arXivimath.KT/0210114 v6 20 May 2003

DG QUOTIENTS OF DG CATEGORIES

VLADIMIR DRINFELD

Abstract. Keller introduced a notion of quotient of a di erential grad ed

category modulo a full di erential graded subcategory whic h agrees with

Verdier's notion of quotient of a triangulated category mod ulo a trian-

gulated subcategory. This work is an attempt to further deve lop his

theory.

Kgy words: DG category, triangulated category, derived cat egory,

localization
Conventions. We x a commutative ring k and write instead of | and
\DG category" instead of \ di erential graded k-category". If A is a DG
category we write \DG module over A" instead of \DG functor from A to the
DG category of complexes ok-modules" (more details on the DG module
terminology can be found inXI4). Unless stated otherwise, all categories are
assumed to be small. Triangulated categories are systematally viewed asZ-
graded categories (seET2.1). A triangulated subcategor§® of a triangulated
subcategory C is required to be full, but we do not require it to be strictly
full (i.e., to contain all objects of C isomorphic to an object of C9. In
the de nition of quotient of a triangulated category we do not require the
subcategory to be thick (sedIZIZ-1213).

1. Introduction

1.1. It has been clear to the experts since the 1960's that Velier's notions
of derived category and triangulated category [[56[5l7] are ot quite satisfac-
tory: when you pass to the homotopy category you forget too megh. This
is why Grothendieck developed his derivator theory [17|["40]

A dierent approach was suggested by Bondal and Kapranov [[4] Ac-
cording to [4] one should work with pretriangulated DG categpries rather
than with triangulated categories in Verdier's sense (e.g. with the DG cat-
egory of bounded above complexes of projective modules ra¢h than the
bounded above derived category of modules). Hopefully the grt of homo-
logical algebra most relevant for algebraic geometry will ke rewritten using
DG categories or rather the more exible notion of A; -category due to
Fukaya and Kontsevich (see [[TW[15, 30, 31,24, 25,133,136.1 RAvhich goes
back to Stashe 's notion of A; -algebra [51,[52].

One of the basic tools developed by Verdier [58€,57] is the nian of quo-
tient of a triangulated category by a triangulated subcategory. Keller [23]
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has started to develop a theory of quotients in the DG setting This work
is an attempt to further develop his theory. | tried to make this article
essentially self-contained, in particular it can be read irdependently of [23].

The notion of quotient in the setting of A; -categories is being developed
by Kontsevich { Soibelman [33] and Lyubashenko { Ovsienko[[d]).

1.2. The basic notions related to that of DG category are reched in x2.
Let A be a DG category andB A a full DG subcategory. Let A" denote
the triangulated category associated toA (we recall its de nition in Z4J.

A DG quotient (or simply a quotient) of A modulo B is a diagram of DG
categories and DG functors

(1.1) A AIC

such that the DG functor A'! A is a quasi-equivalence (seE—4.3 for the
de nition), the functor Ho( A) ! Ho(C) is essentially surjective, and the
functor A 1 C ' induces an equivalenceA" =B | C . Keller [23] proved
that a DG quotient always exists (recall that our DG categories are assumed
to be small, otherwise even the existence A" =B" is not clear). We recall
his construction of the DG quotient in ¥4, and give a new construction in
3.
The new construction is reminiscent of but easier than DwyerKan local-
ization [LT, [12,[13]. It is very simple under a certain atness assumption
(which is satis ed automatically if one works over a eld): one just kills the
objects of B (see[31). Without this assumption one has to rst replace A
by a suitable resolution (sed_3b).

The idea of Keller's original construction of the DG quotient (see ¥4)
is to take the orthogonal complement of B as a DG quotient, but as the
orthogonal complement of B in A is not necessarily big enough he takes
the complement not in A but in its ind-version A studied by him in [Z2Z].

The reason why it is natural to consider the orthdgonal compément in fo\ is
explained in[L3. Of course, instead O"A one can use the pro-versiom .
Keller's construction using,'A (resp. A) is convenient for considering right

(resp. left) derived DG functors (seexd).

In B we show that the DG quotient of A modulo B is \as unique as
possible", so one can speak adhhe DG quotient of A modulo B (\thhe" is
the homotopy version of \the"). In L& 2Zland [ we give anotter explanation
of uniqueness. Unfortunately, both explanations are sometat clumsy.

1.3. Hom complexes of the DG quotient. We are going to describe
them rst as objects of the derived category of k-modules (sed_1.3]1), then
in a stronger sense (seE_1.3.2). We will do it by successive ipximation
starting with less precise and less technical statements.
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1.3.1. Each construction of the DG quotient shows that if X;Y 2 ObA,
X;¥Y20bA, X 7! X,Y 7'Y then the complex

(1.2) Homc( (X); (V)

viewed as an object of the derived category of complexes ¢&f-modules is
canonically isomorphic to

1.3) Cone(hy LB Ax ' Hom(X;Y));

wherehy is the right DG B-module de ned by hy (Z) :=Hom(Z;Y), Z 2 B,
and hy is the left DG B-module de ned by hyx (Z) := Hom(X;Z), Z 2

L
B. One can computehy g Ay using a semi-free resolution oty or hyx
(seelIZB for the de nition of \semi-free™), and this corregponds to Keller's
construction of the DG quotient. If hy or iy is homotopically atover k (see

L
33 for the de nition of \homotopically at") then one can co mpute hy g
Rx using the bar resolution, and this corresponds to the new costruction
of the DG quotient (see[3B(i)).

1.3.2. LetD(A) denote the derived category ofright DG modules overA.
By &4 the functor D(A) ! D(A) is an equivalence, so for xedY 2 Ob A
the complex (I.2) de nes an object of D(A). This object is canonically
isomorphic to (L3). Quite similarly, for xed X 2 Ob A the complex (I2)
viewed as an object ofD (A ) is canonically isomorphic to (I3). If A is ho-
motopically at over k (see[3B) then [I2) and [(LB) are canonically isomor-
phicin D(A (A ) (seel3®B(i)). (Without the homotopical athess assump-

L
tion they are canonically isomorphic as objects of the categry D(A A )
de ned in [EH)

1.3.3. Let (C2)y denote {T2) viewed as an object oD (A). The mor-
phism (C3)y ! (@CZ), mentioned in [L37 and[I3P is uniquely charac-
terized by the following property: the composition hy := Hom(?;Y) !
C3)y ! (@Z), equals the obvious morphism Hom(?Y) ! (LZ),. To
prove the existence and uniqueness of such a morphism we magsame that
A = A and the DG functor AT A equals idy. Rewrite the DG A -module

X 7' hy : g Nx asLInd Reshy (here Res:D(A)! D(B) is the restric-
tion functor and L Ind is its left adjoint, i.e., the derived induction functor )
and notice that Hom(L Ind Reshy;M) = 0 for every DG A -module M
with ResM = 0, in particular for M = (LZ},. As Res[I2), = 0 and
ResL Ind ' id, the fact that our morphism (L3}, ! ([LZ), is an isomor-
phism is equivalent to the implication (i)) (ii) in the following proposition.

1.4. Proposition. Let : A ! C be a DG functor andB A a full
DG subcategory such that the objects of(B) are contractible and Ho( ) :
Ho(A) ! Ho(C) is essentially surjective. Then the following properties s
equivalent:
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() :A!C isa DG quotient of A modulo B;
(ii) for every Y 2 A the DG A -module

(1.4) X 7' Cone(Homa (X;Y ) ! Homg( (X); (Y))
is in the essential image of the derived induction functorL Ind : D(B) !
D(A);

(ii ) for every X 2 A the DG A-module
Y 7! Cone(Homa (X;Y ) ! Homg( (X); (Y))
is in the essential image ofLInd: D(B)! D(A ).
The proof is contained in[9.3.

Remark. A DG A -module M belongs to the essential image of the de-
rived induction functor LInd: D(B) ! D(A) if and only if the morphism
L IndResM ! M is a quasi-isomorphism.

1.5. On Keller's construction of the DG quotient. As explained in
[[02, the next proposition follows directly from[L.4. The symbol Ho below
denotes the graded homotopy category (seed.3).

1.5.1. Proposition. Let :A!C be a DG quotient of A modulo B and
let :D(CQ! D(A) be the corresponding restriction functor. Then

(a) the compositionHo (C) ! D(Q ! D(A) is fully faithful;

(b) an object of D(A) belongs to its essential image if and only if it
is isomorphic to Cone(L IndResa ! a) for some a 2 Ho (A) D(A),
where L Ind (resp. Reg is the derived induction (resp. restriction) functor
corresponding toB ] A

Remark. In fact, the whole functor D(C) ! D(A) is fully faithful (see
[CBA(i) or EEX(ii)

152. Soif : A!C is a DG quotient then Ho (C) identi es with a full
subcategory of D(A). But D(A) = Ho ({A‘)’ where A is the DG category

of semi-free DG A -modules (seeEIZ]S).' Thus Hc(C) identi es with the
graded homotopy category of a certain DG subcategory o?\. This is the

DG quotient A % B from 4.
1.6. Universal property of the DG quotient.

1.6.1. 2-category of DG categories. There is a reasonable way to orga-
nize all (small) DG categories into a 2-categoryDGcat , i.e., to associate to
each two DG categoriesA1; A, a category of quasi-functors T(A1;A») and
to de ne weakly associative composition functorsT(A1;A2) T(A2A3) !
T(A1;A3) so that for every DG category A there is a weak unit object in
T(A;A). Besides, eachT(A1;A>») is equipped with a graded k-category
structure, and if A, is pretriangulated in the sense ofZZU thenT (A1;A») is
equipped with a triangulated structure. We need DGcat to formulate the
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universal property [[L6.2 of the DG quotient. The de nition o f DGcat will
be recalled in¥I8. Here are two key examples.

Examples. (i) Let K be a DG model of the derived category of complexes
of k-modules (e.g.,K =the DG category of semi-free DG k-modules). Then
T(A;K) is the derived category of DG A-modules. (If K is not small then
T(A;K) is de ned to be the direct limit of T(A;K9 for all small full DG
subcategoriesk® K ).

(i) If Ag is the DG category with one object whose endomorphism DG
algebra equalsk then T(Ag; A) is the graded homotopy category Ho(A).

It is clear from the de nition of T(A1;A>2) (seeXId) or from Example (ii)
above that 2 T(A;A>»)induces a graded functor Ho(A;) ! Ho (A») and
thus Ho becomes a (non-strict) 2-functor from DGcat to that of graded
categories. It is also clear from{Id that one has a bigger 2-functorA 7! A '
from DGcat to the 2-category of triangulated categories (with triangulated
functors as 1-morphisms).

ADG functor F : A1 ! A >denesanobject ¢ 2 T(A1;A,) (seelI&.Z1).
Thus one gets a 2-functorDGcat 4 ! DGcat , where DGcat najve iS the
2-category with DG categories as objects, DG functors as 1-prphisms,
and degree zero morphisms of DG functors as 2-morphisms. K is a quasi-

equivalence then g isinvertible. So a diagramA 1 A1 A - still de nes
an object of T(A1; A»). Allisomorphism classes of objects of (A1;A2) come
from such diagrams (sed_16.712 and_13.5).

1.6.2. Main Theorem. Let B be a full DG subcategory of a DG category
A. For all pairs (C, ), where Cis a DG category and 2 T(A;C), the
following properties are equivalent:

() the functor Ho(A) ! Ho(C) corresponding to is essentially surjec-
tive, and the functor A" 1 C ' corresponding to induces an equivalence
Atr :Btr 1C tr;

(ii) for every DG category K the functor T(C,K) ! T(A;K) correspond-
ing to is fully faithful and 2 T(A;K) belongs to its essential image if
and only if the image of in T(B;K) is zero.

A pair (C; ) satisfying (i)-(ii) exists and is unique in the sense of DGcat .

A weaker version of the universal property was proved by Kekr, who
worked not with the 2-category DGcat but with the category whose mor-
phisms are 2-isomorphism classes of 1-morphisms DiGcat (see Theorem
4.6, Proposition 4.1, and Lemma 4.2 of([23]) . TheoreriL.862 i be proved
in LT2 using the following statement, which easily follows(see[I11) from
Proposition [L4.

1.6.3. Proposition. Let :A!C be aquotient of a DG categoryA modulo
a full DG subcategoryB. If a DG category K is homotopically at over k
then idg :AK!ICK is a quotient of the DG categoryA K modulo
B K.
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1.7. More on uniqueness. Let (G; 1) and (G; 2), i 2 T(A;G), be DG
guotients of A modulo B. Then one has an object 2 T(G;G) de ned up
to unigue isomorphism. In fact, the graded categoryT (C; G) comes from
a certain DG category (three choices of which are mentionedni [[6.38) and
one would like to lift to a homotopically canonical object o f this DG cat-
egory. The following argument shows that this is possible uder reasonable
assumptions. If G and G are homotopically at over k in the sense ofZ3B
these assumptions hold for the Keller model (seE~18.8, in ptacular (I&4)).

Suppose thatT (A; G) (resp. T(G; G)) is realized as the graded homotopy
category of a DG categoryDG(A; G) (resp. DG(C; G)) and suppose that
the graded functor

T(A; Q) T(ClI;_CZ) T(A;G) !'f Graded k-moduleg
dened by (F1;G;Fy) 7! Ext"(F2; GF,) is lifted to a DG functor

(1.5) . DG(A;G) DG(G;G) DG(A;G) ! k-DGmod;
where k-DGmod is the DG category of complexes ok-modules. We claim
that once i, i 2 f1;2g, is lifted to an object of DG(A;G) one can lift

2 T(G; G) to an object of DG(CG; &) in a homotopically canonical way.
Indeed, once ; is lifted to an object of DG(A; G) the DG functor (L5) yields
a DG functor : DG(CG;G) ! k-DGmod such that the corresponding
graded functor T(G;G) ! f Graded k-modulegy is corepresentable (it is
corepresentable by ). Such a functor de nes a homotopically canonical
object of DG(C; G) (see[IATI6H-TATHI3).

1.8. What do DG categories form? To formulate uniqueness of the DG
guotient in a more elegant and precise way than inCLI7 one prodibly has
to spell out the relevant structure on the class of all DG catgories (which
is ner than the structure of 2-category). | hope that this wi Il be done by
the experts. Kontsevich and Soibelman are working on this shbject. They
introduce in [33, [34] a notion of homotopy n-category so that a homotopy
1-category is same as am\; -category (the notion of homotopy category is
de ned in [B4] with respect to some category of \spaces", andn this descrip-
tion of the results of |[34] we assume that \space"=\complex d k-modules").
They show that homotopy 1-categories form a homotopy 2-catgory and they
hope that homotopy n-categories form a homotopy © + 1)-category. They
also show that the notion of homotopy n-category is closely related to the
little n-cubes operad. E.g., they prove in[I32,-34] that endomorphisas of the
identity 1-morphism of an object of a homotopy 2-category fam an algebra
over the chain complex of the little squares operad (Delign's conjecture).
As DG categories areA; -categories we will hopefully understand what DG
categories form as soon as Kontsevich and Soibelman publigheir results.
In the available texts they assume that the ground ringk is a eld. Pos-
sibly the case of an arbitrary ground ring k is not much harder for experts,
but a non-expert like myself becomes depressed when he comesthe con-
clusion that DG models of the triangulated category T(A;K) are available
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only if you rst replace A or K by a resolution which is homotopically at
over k (see[I6.B).

1.9. Structure of the article. In ¥ we recall the basic notions related to
DG categories. Inx{3[4 we give the two constructions of the quotient DG
category. In »H and X4 we discuss the notion of derived DG functor. The
approach of ¥ is based on Keller's construction of the DG quotient, while
the approach ofXd is based on any DG quotient satisfying a certain atness
condition, e.g., the DG quotient from X3. In Xd we give an explanation of
the uniqueness of DG quotient. InxX8{L1 we prove the theorems formulated
in x@31a.

Finally, xfI2fI6 are appendices; hopefully they make this article esge
tially self-contained.

1.10. | am very grateful to R. Bezrukavnikov who asked me how ¢ intro-
duce the notion of quotient in the framework of DG categoriesand drew my
attention to Keller's article [2Z]. | thank A. Neeman, P. Deligne, V. Hinich,
M. Kapranov, Y. Soibelman, A. Tikaradze and especially A. Bdlinson and
M. Kontsevich for stimulating discussions. | thank B. Keller, V. Lyuba-
shenko, S. Majid, M. Mandell, J. P. May, J. Stashe, and D. Yetter for
useful references.

2. DG categories: recollections and notation

2.1. We x a commutative ring k and write instead of  and \DG cat-
egory" instead of \ di erential graded k-category”. So a DG category is a
category A in which the sets Hom(X;Y ), X;Y 2 ObA, are provided with
the structure of a Z-graded k-module and a di erential d : Hom(X;Y ) !
Hom(X;Y ) of degree 1 so that for everyX;Y;Z 2 ObA the composition
map Hom(X;Y ) Hom(Y;Z)! Hom(X;Z ) comes from a morphism of com-
plexes Hom;Y ) Hom(Y;Z)! Hom(X;Z). Using the super commuta-
tivity isomorphism A°. B! B A inthe category of DG k-modules one de-
nes for every DG category A the dual DG category A withOb A =0Ob A,
Homa (X;Y ) =Hom a(Y;X) (details can be found inx1.1 of [22]).

The tensor product of DG categoriesA and B is de ned as follows:

(i) Ob(A B ):=0Ob A ObB; fora2 ObA and b2 ObB the corre-
sponding object ofA B is denoted bya by

(i) Hom(a b;® B):=Hom(a;a% Hom(b;d) and the composition map
isdenedby (f1 agi)(f2 @) :=( 1P¥if2 g, p:=deggs, q:=degfo.

2.2. Remark. Probably the notion of DG category was introduced around
1964 (G. M. Kelly [2Y] refers to it as a new notion used in[[28] ad in an
unpublished work by Eilenberg and Moore).
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2.3. Given a DG category A one de nes a graded category HdA) with
ObHo (A) = Ob A by replacing each Hom complex by the direct sum of
its cohomology groups. We call Ho(A) the graded homotopy categoryof A.
Restricting ourselves to the 0-th cohomology of the Hom comfexes we get
the homotopy category Ho(A).

A DG functor F is said to be aquasi-equivalenceif Ho (F) : Ho (A) !
Ho (B) is fully faithful and Ho( F) is essentially surjective. We will often use

the notation A ! B for a quasi-equivalence fromA to B. The following
two notions are less reasonableF : A! B s said to be aquasi-isomorphism
if Ho (F) is an isomorphism. We say thatF : A!B is aDG equivalenceif
it is fully faithful and for every object X 2 B there is a closed isomorphism
of degree 0 betweerK and an object of F (A).

2.4. To a DG category A Bondal and Kapranov associate a triangulated
category A" (or Tr * (A) in the notation of [4]). Itis de ned as the homotopy
category of a certain DG categoryAP™® ' . The idea of the de nition of AP/t
is to formally add to A all cones, cones of morphisms between cones, etc.
Here is the precise de nition from [4]. The objects of AP are \one-sided
twisted complexes", i.e., formal expressions ( (L, Ci[ri];q), where Ci 2 A,
ri2zZ,n 0,9=(g) g 2 Hom(C;;Cj[ri r;]is homoggneous of degree
1,y 30fori j,dg+g?=0.If C;C°2 ObAPeY, C=(" [, Ci[rj];0),
Co=( T, CHrd; 99 then the Z-graded k-module Hom(C; C9 is the space
of matricesf = (fj), fj 2 Hom(Cj;CO[r? r;], and the composition map
Hom(C;CY% Hom(C%C% I Hom(C;C% is matrix multiplication. The
di erential d:Hom(C;C9 ! Hom(C;C9 is de ned by df := dpaivef + o
( l)'fq if degfjj = I, where dnaivef = (djj).

AP contains A as a full DG subcategory. IfX;Y 2 A andf : X !
Y is a closed morphism of degree 0 one de nes Corfé(to be the object
(Y X[1];q) 2 APt where g, 2 Hom(X;Y )[1] equalsf and qu; = Gy =
po = 0.

Remark. As explained in [4], one has a canonical fully faithful DG furctor
(the Yoneda embedding) AP®" I A -DGmod, where A -DGmod is the
DG category of DG A -modules ; a DGA -module is DG-isomorphic to an
object of APt if and only if it is nitely generated and semi-free in the
sense of_1ZJ8. Quite similarly one can identifyAP'®t" with the DG category
dual to that of nitely generated semi-free DG A-modules.

A non-empty DG category A is said to be pretriangulated if for every
X 2 A, k 2 Z the object X[k] 2 AP is homotopy equivalent to an
object of A and for every closed morphismf in A of degree O the object
Cone(f) 2 AP s homotopy equivalent to an object of A. We say that A
is strongly pretriangulated (+-pretriangulated in the terminology of [4]) if
same is true with \homotopy equivalent" replaced by \DG-iso morphic" (a
DG-isomorphism is an invertible closed morphism of degree)0
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If A is pretriangulated then every closed degree 0 morphisrh : X | Y
in A gives rise to the usual triangleX ! Y ! Conef)! XI[1] in Ho(A).
Triangles of this type and those isomorphic to them are calld distinguished.
Thus if A is pretriangulated then Ho (A) becomes a triangulated category
(in fact, the Yoneda embedding ideniti es Ho (A) with a triangulated sub-
category of Ho(A -DGmod)).

If A is pretriangulated (resp. strongly pretriangulated) then every object
of AP® is homotopy equivalent (resp. DG-isomorphic) to an object ¢ A.
As explained in [Z], the DG category AP®" is always strongly pretriangu-
lated, so A := Ho (AP®') is a triangulated category.

2.5. Proposition. If a DG functor F : A! B is a quasi-equivalence then
same is true for the corresponding DG functorFPre-tr . Apre-tr | g pre-tr

The proof is standard.

2.6. Remark. Skipping the condition \g; =0 for i " in the de nition
of AP®! gne gets the de nition of the DG category Pre-Tr(A) considered
by Bondal and Kapranov [4]. In Proposition ZZ5 onecannot replace APt
and BP®" py Pre-Tr(A) and Pre-Tr(B). E.g., suppose thatA and B are
DG algebras (i.e., DG categories with one object), namelA is the de Rham
algebra of aC! manifold M with trivial real cohomology and nontrivial 1,
B=R,andF : A!B is the evaluation morphism corresponding to a point
of M. Then Pre-Tr(F) : Pre-Tr(A) ! Pre-Tr(B) is not a quasi-equivalence.
To show this notice that Ko(M) Q = Q, so there exists a vector bundle

on M with an integrable connectionr such that is trivial but ( ;r ) is
not. -valued dierential forms form a DG A-module M which is free as
a graded A-module. ConsideringM as an object of Pre-Tr(A) we see that
Pre-Tr(F) is not a quasi-equivalence.

2.7. Derived category of DG modules. Let A be a DG category. Fol-
lowing [22] we denote byD (A) the derived category of DG A -modules,
i.e., the Verdier quotient of the homotopy category of DG A -modules by
the triangulated subcategory of acyclic DGA -modules. According to The-
orem 10.12.5.1 of[16] (or Example 7.2 of122]) if a DG functorA ! B is
a quasi-equivalence then the restriction functorD(B) ! D(A) and its left

adjoint functor (the derived induction functor) are equivalences. This also
follows from[Z3 becausé® (A) can be identi ed with the homotopy category

of semi-free DGA -modules (sed_1418).

2.8. Given DG functorsA%1A A  %ne de nesA? A A%o be the ber
product in the category of DG categories. This is the most naie de nition
(one takes the ber product both at the level of objects and at the level of
morphisms). More reasonable versions are discussed 3.
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2.9. To a DG category A we associate a new DG category or A, which

is equipped with a DG functor Cone :Mor A1 A P  The objects of
M or A are triples (X;Y;f ), whereX;Y 2 ObA andf is a closed morphism
X 1 Y of degree 0. At the level of objects ConeX;Y;f ) is the cone off .

We de ne Hom((X;Y;f):;(X%Y%f9) to be the subcomplex

fu 2 Hom(Cone(f ); Cone( 9)j Yi =0g;

wherei : Y ! Conef)and ©9: Conef9 ! XYq1] are the natural mor-
phisms. At the level of morphisms, Cone : Hom(K;Y:;f);(X%Y%f9) I
Hom(Cone(f ): Cone(f 9) is de ned to be the natural embedding. Composi-
tion of the morphisms of M or A is de ned so that Cone :M or Al A P&t
becomes a DG functor. There is an obvious DG functotM or A A A
such that (X;Y;f) 7! (X;Y).

2.10. Given a DG categoryA one has the \stupid" DG category M or spp A
equipped with a DG functor F : M orgqp A'AA ¢ ithas the same objects
asM or A (seelZ®), Hom(K; Y;f ); (X% Y% 9) is the subcomplex

f(u;v) 2 Hom(X;X %  Hom(Y;Y9jf%U = vfg;

FOXY;8):=(X;Y), F(u;v) = (u;v), and composition of the morphisms
of Morgyp A is dened so that F : Morggp A'A A becomes a DG
functor. There are canonical DG functors : Morgyy A! M or A and

MorA!M orgy A suchthat ( X;Y;f):=(XY;f), ( X;Y;f):=
(Y;Cone(f );i), wherei : Y ! Cone(f) is the natural morphism. So one
gets the DG functor

(2.1) . MorA!'M orA

3. A new construction of the DG quotient

3.1. Construction. Let A be a DG category andB A a full DG sub-
category. We denote byA=B the DG category obtained from A by adding
for every object U 2 B a morphism "y : U ! U of degree 1 such that
d("y) = id y (we add neither new objects nor new relations between the
morphisms).

So for X;Y 2 A we have an isomorphism of gradek-modules (but not

an isomorphism of complexes)

M
(3.1) Homj_g(X;Y) ! Homa=p(X;Y)

n=0
where Horly _5 (X; Y ) is the direct sum of tensor products Homn (Un; Un+1)
k[1] Homa(Un 1;Un) k[1]::: Kk[1] Homa(Uo;U1), Up:= X, Uns1 ==Y,
U 2B forl i n (in particular, Homng(X;Y) = Hom A (X;Y)) ; the
morphism @) mapsf, " fn 1::0 " fotofp"u,fn 1:::"y,fo, Where
" is the canonical generator ofk[1]. Using the formula d("y) = id y one
can easily nd the dierential on the L.h.s. of ($IJ corresponding to the
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L
one on the r.h.s. The image of r|\1I=0 Homj _5(X;Y ) is a subcomplex of

Homa-g(X;Y ), so we get a ltration on Hom p-g(X;Y ). The map BI)
induces an isomorphism of complexes

M
(3.2) Homx s (X;Y) ! grHoma=s(X;Y)
n=0

3.2. Example. If A has a single objectU with End s U = R then A=A has
a single objectU with End p-p U = R, where the DG algebraR is obtained
from the DG algebra R by adding a new generator" of degree 1 with
d" = 1. As a DG R-bimodule, R equals Cone(BarR) ! R), where Bar(R)
is the bar resolution of the DG R-bimodule R. Both descriptions of R show
that it has zero cohomology.

A more interesting example can be found ir:317.

3.3. The triangulated functor A" ! (A=B)" mapsB" to zero and there-
fore induces a triangulated functor : AY=B" I (A=B)". Here A"=B"
denotes Verdier's quotient (see{Id). We will prove that if k is a eld then
is an equivalence. For a general ring k this is true under an additional
assumption. E.g., it is enough to assume thatA is homotopically at over
k (we prefer to use the name \homotopically at" instead of Spaltenstein's
name \K- at" which is probably due to the notation K (C) for the homo-
topy category of complexes in an additive categoryC). A DG category A
is said to be homotopically at over k if for every X;Y 2 A the complex
Hom(X;Y ) is homotopically at over k in Spaltenstein's sensel150], i.e., for
every acyclic complexC of k-modulesC ¢ Hom(X;Y ) is acyclic. In fact,
homotopical atness of A can be replaced by one of the following weaker
assumptions:

(3.3) Hom(X; U ) is homotopically at over k forall X 2A, U 2B;

(3.4) Hom(U; X) is homotopically at over k forall X 2A, U 2B.
Here is our rst main result.

3.4. Theorem. Let A be a DG category andB A a full DG subcategory.
If either (B3) or (3:4) holds then : AT=B" | (A=B)" is an equivalence.

The proof is contained in X3.

3.5. If @3) and (34) are not satis ed one can construct a dagram (L)

by choosing a homotopically at resolution A ! A and putting C =
A=B, where B A is the full subcategory of objects whose image i is
homotopy equivalent to an object of B. Here \nomotopically at resolution”
means that A" is homotopically at and the DG functor A! A is a quasi-
equivalence (se€_Z13). The existence of homotopically atesolutions of A
follows from Lemmall3®.



12 VLADIMIR DRINFELD

3.6. Remarks. (i) If (£3] or (4] holds then one can compute [I.3) using
the bar resolution of the DG B-module hix or the DG B -module hy. The
corresponding complex representing the object{1]13) of thelerived category
is precisely Honmy —g(X;Y ).

(i) Let A" and B be as in[35 and suppose that[(313) or[(314) holds for
both B A and B A. Then the DG functor A=B'! A =B is a quasi-
equivalence, i.e., it induces an equivalence of the correspding homotopy
categories. This follows from TheorenZ3}. One can also dioly show that
if X;Y 2 Ob(A=B) = Ob A are the images ofX; Y 2 Ob(A=B) = Ob A then
the morphism Hom,_.(X; Y) ! Homa-g(X;Y ) is a quasi-isomorphism (use
(B32) and notice that the morphism Homz__(X; ¥) ! Homz _z(X;Y ) is a
guasi-isomorphism for everyn; this follows directly from the de nition of
Hom" and the fact that (83) or (B2) holds for B A and B A).

(i) Usually the DG category A=B is huge. E.qg., ifA is the DG category of
all complexes from some universé) and B A is the subcategory of acyclic
complexes then the complexes Homg(X;Y ), X;Y 2 A, are not U-small
for obvious reasons (se€T18k1.0 for the terminology) even though (A=B)"
is a U-category. But it follows from Theorem B4 that whenever (A=B)" is
a U-category there exists anA; -category C with U-small Hom complexes
equipped with an A; -functor C ! A =B which is a quasi-equivalence (so one
can work with Cinstead of A=B).

(iv) The DG category A=B de ned in Bl depends on the ground ringk,
so the full notation should be (A=B)y. Given a morphismkg! k we have a
canonical functor F : (A=B)y, ! (A=B)y. If (BE3) or (BZ) holds for both ko
and k then the functor (A=B)y, ! (A=B)y is a quasi-isomorphism byC3H.

3.7. Example.

3.7.1. LetAg be the DG category with two objects X ;; X, freely generated
by a morphismf : X1 ! X, of degree 0 withd =0 (so Hom(X;; X;) = Kk,
Hom(X 1; X2) is the free module kf and Hom(X,;X1) = 0). Put A =
AP LetB A be the full DG subcategory with a single object Conef ).
Instead of describing the whole DG quotient A=B we will describe only
the full DG subcategory (A=B); A =B with objects X; and X, (the DG
functor (A=B)§®" 1 (A=B)P' is a DG equivalence in the sense &f2.3, so
A=B can be considered as a full DG subcategory ofA=B)5™"). Directly
using the de nition of A=B (see[31) one shows that A=B)o equals the
DG category K freely generated by our originalf : X1 ! X, and also a
morhism g : X, ! X of degree 0, morphisms ; : X; ! X; of degree 1,
and a morphismu : X1 ! X, of degree 2 with the di erential given by
d =dg=0,d 1=9f 1,d o=fg 1l,du=f 1 of . On the other
hand, one has the following description of Ho((A=B)g).

3.7.2. Lemma. Exth_g(Xi;X;) =0 for n 6 0, Extq_5(Xi;Xi) = k, and
ExtQ _5(X1;X2), ExtQ _5(X2; X1) are free k-modules generated by andf 1.
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As (A=B)y = K one gets the following corollary.

3.7.3. Corollary. K is a resolution of the k-category |, generated by the
category J, with 2 objects and precisely one morphism with any given socg
and target.

Clearly K is semi-free in the sense di_13.4.

3.7.4. Proof of Lemma 3[ZZ_] By B4, Ho (A=B) = AJ=B". As X, 2
(B")? the map Exth (Xi;X>) ! EXth:Bn (Xi:X5), i =1:2, is an isomor-
phism by [[Z24. Therefore Exfi _5(Xi;X>) is as stated in the lemma. But
f : X1 ! X, becomes an isomorphism in HA=B), so Ext, _5(X;X1) is
also as stated.

3.7.5. Modi cation of the proof. In the above proof we used Theorem
34 and[TZ3 to show that' : Exta(Xi;X2) ! Exti_g(Xi;X2) is an iso-
morphism. In fact, this follows directly from (82}, which i s an immediate
consequence of the de nition ofA=B. Indeed,' is induced by the canonical
morphism  : Homa (Xi; X2) ! Homa-g(Xi;X2). By (BZ) is injective
and L := Coker ; is the union of an increasing sequence of subcomplexes
0=1Lo Li :::suchthatLp=Ln 1 = HOM}per g(Xi;X2) for n 1.
Finally, Hom } per 5(Xi;X?2) is acyclic for all n 1 because the complex
Homa (U; X2), U := Cone(f : X1 ! Xby), is contractible.

3.7.6. Remarks. (i) The DG category K from B_Z and the fact that it
is a resolution of I, were known to Kontsevich [31]. One can come to the
de nition of K as follows. The naive guess is that already the DG category
KO freely generated byf;g; 1; » as above is a resolution ofl ,, but one
discovers a nontrivial element 2 Ext (Xi;X») by representing fgf  f
as a coboundary in two di erent ways (notice that f (gf 1) = fgf f =
(fg 1f). Kiling one gets the DG categoryK, which already turns out
to be a resolution of J,.

(i) The DG category K from BEZZ1 has a topological analogp. This
is a topological category with two objects X 1; X, freely generated by mor-
phismsf 2 Mor(Xq1;X>2), g 2 Mor(X2;X3), continuous maps ; : [0;1] !
Mor(X;; Xji), and a continuous mapu : [0;1] [0;1] ! Mor(X;X2) with
de ning relations {(0) =id x,, 1(1) = gf, 2(1) = fg, u(t;0) = f 1(t),
u(t; 1) = o(t)f, u(©; )= f,u(d; )= fgf . It was considered by Vogt [58],
who was inspired by an article of R. Lashof. The spaces Mes,, (Xi; Xj)
are contractible. This can be easily deduced froni=3713 us@m a cellular
decomposition of Mok, (Xi; X;) such that the composition maps

Mork,,, (Xi;Xj) Morg,, (Xj;Xk) ! Mork,, (Xi;Xk)

are cellular and the DG category one gets by replacing the toplogical spaces
Mork,,, (Xi;Xj) by their cellular chain complexes equalsK.
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4. The DG categories A and A. Keller's construction of the
" DG quotient.
The DG category A=B from X3 depends on the ground ringk (see3B(iv)).
Here we describe Keller's construction of a quotient DG catgory, which does

not depend at all onk (if you like, assumek = Z). The construction makes
use of the DG category,la\ studied by him in [2Z], which may be considered as

a DG version of the catégory of ind-objects. There is also a dal construction
based onA (a DG version of the category of pro-objects).

4.1. If A is a DG category we denote byfo\ the DG category of semi-free
DG A -modules (sedTZ]8 for the de nition of \semi-free"). The ndation A
has been chosen because one can think of objects{Qfas a certain kind of

direct limits of objects of AP®! (see[ZR). We putA = (A ) . Of course,
the DG categoriesA and A are not small. They are strongly pretriangulated

in the sense ofCZMK, and Hq(\) = ,'A“ identi es with the derived category

D(A) of DG A -modules (sed_TZI8). We have the fully faithful DG functors
A Al ,'A Given a DG functor B ! A one has the induction DG

functors B I A and B! A (see[IZD). In particular, if B A is a full
subcategory th'en'B, B are identi ed with full DG subcategories of A A.

4.2. Remark. Hereis asmall version ofA. Fix anin nite set | and consider
|

pre-tr!
|

the following DG category A (which coincides with the DG category
APt fromPZAif | = N). To de ne an object of AP make the following
changes in the de nition of an object of APt " First, replace ~ [L; Ci[ri]

by 5, Cilri] and require the cardinality of fi 2 IjC; 6 0g to be strictly

less then that of | . Second, replace the triangularity condition onq by the
existence of an ordering ot suchthatqg; 6 Oonlyfor i<j andfi 2 1ji<j g
is nite for every j 2 | (in other words, for j 2 | let |; denote the set of

in = i such that g,,,i, 6 O, then for every j 2 | the setl should be
nite and should not contain j). Morphisms Of.A are de ned to be matrices
(fij) as in[Z4 such thatfi 2 Ijf; 6 0gis nite for every | 2 1. The DG
functor A ! ,'A extends in the obvious way to a fully faithful DG functor
AIpre-tr! I A.

One also has the DG categoryAP®™ = ((A )P ) and the fully
faithful DG functor AP 1 A.
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4.3. Remark. A quasi-equivalenceF : A !B  induces quasi-equivalences
Al B, A ! B, Alpre-tr! I B Ipre-tr! ,Alpre-tr I B Ipre-tr (the fact

! !

that A ! B is a quasi-equivalence was mentioned ihd.7). This is a conse
quence of the following lemma.

4.4. Lemma. A triangulated subcategory ofHo(A) containing Ho(A) and
closed under (in nite) direct sums coincides with Ho(fo\). A triangulated

subcategory ofHo(AP™®"" ) containing Ho(A) and closed under direct sums

indexed by sets) such thatCardJ < Card| coincides with Ho(AP"®"" ).

This was proved by Keller (J24], p.69). Key idea: if one has aeguence of
DG A -modulesM; and morphismsf; : Mj ! M;j:+1 then one has an exact
sequence 0 MiL fM ! I'imMi ' 0, whereM := ;Mjandf :M! M
is induced by thefj's.

45. Now letB A be a full DG subcategory. LetB? (resp. ’ B) denote
the full DG subcategory of,'o\ (resp. of A) that consists of objects X such

that for every b2 B the cdmplex Hom(b; X) (resp. Hom(X;b)) is acyclic.
Recall that D(A) = Ho(A) = A“.

4.6. Proposition. Let :A!C be a quotient of a DG categoryA modulo
B A . Then
0] :,'A ! I(: is a quotient ofA modulo 'B;
| :

@i :-A I Cis a quotient of-A modulo B;

(ii) the restriction functor D(C) ! D(A) is fully faithful, and its essential
image consists precisely of objects oD (A) annihilated by the restriction
functor :D(A)! D(B); the functor D(A)=D(C)! D(B) induced by is
an equivalence.

See T0B for the proof.

4.7. Proposition. (i) The essential image ofIBtr in {A“ is right-admissible

in the sense o 1Z5.
(i) The right orthogonal complement oletr in A" equals(B? )" .

(iii ) The functor (B?)" | A"=B" is an equivalence.

(iv) The functor A" =B" | A“ :IBtr is fully faithful.

(i )-(iv ) Statements ()-(iv) remain true if one replaces ,'A“ and IBtr by
A" and B, \right" by \left", and B? by ?B.

The proof will be given in [I01.
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4.8. Remark. Keller [Z3] derives Proposition[£®(i)) from Neeman's theo-
rem on compactly generated triangulated categories (Theam 2.1 of [47]).
Statements (i) and (iv) of Proposition E7] are particular cases of Lemmas
1.7 and 2.5 of Neeman's work{I47].

49. NowletA% B B ? be the full DG subcategory of objectsX 2 B?
such that for somea 2 A and some closed morphisni :a! X of degree 0
the cone off is homotopy equivalent to an object of B. Let A.B ’B

be the full DG subcategory of objectsX 2 ?B such that for somea 2 A
and some closed morphisnfi : X ! a of degree 0 the cone of is homotopy
equivalent to an object of B. By Proposition Bl we have the fully faithful

functor A" =B" | A" =|Btr = (B”)" = Ho(B?), and its essential image
equals A % B)'. So we get an equivalence

(4.1) A"=B" I  (A%B)"

and a similar equivalenceA"=B" I (A.B ).

4.10. Let us construct a diagram [I1) with C = A % B such that the
corresponding functor A" 1| (A % B)" induces [Z1) (SOA % B will

become a DG quotient of A modulo B). The DG category A=A is de ned
as follows. First consider the DG categoryM or A (seeZD®). Its objects

are triples (a;Y;g, wherea;Y 2 A and g is a closed morphisma! Y of
degree 0. We deneA M or A .to be the full DG subcategory of triples
(a;Y;g suchthata2 A, Y 2 A % B A, and Conef@ 19 Y) is homotopy
equivalent to an object of B. The DG fuﬁctors A A'A%B aredened
by (a;Y;g9 7' aand (a;Y;g9 7' Y.

4.11. Remarks. (i) Let A0 M or A be the full DG subcategory of triples

(P;a;f) 2 M or A such that P 2 B, a 2 A, and ConeP \ a) 2 B”.
The DG functor (E1) (with A replaced by,'o\) induces a quasi-equivalence
AO! A, SO one can use\oinstead of A.

0(ii) It follows from the de nition of (2[L khat the image of t he DG functor
Al A is contained in Asyp:=A \M Orgyp {A‘ (seeZID for the de nition of
M orstupA M orfo\).

/4.12. Dualizing the construction from[ZID one gets the fulDG subcategory
A M or A which consists of triples (Y ;a;g) suchthat Y 2A.B ,a2A,

and Cone(Y 19 a) is homotopy equivalent to an object of B. Dualizing
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; 0 /0y
E:I:Il one gets a DG categona equipped with a quasi-equivalencep ! A;

A M or A is the full DG subcategory of triples (a;P;f) such that a2 A,

P 2 B, and Conef) 2 ?B. The diagrams A A!A.B and A A!

Ad B are also DG quotients ofA modulo B. The image of the DG functor
/0 ! /
Al A is contained in A swp:=A \M Orgyp A.

4.13. One can also include the diagrams constructed in“Z10nd E12 into
a canonical commutative diagram of DG categories and DG funiors

A = A = A
/ !
4.2) A A ! A
# # #
A.B A6 B I A%B

in which each column is a DG quotlent ofA modulo BOThe DG category A
0

is de ned to be the ber product A A A, WhereA and A were de ned
in 17, 412 (recall that \ ber product” is understood in th e most naive
sense, se€28). To deneA% B we use the DG categoryA such that

ObA =0b A ObA A and A are full DG subcategories ofA and for
Y 2 ObA Y 2 ObA one has Hom{;Y) := 0, Hom(Y;Y) =Y aY

(recall that Y is a DG A -module and Y is a DG A-module, soY A Y
is well de ned, see[IZB). Fora 2 A we denote by a (resp. Ia) the image

of ain A (resp. A) we have the \identity" morphism e = 'ea cal 'a.
Now dene A% B M or A to be the full DG subcategory of triples
(Y;Y;f)2Mor§\suchthatY 2A.B ALY 2A%B A, and

f :Y! Y can be represented as a compositiolY 19 a1° a !h Y,a2A,

so that Cone(g) is homotopy equivalent to an object of B and Conef) is
homotopy equivalent to an object of B (g and h are closed morphisms of

degree 0).
The DG functors A% B! A % B and A% B ! A . BI send

(Y:Y;f) 2 M B respectively to Y and Y. The DG functor A! A%
B M or g« is de ned to be the compaosition

! 0 7
A=A AA! Asuwp AAstup!FM Oré
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where the DG functorszO! fa\stup and AO! Aswp were de ned in ETIAT2
and F :fAstup A Aswp! M or &?‘ is the composition DG functor: at the level
of objects, ifu=(a;Y;g:a! Y)2M OF stup A andu=(Y;ag:Y! a2
M orswp A, @2 A, then F(u;u) = (Y;Y; @), there is no problem to de ne
the DG functor F at ;[he level of morphisms because we are working with
the \stupid” versions Astp, Astup, M Orswp (the \non-stupid” composition
,/A\ AAI'M or é?‘ is de ned as anA1 -functor rather than as a DG functor).

5. Derived DG functors

We will de ne a notion of right derived functor in the DG setti ng modeled
on Deligne's de nition in the triangulated setting. One can easily pass from
right derived DG functors to left ones by considering the dud DG categories.

5.1. Deligne's de nition. Let G : T ! T %be a triangulated functor
between triangulated categories andS T a triangulated subcategory.
Denote by CohoFunct(T 9 the category of k-linear cohomological functors
from (T9 to the category of k-modules. RG is de ned to be the functor
T=S ! CohoFunct(T9 de ned by

(5.1) RG(Y):= \im"  G(Z);
(Y! 2)2Qy
which is a shorthand for
(5.2) RG(Y)(X):= lim  Hom(X;G(Z)); Y 2T;X 2TO:
(Y! 2)2Qy

Here Qv is the ltering category of T-morphismsf : Y | Z such that
Cone(f ) is isomorphic to an object of S.

RG has the following universal property. Let : T !'T =S denote the
canonical functor and : T°! CohoFunct(T 9 the Yoneda embedding. Let

: T=S ! CohoFunct(T9 be a graded functor (sed_TZ11 for a discussion of

the meaning of \graded"). Then there is a canonical isomorplism
(5.3) Hom(RG; )=Hom( G; )

functorial in  (here Hom is the set of morphisms of graded functors). In
particular, if RG(T=S) T °%then RG: T=S ! T %is a derived functor in
Verdier's sense[[56[57].

Let (T =S)¢g be the category of triples (Y;X;' ), whereY 2T=S,X 2T?9
"X I RG(Y). The functor

(5.4) (T=S)e!T & (Y;X;' )71 X

is also denoted byRG. We have an equivalence Y;X;' ) 7! Y between
(T=S)e and a full subcategory of T =S (the full subcategory of objectsY 2
T=S such that RG(Y) is de ned as an object of T9.
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Remark. Deligne (cf. De nition 1.2.1 of [I0]) considersRG as a functor
from T =S to the category of ind-objects ind(T 9 rather than to the category
CohoFunct(T9. In fact, this does not matter. First of all, the image of
the functor RG de ned by (B2) is contained in the full subcategory of ind-
representable functors T9 ! k-mod, which is canonically identi ed with

ind(T9 (seex8.2 of [18]). This is enough for our purposes, but in fact sine
TOis small every H 2 CohoFunct(T9 is ind-representable by a well known
lemma (see, e.g., Lemma 7.2.4 df146]), which is a version of@&vn's theorem
[8,€]. Proof: by Theorem 8.3.3 of[[18] it su ces to check thatthe category
TEH = f(X;u)jX 2T%u2 H(X)gis ltering.

5.2. Let A be a DG category andB A a full DG subcategory. Let F
be a DG functor from A to a DG category A% To de ne the right derived
DG functor RF we use the DG quotientA % B from EE9. By de nition,
RF :A%B! ,'Aois the restriction of the DG functor F : A ! fA\Oto the

DG subcategory-A %B B ? A. A 2-categorical reformulation of this
de nition is given in Remark (i) from 1661

5.3. Let us show that the de nition of RF from B2 agrees with Deligne's
de nition of the right derived functor of a triangulated fun ctor between
triangulated categories (sed 5ll).

Suppose we are in the situation of5R2. We have the DG functoRF : A %
B! {Aoand the corresponding triangulated functor (RF)" : (A % B )" !

({A()”'. Using @) we can rewrite it as RF )" : AT=BY | ({A()”. On the
other hand, we have the triangulated functor F' : A" 1 (A9Y and its

derived functor RF " : A"=BY" | CohoFunct((A9") (see[51). Finally, one
has the functor HO : (A()” I CohoFunct((A9") de ned as follows: a right

DG A%module M 2 ,;A\O uniquely extends to a right DG (A9Pe -module

N (cf. I413), andH d(M) is de ned to be the zeroth cohomology ofNr (or
equivalently HO(M) is the cohomological functor N 7! Hom(a 0w (N; M),

N2 (A9 (A9").

Finally, using that (A9 -DGmod = ((A9Pet") -DGmod (see[TZ1I) one
gets the functor HY : (A9 -DGmod)" | CohoFunct((A9Y").

We are going to construct an isomorphismRF" | HORF)". To this
end, consider the diagram

A A A O
(5.5) # # #
A%B 1 A ! A°

(seelZID for the de nition of A). Its left square is not commutative, but
there is a canonical morphism from the compositionA! A ] ,'A to the
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compositionA'A% B |} A. So we get a canonical morphismi from the
tr '
composition A ! (A9 1 (A%” | CohoFunct(A9 to the composition

Atr! (A% B)I 1 (A‘)” | CohoFunct(AY. By ETO we can identify Atr
with A" and (A % B )" with A"=B", so' induces a morphism

(5.6) RE" I HOYRF)Y

by the universal property (3) of RF" .

5.4. Proposition.  The morphism (&.8) is an isomorphism.

Seexd] for a proof.

5.5. De ne the DG clategory (A % B) to be' the (naive) ber product
of A (A% B)and a0 Over A° A O where a0 is the \diagonal" DG
category de ned in[I51 andA % B is 'mapped tvoby RF. So the objects

of (A % B)g are triples (Y;X;" ), whereY 2 A% B, X 2 A% and"

X I RF(Y) is a homotopy equivalence. The DG functor @ % B)r ' A ©
dened by (Y;X;" ) 7! X is also called the right derived DG functor of F
and denoted by RF.

Now consider the triangulated functor G = F' : A" I (A9, It fol-
lows from 52 that ((A % B)g)" identi es with the triangulated category
(A" =B")g from B and (RF)Y : (A % B)r)" ! (A9" identi es with
Deligne's derived functor RG : (A"=B")g ! (A9QY.

!
5.6. The de nition of (A % B)r used ao. There are also versions of

$
(A % B )r using the DG categories a0 and ao from 5. They will be

denoted respectively by A % B) ¢ and (A % B)s . E.g., the objects
of (A % B) ¢ are triples (Y:X; ), whereY 2 A% B, X 2 A% and

:RF(Y)! X is a homotopy equivalence. We have the right derived DG
functors RF : (A% B) ¢ !A %andRF : (A% B)gr ! A © Sometimes
we will write (A % B), ¢ instead of (A % B )r. The DG functors (A %
B) F (A%B)se! (A%B) g are quasi-equivalences by_153, and
one has a canonical commutative diagram

(A%B) F (A%B)sr ! (A%B) F
(5.7) RF # RF # #RF
A = A = A

6. Some commutative diagrams

6.1. Uniqueness of DG quotient. Let A be a DG category andB A a
full DG subcategory. Given a quotient (L) of A modulo B we will \identify"
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it with the quotient A AFA % B from EI0. More precisely, we will
construct a canonical commutative diagram of DG categories

A A_ Ay
(6.1) F# # #
A%B c_ ! C
(the symbols ! denote quasi-equivalences). To this end, notice that

the derived DG functor R : (A% B) ! C de nedin B8 and the projection
(A% B) | A% B are quasi-equivalences (her& is the preimage ofB in
A). Put C:=(A% B) . De ne the DG functor C! C to equalR and the
DG functor C!A% B to be the compositionC=(A% B) ! A% B!

A%B. We put A :=A, ie., A is the analog of A with (A;B) replaced by
(A B). The DG functor A'! A is the analog of A! A . The DG functor
Al A isinduced by the DG functors ATA andB!B . Finally, A!C_
is the DG functor A1 C_dened by (a;Y;g 7! (Y; (a); (9) (herea?2 A,

!

Y2A% B A, andg:a! Y is a closed morphism of degree 0 whose
cone is homotopy equivalent to an object of'B; recall that an object of C
is a triple (Y;X;"' ), whereY 2 A% B A, X 2C, and ' is a homotopy
equivalence fromX to R (Y), i.e., the image of Y under' :f(! !C).

6.2. More diagrams (to be used in X1).

6.2.1. Now let us consider the case thatt = A and the DG functor AI A
equals ida, so our quotient (L) is just a DG category C equipped with a
DG functor :A!C . Then diagram @&1) becomes

A = A ! A
(6.2) F# # #
A%B c_ ! cC . C:=(A%B)

Here the DG functors A A!A%B are same as in[[4R).
In [ZH we will use a slightly di erent canonical commutative diagram of
DG categories

A%B C I C
(6.3) \ # #
A A -resDGmod ! A -DGmod

in which  isdened by c(a):=Hom( (a);c). Here is the construction.
Let us start with the lower row of (E£3). Consider the DG category
M or (A -DGmod) (seelZ® for the de nition of M or). Its objects are triples
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(Q;M;f), where Q;M 2 A -DGmod and f : Q! M is a closed mor-
phism of degree 0. We de neA -resDGmod M or(A -DGmod) to be
the full DG subcategory of triples (Q;M;f ) such that Q 2 A andf is a

guasi-isomorphism (soQ is a semi-free resolution ofM). In ‘other words,
A -resDGmod is the DG category ofresolved DG A -modules. The DG
functors A -resDGmod! A and A -resbGmod! A -DGmod are de ned

by (Q;M;f) 7! Q and (Q;M;f) 7! M.

We de ne Cto be the DG category (A % B) from 8. So the objects
of Care triples (Y;X; ), whereY 2A%B,X 2C,and :R (Y)! X is
a homotopy equivalence in'C. The upper row of &3) is de ned just as the

lower row of (@&1).

The DG functor C! A -resDGmod M or(A -DGmod) is de ned as
follows. To (Y;X; ) 2 Cone assigns {; X; ) 2 M or(A -DGmod),
where : Y ! X corresponds to  : R (Y) ! X by adjointness.
This assignment extends in the obvious way to a DG functor fran C to
M or (A -DGmod). To show that its image is contained in A -resDGmod
we have to prove that :Y ! X is a quasi-isomorphism. This follows
from the next lemma.

6.2.2. Lemma. The natural morphism Y ! (Y) = R (Y), Y 2
!

B? ,'A A -DGmod, is a quasi-isomorphism.

Proof. We will identify Ho( ,'A) with the derived category D(A) of A -mo-
dules (so bothY and (Y) will be considered as objects of qué\). The
|

essential image of HoIB)' in HO(,'A) will be again denoted by HoﬁB)'.
It su ces to show that ' '

(6.4) Cone(Y ! . (Y)) 2 HO(lB)

for every Y 2 Ho(,'A) (then for Y 2 B? one has ConeY ! (Y)) 2
! !

Ho('B)\ Ho(B?) = 0). Proposition LZlsays that () holds for Y 2 Ho(A).

Objécts Y 2 Ho(fA) for which (E24) holds form a triangulated subcategory

closed under (in nite) direct sums. So (64) holds for all Y 2 Ho(fA) by
LemmalZ3. '

6.2.3. Now letC denote the DG category A % B )g de ned in Using
the quasi-equivalencesC C!C _one can \glue" (62 ) and (&3) and
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get a canonical commutative diagram of DG categories

A A cC ! A
# # #
(6.5) A%B C ! C
\ # #
A A -resDbGmod ! A -DGmod

(the DG functor A cC! A is a quasi-equivalence by_T5I3, and the DG

functor A cC! A is the compositon A cC! A!' A , soitis also a
guasi-equivalence).

7. More on derived DG functors.

71. Let : A! C be a quotient of a DG category A by a full DG
subcategoryB A (so in () A = A and the DG functor A1 A equals
ida). Let F be a DG functor from A to a DG category A% Under a
suitable atness assumption (e.g., ifCis the DG quotient A=B from X3 and
(B4) holds) we will de ne notions of the right derived DG fun ctor of F,
which correspond to derived triangulated functors [&2) ard (&4). They are
essentially equivalent to those from[2:P and_Bl5 but are baskton C rather
than the DG quotient A % B from EY. One can easily pass from right
derived DG functors to left ones by considering the dual DG céegories.

7.2. Consider the DG functor
(7.2) :C!A -DGmod; c(a) := Hom( (a);c)

From now on we assume that the diagranC A A Osatis es the following
atness condition: for all c2 ObC

L
(7.2) the morphisms ¢ A A%l ¢ A ACare quasi-isomorphisms.

This condition is satis ed if Cis the DG quotient A=B from X3 and (32)
holds: in this case the DGA -modules c, ¢ 2 C, are homotopically at by
LemmalTZT5(i).

7.3. We are going to de ne a DG version of the derived trianguated functor
(B32). As a rst step, consider the DG functor

(7.3) RF:C! (AY -DGmod

corresponding to the DG C (A9 -module C A A° (see[IZB). (This is
only a rst step because the homotopy category of the target & RF is
not the derived category of DG (A9 -modules). The isomorphismC A
A%= Hom ¢ AAP(see [IZB)) shows thatRF =Indg , where :C!
A -DGmod is de ned by (ZI) and Indg : A -DGmod ! (A9 -DGmod is
the induction DG functor (see [I4.9).
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The ber product of Cand (A9 -resDGmod over A9 -DGmod will be
denoted by Gg; (see[®Z1 for the de nition of (A9 -resDGmod). The DG
functor Gg;! C is a quasi-equivalence. We de ne the derived DG functor
RF : Gry ! A °to be the composition Gej ! (A9 -resDGmod! A ° A
2-categorical reformulation of this de nition will be give n in Remark (ii)
from [[&4.

Let Gr) denote the preimage ofA® A ®under RF (so G is a full DG
subcategory ofGgj). One hasRF : Ggy ' A 0

In [ZZHZ3 we will show using [[ZP) that the above de nitions are rea-
sonable: the DG functor RF : Ggy ! A, Ois essentially equivalent to the

DG functor RF from B2 and therefore agrees with the derived triangulated
functor (B2). There is a similar relation between RF : Ggy ! A 0 the DG
functor from B5J, and the derived triangulated functor (B2)).

Remark. If k is a eld or, more generally, if

(7.4) Hom(U; X) is a semi-free DGk-module for all X 2 A, U 2 B.
then the image of RF : C! (A9 -DGmod is contained in the full subcat-
egory A° of semi-free DG A9 -modules (in the caseA®= A, F =id 4 this

is Lem'maEIIEB(ii), and the general case follows). So iE{A4olds then one
does not have to considerGgy: one can simply deneRF : C ! A Oto be

the DG functor corresponding to RF.

7.4.  Assuming [Z2) we will \identify" RF : Ggj! A Owith the DG functor
RF:A%B!A | Ofrom BEZ2. More precisely, here is a construction of a

commutative diagram

A%B C ;! C 5 !C
(7.5) RF # # #RF

A = A0 = A°

! ! !
Put G = Gig,]. SO the objects of G are triples (c;Q;f), where c 2 C,
Q2 A, andf : Q! C is a quasi-isomorphism. The derived DG functor
Rida : G ! A , i.e., the DG functor G ! A dened by (¢;Q:if) 7! Q,

induces a quasi-equivalences, ! A % B A (see[IR1). To de ne the
DG functor G ! C [y notice that by the atness assumption (Z2) the image
of the composition

G = Gig,!A -resDGmod!M or(A -DGmod) ! M or((A9 -DGmod)

is contained in (A9 -resDGmod, so we get a DG functorG, = Gidag !
(A9 -resDGmod whose composition with the DG functor A9 -resDGmod
I (A9 -DGmod equals [Z3), i.e., we get a DG functorG;, ! C .
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7.5. In fact, one can construct a slightly better diagram

A A ! A
it it #
(7.6) A%B cC! C gy ' C
RF # it #RF
A = A0 = A°
! ! !

To this end, rst replace in (E5) C by the DG category C from (E3)
(the right square of (G3) de nes a DG functor C ! C 1, which is a quasi-
equivalence becaus€ ! C and G ! C are). Next, put C:= C (see[6.ZB
for the de nition of C) and replaceC by C. Now the upper two rows of (6.5)

yield (Z8) with A=A C.

8. Proof of Theorem 3.4[_1

8.1. We can suppose that[[3B) holds (if[(3}) holds replacé& and B by the
dual categories). It su ces to show that is fully faithful ( this will imply
that Im is a triangulated subcategory of ( A=B), but on the other hand
Im A =B, so is essentially surjective). In other words, it sucest o
prove that for every X;Y 2 AP®Y and everyi 2 Z the homomorphism

(8.1) Exthe—ge (Y ) ! Extip_gye (X;Y)

is bijective. It is enough to prove this for X;Y 2 A.

8.2. By [Z1), the L.h.s. of {81) can be computed as follows
(8.2) Extipoge (X;Y) = lim  H Homaper (X;Z);
(Y! Z)2Qy

where Qy is the ltering category of AY-morphismsf :Y ! Z such that
Cone(f ) is A" -isomorphic to an object of B".

The r.h.s. of 1) can be written as
(8.3) EXt{pgyr (X;Y) = lim H' Homapet —g(X;Z):

(Y! Z)2Qy

To see this, rstnotice that the DG functor A=B! (A=B)|°_re'tr is fully faith-
ful, so Ext'(A:B)l, (X;Y) == H'Hom(a-gjper (X;Y) = H'Homa_g(X;Y);
then notice that a morphism Y ! Z from Qy induces an isomorphism

H' Homa-g(X;Y )= H' Hompper -g(X;Y) ! H' Hompper —5(X;Z)

because Homper —g(X;U) is acyclic for every U 2 B (acyclicity is clear
sinceU is homotopy equivalent to 0 as an object ofA Pt =B).
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8.3. Consider [81) as a morphism from the r.h.s. of[(812) to he r.h.s.
of @3). Clearly it is induced by the morphisms 7 : Homppret (X;Z) !
Homppetr -g(X;Z), Z 2 AP By (B2) each 7 is injective and Lz :=
Coker 7 is the union of an increasing sequence of subcomplexes 0 ££)g
(Lz)1 :::suchthat (Lz)n=(Lz)n 1 = HOMRper g(X;Z) for n 1. So
to prove that (B) is bijective it su ces to show that

im  H'Hom}per 5(X;2)=0; n 1
(Y! 2)2Qy

For n 1 the DG functor Z 7! Hom} er _g(X;Z) is a direct sum of DG

functors of the form Z 7! Fx.y  Hompper (U;Z), U 2 B, whereFy.y is a
homotopically at complex of k-modules. Since

lim H' Hompper (U;Z) = Ext ho_ge (U;Z)=0; U2B
(Y! Z2)2Qy

it remains to prove the following lemma.

8.4. Lemma. Let fC g be a ltering inductive system of objects of the ho-
motopy category of complexes df-modules (so eachC is a complex, to each
morphism : ! there corresponds a morphisnf :C ! C andf is
homotopy equivalent tof f ). Suppose thatllim H'(C )=0 for all i. Then

for every homotopically at complex F of k-modules I'im Hi(C F)=0.

Remark. This would be obvious if we had a true inductive system of com-
plexes, i.e., iff were equal tof f (because in this case, limH'(C ) =

H'(C), imHY(C  F)= H(C F), C:=lim C ). If there are count-

ably many 's then Lemmal832 is still obvious bacause we can replace the
morphismsf by homotopy equivalent ones so thatf =f f .

The proof of Lemmal83 is based on the following lemma due to 3
tenstein [50].

8.5. Lemma. For every complexF of k-modules there is a quasi-isomor-
phism FO1 F, where F%is a Itering direct limit of nite complexes of
nitely generated free k-modules.

Proof. One can take F®to be a semi-free resolution ofF (seeXId). Here
is a slightly di erent argument close to the one from |[5U]. RepresentF as
a direct limit of bounded above complexesF,, n 2 N. Let P, ! F, be
a surjective quasi-isomorphism, whereP, is a bounded above complex of
free k-modules. The morphismP, ! Fp+1 can be lifted to a morphism
Pn ! Pn+1. We can take F2to be the direct limit of the complexes P,
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(because eachP, is the union of a ltering family of nite complexes of
nitely generated free k-modules).

8.6. Proof of Lemma 841 Let F be as in Lemmal8#. Choosd° as
in Lemma B3. Since Lemma8M¥ holds foF ° instead of F it su ces to
show that the map H'(C  F9 ! H'(C  F) is an isomorphism. As
Cone(F°! F)is homotopically atand acyclic this follows from Proposi tion
5.8 of [50]: if a complexC is homotopically at and acyclic then C  CPis
acyclic for every complexCP (proof: by Lemmal83 one may assume thaC®
is either homotopically at or acyclic).

9. Proof of Propositions 1.4 dndl5.4. [
9.1. Proof of Proposition 541 Let Y 2 ObA. Then
(9.1) REY(Y)= \lim"  F"(Z);
(Y! 2)2Qy
Here Qy is the Itering category of A'-morphismsg:Y ! Z such that
Cone(g) is isomorphic to an object of BY .

To compute RF' (Y) choose a closed morphisni : P ! Y of degree 0
with P 2 B, Cone(f) 2 B? (i.e., choose a semi-free resolution of the DG

B -module b 7! Hom(b;Y);b2 B). Then
(9.2) HORF)T (Y) = \lim"  F"(Cone(W ! Y));
(W! P)2Q9
where QY is the ltering category of IB—morphismsmsW I P with W 2

BPret . We have the functor : Q‘F’,' | Qy thatsendsh : W ! P to
g:Y ! Conefh), and (&8) is the morphism from the r.h.s. of (@1) to the
r.h.s. of (@2) corresponding to . It remains to prove the following lemma.

9.2. Lemma. Letf :P! Y be a closed morphism of degre@ with Y 2 A,
P2 B, Cone(f) 2 B?. Then the above functor : Q3! Qy is conal.

Proof. By the de nition of co nality (see x8.1 of [18]), we have to show that
for every (g : Y ! Z) 2 Qy there exists W ! P) 2 QY such that the
AY"-morphismY ! ConeW ! Y) can be factored throughg. There is a

distinguished triangle V ! Y 19z V[1],V 2 B", so it su ces to show
that is in the image of the composition

(9.3) I!im Hompe (V; W) ! Hom'Au (V;P)! Homarw (V;Y):
(W! P)2QY '

This is clear because both maps in[{23) are bijective (the s®nd one is
bijective becauseV 2 B" and Conef : P! Y)2B?).
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9.3. Proof of Proposition 1.4—] We will use the convention of[41.: B is
identi ed with its essential image under the induction DG fu nctor B . A.

To prove that (i) ) (ii) choose a closed morphismf : P ! Y of degree
0 with P 2 B A, Conef) 2 B? (i.e., choose a semi-free resolution of

the DG B -module b 7! Hom(b;Y);b 2 B). It suces to show that (1I4}]lis
guasi-isomorphic to P[1]. To this end, consider the commutative diagram

Hom(X;Y ) 1 lim Hom(X; Cone(W ! Y))
9.4) vx # ' # x
Hom( (X); (Y)) !~ Ilim Hom( (X); (Cone(W ! Y)))

in which the direct limits are over (W ! P) 2 Qg (see[@1 for the de nition
of Qg). Objects of (B) are homotopic to zero, so x is a quasi-isomorphism.
By ([Z1) and x is also a guasi-isomorphism. So the DGA -module
X 7! Cone(vx) is quasi-isomorphic to the DG A -module X 7! Cone(uy ),
i.e., to P[1].

To prove that (i) ) (i) consider again the commutative diagram ({@32).
The DG A -module X 7! Cone(ux ) is quasi-isomorphic to P[1], and x
is a quasi-isomorphism. So if the DGA -module X 7! Cone(vy ) is quasi-
isomorphic to an object of 'B ,'A then the DG A -module

(9.5) X 7' Cone( x); X 2A
is quasi-isomorphic to someMm 2 B A Clearly M is quasi-isomorphic to
the restriction of (E8) to B. By (IZ1) and @2 one has
lim  H'Hom(X; ConeW ! Y))=Ext hu_ge (X;Y); X;Y 2A:
(W! P)2Q3

So the restriction of (@3) to B is acyclic. Therefore x is a quasi-isomor-
phism forall X 2 A. So the canonical map Ex, v g« (X;Y ) ! Exte ( (X);

(Y)) is an isomorphism for all X;Y 2 A, i.e., the functor AY=B" I C ' in-
duced by is fully faithful. Its essential image is a triangulated subcategory
containing Ho(C), so it equals C".

10. Proof of Propositions 1.5. 1 Z6ldndl4.7. [
10.1. Proof of Proposition 4.7—] Identify Atr = Ho({o\) with D(A) and

Btr = Ho(B) with D(B). Then the embeddlng Btr ! A“' identi es with the

derlved |nduct|on functor, so it has a right adjomt namely the restriction
functor. This proves (i). By adjointness, (B”) HO(A) is the kernel of the

restriction functor, which proves (ii). Statement (iii) fo llows from () and
(ii). To prove (iv) apply Lemma IZ35lin the following situati on: To = A",
T = Atr QO Btr Q_ 'Btr
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10.2. Proof of Proposition 1.1 (a) is a particular case offlZ®(ii). Here
is a direct proof of (a). As is essentially surjective it su ces to show that
the morphism f : Ext"( (a);c) ! Ext"( (a); c) is an isomorphism for

0
everya 2 A and c 2 C. Decomposef as Ext"( (a);c) = Ext "(a; ©) ¥

Ext"( (a); c), wheref?comes from the morphism' : a'! (a). By
[LA4(ii), there is a distinguished triangle
(10.2) LInd(N)! a | (@! LInd(N)[1]; N 2 D(B);

whereL Ind: D(B)! D(A)is the derived induction functor L Ind : D(B) !
D(A). As cis annihilated by the restriction functor Res: D(A)! D(B)
we see that Ext’(L Ind(N); ¢) =0, so f %is an isomorphism.

Applying Res to (IO1) and using the equalities Res =0, Res L Ind =
idpps) Wwe getN = Resa and (@) ' Cone( IndResa! a). This im-
plies (b).

10.3. Proof of Proposition 4.6 The derived category of A -modules
identi es with Ho( {A). The derived induction functor | : Ho(,'A) ! Ho(lc) is

left adjoint to the restriction functor R : Ho('C) ! Ho(A).
By E71 we can identify Ho(A)=Ho(B) with Ho( B?) = (Ho( B))” . Clearly
R(Ho(C)) Ho(B”). Let i : Ho(B?) ! Ho(C) and r : Ho(C) ! Ho(B?)

be the functors corresponding tol and R. It su ces to show that they are

guasi-inverse equivalences. Clearly is left adjoint to r. So we have the
adjunction morphismsid! ri,ir ! id, and we have to show that they are
isomorphisms. ByY[6.Z2 the morphismid! ri is an isomorphism. Therefore,
the natural morphism r ! rir is an isomorphism, so the morphisnrir ! r

is an isomorphism (because the compositiom ! rir ! r equals id), and
nally the morphism ir ! id is an isomorphism (because is conservative,
i.e., if f is a morphism in Hogc) such that r(f ) is an isomorphism thenf is

an isomorphism).

11. Proof of Proposition 1.6.3andlTheorem 1.6.2 ]

11.1. Proof of Proposition 1.6.3—1 Let My denote the DG A -module
(C4). Replacing :A!C by idg : A KIC K one gets a similar
DG A K -moduleMy 7 foreveryZ 2 K. Clearly My z = My hgz,
where hz is the image ofZ under the Yoneda embeddingK | K -DGmod.
As K is homotopically at over k property L4(ii) for : A ! C implies
property [LC4ii) for idg :A KIC K . It remains to use Proposition
LA

11.2. Proof of Theorem 1.622Z1 A pair (C, ) satisfying [LEA(ii) is clearly

unique in the sense oDGcat , and in X34 we proved the existence of DG
guotient, i.e., the existence of a pair C, ) satsifying [LE&4(i)). So it remains

to show that LB.A(i)) LLA().



30 VLADIMIR DRINFELD

We will use the de nition of T(A;K) from [EJIHIE4. One can assume
that K is homotopically at over k. SoT(A;K) DA K ), T(B;K)
DB K), T(GK) D(C K ). We can also assume that 2 T(A;Q
comes from a DG functor : A!C (otherwise replaceA by one of its semi-
free resolutions and applyCI&7ZP). So iCL6I2(i)) holds onean apply 63
and[Z8. We see that the restriction functorD(C K )! D(A K )isfully
faithful, and its essential image consists precisely of olgicts of D(A K )
annihilated by the restriction functor D(A K )! D(B K ). Property
[LBA(ii) follows.

12. Appendix |: Triangulated categories.

12.1. Categories with  Z-action and graded categories. Let C be a
category with a weak action of Z, i.e., a monoidal functor from Z to the
monoidal category Funct(C;C) of functors C | C (here Z is viewed as

a monoidal category: Mor(m;n) = ; if m 6 n, Mor(n;n) := fid,g,
m n:= m+nformn 2 Z). For c;;c; 2 C put Ext"(c;c) =
Mor(cy; Fn(cp)), where F, : C I C is the functor corresponding ton 2 Z.
Using the isomorphism FF, ! Fm+n oOne gets the composition map

Ext™(cy;c)  Ext"(cp;c3) ! Ext™*"(cp;c3), so C becomes aZ-graded cat-
egory. This Z-graded category has an additional property: for everyn 2 Z
and c 2 C there exists an objectc[n] 2 C with an isomorphism ¢c[n]! ¢
of degreen. Every Z-graded categoryC with this property comes from an
essentially unigue weak action ofZ on C.

Suppose that each of the categorie and C%is equipped with a weak
action of Z. ConsiderC and C%as graded categories. Then a graded functor
C! C9i.e., a functor between the corresponding graded categoes) is the
same as a functor : C! CCequipped with an isomorphism ! 0
where 2 Funct(C;C) and °2 Funct(C%C9 are the images of 12 Z.

An additive Z-graded categoryC Ii_s considered as a plain (non-graded)
gategory by considering elements of | Ext"(ci;cz) (rather than those of

o Ext"(c1; c2)) as morphismscy ! cp.

All this applies, in particular, to triangulated categorie s.

12.2. Quotients. The quotient T=T° of a triangulated category T by a
triangulated subcategory T is de ned to be the localization of T by the
multiplicative set S of morphismsf such that Cone(f ) is isomorphic to an
object of T® The category T=T ®has a canonical triangulated structure; by
de nition, the distinguished triangles of T =T ° are those isomorphic to the
images of the distinguished triangles ofT . This is due to Verdier [b8,57].

He also proved in [56,[57] that for everyY 2 ObT the category Qy of
T-morphismsf : Y ! Z such that Cone(f ) is isomorphic to an object of
TOis Itering, and for every Y 2 ObT one has an isomorphism

(12.1) lim Exth (X;Z) ! Exti_;oX;Y);
(Y! Z)2Qy



DG QUOTIENTS OF DG CATEGORIES 31

12.3. Remarks. (i) Verdier requires T °to be thick epaisse), which means
according to [57] that an object of T which is (isomorphic to) a direct
summand of an objectT °belongs toT® But the statements from 222 hold
without the thickness assumption because inxll.2.2 of [54] (or in x2.3 of
Ch 1 of [56]) the multiplicative set S is not required to be saturated (by
Proposition 2.1.8 of [57] thickness off %is equivalent to saturatedness ofS).

(i) T=T%= T=T% where T T is the smallest thick subcategory
containing T% So according to [57] an object ofT has zero image inT =T ©
if and only if it belongs to T %

(iii) The de nitions of thickness from [%6] and [57] are equivalent: if T°
T is thick in the sense of [[57] then according to[[57T %is the set of objects
of T whose image inT =T %is zero, soT is thick in the sense of[55]. Direct
proofs of the equivalence can be found in([49] (Proposition.B on p. 305)
and [45] (Criterion 1.3 on p. 390).

12.4. Let Q be a triangulated subcategory of a triangulated categoryT .
Let Q° T be the right orthogonal complement of Q, i.e., Q7 is the full
subcategory of T formed by objects X of T such that Homt (Y;X) = 0
for all Y 2 ObQ. Then the morphism Homy (Y;X) ! Homr_o(Y;X) is
an isomorphism for all X 2 ObQ, Y 2 ObT (seex6 of Ch. | of [56] and
Proposition 11.2.3.3 of [54]). In particular, the functor Q? ' T =Q is fully
faithful. This is a particular case (To = Q?, Qo = 0) of the following lemma.

12.5. Lemma. Let Q;Tp; Qo be triangulated subcategories of a triangulated
category T, Qo Q\T . Suppose that every morphism from an object
of Tp to an object of Q factors through an object ofQg. Then the functor
To=Qo ! T =Q is fully faithful.

Proof. The functor Tg=Qq¢ ! T =Qq is fully faithful by (ITZIJ. Our factor-

ization condition implies that Hom 1o, (X;Y ) =0 forall X 2 ObTp, Y 2
ObQ. In other words, Tp=Qq is contained in the right orthogonal comple-
ment of Q=Qq in T =Ty, so by[IZA the functorTp=Qqg! (T =Qq)=(Q=Qyp) =

T=Q is fully faithful.

12.6. Admissible subcategories.  Suppose that a triangulated subcate-
gory Q T s strictly full (\strictly" means that every object of T iso-
morphic to an object of Q belongs to Q). Let Q? T (resp. °’Q T )
be the right (resp. left) orthogonal complement of Q, i.e., the full sub-
category of T formed by objects X of T such that Hom(Y;X) = 0 (resp.
Hom(X;Y ) = 0) for all Y 2 ObQ. According to x1 of [H], Q is said to
be right-admissible if for each X 2 T there exists a distinguished triangle
XO01 X I X091 x91] with X%2 Q and X%2 Q? (such a triangle is
unique up to unique isomorphism). AsQ? is thick, Q is right-admissible
if and only if the functor Q | T =Q7 is eesentially surjective. Q is said
to be left-admissible if Q T is right-admissible. There is a one to
one correspondence between right-admissible subcategesiQ T and left-
admissible subcategorie®Q® T , namely Q°= Q?, Q = 7 Q% According to
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x1 of [B] and Ch. 1,x2.6 of [56] right-admissibility is equivalent to each of
the following conditions:

(@) Q is thick and the functor Q? ! T =Q is essentially surjective (and
therefore an equivalence);

(b) the inclusion functor Q ] T  has a right adjoint;

(c) Q is thick and the functor T ! T =Q has a right adjoint;

(d) T is generated byQ and Q7 (i.e., if T® T s a strictly full triangu-
lated subcategory containingQ and Q? then T%= T).

Remark. A left or right adjoint of a triangulated functor is automati cally
triangulated (see [ZT] or Proposition 1.4 of[[5]).

13. Appendix Il: Semi-free resolutions.

13.1. De nition. A DG R-module F over a DG ring R is free if it is iso-
morphic to a direct sum of DG modules of the formR[n], n 2 Z. A DG
R-module F is semi-free if the following equivalent conditions hold:

1) F can be represented as the union of an increasing sequence oD
sumbodulesFi, i = 0;1;:::, so that Fo = 0 and each quotient Fi=F ; is
free;

2) F has a homogeneouk-module basisB with the following property:
for a subsetS B let (S) be the smallest subsetfT B such that d(S) is
contained in the R-linear span of T, then for every b2 B thereisann 2 N
such that "(fbg) = ;.

A complex of k-modules is semi-free if it is semi-free as a D&-module.

13.2. Remarks. (i) A bounded above complex of freek-modules is semi-
free.

(i) Semi-free DG modules were explicitly introduced in [2] (according to
the terminology of [2], a DG module over a DG algebraR is free if it is freely
generated, as arR-module, by homogeneous elements such that de =0,
so semi-free is weaker than free). In fact, the notion of serfree DG module
had been known to topologists long before[]2] (see, e.gl N6 Semi-free DG
modules are also called \cell DG modules” (Kriz{May [35]) and \standard
co brant DG modules" (Hinich [19]). In fact, Hinich shows in xx2{3 of [1Y]
that DG modules over a xed DG algebra form a closed model catgory with
weak equivalences being quasi-isomorphisms and brationbeing surjective
maps. He shows that a DG moduleC is co brant (i.e., the morphism0 ! C
is co brant) if and only if it is a direct summand of a semi-free DG module.

(i) As noticed in [I] and [L9], a semi-free DG moduleF is homotopically
projective, which means that for every acyclic DG moduleN every morphism
f : F 1 N is homotopic to O (we prefer to use the name \homotopically
projective" instead of Spaltenstein's name \K-projective"). Indeed, if fF;g
is a Itration on F satisfying the condition from [[3 then every homotopy
betweenf jr, , and O can be extended to a homotopy betweeffijg, and O.
This also follows from LemmalZ4 applied to the triangulated subcategory
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Tn of semi-free DGR-modulesF such that the complex Hom(F; N ) is acyclic
(Tn is closed under arbitrary direct sums and containsR).

(iv) By (iii) and Lemma 1I331the functor from the homotopy cat egory of
semi-free DG R-modules to the derived category ofR-modules is an equiv-
alence.

13.3. Lemma. For every DG module M over a DG algebraR there is a
quasi-isomorphismf : F ! M with F a semi-free DG R-module. One can
choosef to be surjective.

The pair (F;f) is constructed in [2] as the direct limit of (Fi;f;) where
O0=Fg) F1) Fo ) ..., each quotient Fi=F ; is free,f; : F; ! M,
fijm; , = fi 1. GivenF; 1 andf; 1 : Ff 1! M one nds a morphism

P! Cone(;i 1)[ 1] such thatP is free and induces an epimorphism
of the cohomology groups. de nes a morphismf; : F; := Cone(P !
Fi 1) ! M such that fijr, , = f; 1. The map Conef; 1) ! Conef;)
induces a zero map of the cohomology groups, so Corig(is acyclic, i.e., f
is a quasi-isomorphism.

Remark. One can reformulate the above proof of the lemma without usiig
the \linear" word \cone" (it su ces to replace \category" by \module" in
the proof of Lemmall3b).

13.4. Hinich [19] proved a version of Lemm&Z313 for DG algebs, i.e., DG
categories with one object. The case of a general DG categoig similar.

De nition.  Let A be a DG categoryA equipped with a DG functor K| A

We say that A is semi-free overK if A can be represented as the union
of an increasing sequence of DG subcategories;, i = 0;1;:::, so that
ObA; = Ob A, K maps isomorphically onto Ag, and for everyi > 0 A;
as a gradedk-category over A; 1 (i.e., with forgotten di erentials in the
Hom complexes) is freely generated oveA; 1 by a family of homogeneous
morphismsf such thatd 2 Mor A; 1.

De nition. A DG category A is semi-free if it is semi-free overA giscr, Where
Agiser is the DG category with Ob A 4iser = Ob A such that the endomor-
phism DG algebra of each object ofA yisc; equalsk and Homp ., (X;Y ) =0
if X;Y are dierent objects of A giscr-

Remarks. 1) Semi-free DG categories with one object were introducedni
[I9] under the name of \standard co brant" DG algebras. In fact, Hinich
shows inxx2, 4 of [19] that DG algebras form a closed model category with
weak equivalences being quasi-isomorphisms and brationbeing surjective
maps. He shows that a DG algebreR is co brant (i.e., the morphism k! C
is co brant) if and only if R is a retract of a semi-free DG algebra.

2) Z -graded semi-free DG algebras were considered as early assT%y
Tate [BY], and Z., -graded ones were considered in 1973 by Sullivah153,154].
Hinich [I9] explained following [50] and [[1] that it is easy ad natural to
work with DG algebras without boundedness conditions.



34 VLADIMIR DRINFELD

13.5. Lemma. For every DG category A there exists a semi-free DG cate-
gory A"with ObA'=0Ob A and afunctor : A!'A suchthat ( X)= X for
everyX 2 ObA and induces a surjective quasi-isomorphisnHom(X;Y ) !
Hom(( X); ( Y)) for every X;Y 2 A.

The proof is same as for DG algebrasx, 4 of [19]) and similar to that
of Lemma[l33. &; ) is constructed as the direct limit of ( Aj; ;) where
ObA; =Ob A, Ag 'A 1] ..., i:A!A , g, = i1 andthe
following conditions are satis ed:

i) Ag is the discrete k-category;

i) for every i > 0 A; as a gradedk-category is freely generated oveA; 1
by a family of homogeneous morphismg$ such that & 2 Mor A; 5;

i) for every i > 0 and X;Y 2 ObA the morphism Homa, (X;Y ) !
Homa (( X); ( Y)) is surjective and induces a surjective map between the
sets of the cocycles;

iv) for every i > 0 and X;Y 2 ObA every cocyclef 2 Homa,(X;Y)
whose image in Hom (( X); ( Y)) is a coboundary becomes a coboundary
in Homa ., (X;Y).

One constructs (&j; i) by induction. Notice that iii) holds for all i if
it holds for i = 1, so after (A71; 1) is constructed one only has to Kkill
cohomology classes by adding new morphisms.

13.6. Lemma. If a DG functor :C ! C is a surjective quasi-equivalence
(i.e., if  induces a surjectionObC ! ObC and surjective quasi-isomor-
phisms between theHom complexes) then every DG functor from a semi-free
DG category A to Clifts to a DG functor A! C. More generally, for every
commutative diagram

K ! C

# #

R ! C
such thatR is semi-free overK and is a surjective quasi-equivalence there
exists a DG functor = R! Csuch that = and = =

Remark. This is one of the closed model category axioms checked in
[g).

Proof. Use the following fact: iff : A! B is a surjective quasi-isomorphism
of complexes,a2 A, b2 B, f (a) = dband da = 0 then there is an a2 A
such that f (% = band a = da°

14. Appendix Ill: DG modules over DG categories

Additive functors from a preadditive category A to the category of abelian
groups are often calledA-modules (seell42]). We are going to introduce a
similar terminology in the DG setting. The de nitions below are similar to
those of Mitchell [41].
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14.1. LetA be a DG category. Aleft DG A-module is a DG functor from
A to the DG category of complexes ofk-modules. Sometimes left DGA -
modules will be called simply DG A-modules. If A has a single objectU
with Enda U = R then a DG A-module is the same as a DGR-module.
A right DG A-module is a left DG module over the dual DG categoryA .
The DG category of DG A-modules is denoted byA-DGmod. In particular,
k-DGmod is the DG category of complexes ok-modules.

14.2. LetA be a DG category. Tl\r/llen the complex

Alg, = Hom(X;Y)
X;Y 20b A

has a natural DG algebra structure (interpret elements of Alg, as matrices
(fxy), fxy 2 Hom(Y;X), whose rows and columns are labeled by OR).
The DG algebra Alg, has the following property: every nite subset of Alg,
is contained in eAlg e for some idempotente 2 Alg, such that de=0 and
dege = 0. We say that a module M over Alg, is quasi-unital if every element
of M belongs toeM for some idempotente 2 Alg, (which may be assumed
closed Bf degree 0 without loss of generality). If is a DG A-module then
M = y,0pa ( X)is aDG module over Alg, (to de ne multiplication
write elements of Alg, as matrices and elements oM as columns). Thus
we get a DG equivalence between the DG category of D@\ -modules and
that of quasi-unital DG modules over Alg, .

14.3. LetF : Al k-DGmod be a left DG A-module and G : A !

k-DGmod a right DG A-module. ADG pairing G F! C, C 2 k-DGmod,
is @ DG morphism from the DG bifunctor (X;Y ) 7! Hom(X;Y ) to the DG
bifunctor (X;Y ) 7! Hom(G(Y) F(X);C). It can be equivalently de ned
as a DG morphismF ! Hom(G; C) or as a DG morphismG! Hom(F;C),
where Hom(G; C) is the DG functor X 7! Hom(G(X);C), X 2 A. There
is a universal DG pairing G F ! Cp. We say that Cq is the tensor
product of G anlg F, and we write Co = G a F. Explicitlyy, G A F is
the quotient of  ,, G(X) F(X) by the following relations: for every
morphismf : X ! Y in A and everyu 2 G(Y), v 2 F(X) one should
identify f (uy wvandu f (v). Interms of xIX.6 of [39], G A F =

RG(X) F(X),i.e., G aF isthe coend of the functorA A! k-DGmod
denedby (Y;X) 7! G(Y) F(X). Interms of [Z4, a DG pairingG F! C
is the same as a DG pairingMg Mg ! C,s0G A F = Mg ag, Mr.
14.4, Example. For every Y 2 A one has the right DG A-module hy
and the left DG A-module iy de ned by hy(Z) := Hom(Z;Y), hy(2) :=
Hom(Y;Z), Z 2 A. One has the canonical isomorphisms

(14.1) G ahy=G(Y);

(14.2) hY AF = F(Y)
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induced by the mapsG(Z) Hom(Y;Z)! G(Y), Hom(Z;Y) F(Z)!
F(Y), Z2A.

14.5. Given DG categoriesA;B;B, a DG A B -module F, and a DG
(A B)-module G, one de nes the DGB B -module G A F as follows.
We consider F as a DG functor from B to the DG category of DG A-
modules, soF(X) is a DG A-module for every X 2 B. Quite similarly,
G(Y)isa DG (A) -module for everyY 2 B. Now G p F is the DG functor
Y XT71G(Y) aF(X),X2B,Y 2B.

14.6. Denote byHom o the DG A A -module (X;Y ) 7! Hom(Y;X),
X;Y 2A. E.g., if A has a single object andR is its DG algebra of endo-
morphisms then Hom p is the DG R-bimodule R. For any DG category A
the isomorphisms [I41) and [T4.PR) induce canonical isomphisms

(14.3) Homa aAF=F, G pAHoma=G

for every left DG A-module F and right DG A-module G (the meaning of
Hom s AF and G A Hom o was explained in[IZ¥). The isomorphisms
([Z3) are clear from the point of view of [(IZP becauséMyom , is Alga
considered as a DG bimodule over itself.

14.7. Aleft orright DG A-moduleF : A! k-DGmod is said to beacyclic
if the complex F(X) is acyclic for every X 2 A. A left DG A-module F
is said to be homotopically at if G A F is acyclic for every acyclic right
DG A-module G. A right DG A-module is said to be homotopically at if
it is homotopically at as a left DG A -module. It follows from ([Z1]) and
(IZ2) that hy and hy are homotopically at.

14.8. Let A be a DG category. A DG A-module is said to befree if it is

isomorphic to a direct sum of complexes of the fornfix [n], X 2A,n 2 Z.

The notion of semi-free DG A-module is quite similar to that of semi-free
module over a DG algebra (se€_T31): a-module is said to be semi-
free if it can be represented as the union of an increasing sequea®f DG
submodules , i =0;1;:::, sothat ¢ =0 and each quotient ;= ; 1is
free. Clearly a semi-free DGA-module is homotopically at. For every DG

A-module ; there is a quasi-isomorphisnF !  such that F is a semi-free
DG A-module; this is proved just as in the case thatA has a single object
(see LemmdI3B). Just as ifli”L3]12 one shows that a semi-free D&-module
is homotopically projective (i.e., the complex Hom(F; N ) is acyclic for every
acyclic DG A-module N) and that the functor from the homotopy category

of semi-free DGA-modules to the derived categoryD (A ) of A-modules is
an equivalence.

14.9. LetF : A!A O9be a DG functor between DG categories. Then we
have the restriction DG functor Resg : ADGmod ! A -DGmod, which
maps a DGA-module : A°! k-DGmod to F. Sometimes instead of
Res we write or\ considered as a DG  A-module".
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We de ne the induction functor Indg : A-DGmod ! A “DGmod by

(14.4) Inde ( Y)=(Resghy) Ao ; Y2A"
or equivalently by
(14.5) Indg := HOm po A

(according to [TZ8 Hom a0 is a DG A° (A9 -module, but in ([Z5) we
consider it as a DGA® A -module). Usually we write A° 5 instead of
Hom pao Ao =Ind g .

The DG functor Indg is left adjoint to Resg. Indeed, for every DG A%
module the complex Hom po.pgmod (HOM a0 A ;) is canonically iso-
morphic to Homa -pemod ( ; HOMA0_pGmod (HOM 40; )), and the DG A%
module Homao_.pgmod (HOM Aao; )) is canonically isomorphic to .

In terms of [Z4 the DG functors Res and Indg correspond to the usual
restriction and induction for the DG algebra morphism Alg, ! Algao cor-
responding to .

Similar de nitions and conventions apply to right DG module s (in this
case In¢t (Y)= A (Res: hy), A AQ:= A Hom ao=1Ind g ).

14.10. Example. There is a canonical isomorphism
(14.6) Indg hx = hF(x); X 2A;

where Ny (Y) .= Homa(X;Y ), Y 2 A. This follows either from ([Z4) and
(TZ) or equivalently from (IZ3H) and (IZ3) (or from the fact that Ind ¢ is
the DG functor left adjoint to Resg). Quite similarly, there is a canonical
isomorphism Inde hx = hg(x), which means that the following diagram is
commutative up to isomorphism:

A ! A -DGmod
(14.7) # #
A0 1 (A9 -DGmod

The horizontal arrows of (IZ1) are the Yoneda embeddings deed by X 7!
hx , the left vertical arrow is F, and the right one is the induction functor.

14.11. Example. Let A be a DG category andF : A! A P! the embed-
ding. Then Res : AP®'.DGmod ! A -DGmod is a DG equivalence. So
Indg : A-DGmod ! A P .DGmod is a quasi-inverse DG equivalence.

14.12. Derived induction. As explained, e.g., inx10 of [6], in the situation
of MZ9 the functor Indg : Ho(A -DGmod) ! Ho((A9 -DGmod) has a left
derived functor L Indg : D(A) ! D(A9, which is called derived induction.
Derived induction is left adjoint to the obvious restrictio n functor D (A9 !
D(A).

By M43 one can identify D (A) with Ho(,'A), where fo\ is the DG cate-

gory of semi-free DGA -modules. Derived induction viewed as a functor
Ho(,'A) ! HO(A% is the obvious induction functor. Restriction viewed as a
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functor Ho(A% ! Ho(A) sends a semi-free DG A9 -module to a semi-free
resolution of its restriction to A .

14.13. Given DG algebrasA; C;A%and DG morphismsC A! A%one
hasthe DGC (A9 -moduleC A A% Quite similarly, given DG categories
A:CA%and DG functors F : A!A 9 G: A! C one denes the DG
C (A9 -moduleC A A°by

(14.8) C A A%=Homc aHomao=
= C aHomao= Hom¢c aAA%=C A Homa AAS;

whereHom ¢ is considered as & A -module andHom aoas anA (A9 -
module. In other words, C A A®is the DG functor C (A9 ! k-DGmod
de ned by

X;Y) 7! ’ Hom(F (Z);Y) Hom(X;G(Z)); X 2 ObC;Y 2 ObA";

where the R symbol denotes the coend (seE—14.3), so the above \integral"
is the tensor product of the right A-module Z 7! Hom(F(Z);Y) and the
left A-module Z 7! Hom(X; G (Z)). In terms of [Z.2, the DG module over
Algc (Alg o) corresponding toC A A%equals Alg: Alg, Algao.

14.14. Given a DG functorF : A1 A Owe say that Ais right F-at (or
right homotopically at over A) if the right A-module Res hx is homo-
topically at forall X 2 A% herehy (Y):= Hom(Y;X), X;Y 2A°% We say
that AQ%is right module-semifree overA if the right DG A-modules Reg hy ,
X 2 A9 are semi-free.A%is said to beleft F-at (or left homotopically at
over A) if the left A-module Reg hy is homotopically at for all X 2 A®
here fix (Y) := Hom(X;Y ), X;Y 2 A% If AQis right homotopically at
over A then the induction functor Ind ¢ maps acyclic left DG A-modules
to acyclic left DG A2modules. The previous sentence remains true if \left"
and \right" are interchanged.

14.15. Lemma. Let A be a DG category andB A a full DG subcategory.
(i) If (4] holds then A=B is right homotopically at over A.
(i) If (7:4)]holds then A=B is right module-semifree overA.

Proof. We will only prove (i) (the proof of (i) is similar). We have t o
show that for every Y 2 A the functor v : A ! k-DGmod de ned by
vy (X)) =Hom 5g(X;Y) isgel homotopically at right A-module. By @32),

there is a lyaton vy =, §, § 91, such that 9 = hy and
0= 1= " . Cl hy foreveryn> 0, whereC} is the direct sum of
complexes
Homa (Ug;Uz)  iiiHOoma(Un 1;Un)  Homa(Un;Y); Ui 2B;Up= U

It remains to notice that for every Y 2 A the right A-module hy is homo-
topically at (see IZ7) and by (BZ) the complexes C{j are homotopically
at.
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14.16. Quasi-representability. Let A be a DG category. We have the DG
functor from A to the DG category of DG A -modules de ned by X 7! hy .

14.16.1. De nition. A DG A -module is quasi-representableif there is
a quasi-isomorphismf :hy ! for some X 2A.

Remark. By M43, for every DG A -module there exists a semi-free
resolution : ! (i.e.,, issemi-free and is a quasi-isomorphism), and
the homotopy class of does not depend on the choice of ( ; ). So is
guasi-representable if and only if this class containdx for someX 2 A.

14.16.2. Lemma. is quasi-representable if and only if the graded functor
H :(Ho (A)) !f gradedk-moduleg is representable.

Proof. We only have to prove the \if" statement. Suppose H is repre-
sented by X;u), X 2 ObA, u2 HO( X). Our u is the cohomology class
of someu-2 ( X) such that d& = 0, degtr = 0. Then 4 de nes a closed
morphismf : hyx ! of degree 0 such that for every Y 2 A the morphism
H hx(Y)! H (Y)isanisomorphism, sof is a quasi-isomorphism.

14.16.3. LetA® A -DGmod be the full DG subcategory of quasi-repre-
sentable DG modules. We have the DG functoriA A %91 A 9 where A
is the DG category whose objects are triples consisting of aobjectY 2 A, a
DG A -module , and a quasi-isomorphism hy ! (more precisely, A%is
the full DG subcategory of the DG category A -resDGmod from[6.2Z1 which
is formed by these triples). Clearly is a surjective quasi-equivalence.

14.16.4. Quasi-corepresentability. We say that a DG A-module is
quasi-corepresentablaf there is a quasi-isomorphismf : fix !  for some
X 2A,ie., if isrepresentable as a DG (A ) -module

15. Appendix IV: The diagonal DG categories

15.1. Given topological spacesvl ® M ®©mapped to a spaceM, one has
the \homotopy ber product’ ( M°® M% y u R, where I, is the
\homotopy diagonal", i.e., the space of paths [Q1]! M ( 2 [Q,l is mapped
to( (0); (1) 2 M M). In the same spirit, given a DG category C it

is sometimes useful to replalce the naive diagonal ¢ C C by one of
the following DG categories G, & G each of them equipped with a
DG functorto C C. We dene ( to be the full DG subcategory of the
DG category M or C from 29 that consists ofI triples (X;Y;f) such that

f is a homotopy equivalence; the DG functor ¢! C C is dened by

X Y;f) 70 (X;Y). We dene ¢ to be the same full DG subcategory of
M or C, but the DG functor ¢c!C C isdenedby (X;Y;f) 7! (Y;X).

$
Finally, de ne ¢ to be the DG category A; -funct(l,; C) of A; -functors
I, ! C , wherel, denotes thek-category freely generated by the categoryl,
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target. Here the word \A; -functor" is understood in the \strictly unital"
sense (cf.x3.5 of [24] orx3.1 of [36]; according to[[31["33[~36,-37] there are
several versions of the notion ofA; -functor which di er on how an A; ana-
log of the axiom F (id) = id in the de nition of usual functor is formulated;
the di erence is inessential for our purposes and for any resonable purpose).
So anA; -functor I, ! C is a DG functor D, ! C , where D, is a certain
DG category with Ob D, = f1;2g, which is freely generated (as a graded
k-category, i.e., after one forgets the di erential) by morphismsfq,:1! 2
and fy; : 2! 1 of degree 0, morphismg 107 : 1! 1l andfpp: 2! 2 of
degree -1, morphismd 1212 : 1! 2 andf,127: 2! 1 of degree -2, etc. One
hasd1o = 0= dy, 0101 = forif1o 1, 0010 = f1ofo; 1, and we do not
need explicit formulas for the di erential of f 1212, f2121, €tc.

15.2. Letg; be the uniqueJy-morphismi! j,i;j 2f1,2g9. Let 19 1,
denote the k-subcategory generated bye;,. Theg A1 —flunct(lo; O identi es
with M or C, so we get a canonical DG functor ¢! ¢ M or C. There
is a similar DG functor ¢! c.

'15.3. Lemma. For every IgG category K equipped with a DG functorK !

" ¢ the DG functor K c!K is a quasi-equivalence . Same is true if
$ 1 1© $ $ !
(o c)isreplaced by( ¢;O), (¢ o) ( ¢ ), or( csiSC)-

In other words, the lemma says that the DG functors ¢! ¢! C

are quasi-equivalences and this remains true after any \bas change” in the
sense of Z..
|

$ ! _ _—
Proof. The DG functors ¢! c ! C induce surjections of Hom complexes
(this follows from the de nition of these complexes, seell3133,[36,[37]). So
it su ces to srllow that they are quasi-equivalences and Iinducca surjections

$ ! !
Ob ! Ob %! Ob C. Both statements are clear for ¢! ObC. The
DG functor F: ¢! C is the DG functor

A1 -funct(l;CQ ! Az -funct(l1; Q)

that comes from a functori : 11 ! I, induced by an embeddingl; |
I,. F is a quasi-equivalence becauskis an equivalence (more generally,
if all the Hom complexes of DG categoriesA1;A, are semi-free DG k-
modules then a quasi-equivalencéA; ! A, induces a quasi-equivalence
A; -funct(A,; O ! A; -funct(A1; O): this follows from LIE. 7.4 because the
functor T(A2; Q! T(A1;C is an equivalence). R |

Finally, let us prove the surjectivity of the map Ob ¢! Ob ( essen-
tially following [81] (where a slightly weaker statement is formulated). We
will prove a formally more general statement. Lete; and 19 I, have the
same meaning as ifCI5]2. Suppose that the embedding ! |, (considered
as a DG functor between DG categories) is decomposed 4§ | R ! I,
where ObR =Ob 1, = 19 = f1;2g and R is semi-free overl ) (see[T3H). Let
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F :191C be a DG functor such that F(e;2) is a homotopy equivalence.
Then we will show that F extends to a DG functor G : R ! C (to prove the
|

$ !
surjectivity of the map Ob ¢! Ob ¢ put R = D;). We will do this by
decomposingF as

(15.1) 19TR %1C; Ho(RY=1I,

(here the equality Ho (R9 = I, means that the functor 13 =Ho (19 'R ©
extends to an isomorphisml, ! R 9. Such a decomposition allows to
extend F to a DG functor G : R ! C : rst reduce to the case that all

Ext" groups in R®vanish for n > 0 (otherwise replaceR° by a suitable DG

subcaregory), then one has a commutative diagram

91 R ©
# #
R ! I,

with  being a surjective quasi-equivalence, and it remains to dexnpose
asl9!'RIR O by applying 8.

Here are two ways to construct a decomposition[[I5]1). The st way is,
essentially, to construct an R%independent onCand F : |1 ! C by slightly
modifying 19. The second construction seems simpler to me, but it gives an
R%which depends onCandF : 1 ! C .

(i) Our 19 equals the DG categoryA, from BZZ0. Let R be the DG
category (A=B)o A =B fromBZ1. One gets a DG functorR?:= (A=B) !
Cand, in fact, a DG functor A=B | C P as follows. First extendF : Ag :=
191 C to a DG functor FPe : A := (19)Pe¥ 1 C . Then FP! sends
the unique object of B to a contractible object Y 2 CP®' A choice of
a homotopy between id, and 0 de nes a DG functor A=B | C P By
LemmalZ72, Ho(RY = 19.

(i) Notation: given a DG category A and a 2 Ob A one de nesA=ato
be the ber product in the Cartesian square

A=a |I' M orA
# #1t
e A

where M or A is the DG category from[Z9,t sends anA-morphism to its
target, is the DG category with one object whose endomorphism algelar
equalsk andi,: !'A  maps the object of to a. DecomposeF : 19! C
asF = sF, wheres : C=F(2) ! C sends aC-morphism to its source and
F : 131 C =F(2) is the composition of the DG functor 13 ! 1,=2 that
sendsi 2 f 1;2g to the unique JS-morphism e :i ! 2 and the DG functor
1,=2 1 C =F(2) corresponding toF : 1, ! C (herel, is considered as a
DG category). Now de ne R from (I51) as follows: ObR?:= Ob 19 =
f1;29, Hom(j1;j2) = Hom(F (j1);F(j2)) for j1 = j> 2 ObR?%:= Ob 19, and
composition in R%comes from composition inC=F (2). We have a canonical
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decomposition of F as19 ! R %! C =F(2), and to get [I51) one uses
s:C=F(2) ! C . To show that Ho (R9 = I, use that F (g52) is a homotopy
equivalence.

16. Appendix V: The 2-category of DG categories

In & {163 we recall the de nition of the 2-category of DG ategories used
by Keller in [22], and in I&EZJEI6. % we mention a di erentapproach used
by Kontsevich. We prefer to work with the weak notion of 2-category due
to Benabou. The de nition and basic examples of 2-categores can be found
in [3] or Ch. XlI of [89], where they are called \bicategories. Let us just
recall that we have to associate to each two DG categorie8 1; A, a category
T(A1;A») and to de ne the composition functors T(A1;A2) T(A2A3)!
T(A1;A3z). The 2-category axioms say that composition should be wedk
associative and for every DG categoryA there is a weak unit object in
T(A;A). The meaning of \weak" is clear from the following example: a
2-category with one object is the same as a monoidal categary

The 2-category of DG categories is only the tip of the \icebeg" of DG
categories. In[I&E:8 we make some obvious remarks regardingpe whole
iceberg, but its detailed description is left to the experts (see[LB).

16.1. Flat case. First let us construct the 2-category FlatDGcat of at
DG categories (\ at" is a shorthand for \nomotopically ato ver k", see[33).
Dene T(A1;A2) D(A; A ) to be the full subcategory of quasi-functors
in the sense ofx7 of [24] (see alsol126]). According ta[22], guasi-functor
from Aj to Ay is an object 2 D(A; A ») such that for every X 2 A,
the object ( X) 2 D(A>) belongs to the essential image of the Yoneda
embedding Ho@A,) ! D(A32) (here ( X)is the restrictionof : A1 A ,!
k-DGmod to fXg A 2= Aj). In other words, an object of D(A; A 7)isa
qguasi-functor if it comes from a DG functor from A to the full subcategory
of quasi-representable DGA ,-modules (\quasi-representable” means \quasi-
isomorphic to a representable DGA ,-module”, see[T4T16). The composition

of 2D(A; A 2)and 2D(A, A 3)isdenedto be LA2 , and the
associativity isomorphism is the obvious one.

D(A; A »)is a gradedk-category (the morphisms 1 ! 2 of degree
n are the elements of Ext'( 1; »)). This structure induces a structure of
graded k-category onT(A1;A»).

16.2. Remark. If A, is pretriangulated in the sense ofZZH# then the subcat-
egory T(A1;Az) D(A; A ) is triangulated.

16.3. General case. It suces to de ne for every DG category A a 2-
functor k : Sa ! FlatDGcat , where FlatDGcat is the 2-category of
at DG categories and Sp is a non-empty 2-category such that for every
S1;S2 2 Ob Sp the category of 1-morphismss; ! s, has one object and one
morphism (\k" is the Hebrew letter Dalet). We de ne Ob Sp to be the class
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of all at resolutions of S (by [3H, ObSa 6 ;). k sends each2 Ob Sa to
itself considered as an object oflatDGcat . The unique 1-morphism from
A1 2 ObSp to A 2 ObSp is mapped byk to Hom P 2 T(A;AY)

D(A; A2), where the DG A1 A,-module Hom .. ... is de ned by
(16.1) (X1;X2) 7V Hom( 2(X32); 1(X1)); Xi2 A

and ; is the DG functor A5 ' A . To dene k one also has to specify a
guasi-isomorphism

L
(16.2) Hom p ., A, HOM 0 ! HOM o

for every three resolutionsAj ! A . It comes from the composition mor-
phism HOm . .x, A, HOM o 0 ! HOM 4 .

16.4. EachT(A1;A>») is equipped with a gradedk-category structure, and
if A, is pretriangulated then T(A1;A>) is equipped with a triangulated
structure. We already know this if A; and A, are at (see IGJEI6E.2), and
in the general case we get it by transport of structure via theequivalence
T(A1;A) ! T(Ag;Ap) corresponding to at resolutions A3 ' A 1 and
ALTA 5.

16.5. Remarks. (i) T(A1;A>»)is a full subcategory of the following triangu-
L
lated categoryD (A; A ») equipped with a triangulated functor R : D(A;
L
A)! D(A; A 2), whichis an equivalence ifA; or Ay is at. The objects

L
of D(A; A p)aretriples (A1;A2; M), whereAj is a atresolution of A; and
M 2 D(A; A3). Morphisms of degreen from (A7; A2;M) to (AY; A3;M 9
are elements of Exfo o) (HOM jox, HOM 1o o) 5 MiM 9. One

L L
de nes compositon inD(A; A 2)andR:D(A; A 2)! D(A; A 2)in
the obvious way.

L L
(i) D(A A ) equipped with the functor A is a monoidal category.
L
Hom A := Hom a.a viewed as an object ofD(A A ) is a unit object.

16.6. Ind-version and duality. We are going to de ne an involution
of the 2-category DGcat which preserves the composition of 1-morphisms,
reverses that of 2-morphisms, and sends each 2 DGcat to A .

To de ne it at the level of 1-morphisms and 2-morphisms congiler the
2-category DGcat j,g whose objects are DG categories, as before, but the
categorle(A; K) of 1-morphisms from a DG categoryA to a DG category

K equals D (A : K ) (1-morphisms are composed in the obvious way).
Clearly DGcat DGcat j,q. The DG category DGcat j,q has a canonical
involution  which reverses the composition of 1-morphisms and preserse
that of 2-morphisms: at the level of objects one hasA := A , and to
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de ne at the level of 1-morphisms and 2-morphisms one uses the olmis
equivalence betweerlfr(A; K) and IT(K JA ).

Now it is easy to see that eachF 2 T(A;K) IT(A; K) has a right adjoint
F 2'T(K;A)and (F) 2T(A ;K) 'T(A K ). So putting F :=(F )
one gets the promised involution ofDGcat .

Remarks. (i) It is easy to show that if K2 DGcat is pretriangulated and
Ho(K) is Karoubian then F 2 IT(A;K) has a right adjoint if and only if

F 2 T(A;K).

(ii) At the 2-category level the de nitions of the right deri ved DG functor
from B2 and[Z3 amount to the following one. Suppose that in he situation
of [[6.2 we are giverF 2 T(A;A9. Then RF 2 T(C A9 is the composition

of F 2 T(A;A9  T(GAY and the right adjoint 2 T(CGA) of 2
T(A:O). ' '

16.7. Relation with Kontsevich's approach.

16.7.1. LetA;K be DG categories and suppose thatA is at. Given a
DG functor F : A!' K denote by ¢ the DG A K -module (X;Y) 7!
Hom(Y;F(X)). Clearly ¢ 2 D(A K ) belongs to T(A;K). Let us de-
scribe the full subcategory of T(A;K) formed by the DG A K -modules

F. One has ¢ = Indiyg, ¢ (Hom a), where F is the DG functor
A 'K corresponding toF : A K and Hom 5 isthe A A -module
(X;Y) 7! Hom(X;Y ). As A is homotopically at over k the morphism
LIndig, ¢ (Homa)! Indjg, r (Hom p)is a quasi-isomorphism. There-
fore the adjunction between derived induction and restriction yields a canon-
ical isomorphism

(16.3) Ext"( g; g)=Ext"(LIndig, ¢ (Homa); c)! Ext"(F;G);

where Ext"(F;G) := Ext xa (Hom p; Hom(F;G)) and Hom(F;G) :=
Resq, r ( ), i.e., Hom(F;G) is the DG A A -module (X;Y) 7!
Hom(F (Y);G(X)); X;Y 2 A. The morphism Ext™(F,;F3) Ext"(Fq;
Fo) I Ext™""(Fy; F3) coming from {[&3) is, in fact, induced by the mor-
phismHom(F,; F3) H om(Fy;F2) ' H om(Fq; F3) and the quasi-isomomor-
phism (Hom p) a (Hom a)! Hom 5. So we have described the full sub-
category of T(A;K) formed by the DG A K -modules g. The next
statement shows that it essentially equalsT (A; K) if A is semi-free.

16.7.2. Proposition. If A is semi-free overk then every object of T (A; K)
is isomorphic to ¢ for someF : AIK

Proof. An object 2 T(A;K)isa DG A K -module. Consider as a
DG functor A'K © K -DGmod, whereK%is the full DG subcategory of
quasi-representable DG modules. We have the DG functork K %1k 0
whereK %s the DG category whose objects are triples consisting of aaobject
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Y 2K,aDG A K -module , and a quasi-isomorphismf :hy ! (see
[[Z16.3 for a precise de nition ofK%. We also have a canonical DG functor
Cone :K%1 K -DGmod, which sends Y; ;f)to Cone(f) (the de nition of
the Cone functor on morphisms is clear fronZP).A is semi-free and is a
surjective quasi-equivalence, so bZI316 our DG functoA | K Clifts to a DG
functor A!K 9 Let F : AlK be the compositionA! K %I K . One
has an exact sequence of DGA K )-modules 0! I M ! F[1]! O,

where M corresponds to the compositionA ! K 0¢%  _DGmod. As M
is acyclic we get aT (A; K)-isomorphism ¢ !

16.7.3. The standard resolution. Consider the category DGalg of (non-
unital) associative DG algebras and the category DGcoalg ofnon-counital)

cocomplete coassociative coalgebras ( a coalgehthis cocompleteif for every
u 2 U there existsn 2 N such that u is annihilated by the n-fold coproduct

hn:U! U™ If U2 DGcoalg and A 2 DGalg then Hom(U;A) 2
DGalg (the product of f : U! A andg: U ! A is dened to be the
composition of the coproductU! U U,themapf g:U U! A A,
and the product m : A A ! A). Dene the Maurer{Cartan functor
MC : DGcoalg DGalg! Sets as follows: MCU; A) is the set of elements
I 2 Hom(U;A) of degree 1 such thatd! + ! 2 = 0. There exist functors
B : DGalg! DGcoalg and : DGcoalg ! DGalg such that MC(U; A) =
Mor(U; BA) = Mor( U;A) (they are called \bar construction” and \cobar
construction"). As is left adjointto B we have the adjunction morphisms

BA! AandU! B U. Infact, they are quasi-isomorphisms. The above
statements are classical (references will be given I"16.9)

Caution: while B sends quasi-isomorphisms to quasi-isomorphisms this
is not true for . Indeed, consider the morphism * : 0! k, wherek is
equipped with the obvious DG algebra structure. ThenB (' ) is a quasi-
isomorphism but B(' ) is not.

It is easy to see that if A is a semi-free DGKk-module then BA is a semi-
free DG algebra (in the non-unital sense), so BA is a semi-free resolution
of A.  BA is non-unital even if A is unital. The DG algebra one gets by
adding the unit to a DG algebra B will be denoted by u(B). If A is unital
then u(A) is the Cartesian product of DG algebrasA and k, so we get a
quasi-isomorphismu( BA) ! u(A) = A k. Let us call it the standard
resolution of A k. It is semi-free (in the unital sense) if A is a semi-free
DG k-module.

As explained in [31,[24,[3B[°36], there is a similar construadn in the
more general setting of DG categories. Given a DG categorA let A giscr
denote the DG category with ObA yiscr = Ob A such that the endomorphism
DG algebra of each object ofAgiser equalsk and Homa,, (X;Y ) = O if
X;Y are dierent objects of Agiser- Let U(A) A A giser be the full
DG subcategory formed by objects &;a), a2 ObA = Ob Agsr- There is
a standard resolution Stand(A) ! u(A). If all Hom complexes of A are
semi-free overk then Stand(A) is semi-free.



46 VLADIMIR DRINFELD

16.7.4. A -functors. If A is any DG category andA" is a semi-free resolu-
tion of A then T(A;K) = T(A;K), so[I&.Z1FT6. 7P give a gradel-category
equivalent to T (A; K) whose objects are DG functors&! K . In particular,
if all Hom complexes of A are semi-free (or, more generally, homotopically
projective) over k we get a category equivalent toT (u(A); K) whose objects
are DG functors Stand(A) ! K . Notice that if k is a eld (and if you believe
in the axiom of choice, which ensures that modules over a eldare free) then
every DG k-module is semi-free. The functorT (A;K) ! T(u(A);K) corre-
sponding to the canonical projectionu(A) ! A s fully faithful (this follows
from the decompositionD (u(A) K )= D(A K ) D(Ag4ss K )). DG
functors Stand(A) ! K such that the corresponding object of T (u(A); K)
isin T(A;K) T(u(A);K) are called A; -functors. More precisely, this is
one of the versions of the notion ofA; -functor A! K . They di er on how
an A1 analog of the axiomF (id) = id in the de nition of usual functor is
formulated (the di erence is inessential from the homotopy viewpoint). The
above notion is as \weak" as possible.

According to Kontsevich, the structure of graded k-category onT(A; K)
comes from a canonical DG categoryA; -funct(A;K) whose objects are
A1 -functors A! K . Here is its de nition if A and K have one object (the
general case is similar). LetA; K be the endomorphism DG algebras of these
objects. Then anA; -functor A! K is a DG algebra morphism BA ! K
satisfying a certain condition (see[I&.7B). So it remainsd construct a
DG category whose objects are elements of Mor(BA;K ) = MC( BA; K ),
i.e., elements! of the DG algebraR := Hom(BA; K ) such that deg! =1
andd! +12=0. Such! denes a DG R -module N, : it equals R as a
graded R -module, and the dierential in Ny mapsr to rr ;= dr + Ir .
Now put Hom(!;! 9 := Hom(N, ;N,0) and de ne the composition map
Hom(!;! 9 Hom(! %191 Hom(!;! % in the obvious way.

Remark. According to [33,[3€], in the more general case thaK is an Aj -
category A1 -functors A! K form an A; -category. Kontsevich informed
me that if K is a DG category then theA; -category of A; -functors A! K

is a DG category. | do not know if this DG category equals the alove DG
category A; -funct(A; K).

16.8. DG models of T(A1;A>2). Kontsevich's model has already been
mentioned in I6.73: if the Hom complexes ofA; are semi-free (or, more
generally, homotopically projective) over k then T(A1;A>) is the graded
homotopy category of the DG categoryA1 -funct(Aq;A»).

L
Keller's model is easier to de ne. IfA; or Az is atthen D(A; A )=
D(A; A 2)=Ho (B), whereR := A; A , and R is the DG category of

semi-free DGR -modules. This identi es T(Al;Ag) D(A; A ) with the
graded homotopy category of a certain full DG subcategoryDG (A1;A>)
B, which will be called Keller's model.
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One also has thedual Keller model (DG (A{;A5)) : its graded homotopy
category isT(A;;A,) = T(A1;AL). The equality T(A1;A2) = T(AA,)
identifes T (A 1; A») with the graded homotopy category of the DG category
(DG (A1;A5)) , whichis afull DG subcategory of the DG categoryrR :=fthe

dual of the DG category of semi-free DGR -modules.

If the Hom complexes ofA 1 are homotopically projective overk there is a
canonical quasi-equivalencé\; -funct(A1;A,)! DG (A1;A>»), which is not
discussed here.

Remark. Let A;G;G be DG categories and suppose that; G are at.
Then DG (A;G), DG (G;G), and DG (A; G) are de ned, but in general (if
G is not semi-free) the image of

G - DG (A;G) DG(G;G)! (A C 2)-DGmod
is not contained in DG (A; G) or even in R, whereR :(= A C . Sowe do

not get a composition DG functor DG (A; G) DG (C;G)! DG (A;G)
but rather a DG functor

(16.4) : DG(A;G) DG(CG:;G) DG(A;G) ! k-DGmod;
which lifts the graded functor
TA;G) T(G;G) T(A;G) !'f Graded k-modulesy
de ned by (F1;G;F) 7! - , Ext"(F2; GF1). One de nes (I6.3) by
(M1;N;M2) 70 Hom(M2; M1 ¢ N):

16.9. Some historical remarks.  As explained in [44], the functorsB and
from 16-731go back to Eilenberg { MacLane and J. F. Adams. It was
E. H. Brown [[7] who introduced MC (U; A); he called its elements \twisting
cochains". The fact that the morphism BA ! A is a quasi-isomorphism
appears as Theorem 6.2 on p. 7-28 of [43]. All the propertiesfd and
from 623 were formulated in [44] and proved in[[21]; theiranalogs for Lie
algebras and commutative coalgebras were proved ir7 of Appendix B of
[48]. In these works DG algebras and DG coalgebras were assamhto satisfy
certain boundedness conditions. The general case was trest in [20,[36].
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