, but in fact since
7" is small every H € CohoFunct(7”) is ind-representable by a well known
lemma (see, e.g., Lemma 7.2.4 of [46]), which is a version of Brown’s theorem
[8, @]. Proof: by Theorem 8.3.3 of [I§] it suffices to check that the category
T'/H = {(X,u)|X € T',u € H(X)} is filtering.

5.2. Let A be a DG category and B C A a full DG subcategory. Let F
be a DG functor from A to a DG category A’. To define the right derived
DG functor RF we use the DG quotient A " B from By definition,
RF : A / B — A is the restriction of the DG functor F : 4 — A’ to the

DG subcategory A / B C B+ C A. A 2-categorical reformulation of this
definition is given in Remark (ii) from M6.6l

5.3. Let us show that the definition of RF' from agrees with Deligne’s
definition of the right derived functor of a triangulated functor between
triangulated categories (see B.1I).

Suppose we are in the situation of 2. We have the DG functor RF' : A
B — A’ and the corresponding triangulated functor (RE)" : (A / B)Y —

(A", Using @) we can rewrite it as (RE)™ : AY/BY — (A). On the

other hand, we have the triangulated functor F* : A" — (A" and its
derived functor RF' : A% /BY" — CohoFunct((A")") (see B1). Finally, one
has the functor H" : (4’)" — CohoFunct((.A')") defined as follows: a right

DG A-module M € A’ uniquely extends to a right DG (A")P**"-module

M (cf. MET), and H°(M) is defined to be the zeroth cohomology of M (or
equivalently HO(M) is the cohomological functor N + Hom( 4y (N, M),

N € (A/)tr C (A/)tr).
Finally, using that (A’)°>-DGmod = ((A")P***)°-DGmod (see [ZTIT) one
gets the functor H? : ((A’)°-DGmod)" — CohoFunct((A’)%).

We are going to construct an isomorphism RFY™ —~» HY(RF)". To this
end, consider the diagram

A = oa B
! ! !
A/ B — A — A

(5.5)

(see for the definition of A). Its left square is not commutative, but

there is a canonical morphism from the composition 4— A — A to the
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composition 4A— A ~ B <— A. So we get a canonical morphism ¢ from the

~~tr

composition 4 — (A)" — (A4')" — CohoFunct(A’) to the composition

~str

Xtrﬁ (A / B)"™ — (A)" — CohoFunct(A’). By we can identify A
with A" and (A B)Tr with A" /B, so ¢ induces a morphism

(5.6) RF"™ — HO(RF)"

by the universal property [&3]) of REF™.

5.4. Proposition. The morphism [&28) is an isomorphism.
See J9.T] for a proof.

5.5.  Define the DG category (A  B)r to be the (naive) fiber product
of A" x (A /" B) and Ay over A" x A, where A 4 is the “diagonal” DG
category defined in[[RJland A ' B is mapped to A’ by RF. So the objects

of (A /' B)p are triples (Y, X, @), where Y €¢ A /' B, X € A, and ¢ :
X — RF(Y) is a homotopy equivalence. The DG functor (A / B)p — A
defined by (Y, X, ) — X is also called the right derived DG functor of F
and denoted by RF'.

Now consider the triangulated functor G = F'™ : A" — (A", Tt fol-
lows from B4 that ((A  B)p)'™ identifies with the triangulated category
(A"/B™)¢ from B and (RE)™ : (A / B)p)"™ — (A')™ identifies with
Deligne’s derived functor RG : (A" /B™)q — (A)™.

5.6. The definition of (A / B)p used A Al There are also versions of

(A 7 B)p using the DG categories A A and A A from [l They will be

denoted respectively by (A /' B)—p and (A / B)_r. E.g., the objects
of (A /" B)_p are triples (Y, X,v), where Y € A / B, X € A, and
1Y : RF(Y) — X is a homotopy equivalence. We have the right derived DG
functors RF : (A /' B)p — A" and RF : (A /' B),p — A’. Sometimes
we will write (A " B)_p instead of (A / B)p. The DG functors (A
B)orp — (A / B)er — (A / B)_p are quasi-equivalences by [0.3], and

one has a canonical commutative diagram

A/ B)_p < (A/ Bor — (A B)ep
(5.7) RF | RF | | RF

6. SOME COMMUTATIVE DIAGRAMS

6.1. Uniqueness of DG quotient. Let A be a DG category and B C A a
full DG subcategory. Given a quotient ([LTl) of A modulo B we will “identify”
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it with the quotient A <iAE> A /" B from EET0 More precisely, we will
construct a canonical commutative diagram of DG categories

A &4 = A
(6.1) FlL 1l
A/B & ¢ & ¢

(the symbols i>, <~ denote quasi-equivalences). To this end, notice that
the derived DG functor R¢ : (A /" B)¢ — C defined in EH and the projection
(.[l / 5)5 — A /' B are quasi-equivalences (here B is the preimage of B in
A). Put C := (A / B),. Define the DG functor C — C to equal R¢ and the
DG functor C — A/ B to be the composition C = (A / [;’)g — A/ B—
A/ B. We put A :=A, ie., Ais the analog of :Z with (A, B) replaced by
(A, B). The DG functor A — A is the analog of _X—» A. The DG functor
A —>2 is induced HY the DG functors A — A and B — B. Finally, A — C

is the DG functor A — C defined by (a,Y, g) — (Y,&(a), £ (g)) (here a € A,
YeAd/Bc .iI, and g : a — Y is a closed morphism?)f degree 0 whose
cone is homotopy equivalent to an object of B; recall that an object of C
is a triple (Y, X,¢), where Y € A /' B C A, } € C, and ¢ is a homotopy
equivalence from X to R¢(Y), i.e., the image of Y under ¢ : .,_Zl) — C).

—

6.2. More diagrams (to be used in §7).

6.2.1. Now let us consider the case that A = A and the DG functor A — A
equals id 4, so our quotient (LT) is just a DG category C equipped with a
DG functor € : A — C. Then diagram (G.1) becomes

~>

A = A4 = 4
(6.2) F| b e
A/ B «— C — C , C=(A/B)

Here the DG functors A « A— A /" B are same as in ([{2).
In we will use a slightly different canonical commutative diagram of
DG categories

A/ B & C =, C
(6.3) N l - 1 &
A «—  A°resDGmod —— .A°-DGmod

in which £* is defined by £*¢(a) := Hom(&(a), ¢). Here is the construction.
Let us start with the lower row of (E3l). Consider the DG category
Mor(A°-DGmod) (see Z9 for the definition of Mor). Its objects are triples
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(Q,M, f), where Q,M € A°-DGmod and f : Q@ — M is a closed mor-
phism of degree 0. We define A°-resDGmod C Mor(A°-DGmod) to be
the full DG subcategory of triples (Q, M, f) such that @ € 4 and f is a

quasi-isomorphism (so @ is a semi-free resolution of M). In other words,
A°-resDGmod is the DG category of resolved DG A°-modules. The DG
functors A°-resDGmod — A4 and A°-resDGmod — A°-DGmod are defined

by (Q, M, f) — Q and (Q, M, f) — M.

We define C to be the DG category (A " B)._¢ from So the objects
of C are triples (Y, X,), whereY € A /' B, X € C,and ¥ : RE(Y) — X is
a homotopy equivalence in C. The upper row of (63]) is defined just as the

lower row of (G1I).

The DG functor C — A°-resDGmod C Mor(A°-DGmod) is defined as
follows. To (Y, X,%) € C one assigns (Y,£*X,x) € Mor(A°>-DGmod),
where x : Y — &*X corresponds to ¢ : RE(Y) — X by adjointness.
This assignment extends in the obvious way to a DG functor from C to
Mor(A°-DGmod). To show that its image is contained in A°-resDGmod
we have to prove that xy : Y — £*X is a quasi-isomorphism. This follows
from the next lemma.

6.2.2. Lemma. The natural morphism Y — £*6(Y) = &RE(Y), YV €

—

B+ c A c A°-DGmod, is a quasi-isomorphism.

Proof. We will identify Ho(4) with the derived category D(A) of A°-mo-

—

dules (so both Y and £*¢ (Y') will be considered as objects of Ho(A4). The

— —

essential image of Ho(3) in Ho(A4) will be again denoted by Ho(B).

— —

It suffices to show that

(6.4) Cone(Y — S*E(Y)) € Ho(§)

for every Y € Ho(A) (then for Y € B+ one has Cone(Y — £*¢(Y)) €

— —

Ho(B) NHo(B+) = 0). Proposition [[4 says that (64]) holds for Y € Ho(A).

—

Objects Y € Ho(A) for which (2] holds form a triangulated subcategory

—

closed under (infinite) direct sums. So (E4]) holds for all Y € Ho(A) by

—

Lemma 41 O

6.2.3. Now let C denote the DG category (A /' B).¢ defined in BB Using
the quasi-equivalences C «— C — C one can “glue” B2 ) and @3) and
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get a canonical commutative diagram of DG categories

R A xcC = A

! ! S
(6.5) A/ B & C = C

N ! 1 &

A —  A°resDGmod — A°-DCGmod

(the DG functor Z xcC —>:4T is a quasi-equivalence by [[A.3] and the DG

functor A XQC — A is the composition A XQC —A— A, so it is also a
quasi-equivalence).

7. MORE ON DERIVED DG FUNCTORS.

71. Let £ : A — C be a quotient of a DG category A by a full DG
subcategory B C A (so in (ICI) A = A and the DG functor A — A equals
id4). Let F be a DG functor from A to a DG category A’. Under a
suitable flatness assumption (e.g., if C is the DG quotient .A/B from §8 and
B3) holds) we will define notions of the right derived DG functor of F,
which correspond to derived triangulated functors (22) and (&4)). They are
essentially equivalent to those from and but are based on C rather
than the DG quotient A " B from One can easily pass from right
derived DG functors to left ones by considering the dual DG categories.

7.2. Consider the DG functor
(7.1) & :C— A°-DGmod, £*c(a) := Hom(&(a),c)

From now on we assume that the diagram C & AL A satisfies the following
flatness condition: for all ¢ € ObC

L
(7.2)  the morphisms £*c®4 A" — £*c @4 A’ are quasi-isomorphisms.

This condition is satisfied if C is the DG quotient A/B from §8 and (B2
holds: in this case the DG A°-modules £*¢, ¢ € C, are homotopically flat by
Lemma [[ZT0I(i).

7.3.  We are going to define a DG version of the derived triangulated functor
(E3). As a first step, consider the DG functor

(7.3) RF : C — (A)°-DGmod

corresponding to the DG C ® (A’)°-module C ® 4 A" (see [L£R). (This is
only a first step because the homotopy category of the target of RF is
not the derived category of DG (A’)°-modules). The isomorphism C ® 4
A" = Hom¢g @ 4 A" (see (TE£R)) shows that RF = Indp of*, where £* : C —
A°-DGmod is defined by (1) and Indg : A°-DGmod — (A")°-DGmod is
the induction DG functor (see [ZJl).



24 VLADIMIR DRINFELD

The fiber product of C and (A’)°-resDGmod over (A’)°-DGmod will be
denoted by Cip (see B2 for the definition of (A’)°-resDGmod). The DG
functor Cjp) — C is a quasi-equivalence. We define the derived DG functor
RF : Cpy — 4’ to be the composition Cp; — (A’)°-resDGmod — 4’. A

2-categorical reformulation of this definition will be given in Remark (ii)

from
Let C(py denote the preimage of A" C A" under RF (so Cp) is a full DG

subcategory of Cjpj). One has RF : Cpy — A'.
In we will show using (Z2) that the above definitions are rea-
sonable: the DG functor RF : Cjp) — A’ is essentially equivalent to the

DG functor RF from and therefore agrees with the derived triangulated
functor (E2). There is a similar relation between RF : C(py — A’, the DG
functor from BH, and the derived triangulated functor (B4).

Remark. If k is a field or, more generally, if

(7.4) Hom(U, X) is a semi-free DG k-module for all X € A, U € B.
then the image of RF : C — (A")°-DGmod is contained in the full subcat-
egory A’ of semi-free DG (A’")°-modules (in the case A" = A, F = id4 this

is Lemma [[ZT5ii), and the general case follows). So if (Z4) holds then one
does not have to consider Cjzj: one can simply define RF' : C — A’ to be

the DG functor corresponding to RF'.

7.4. Assuming (Z2)) we will “identify” RF : Cp) — A’ with the DG functor
RF : A /B — A from More precisely, here is a construction of a

commutative diagram

A/ B & ¢ S S C
(7.5) RF | 1 | RF
A = A = A’
Put C; := Cjq,), so the objects of C; are triples (c, @, f), where ¢ € C,
Q€ A, and f: Q — £*cis a quasi-isomorphism. The derived DG functor

Ridy : C4 — A, i.e., the DG functor C; — A defined by (¢,Q, f) — Q,

induces a quasi-equivalence C; — A B C A (see [[&1). To define the

DG functor C; — C|) notice that by the flatness assumption (Z2) the image
of the composition

C1 = Cpja ] — A°-resDGmod — Mor(A°-DGmod) — Mor((A’)°-DGmod)

is contained in (A’)°-resDGmod, so we get a DG functor C; = Cjq,) —
(A")°-resDGmod whose composition with the DG functor (A’)°-resDGmod
— (A")°-DGmod equals [Z3)), i.e., we get a DG functor C; — Cpy.
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7.5. In fact, one can construct a slightly better diagram

A S A =, A
l l L€
(7.6) A/B & ¢ 5 oo S oC
RF | ! | RF
/ — A/ — Al

To this end, first replace in (ZH) C; by the DG category C from (B3]
(the right square of (G3)) defines a DG functor C — Cp, which is a quasi-
equivalence because C — C and C; — C are). Next, put Cc:=C (see
for the definition of C) and replace C by C. Now the upper two rows of (33))

yield (ZH) with A =A xcC.

8. PrROOF oF THEOREM [B.41

8.1.  We can suppose that ([B3]) holds (if (B2 holds replace A and B by the
dual categories). It suffices to show that ® is fully faithful (this will imply
that Im ® is a triangulated subcategory of (A/B)", but on the other hand
Im® D A/B, so ® is essentially surjective). In other words, it suffices to
prove that for every X,Y € AP™" and every i € Z the homomorphism

is bijective. It is enough to prove this for X,Y € A.

8.2. By ([ZI), the Lh.s. of (BIl) can be computed as follows:
(8.2) Extlyo /g (X,Y) = lim  H'Hom gprew (X, Z),

—

Y—=2)eQy

where Qy is the filtering category of A%-morphisms f : Y — Z such that
Cone(f) is A"-isomorphic to an object of B*.

The r.h.s. of (BIl) can be written as
(83) EthA/B)tr (X, Y) == hm HZ HOmAprc—tr/B(X, Z) .

—

(Y—2)eQy

To see this, first notice that the DG functor A/B — (A/B)P*" is fully faith-
ful, so Ext{ 4 pu(X,Y) = H'Homq/g)preu(X,Y) = H'Hom 4/5(X,Y);
then notice that a morphism Y — Z from @y induces an isomorphism

H'Hom 4/5(X,Y) = H' Hom gprets 5(X,Y) — H' Hom gpre-ts 5(X, Z)

because Hom gpre-tr/5(X, U) is acyclic for every U € B (acyclicity is clear
since U is homotopy equivalent to 0 as an object of AP /B).
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8.3. Consider (&1 as a morphism from the r.h.s. of [8Z) to the r.h.s.
of &3)). Clearly it is induced by the morphisms az : Hom gpre-t: (X, Z) —
Hom gpre-tr/p(X, Z), Z € AP"*"™. By ([B3) each ay is injective and Ly :=
Coker az is the union of an increasing sequence of subcomplexes 0 = (Lz)g C
(Lz)1 C ... such that (Lz)n/(Lz)n—1 = Hom[jprews j5(X, Z) for n = 1. So
to prove that (B is bijective it suffices to show that

lim  H'Homjpets (X, Z2)=0, n>1.

—

(Y—2)eQy

For n > 1 the DG functor Z +— Homjpretx /B(X ,Z) is a direct sum of DG
functors of the form Z — Fx y ® Hom gpre-tr (U, Z), U € B, where Fx 1 is a

homotopically flat complex of k-modules. Since
hm }IZ HomApre-tr(U, Z) = EXt.iAtr/Btr(U7 Z) = 0, U € B

—

(Y—2)eQy

it remains to prove the following lemma.

8.4. Lemma. Let {C,} be a filtering inductive system of objects of the ho-

motopy category of complexes of k-modules (so each Cy, is a complez, to each

morphism p : o — (3 there corresponds a morphism f, : Co — Cg and f,, is

homotopy equivalent to f,, f,). Suppose that lim H(Cy) =0 for all i. Then
«

for every homotopically flat complex F of k-modules lim H(C,, ® F) = 0.

«

Remark. This would be obvious if we had a true inductive system of com-
plexes, i.e., if f,, were equal to f,f, (because in this case lim H*(C,) =
[e%
HY(C), imH(C, ® F) = H(C ® F), C := limC,). If there are count-
(e [0
ably many o’s then Lemma is still obvious bacause we can replace the
morphisms f, by homotopy equivalent ones so that f., = f.fo.

The proof of Lemma is based on the following lemma due to Spal-
tenstein [B0].

8.5. Lemma. For every complex F of k-modules there is a quasi-isomor-
phism F' — F, where F' is a filtering direct limit of finite complexes of
finitely generated free k-modules.

Proof. One can take F’ to be a semi-free resolution of F (see §I3). Here
is a slightly differe