CHAPTER IV.3. FORMAL GROUPS AND LIE ALGEBRAS
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INTRODUCTION

In this chapter we will use the notion of inf-scheme to give what may be regarded as the
ultimate formulation of the correspondence between formal groups and Lie algebras.

0.1. Why does the tangent space of a Lie group have the structure of a Lie algebra?
In classical differential geometry the process of associating a Lie algebra to a Lie group is the
following:

(i) For any manifold Y, one considers the associative algebra of global differential operators,
endowed with its natural filtration;

(ii) One shows that the underlying Lie algebra is compatible with the filtration, and in particular
ass-gr! (Diff(Y)) ~ I'(Y, Ty) has a structure of Lie algebra;

(iii) If Y = G is a Lie group, the operation of taking differential operators/vector fields, invariant
with respect to left translations preserves the pieces of structure in (i) and (ii); in particular,
left-invariant vector fields form a Lie algebra.

(iv) One identifies the tangent space at the identity of G with the vector space of left-invariant

vector fields.

In the context of derived algebraic geometry, the process of associating a Lie algebra to a
formal group is different, and we will describe it in this subsection.

0.1.1. We will work in a relative context over a given X € PreStki.g (the special case of X = pt
is still interesting and contains all the main ideas). By a formal group we will mean an object
of the category

Grp(FormMod /x),

where FormMod x is the full subcategory of (PreStkiag) x consisting of inf-schematic nil-
isomorphisms Y — X (when X = pt, this is the category of inf-schemes Y with "4y = pt).

We will define a functor
Liex : Grp(FormMod ) — LieAlg(IndCoh(X)),
and the main goal of this Chapter is to show that it is an equivalence.

When X = pt we obtain an equivalence between the category of group inf-schemes whose
underlying reduced scheme is pt and the category of Lie algebras in Vect. Note that we impose
no conditions on the cohomological degrees in which our Lie algebras are supposed to live.

0.1.2. To explain the idea of the functor Liex, let us first carry it out for classical Lie groups;
this will be a procedure of associating a Lie algebra to a Lie group different (but, of course,
equivalent) to one described above.

Namely, let G be a Lie group. The space Distr(G) of distributions supported at the identity of
G has a natural structure of a co-commutative Hopf algebra (which will ultimately be identified
with the universal enveloping algebra of the Lie algebra g associated to G).

Now, the Lie algebra g can then be described as the space of primitive elements of Distr(G).
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0.1.3. We will now describe how the functor Liey is constructed in the context of derived
algebraic geometry. The construction will be compatible with pullbacks, so we can assume that
X = X € <*Schif.
For any
(Y = X) € FormMod, x
we consider
Distr(Y) := w24 (wy) € TndCoh(X),

and we observe that it has a structure of co-commutative co-algebra in IndCoh(X), viewed as

a symmetric monoidal category with respect to the !-tensor product. (If X = pt, the dual of
Distr(Y) is the commutative algebra I'(Y, Oy).)

We denote the resulting functor FormMod,x — CocomCoalg(IndCoh(X)) by Distroocom,

Cocom

one shows that it sends products to products. In particular, Distr gives rise to a functor

Grp(Distr©oem) . Grp(FormMod, x) — Grp(CocomCoalg(IndCoh(X))) =:
= CocomHopf(IndCoh(X)).

0.1.4. Recall now (see [Chapter IV.2, Sect. 4.4.2]) that the category CocomHopf(IndCoh(X))
is related by a pair of adjoint functors with the category LieAlg(IndCoh(X)):

Crp(Chev™) 0 O : LieAlg(IndCoh(X)) = CocomHopf(IndCoh(X)) : Bri. o Grp(coChev®™),
with the left adjoint being fully faithful.
Finally, we set

(01) Liey := Bre © Grp(coChevenh) o Grp(DiStrCocom).

0.1.5. The upshot of the above discussion is the following: the appearance of the Lie algebra
structure is due to the Quillen duality at the level of operads:

(Cocom™'®)Y ~ Lie[—1].
The shift [—1] is compensated by delooping—this is where the group structure is used.
0.2. Formal moduli problems and Lie algebras. The equivalence
Liex : Grp(FormMod /x) — LieAlg(IndCoh(X))

allows us to recover Lurie’s equivalence ([Lub, Theorem 2.0.2]) between Lie algebras and formal
moduli problems, as we shall presently explain.

0.2.1. Let X be an object PreStkias;. Consider the category Ptd(FormMod x) of pointed objects
in FormMod /. I.e., this is the category of diagrams

(r:Yy=2XA:s), mos=id
with the map 7 being an inf-schematic nil-isomorphism.
Recall also that according to [Chapter IV.1, Theorem 1.6.4], the loop functor
Qx : Ptd(FormModx) — Grp(FormMod )

is an equivalence, with the inverse functor denoted Bx.

0.2.2. Thus, we obtain that the composition
(0.2) Liex oQ2x : Ptd(FormMod ) — LieAlg(IndCoh(X))

is an equivalence.
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0.2.3. Let us now take X = X € <>°Sch?™. Let us comment on the behavior of the functor
Liex of2x in this case.

By construction, the above functor is

Blec © Grp(coChevenh) o Grp(DistrCO“’m) o Qx,

i.e., it involves first looping our moduli problem and then delooping at the level of Lie algebras.

Note, however, that there is another functor

Ptd(FormMod, x ) — LieAlg(IndCoh(X)).
Namely, the functor
Distrocom FormMod, y — CocomCoalg(IndCoh(X))
gives rise to a functor
Distrocom™ . Ptd(FormMod, x ) — CocomCoalg™®(IndCoh(X)).
Composing with the functor
coChev®™ : CocomCoalg™®(IndCoh(X)) — LieAlg(IndCoh(X)),

we obtain a functor
(0.3) coChev™™" o Distr®®™™™ : Ptd(FormMod, x ) — LieAlg(IndCoh(X)).
0.2.4. Now, the point is that the functors Liex of2x and coChev®™ o Distr®®™™ are not
isomorphic.

In terms of the equivalence (0.2), the functor Distr®e™™ corresponds to

Chev®™™" : LieAlg(IndCoh(X)) — CocomCoalg™ 8 (IndCoh(X)).

Hence, the discrepancy between Liex oQ2x and coChev®™ o Distr®™"™ is the endo-functor
of LieAlg(IndCoh(X)) equal to

coCheve™ o Cheve™? .

In particular, the unit of the adjunction defines a natural transformation

(0.4) Liex o2y — coChev®™ o Distr©oeom™™ |

0.3. Inf-affineness. Let X = X € <Schi. In Sect. 2 we will introduce the notion of inf-
affineness for objects of Ptd(FormMod /x).

0.3.1. One of the equivalent conditions for an object Y € Ptd(FormMod ) to be inf-affine is

that the map (0.4) should be an isomorphism.
Another equivalent condition for inf-affineness is that the natural map
T(Y/X)|x — oblvie o coChev™ o Distrem™ (y)

aug

should be an isomorphism.

0.3.2. One of the ingredients in proving that Liex is an equivalence is the assertion that any
H € Grp(FormMod /x), viewed as an object of Ptd(FormMod ), is inf-affine.

But, in fact, a stronger assertion is true.
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0.3.3. To any F € IndCoh(X) we attach the vector prestack, denoted Vectx (F). Namely, for
(f :S= X S) S (SChzg)nil—isom to X
we set
Maps x (S, Vectx (F)) = Mapslndcoh(x)(Distr+ (9),9F),
where
Distr ™ (S) := Fib(f140 (wg) — wx).
In Corollary 2.2.3 we show that Vectx (¥F) is inf-affine.

0.3.4. It follows from [Chapter IV.2, Corollary 1.7.3] that any H € Grp(FormMod, x ), regarded
as an object of Ptd(FormModx), is canonically isomorphic to

Vect x (oblvy,;(Lie(H))).

0.4. The functor of inf-spectrum and the exponential construction. Let X = X €
<8ch2. Above we have introduced the functor

DistrCocom™ . Ptd(FormMod, x ) — CocomCoalg™"#(IndCoh(X)).

Another crucial ingredient in the proof of the fact that the functor Liex of (0.1) is an
equivalence is the functor

Spec™ : CocomCoalg™ 8 (IndCoh(X)) — Ptd(FormMod, x ),

Cocom™"&

right adjoint to Distr

0.4.1. In terms of the equivalence (0.2), the functor Spec™ corresponds to the functor

coChev®™ : CocomCoalg™®(IndCoh(X)) — LieAlg(IndCoh(X)).

For example, we have:
Vect x (F) ~ Spec™ (Sym(F)).

0.4.2. The notions of inf-affineness and inf-spectrum are loosely analogous to those of affineness
and spectrum in algebraic geometry. But the analogy is not perfect. For example, it is not true
that the functor Spec™ is fully faithful.

Conjecturally, the functor Spec™ maps CocomCoalg™®(IndCoh (X)) to the full subcategory
of Ptd(FormMod ) consisting of inf-affine objects.
0.4.3. We use the functor Spec™ to construct an inverse to the functor Liexy:
expy : LieAlg(IndCoh(X)) — Grp(FormMod  x ).

Namely,
expy = Spec™ o Grp(Chev®™) o Qpe.
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0.4.4. The functor expy (extended from the case of schemes to that of prestacks) can be used to
give the following interpretation to the construction of the functor of split square-zero extension

IndCoh(X) — Ptd(FormMod x),
extending the functor
RealSplitSqZ : (Coh(X)<)°P — Ptd((Sch’f),x), X € Sch2f

of [Chapter IIL.1, Sect. 2.1]. Here we regard (Coh(X)=%)°P as a full subcategory of IndCoh(X)
by means of

Serre

(Coh(X)S0)°P < Coh(X)°P 2 Coh(X) — IndCoh(X).
Namely, we have:

Oy o RealSplitSqZ(F) := expy ofreere o 2,
where  on IndCoh(X) is the functor of shift [—1].

0.5. What else is done in this chapter? In this chapter we cover two more topics: the
notion of action of objects in Grp(FormMod,y) on objects of IndCoh(X) and on objects of
(PreStkIaft)/x.

0.5.1. For 3 € Grp(FormMod,x) we consider its Bar complex
B*(H) € (FormMod jx)2".
We define
H-mod(IndCoh(X)) := Tot(IndCoh'(B*(H))).
In Sect. 5 we prove that the category H-mod(IndCoh(X)) identifies canonically with
h-mod (IndCoh(X)),

where h = Liex (H).
0.5.2. In Sect. 6 we study the (naturally defined) notion of action of H € Grp(FormMod ) on
Y LX) e (PreStkiast) /o

Given an action of H on Y, we construct the localization functor

Locy y/x : h-mod(IndCoh(X)) — /*Crys(Y).

Moreover, we show that given an action of 3 on Y, we obtain a map in IndCoh(Y)
7' (h) = T(Y/X), b = Liex(H).

We also show that if § is free, i.e., h = freep;(F) with F € IndCoh(X), then the map from
the space of actions of 3 on Y to the space of maps 7'(F) — T(Y/X) is an isomorphism.
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1. FORMAL MODULI PROBLEMS AND CO-ALGEBRAS

As was mentioned in the introduction, our goal in this chapter is to address the following
old question: what is exacty the relationship between formal groups and Lie algebras. By a
Lie group we understand an object of Grp(FormMod,x) and by a Lie algebra an object of
LieAlg(IndCoh(X)).

In this section, we take the first step towards proving this equivalence. Namely, we establish a
relationship between pointed formal moduli problems over X and co-commutative co-algebras in
IndCoh(X). Specifically, we define the functor of inf-spectrum that assigns to a co-commutative
co-algebra a pointed formal moduli problem over X.

Formal moduli problems arising in this way play a role loosely analogous to that of affine

schemes in the context of usual algebraic geometry.

1.1. Co-algebras associated to formal moduli problems. To any scheme (affine or not)
we can attach the commutative algebra of global sections of its structure sheaf. This functor
is, obviously, contravariant.

It turns out that formal moduli problems are well-adapted for a dual operation: we send a
moduli problem to the co-algebra of sections of its dualizing sheaf, which can be thought of as
the co-algebra of distributions. In this subsection we describe this construction.

1.1.1. Let X be an object of <>°Sch2f. We regard the category IndCoh(X) as endowed with
!

the symmetric monoidal structure, given by ®.

Recall the category FormMod,x. We have a canonically defined functor

(1.1) FormMod,x — (DGCat™™ ™)1 qcon(xyy» Y+ IndCoh(Y).

1.1.2. Consider the following general situation. Let O be a fixed symmetric monoidal category,
and consider the category (DGCatSymMon)o/. Let

"(DGCat™ ™M) g, C (DGCat™ ™M) g

be the full subcategory consisting of those objects, for which the functor O — O’ admits a left
adjoint, which is compatible with the O-module structure.

Note that for any ¢ : O — O’ as above, the object ¢*(1o/) € O has a canonical structure
of co-commutative co-algebra in O. In particular, we obtain a canonically defined functor

'(DGCatSymMon)o/ — CocomCoalg(O).

Moreover, the functor
oF:0' -0
canonically factors as

oblvyra,,)

0’ — ¢*(10/)-comod(0) —°" 0,

in a way functorial in O’ € ’(DGCatsymMon)o/
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1.1.3. We apply the above discussion to O = IndCoh(X). Base change (see [Chapter II1.3,
Proposition 3.1.2]) implies that the functor (1.1) factors as

FormMod, x — ’(DGCatsymMon)IndCOh(X)/, Y+ IndCoh(Y).

In particular, we obtain a functor

FormMod, x — CocomCoalg(IndCoh(X)), (Y 5 X) pindCoh ),

We denote this functor by Distr“°®°™. We denote by

Distr : FormMod,x — IndCoh(X)

Cocom

the composition of Distr with the forgetful functor

CocomCoalg(IndCoh(X)) **YE5°™ IndCoh(X).

The functor
mdCeh : TndCoh(Y) — IndCoh(X)

canonically factors as

oblvy, (. Cocom
—

IndCoh(Y) — Distr“°™(Y)-comod (IndCoh (X)) " IndCoh(X)

in a way functorial in Y.

1.1.4. The functor Distr®°™ defines a functor
Distrcocom™ . Ptd(FormMod, x ) — CocomCoalg™"#(IndCoh(X)),
and the functor Distr defines a functor

Distr®® : Ptd(FormMod, x) — IndCoh(X)

wx/‘

We shall denote by Distrt the functor Ptd(FormMod, x) — IndCoh(X) that sends Y to

coFib(wx — Distr(Y)) =~ Fib(Distr(Y) — wx).

1.1.5. An example. Note that we have a commutative diagram
(Coh(X)=O)P  ——  Ptd((<*°SchiM) pitisom to x)
(1.2) o= | | pisprcocons
Coh(X) Ariveocomaus CocomCoalg™®(IndCoh(X)),

where the top horizontal arrow is the functor of split square-zero extension.
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1.1.6. The following observation will be useful:

Lemma 1.1.7.

(a) The functors
Distr : FormMod,x — IndCoh(X)

and
Distrocom FormMod, x — CocomCoalg(IndCoh(X))

are left Kan extensions of their respective restrictions to
ff
(<OOSCh?t )nil—isom to X C FOI"mMOd/X .

(b) The functors
Distr®"® : Ptd(FormMod, x) — IndCoh(X)

o.lx/
and
Distrcocom™ . Ptd(FormMod, x ) — CocomCoalg™"#(IndCoh(X)),

are left Kan extensions of their respective restrictions to
Ptd((<*°Schi )nivisom to x) C Ptd(FormMod, x).
Proof. We prove point (a), since point (b) is similar.
Since the forgetful functor
oblvcoeom : CocomCoalg(IndCoh (X)) — IndCoh(X)
commutes with colimits, it suffices to prove the assertion for the functor
Distr : Ptd(FormMod, x) — IndCoh(X).

The required assertion follows from [Chapter IV.1, Corollary 1.5.5].
O

Remark 1.1.8. Recall (see [Chapter IV.2, Sect. 2.2]) that for a DG category O, in addition to
the category CocomCoalg®®(0O), one can consider the category

CocomCoalg(Q)*&d-ilp . — Cocom? 8 -Coalg ™4 ™P(0)
of ind-nilpotent co-commutatve co-algebras. This category is endowed with a forgetful functor
res*~* : CocomCoalg™ &P _; CocomCoalg™8(0).
Using Lemma 1.1.7, one can refine the above functor
Distr“®™™™ : Ptd(FormMod /x) — CocomCoalg™#(IndCoh (X))
to a functor

DistrCocom

aug,ind-nilp

: Ptd(FormMod , x ) — CocomCoalg™&42iP (IndCoh(X)).
Namely, for Z € Ptd((<°°Sch?tH)nﬂ_isom to X)), the t-structure allows to naturally upgrade

the object
Distr©°™""* (Z) € CocomCoalg®"¢(IndCoh (X))

to an object

aug,ind-nilp

Distrocom” (%) € CocomCoalg™ &P (IndCoh(X)).

aug,ind-nilp

Cocom be the left Kan extension under

Now, we let Distr
Ptd((<*°Schi)nitisom to x) < Ptd(FormMod /x)

aug,ind-nilp

of the above functor Z — Distr©ocm™ (2).
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1.2. The monoidal structure. In this subsection we will establish the compatibility of the
functor Distr®°®°™ with symmetric monoidal structures. Namely, we show that Distr“°®°™ is a
symmetric monoidal functor and commutes with the Bar-construction on group objects.

1.2.1. Let us consider FormMod,x and CocomCoalg(IndCoh(X)) as symmetric monoidal cate-

gories with respect to the Cartesian structure. Tautologically, the functor DistrCoem is left-lax
symmetric monoidal. We claim:

Cocom o ctrict.

Lemma 1.2.2. The left-lax symmetric monoidal structure on Distr
Proof. We need to show that for
m:Y = X and oy : Yy = X,
and
yl X léQ = ld l> X?
X
the map
!

IO () 5 ()P (g, ) @ (m2) M (o, )

is an isomorphism.

However, this follows from base change for the diagram

Y —— Y1 xYs

Tl'l J{ﬂ'1><7l'2

X — X xX.

1.2.3. Recall the notation
CocomBialg(IndCoh(X)) := AssocAlg (CocomCoalg™®(IndCoh(X))) ;
this is the category of associative algebras in CocomCoalg™"®(IndCoh(X)).
Recall also that
CocomHopf (IndCoh(X)) € CocomBialg(IndCoh(X))

denotes the full subcategory spanned by group-like objects.

1.2.4. By Lemma 1.2.2, the functor Distr®°®™"™ gives rise to a functor

Grp(FormMod, x ) ~ Monoid(Ptd(FormMod, x)) —
— AssocAlg (CocomCoalg™®(IndCoh(X))) = CocomBialg(IndCoh (X)),

which in fact factors through

CocomHopf (IndCoh(X)) C CocomBialg(IndCoh(X)).
).

Cocom®"®

We denote the resulting functor by Grp(Distr
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1.2.5. The following will be useful in the sequel:

Lemma 1.2.6. Let 3 be an object of Grp(FormMod,x ). Then the canonical map

aug

Bar o Grp(Distr®°®™*) () — Distr®°™™™ o By (H)

18 an tsomorphism.

Proof. Tt is enough to establish the isomorphism in question after applying the forgetful functor
CocomCoalg™®(IndCoh(X)) — IndCoh(X).

The left-hand side is the geometric realization of the simplicial object of IndCoh(X) given
by
Bar® (Distr(H)) "™ "> Distr (BY () .
We can think of B% (3) as the Cech nerve of the map X — Bx (). Hence, by [Chapter 1113,
Proposition 3.3.3(b)], the map
| Distr (B% (H)) | — Distr(Bx (H))

is an isomorphism, as required.
O

1.3. The functor of inf-spectrum. Continuing the parallel with usual algebraic geometry,
the functor Spec provides a right adjoint to the functor

Sch — (ComAlg(Vect="))P, X — 7=0(1(X, Ox)).

In this subsection we will develop its analog for formal moduli problems. This will be a
functor, denoted Spec™, right adjoint to

Distrocom™ . Ptd(FormMod, x ) — CocomCoalg™"#(IndCoh(X)).

1.3.1. Starting from A € CocomCoalg™'®(IndCoh(X)), we first define a presheaf on the category
on Ptd((<ooSCh?tff)nil—isom to X)a denoted Specmf(ﬂ)nil—isomv by

MapS(Za Specinf (A)nil—isom) = 1\/Ia“psCocomCoalg““g (IndCoh(X)) (DiStrcocomaug (Z)7 ‘A‘) :

Let Speci“f(.A) € (PreStkias),x be the left Kan extension of Specinf(A)nﬂ_isom along the
forgetful functor

(1.3) (PLa((=>SebNuivisom 10 %)) — ((<Schi), x )

op

We claim that Spec™ (A) is an object of Ptd(FormMod, x).
Indeed, this follows from [Chapter IV.1, Corollary 1.5.2(b)] and the following assertion:

Lemma 1.3.2. Let Z} := 7] ZLI Zy be a push-out diagram in Ptd((<°°Sch?tﬂ)nﬂ_isom to X ), where
1

the map Z1 — Z1 is a closed embedding. Then the canonical map

aug aug aug

Distrocom™ (z1) U DistrCocom

, (Zs) — DistrCoeom
DistrCocomause (Zl)

(2)

18 an isomorphism.
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Proof. Since the forgetful functor

CocomCoalg®® (IndCoh(X)) — IndCoh(X)

wx/

commutes with colimits, it is sufficient to show that the map

Distr®™'&(Z]) L Distr™'®(Zy) — Distr*"®(Z})
Distra2us(Zy)

is an isomorphism in IndCoh(X),, /. By Serre duality, this is equivalent to showing that

(13)(0z5) = (1)(0z;) % (m2)(0z,)
(m1)«(0z,)

is an isomorphism in QCoh(X), and the latter follows from the assumptions.

1.3.3. We now claim that the assignment
A — Spec™ (A)
provides a right adjoint to the functor Distr®™ ™ Indeed, this follows from [Chapter IV.1,
Corollaries 1.5.2(a)] and Lemma 1.1.7(b).
1.3.4. We have:
Lemma 1.3.5. For A € CocomCoalg®"®(IndCoh (X)), there is a canonical isomorphism
T(Spec™(A)/X)|x ~ Primcocomaus (A).

Proof. The proof is just a repeated application of definitions. Indeed, for F € Coh(X)=? we
have by definition

Mapsnacon(x) (Dg(erre (), T(Specinf(ﬂ)/X) Ix)) =
= MapSPro(QCoh(X)—)(T*(Specinf(‘A)/X)|X)7 ¥) = Mapsy, /X(Xﬂ'v Specinf(ﬂ))a

where X is the split square-zero extension corresponding to F, see [Chapter IIL.1, Sect. 2.1.1].

By definition,

Cocom™"®

Mapsy/ / x (X7, Spec™(A)) = Maps cocomCoalgsus (IndCoh (X)) (Distr (S5), A).
Now, by (1.2)
Distr ™™™ (Sg) = trivoocoms= (DF™(F)),
while

1\/IapsCocomCoaulga“g (IndCoh(X)) (trchocomaug (D§(erre (?) )7 ‘A) = Maps(]D).%(erre (3') , Primcocomans (‘A) )7

again by definition.
O
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1.3.6. Being a right adjoint to a symmetric monoidal functor, the functor Spec™ is automati-
cally right-lax symmetric monoidal. Hence, it gives rise to a functor

CocomBialg(IndCoh (X)) := AssocAlg (CocomCoalg®*®(IndCoh(X))) —
— Monoid(Ptd(FormMod, x )) ~ Grp(FormMod, x ).

We shall denote the above functor by Monoid(Spec™)

Remark 1.3.7. If instead of the category CocomCoalg™**(IndCoh(X)) one works with the cat-
egory Cocom™"& 4P (TndCoh (X)), one obtains a functor

Spechindnile . o eom e ndnilP (IndCoh (X)) — Ptd(FormMod, x).

However, the functors Spec™HdmiP and Spec'™ carry the same information: it follows

formally that the functor Spec™ factors as the composition

Specinf ind-nilp

CocomCoalg™ 8 (IndCoh(X)) — Cocom& 1P (TndCoh (X)) Ptd(FormMod, x ),
where the first arrow is the right adjoint to the forgetful functor

res*~* : Cocom™'& 4P (IndCoh (X)) — CocomCoalg™®(IndCoh(X)).

Furthermore, it follows from [Chapter IV.2, Corollary 2.10.5(b)], applied in the case of the co-
operad Cocom®'®, and Lemma 1.3.5 that the natural map from Spec™! 24P ¢4 the composition

Speci™

. . * >k f
Cocom™& 4P (IndCoh(X)) "2  CocomCoalg™®(IndCoh (X)) "2 Ptd(FormMod  x )
is an isomorphism.

1.4. An example: vector prestacks. The basic example of a scheme is the scheme attached
to a finite-dimensional vector space:

Maps(S,V) =T'(S,05) @ V.

In this subsection we describe the counterpart of this construction for formal moduli prob-
lems.

Namely, for an object F € IndCoh(X), we will construct a formal moduli problem Vect x (F)
over X. In the case when JF is a coherent sheaf, Vectx (F) will be the formal completion of the
zero section of the ‘vector bundle’ associated to J.

1.4.1. Let F be an object of IndCoh(X) and consider the object
Sym(%F) € CocomCoalg™®(IndCoh (X)),

where, as always, the monoidal structure on IndCoh(X) is given by the !-tensor product. See
[Chapter TV.2, Sect. 4.2] for the notation Sym.

Consider the corresponding object

Vectx (F) := Spec™ (Sym(F)) € Ptd(FormMod, x).
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1.4.2. Recall the notation Distr™ introduced in Sect. 1.1.4. We claim:
Proposition 1.4.3. For Z € Ptd((<°°Sch?tﬁ)nil_isom to x the natural map
Mapspq(pormMod, ) (£, Vectx (F)) — MapslndCoh(X)(DiStr+(Z)7 ¥,
given by the projection Sym(F) — F, is an isomorphism.
Proof. First, we note that the presheaf on Ptd((<°°Sch?tﬂ)ni1_isom to X, given by
Z = Mapspqcon(x) (Distr* (2), ),
inf

gives rise to an object of Ptd(FormMod,x) for the same reason as Spec™ does. Denote this

object by Vect'y (F).

Hence, in order to prove that the map in question is an isomorphism, by [Chapter III.1,
Proposition 8.3.2], its suffices to show that the map

(1.4) T(Vectx (F)/X)|x — T(Vect'x (F)/X)|x-
is an isomorphism.
The commutative diagram (1.2) implies that T'(Vect'y (F)/X)|x identifies with F.

By Lemma 1.3.5,
T(VeCtX (EF)/X) ‘X ~ Primcocomans (Sym(gf)),

and the map (1.4) identifies with the canonical map
Primcocomavs (Sym(F)) — F.

Now, the latter map is an isomorphism by [Chapter IV.2, Corollary 4.2.5].

Note that in the process of proof we have also shown:
Corollary 1.4.4. For F € IndCoh(X), there exists a canonical isomorphism
T(Vectx (F)/X)|x =~ F.

Remark 1.4.5. The proof of Proposition 1.4.3 used the somewhat non-trivial isomorphism of
[Chapter IV.2, Corollary 4.2.5]. However, if instead of the functor Spec™, one uses the functor
SpecHindnile (o0 Remark 1.3.7), then the statement that

MapSPtd(FormMod /x) (Z Specinf’ind_nnp(COfreeind_nﬂp €3 ))) - 1\/[&‘10511[1(100}1(X)(DiSWJr(Z)a3r )

Cocom?®18
is an isomorphism, would be tautological. Note that

Sym(F) ~ res*”* o cofree M0 (F) =: cofreel®, ...(F).

Thus, we can interpret the assertion of Proposition 1.4.3 as saying that the natural map

inf,ind-nilp(cofreeind—nilp (97)) N Specinf(sym(gr)) — VeCtX (5.")

Spec Cocom?ug
is an isomorphism.

Note that the latter is a particular case of the isomorphism of functors of Remark 1.3.7.
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1.4.6. We now claim:
Proposition 1.4.7. The co-unit of the adjunction
(1.5) Distrm™ (Vect x (F)) — Sym(F)
s an isomorphism.

The rest of this subsection is devoted to the proof of the proposition.
1.4.8. Step 1. Suppose for a moment that F is such that DS™¢(F) € Coh(X)<C. In this case,
by Proposition 1.4.3,

MapSpq(rormMod, ) (£, Vectx (F)) ~ Mapsy,qcon(x) (Distr™ (2), F) ~

~ Mapsqoen(x) (DX(F), Fib(m.(07) — 0x)) ~
~ Maps, x (Z,Specx (freecom(DX™())))

(where freecom is taken in the symmetric monoidal category QCoh(X)), so Vectx(F) is a
scheme isomorphic to Specy (freecom (D5™(F))), and the assertion is manifest.

1.4.9. Step 2. Now, we claim that both sides in (1.5), viewed as functors
IndCoh(X) — CocomCoalg™®(IndCoh(X)),
commute with filtered colimits in J.
The commutation is obvious for the functor F — Sym(F).
Cocom™"8

is a left adjoint, it suffices to show that the functor
F — Spec™ (Sym(F))

Since the functor Distr

commutes with filtered colimits.

By the construction of the functor Specinf, it suffices to show that the functor
F — Spec™ (Sym(F) ) niLisom
IndCoh(X) — Funct ( (Ptd((<*Seh )it icom 10 X))Op .Spe)

commutes with filtered colimits.

By Proposition 1.4.3, it suffuces to show that for Z € Ptd((<°°Sch?tﬁ)nﬂ_isom to x ), the functor

F = Mapsiaqcon(x) (Distr (2), )

commutes with filtered colimits. The latter follows from the fact that Distr™(Z) € Coh(X) =
IndCoh(X)e.

1.4.10. Step 3. According to Step 2, we can assume that F € Coh(Z). Combining with Step
1, it remains to show that if the assertion of the proposition holds for F[—1], then it also holds
for F.

The description of Vectx (), given by Proposition 1.4.3 implies that there is a canonical
isomorphism
Vect x (F[—1]) ~ Qx (Vectx (F)) € Grp(FormMod, x ),
and hence
Bx (Vectx (F[—1])) = Vectx (F).
Note also that we have a canonical isomorphism in CocomCoalg™"®(IndCoh(X)):

Bar(Sym(F[—1])) ~ Sym(F),
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where we regard Sym(F[—1]) as an object of

CocomBialg(IndCoh(X)) ~ Assoc(CocomCoalg™€(IndCoh(X)))
via the structure on F[—1] of a group-object in IndCoh(X).

The following diagram commutes by adjunction

Bar o Distr ™™™ (Vect x (F[—1])) =222 126, pjgpyCocom™ o B (Vect x (F[—1]))
Bar(Sym(F[—1])) DistrCocm™ (Vect x (F))
Sym(F) —d, Sym(F).

By assumption, the upper left vertical arrow in this diagram is an isomorphism. Hence, so
is the lower right vertical arrow.
O

2. INF-AFFINENESS

In this section we study the notion of inf-affineness, which is a counterpart of the usual notion
of affineness in algebraic geometry.

The naive expectation would be that an inf-affine formal moduli problem over X is one of the
form Spec™ of a co-commutative co-algebra in IndCoh(X). However, this does not quite work
as the analogy with the usual notion of affineness is not perfect: it is not true that the functor
Spec™ identifies the category CocomCoalg™#(IndCoh(X)) with that of inf-affine objects in
Ptd(FormMod  x ).

2.1. The notion of inf-affineness. In algebraic geometry a prestack Y is an affine scheme if
and only if T'(Y, Oy) is connective and for any S € Sch*® the map

1\‘/Ia‘pSSch'flff (57 9) - Ma'pSComAlg(Vect) (F(y’ 05)7 F(S7 OS))
is an isomorphism.

In formal geometry we give a similar definition.

2.1.1. Let as before X € <°Schaf

Definition 2.1.2. An object Y € Ptd(FormMod,x) is inf-affine, if the functor DistrCocom™
induces an isomorphism

Mapspd(FormMod 5 ) (£ ¥) —

.. C aug .. C aug
- 1\/'[a’pSCocomCoalg'“’““g (IndCoh(X)) (DlSt]." ooom (Z)ﬂ Distr~o¢™ (H)),

where Z € Ptd((<°°SchﬁH)nﬂ_isom to X )-
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2.1.3. Here are some basic facts related to this notion:
Proposition 2.1.4. Any object
Y € Ptd((Schif )nil-isom to x) C Ptd(FormMod, x)
is inf-affine.
Proof. By definition, we need to show that for
V1, Ys € Ptd((Sch2f uit-isom to x)»

with Y7 eventually coconnective, the groupoid Mapspq(rormmod /X)(Yl, Y3) maps isomorphically
to

IndCoh IndCol
MapSCocomCoalga“g(IndCoh(X))((ﬂ-l)*n ¢ (WY1>7(7T2>*U Ol(wYQ)) .

The assertion easily reduces to the case when Y5 is eventually coconnective. In the latter
case, Serre duality identifies the above groupoid with

MaPSCOmAlga"g(QCOh(X)) ((m2)«(Oy, ), (71)4(0vy)) s

and the desired isomorphism is manifest.

2.1.5. We claim:

Lemma 2.1.6. Let Yy € Ptd(FormMod,x) be inf-affine. Then for any Z € Ptd(FormMod, x),
the map

MapsPtd(FormMod/X) (Z’7 y) -
. C aug . C aug
— MapscocomCoalga# (IndCoh (X)) (Distr=2™ ~(Z), Distr>“™ (1))

s an isomorphism.

Proof. Follows from [Chapter IV.1, Corollary 1.5.2(a)] and Lemma 1.1.7(b). O

Remark 2.1.7. Tt follows from Proposition 2.3.3 below, combined with [Chapter IV.2, Corollary
2.10.5(b)] for the co-operad Cocom that if instead of CocomCoalg™*(IndCoh(X)) one uses
Cocom™&411P (IndCoh (X)), one obtains the same notion of inf-affineness.

2.2. Inf-affineness and inf-spectrum. As was mentioned already, it is not true that the func-
tor Spec™ identifies the category CocomCoalg™®(IndCoh(X)) with that of inf-affine objects
in Ptd(FormMod,x). The problem is that the analog of Serre’s theorem fails: for a connective
commutative DG algebra A, the map

A — I'(Spec(4), Ospec(a))
is an isomorphism, whereas for A € CocomCoalg®'®(IndCoh(X)), the map
Distr©cm™™ (Spec™ (4)) — A
does not have to be such.

In this subsection we establish several positive facts that can be said in this direction. A
more complete picture is presented in Sect. 3.3.
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2.2.1. We note:
Lemma 2.2.2. Let A € CocomCoalg™®(IndCoh(X)) be such that the co-unit of the adjunction
Distr©o™™ (Speci™(A)) — A
is an isomorphism. Then the object Spec™ (A) is inf-affine.
In particular, combining with Proposition 1.4.7, we obtain:

Corollary 2.2.3. For J € IndCoh(X), the object Vectx (F) € Ptd(FormMod, x) is inf-affine.

Remark 2.2.4. As we shall see in Sect. 3.3.10, it is not true that the functor Spec™ is fully
faithful. ILe., the co-unit of the adjunction

Distr©ocm™ (Speci™(A)) — A
is not an isomorphism for all A € CocomCoalg™"®(IndCoh(X)).

However, we will see that [Chapter IV.2, Conjecture 2.8.9(b)| for the symmetric monoidal
DG category IndCoh(X) implies that the above map is an isomorphism for A lying in the
essential image of the functor Distr®°®™ "

We will also see that [Chapter IV.2, Conjecture 2.8.9(a)] for IndCoh(X) implies that the
essential image of the functor Spec™ lands in the subcategory of Ptd(FormMod /x) spanned
by inf-affine objects.

Remark 2.2.5. The same logic shows that [Chapter IV.2, Conjecture 2.6.6] for the symmetric
monoidal DG category IndCoh(X) and the Lie operad, implies that the functor Specinfind-nilp
is an equivalence onto the full subcategory of Ptd(FormMod,x) spanned by objects that are
inf-affine.

2.3. A criterion for being inf-affine. A prestack Y is an affine scheme if and only if I'(Y, Oy)
is connective and the canonical map

Y — Spec(I'(Y, 0y))
is an isomorphism.

The corresponding assertion is true (but not completely tautological) also in formal geometry:
an object Y € Ptd(FormMod, x) is inf-affine if and only if the unit of the adjunction

Y — Spec™ o DistrCocom™* Y)
is an isomorphism.

In addition, in this subsection we will give a crucial criterion for inf-affineness in terms of
the tangent space of Y at its distinguished point, which does not have a counterpart in usual
algebraic geometry.

2.3.1. Recall the commutative diagram (1.2).

We obtain that for ¥ € Coh(X)=<° and Y € Ptd(FormMod,y), the functor Distr“°*™""
gives rise to a canonically defined map

(2.1) MapslndCoh(X)(Dierre(g:)zT(y/X”X) -

: Serre s 4.Cocom
- MapSCocomCoalg"“‘g(IndCoh(X)) (tercocomaug (]D)X (9?) ) , Distr

aug

).
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Consider the functor

Primcocomesvs : CocomCoalg™®(IndCoh(X)) — IndCoh(X).

We can rewrite (2.1) as a map
(22)  Mapsp,acon(x) (DX (F), T(Y/X)|x) =
— Mapsp,qcon(x) (DX (F), Primcocomeus © Distr@em™ (y)).

The map (2.2) gives rise to a well-defined map in IndCoh(X):

(23) T(y/X) |X — PriInCocom"‘“g o DiStrcocoma“g (g)

2.3.2. We claim:

Proposition 2.3.3. For an object Y € Ptd(FormMod,x) the following conditions are equiva-
lent:

(1) Y is inf-affine;
(ii) The unit of the adjunction Y — Spec™ o Distr®°™™™*(Y) is an isomorphism;

(iii) The map (2.3) is an isomorphism.
Proof. The implication (i) = (iii) is tautological from the definition of inf-affineness.

Suppose that Y satisfies (ii). Then for Z € Ptd((<°°Sch?tH)nﬂ_isom to x ) the map

aug

)

inf st .C
MapSPtd(FormMod/X) (Z’ 125) - MapSPtd(FormMod/X) (Z’ Specl " o Distr~o%™

is an isomorphism, while its composition with the adjunction isomorphism

MapsPtd(FormMod/X) (Z7 Specinf o Distrcoc(;maug (y)) ~

. aug . aug
= MapSCocomCoalg‘“‘g(IndCoh(X)) (DIStrcocom (Z)v DlStrcocom (‘é))

Cocom®"®

equals the map induced by the functor Distr . Hence, Y is inf-affine.

Finally, assume that Y satisfies (iii), and let us deduce (ii). By [Chapter III.1, Proposition
8.3.2], in order to show that Y — Spec™ o Distr“°®™™*(Y) is an isomorphism, it suffices to
show that the map

T(Y/X)|x — T(Spec™ o Distr®™™* () /X)| x
is an isomorphism in IndCoh(X).
Recall the isomorphism T'(Spec™ (A)/X)|x =~ Primgocomess (A) of Lemma 1.3.5.
Now, it is easy to see that the composed map

(Y)/X)|x ~ Primcocomaus (Distr ™™™ ()

aug

T(Y/X)|x — T(Spec™ o Distrcoem

equals the map (2.3), implying our assertion.
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3. FROM FORMAL GROUPS TO LIE ALGEBRAS

Let G be a Lie group. The tangent space at the identity of G has the structure of a Lie
algebra. One way of describing this Lie algebra structure is the following: the Lie algebra of G
is given by the space of primitive elements in the co-commutative co-algebra given by the space
of distributions on G supported at the identity.

In this section, we implement this idea in the context of derived algebraic geometry and finally
spell out the relationship between the categories Grp(FormMod,x) and LieAlg(IndCoh(X)),
i.e., formal groups and Lie algebras:

To go from an object of Grp(FormMod,x) to LieAlg(IndCoh(X)), we first attach to it an
object Grp(LieAlg(IndCoh(X))) via the functor

coChev®™! o Distrocom

(i.e., we attach to an object of Grp(FormMod, x) the corresponding augmented co-commutative

aug

co-algebra and use Quillen’s functor coChev®™ that maps CocomCoalg™# to LieAlg), and then
deloop.

To go from LieAlg(IndCoh(X)) we use the ‘exponential map’, incarnated by the functor
Grp(Chevcnh) o Qrie : LieAlg — CocomHopf

(the latter is canonically isomorphic to the more usual construction given by the functor UHPf,
the universal enveloping algebra, viewed as a co-commutatove Hopf algebra), and then apply
the functor of inf-spectrum.

3.1. The exponential construction. Let as before X € <>°Sch2T. The idea of the exponen-

tial construction is the following: for a Lie algebra b, the corresponding formal group expy (h)
is such that

Distr(expy (h)) = U(h).
3.1.1. We define the functor
expy : LieAlg(IndCoh(X)) — Grp(FormMod, x)
to be
Monoid(Spec™) o Grp(Chev®™) o Q.
For example, for F € IndCoh(X), we have
exp(trivyie(F)) = Monoid(Spec™) (Sym(F)) = Vect (F),

equipped with its natural group structure.

Remark 3.1.2. To bring the above construction closer to the classical idea of the exponen-
tial map, let us recall that, according to [Chapter IV.2, Theorem 6.1.2], we have a canonical
isomorphism in CocomHopf(IndCoh(X))

Grp(Cheve“h) 0 Oy e ~ UHOPE,
3.1.3. In the next section we will prove:
Theorem 3.1.4. The functor
expy : LieAlg(IndCoh(X)) — Grp(FormMod, x)
s an equivalence.

3.2. Corollaries of Theorem 3.1.4. In this subsection we will show that the functor expy
as defined above, has all the desired properties, i.e., that there are no unpleasant surprises.
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3.2.1. Recall (see [Chapter IV.2, Corollary 1.7.3]) that when Grp(Chev®™) o Qric(h) is viewed
as an object of CocomCoalg™®(IndCoh(X)), i.e., if we forget the algebra structure, it is (canon-
ically) isomophic to Sym(oblvyic(h)).

Hence, by Corollary 2.2.3, when we view expy(h) as an object of Ptd(FormMod,x), it is
isomorphic to Vectx (oblvy(h)), and hence is inf-affine.

Therefore, as a consequence of Theorem 3.1.4 (plus Corollary 1.4.4), we obtain:

Corollary 3.2.2. Every object of H € Grp(FormMod x ), when viewed by means of the forgetful
functor as an object of Ptd(FormMod x ), is inf-affine, and we have:

oblveg,p(H) ~ Vectx (T'(oblva,p(H)/X)|x).

From Proposition 1.4.7 and [Chapter IV.2, Proposition 4.3.3], we obtain:
Corollary 3.2.3. The natural transformation
(3.1) Grp(Distr®°™™) o expy — Grp(Cheve™) o Q4

18 an tsomorphism.

Combining the isomorphism (3.1) with the isomorphism
(3.2) BLie 0 Monoid(coChev®™) o Grp(Chev™) o Qe ~ Id
of [Chapter IV.2, Theorem 4.4.6], we obtain:
Corollary 3.2.4. There exists a canonical isomorphism of functors
BLic o Monoid(coChev®™) o Grp(Distr®™"™*) o expy ~ Id.
3.2.5. Let us denote by
(3.3) Liex : Grp(FormMod, x) — LieAlg(IndCoh(X))
the functor
BLie © Monoid(coChev®™) o Grp(Distr®m™").
Hence:
Corollary 3.2.6. The functor
Liex : Grp(FormMod, x) — LieAlg(IndCoh(X))

is the inverse of
expy : LieAlg(IndCoh(X)) — Grp(FormMod x ).

3.2.7. By combining Corollary 3.2.2, Proposition 2.3.3 and the tautological isomorphism
oblvye © Blic © Monoid(coCheve“h) ~ Primcocomaus 00blvayp,
we obtain:
Corollary 3.2.8. There exists a canonical isomorphism of functors
Grp(FormMod,x) — IndCoh(X), oblvy o Liex(3) ~ T'(oblvg,,(3H)/X)|x.

In other words, this corollary says that the object of IndCoh underlying the Lie algebra
corresponding to a formal group indeed identifies with the tangent space at the origin.
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3.2.9. The upshot of this subsection is that in derived algebraic geometry the passage from the
a formal group to its Lie algebra is given by the functor

aug

Liex := Bpiec © Monoid(coChevenh) o Grp(Distrcocom

).

3.3. Lie algebras and formal moduli problems. In this subsection we will assume The-
orem 3.1.4 and deduce some further corollaries. In particular, we will show that there is an
equivalence between pointed formal moduli problems over a scheme X and Lie algebras in
IndCoh(X).

Furthermore, we will see what the functor of inf-spectrum really does, and what it means
to be inf-affine. Namely, we will show that under the equivalence above, the functor Spec™
corresponds to the functor coCheve™.

3.3.1. First, we claim:

Corollary 3.3.2. There is the following commutative diagram of functors

DiStrcOCOIﬂaug

CocomCoalg™®(IndCoh(X))

(34) Cheve“hT NTBX
LieAlg(IndCoh(X)) Hex Grp(FormMod  x).

~

Ptd(FormMod  x )

Proof. Indeed, by Theorem 3.1.4, it suffices to construct a functorial isomorphism
Distr©«°™"™ 6By o expy ~ Chev®™" .
However, by Lemma 1.2.6 and the isomorphism (3.1), the left-hand side identifies with

Bar o Grp(Distr®°®°™™*) o exp y ~ Bar o Grp(Chev®™") o Qe ~

~ Chevcnh OBLie o QLie >~ Chevcnh .

Corollary 3.3.3. For Y € Ptd(FormMod, x) there is a canonical isomorphism
Distr®™™™ (Y) ~ Chev®™ o Liex oQx (Y).
Remark 3.3.4. The commutative diagram (3.4) implies the following:
The functor

Distr@ocom™ Ptd(FormMod, x ) — CocomCoalg™"#(IndCoh(X))

remembers/loses as much information as does the functor
Chev®™ : LieAlg(IndCoh(X)) — CocomCoalg™'é(IndCoh(X)).
However, the functor
Grp(Distr®c°™™™) : Grp(FormMod /x) — CocomBialg®"#(IndCoh(X))
is fully faithful, as is the functor
Grp(Chev™) o Qp4 : LieAlg(IndCoh(X)) — CocomBialg™#(IndCoh(X)).
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3.3.5. By passing to right adjoints in diagram (3.4) we obtain:

Corollary 3.3.6. There is the following commutative diagram of functors

Spccinf

CocomCoalg™®(IndCoh(X)) Ptd(FormMod  x )

(35) CoChever‘hl NJ(QX
LieAlg(IndCoh (X)) b, Grp(FormMod / x ).

Remark 3.3.7. The commutative diagram (3.5) implies:
The functor
Spec™ : CocomCoalg™ e (IndCoh(X)) — Ptd(FormMod  x )
remembers/loses as much information as does the functor
coChev®™™™ : CocomCoalg™ 8 (IndCoh(X)) — LieAlg(IndCoh(X)).

3.3.8. Let
BY* : LieAlg(IndCoh(X)) — Ptd(FormMod, x )

denote the functor Bx o expy.

This is the functor that associates to a Lie algebra in IndCoh(X) the corresponding moduli
problem. By Theorem 3.1.4, this functor is an equivalence, with the inverse being

9 — LieX OQ)((y)

From Proposition 2.3.3 we obtain:

Corollary 3.3.9. LetY be an object of Ptd(FormMod,x ), and let b be the corresponding object
of LieAlg(IndCoh(X)), i.e.,

b = Liex oQx (Y) and/orY := B¥e(b).
Then Y is inf-affine if and only if unit of the adjunction
b — coChev®™ o Chev®" ()
s an isomorphism.

3.3.10. Let A be an object of CocomCoalg™®(IndCoh(X)). From the diagrams (3.4) and (3.5)
we obtain that the co-unit of the adjunction

(3.6) Distr©oem™™ (Spec™ (A)) — A
identifies with the map
(3.7) Chev®™ o coChev™™ (A) — A.
In partcular, we obtain that if [Chapter IV.2, Conjecture 2.8.9(b)] holds for the symmetric

monoidal DG category IndCoh(X) and the co-operad Cocom™®, i.e., if the map (3.7) is an
isomorphism for A lying in the essential image of the functor

Chev®™" : LieAlg(IndCoh(X)) — CocomCoalg™&(IndCoh(X)),
then the map (3.6) is an isomorphism for A lying in the essential image of the functor

Distr®°™™™ . Ptd(FormMod /x) — CocomCoalg™®(IndCoh(X)).

aug
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Similarly, suppose that [Chapter IV.2, Conjecture 2.8.9(a)] holds for the symmetric monoidal
DG category IndCoh(X) and the co-operad Cocom®”®, i.e., if the map

h — coChev®™ o Chev®™ ()
is an isomorphism for h lying in the essential image of the functor
coChev®™" : CocomCoalg™ 8 (IndCoh(X)) — LieAlg(IndCoh(X)).
Then, by Corollary 3.3.9, any Y € Ptd(FormMod, x) lying in the essential image of the functor
Spec™ : CocomCoalg™#(IndCoh(X)) — Ptd(FormMod, x ),
is inf-affine.

3.4. The ind-nilpotent version. For completeness, let us explain what happens to the picture
in Sect. 3.3 if we consider instead the adjoint functors

aug,ind-nil

Distr@ocom’ : Ptd(FormMod  x ) = CocomCoalg™& 4P (IndCoh (X)) : Speci*h-nd-nilp

3.4.1. First, we have the commutative diagrams

DistrcocOmaug,ind-nilp

CocomCoalg™ &4 1iP (IndCoh (X))
(38) Cheve“h'i“d'““pT NTBX

Ptd(FormMod  x )

LieAlg(IndCoh(X)) ex Grp(FormMod,/ ).
and
. . ecinfsind-nilp
CocomCoalg™& 4P (IndCoh (X)) 5 Ptd(FormMod  x )
(39> COCheVC“h’i“d’““pl NJ(QX
LieAlg(IndCoh(X)) SPX, Grp(FormMod, x ).

~

3.4.2. Let us now assume the validity of [Chapter IV.2, Conjecture 2.6.6] for the symmetric
monoidal DG category IndCoh(X) and the co-operad Cocom™"® .

From it we obtain:
Conjecture 3.4.3. The functor
Specthindnile . CocomCoalg e 4P (IndCoh (X)) — Ptd(FormMod  x )
is fully faithful.

3.5. Base change. As we saw in Proposition 2.3.3, the criterion of inf-affineness involves the
operation of taking primitives in an augmented co-commutative co-algebra in IndCoh(X). This
operation is not guaranteed to behave well with respect to the operation of pullback. The
functor of inf-spectrum has a similar drawback, for the same reason.

In this subsection we will establish several positive results in this direction.
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3.5.1. Let f: X’ — X be a map in <*°Sch, and consider the corresponding functor

f': CocomCoalg#(IndCoh(X)) — Cocom™#(IndCoh(X")).

The following diagram commutes by construction

X 'x—
Ptd(FormMod, ) —  Ptd(FormMod, x)
DistrCocom®™® J/ lDistrcocomaug
CocomCoalg™®(IndCoh(X)) —J  Cocom™ (IndCoh(X")).

Hence, by adjunction, for A € CocomCoalg™®(IndCoh(X)) we have a canonically defined
map

(3.10) X' % Spec™ (A) — Spec™ (f'(A)).

Remark 3.5.2. It follows from Lemma 4.2.3 below and diagram (3.5), that the natural trans-
formation (3.10) is an isomorphism if f is proper.

3.5.3. The following is immediate from Lemma 2.2.2 and Proposition 2.3.3:
Lemma 3.5.4. Assume that A is such that both maps

Distr©°°™™ 5 Spec™ (A) — A and Distr®™™ o Spec™ (f'(A)) = f'(A)
are isomorphisms. Then the map (3.10) is an isomorphism for A.
Corollary 3.5.5. For F € IndCoh(X), the canonical map

X' % Vectx (F) — Vectx: (f'(F))

s an isomorphism.
3.5.6. By combining Corollary 3.5.5 and [Chapter IV.2, Proposition 1.7.2], we obtain:

Corollary 3.5.7. For b € LieAlg(IndCoh(X)), the canonical map
X' o expx (h) — expy/(f'(h))

is an isomorphism.

Corollary 3.5.8. For H € Grp(FormMod/X), the canonical map
f!(Liex (%)) — Liex/ (X’ X H)

18 an tsomorphism.

3.6. Extension to prestacks. We will now extend the equivalence expy to the case when the
base X € <°°Sch?tff is replaced by an arbitrary X € PreStkjag;.
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3.6.1. Note that the discussion in Sect. 1.1 applies verbatim to the present situation (i.e., the
base being an object of PreStk,s ). In particular, we obtain the functors

Distr : FormMod /5 — IndCoh(X),

Distr@ocom ; FormMod /. — CocomCoalg(IndCoh(X)),
Distr™ : Ptd(FormMod,y) — IndCoh(X),
Distreocom™ . Ptd(FormMod ) — CocomCoalg™"#(IndCoh(X)),

and
Grp(Distrocom™) . Grp(FormMod x) — CocomBial*"#(IndCoh(X)).
We have:
Theorem 3.6.2. The functor
Liey := Bre o Monoid(coChev®™) o Grp(Distr©ocm™)
defines an equivalence Grp(FormMod ) — LieAlg(IndCoh(X)). Furthermore, we have:
(a) The co-unit of the adjunction

Grp(Chevenh) 0 Qe 0 Liey — Grp(Distrcocom

aug

)

18 an isomorphism.
(b) The composition
oblvy o Liex : Grp(FormMod /x) — IndCoh(X)
identifies canonically with the functor
H — T(oblvgyp(H)/X)|x.
Proof. Observe that for X € PreStkj.¢ the functors

LieAlg(IndCoh(X)) — lim LieAlg(IndCoh(X))
Xe((<*°Schgff)  x)or
and
Grp(FormMod /) — lim Grp(FormMod  x)

Xe((<eoSchaff) /x)op
are both equivalences, see [Chapter IV.1, Lemma 1.1.5] for the latter statement.

Using Theorem 3.1.4, to show that the functor Liex is an equivalence, it remains to check
that the functors Liex, where X is a scheme, are compatible with base change. But this follows
from Corollary 3.5.8.

The isomorphisms stated in (a) and (b) follow from the case of schemes.

As a formal consequence we obtain:

Corollary 3.6.3. The category Grp(FormMod ) contains sifted colimits, and the functor
H = T(oblvap(H)/X)|x : Grp(FormMod /x) — IndCoh(X)

commutes with sifted colimits.
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3.6.4. Let
expy : LieAlg(IndCoh(X)) — Grp(FormMod /x)

denote the equivalence, inverse to Liexy.

Let
B : LieAlg(IndCoh(X)) — Ptd(FormMod )

denote the resulting equivalence

By oexpy, LieAlg(IndCoh(X)) — Ptd(FormMod,x).

Note that from Corollary 3.3.2 we obtain:

Corollary 3.6.5. There is a canonical isomorphism of functors
Chev®™" ~ DigtrCocom™* oBYe.

3.6.6. In what follows we will denote by

(3.11) F — Vectx (F)

the functor IndCoh(X) — Ptd(FormMod ), given by

F — Vecty (F) := oblva,p 0 expy otrivy;e(F) =~ BY o expy otrivye(F[—1]).

Note that by Corollary 3.6.5 we obtain
Distr©™™ (Vecta (F)) ~ Sym(F).

From Proposition 1.4.3, we obtain:

Corollary 3.6.7. The functor Vecty(—) : IndCoh(X) — Ptd(FormMod ) is the right adjoint
to the functor Distr™ .

Note also:

Corollary 3.6.8. For H € Grp(FormMod ), we have a canonical isomorphism
oblveg,p (H) ~ Vecty (T (oblva,p(H)/X)|x).

3.6.9. The functor (3.11) is easily seen to commute with products. Hence, it induces a functor
(3.12) IndCoh(X) — ComMonoid(FormMod /x ),
see [Chapter IV.2, Sect. 1.8] for the notation.

We claim:
Corollary 3.6.10. The functor (3.12) is an equivalence.
Proof. Follows from [Chapter IV.2, Proposition 1.8.3]. O

3.7. An example: split square-zero extensions. In [Chapter III.1, Sect. 2.1] we discussed
the functor of split square-zero extension

RealSplitSqZ : (Coh(X)=C)°" — Ptd((Schifi),x), X € Schf.

In this subsection we will extend this construction to the case of arbitrary objects X €
PreStkiafi-der, where instead of (Coh(—)<?)°P we use all of IndCoh(X). Here for X = X € Schag,
we view (Coh(X)=%)°P as a full subcategory of IndCoh(X) via

Serre

(Coh(X)S0)°P < Coh(X)°P 2 Coh(X) < IndCoh(X).
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3.7.1. For X € PreStkjasi_qer consider the functor
RealSplitSqZ : IndCoh(X) — Ptd((PreStkiai-det) /x),
defined as follows:
We send F € IndCoh(X) to
By 0 expy ofreeri.(F[—1]) € Ptd((Schaff)/x) € Ptd((FormMod),x) C Ptd((PreStkiafi-def) /x)-
We can phrase the above construction as follows: we create the free Lie algebra on F[—1], then

we consider the corresponding object of Grp((SChaH) /x), and then take the formal classifying
space of the latter.

By construction, we have a commutative diagram:

IndCoh(X) — —PR% pig(FormMod, )

(3.13) freeLieo[—l]l Qxl"

LicAlg(IndCoh(X)) — —2%, Grp(FormMod /).

3.7.2. We claim that the functor RealSplitSqZ can also be described as a left adjoint:
Proposition 3.7.3. The functor RealSplitSqZ is the left adjoint of the functor
Ptd((PreStkmft_def)/x) — IndCoh(X), Y+ T(Y/X)|x.

Proof. Given Y € Ptd((PreStkiag-qef) /x) and I € IndCoh(X) we need to establish a canonical
isomorphism

(3.14) MapSp q((PreStkiar.aer) /) REAISPLESAZ(F), ¥) ~ Mapsy,acon(x) (F> T(4/X)|x)-

Note that the left-hand side receives an isomorphism from Maps(RealSplitSqZ(F), Y%), where
% is the formal completion of Y along the map X — Y. So, with no restriction of generailty,
we can assume that Y € Ptd((FormMod) /).

In this case, by [Chapter IV.1, Theorem 1.6.4], we can further rewrite the left-hand side in
(3.14) as

MapSGrp((FormMod)/x) (epr OfreeLie(g[_l])7 Qx (%))7

and then as
MapSLieAlg(IndCoh(x)) (freepic(F[—1]), Liex 0Qx(Y)) ~
~ Maps,qcon(x) (F[—1], oblvye o Lieyx 0Qx(Y)) .
However, by Corollary 3.2.8, we have
oblvye o Liex oQx(Y) =~ T'(Q:x(Y)/X)[xx = T(Y/X)[x[-1].
Thus, the left-hand side in (3.14) identifies with
Mapsi,acon(x) (F[=1], T'(9/X)]x[-1]),

as required.
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Remark 3.7.4. The above verification of the adjunction can be summarized by the commutative
diagram

IndCoh(X) <2 pid(FormMod )

[l]oobleieT Qx l~
LieAlg(IndCoh(X)) fex Grp(FormMod /).
3.7.5. As a corollary of Proposition 3.7.3, we obtain:
Corollary 3.7.6. The monad on IndCoh(X), given by the composition
([=1] o T(—/X)|x) o (RealSplitSqZ o[1])
is canonically isomorphic to oblvy. o freeye.

3.7.7. The next property of the functor RealSplitSqZ follows formally from Proposition 3.7.3:

Corollary 3.7.8. For Y € (PreStkiasi-det)x; and I € IndCoh(X) there is a canonical isomor-
phism

Ma‘pS(PreStklaft_def)x/ (R‘ea'lsphtSqZ(?)v 13) = MapslndCoh(ﬁ)C) (?7 T(H)'DC)

In the above corollary, by a slight abuse of notation, we view RealSplitSqZ(F) as an object
of (PreStklaft_def)x/ rather than Ptd((PreStklaft_def)/x).

Proof. Set Y :=X x Y, and apply the adjunction of Proposition 3.7.3. g
x

dR

3.7.9. Let us now compare the functor RealSplitSqZ as defined above with its version introduced
in [Chapter III.1, Sect. 2.1]:

Corollary 3.7.10. For X € Schag we have a commutative diagram

(Coh(X)=0)ep RSPS9, b q ((Schyg niLisom to X)
— l l
IndCoh(X) —2BPIB9%  pig((FormMod) ).

Proof. Follows from Corollary 3.7.8, since the split square-zero construction of [Chapter III.1,

Sect. 2.1] has the same universal property.
O

3.7.11. It follows from the equivalence
BY¥e : LieAlg(IndCoh(X)) — Ptd(FormMod x)

that the functor RealSplitSqZ takes coproducts in IndCoh(X) to coproducts in the category
Ptd(FormMod ). In particular, it defines a functor

(3.15)  IndCoh(X)°? ~ ComMonoid(IndCoh(X)°?) — ComMonoid(Ptd(FormMod y)°P).
We claim:

Proposition 3.7.12. The functor (3.15) is an equivalence.
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Proof. Follows from the fact that BY® is an equivalence, combined with the following general
assertion:

For any symmetric monoidal DG category O and an operad P, the functor
freep : O — P-Alg(O)

defines an equivalence
0°? — ComMonoid(P-Alg(0)°P),
see [Chapter IV.2, Corollary 1.8.7]. O

4. PROOF OF THEOREM 3.1.4

4.1. Step 1. In this subsection we will prove that the functor exp y defines an equivalence from
LieAlg(IndCoh(X)) to the full subcategory of Grp(FormMod, x), spanned by objects that are
inf-affine when viewed as objects of Ptd(FormMod x) (i.e., after forgetting the group structure).

We denote this category by Grp(FormMod,x)’.

4.1.1. First, we note that by Proposition 1.4.7 and [Chapter IV.2, Proposition 1.7.2], for any
h € LieAlg(IndCoh(X)), the object

oblvg,; o expx (h) € Ptd(FormMod , x )
is inf-affine, and the canonical map
(4.1) Grp(Distrcocomaug)(epr(b)) — Grp(Chev®™) o Qrie(h)

is an isomorphism.

4.1.2. We claim that the functor Liex of Sect. 3.3, restricted to Grp(FormMod,x ), provides
a right adjoint to expy. In other words, we claim that for h € LieAlg(IndCoh(X)) and H' €
Grp(FormMod, x)’, there is a canonical isomorphism:

MapSGrp(FormMod/X ) (eXpX (h)a 9{/) = MapSLieAlg(IndCoh(X)) (h? Liex ("}Cl))
Indeed, by Lemma 2.1.6 and (4.1), we rewrite the left-hand side as

MapSCOCOmHOpf(IndCOh(X)) (Grp(CheVenh) © QLie(b)’ Grp(DiStrcocomaug ) (9{/))’
and, further, using [Chapter IV.2, Sect. 4.4.2] as
Maps e a1g(0) (h, Brie © Monoid(coChev™") o Grp(Distrcocoma“g)(fH')) ,

as required.

4.1.3. We claim that the unit of the adjunction
Id — Liex oexpy
is an isomorphism.

Indeed, this follows from (4.1) and (3.2).
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4.1.4. Hence, it remains to show that the functor Liex, restricted to Grp(FormMod,x)’, is
conservative. Le., we need to show that if H; — H5 is a map in Grp(FormMod, x)’, such that
Liex (H;) — Liex (Hs) is an isomorphism, then the original map is also an isomorphism.

More generally, we claim that if Y3 — Y5 is a map between two inf-affine objects of
Ptd(FormMod, x ), such that the induced map

Cocom®"® (y L ) Cocom®"®

Pl‘imcocomaug o Distr

(Y2)

is an isomorphism in IndCoh(X), then the original map is also an isomorphism.

— Primcgocomaus o Distr

Indeed, this follows from Proposition 2.3.3 and [Chapter III.1, Proposition 8.3.2].

4.2. Step 2. In this subsection we will reduce the assertion of Theorem 3.1.4 to the case when
X is reduced.

4.2.1. Taking into account Step 1, the assertion of Theorem 3.1.4 is equivalent to the fact
that every object 3 € Grp(FormMod,x) is inf-affine, when we consider it as an object of
Ptd(FormMod, x).

Thus, by Proposition 2.1.4, we need to show that for any H € Grp(FormMod, x), the
canonical map

T(}C/X”X - PrimCocoma“g o DiStrcocomaug (j{)
is an isomorphism.
42:2. Let [ X7 = X be amap in (<OOSCh?tH)/X. We have the symmetric monoidal functor
f! : IndCOh(X) — IndCOh(X/)’

which makes the following diagram commute:

IndCoh(X) e IndCoh(X")

tl‘chWoml ltriVCocom

CocomCoalg™®(IndCoh(X)) L Cocom®"&(IndCoh(X"))

Hence, by adjunction, we obtain a natural transformation:
(4.2) f' o Primgocomans — Primcocomans of
We claim:

Lemma 4.2.3. Assume that f is proper. Then the natural transformation (4.2) is an isomo-
morphism
Proof. Follows by the (fI?dCoh ") _adjunction from the commutative diagram

fIndCoh

IndCoh(X) < IndCoh(X")

trivCocoml ltriVCocom

fIndCoh

CocomCoalg™®(IndCoh(X)) «——— Cocom®"®(IndCoh(X")).
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4.2.4. Let i denote the canonical map X’ := "4X — X. From Lemma 4.2.3 we obtain that
for Y € Ptd(FormMod, x ), we have a commutative diagram with vertical arrows being isomor-
phisms

aug

MNTY/X)|x) — @ (Primcocomaug o DigtrCocom

| l

T(Y/X")x» —— Primgocomas o Distr
where Y := X' x Y.
X

)

Cocom®"& (13/)

)

Since the functor i' is conservative (see [Chapter I1.1, Corollary 6.1.5]), we obtain that if
T<yl/Xl> |X' — Primgocomaue © DiStrcocomaug (15;/)
is an isomorphism, then so is

aug

T(Y/X)|x) — Primgocomane 0 Distr®com

().
Hence, the assertion of Theorem 3.1.4 for **4X implies that for X.

4.3. Step 3. We will now show that the functor expy is essentially surjective onto the entire
category Grp(FormMod, x). By Step 2, we can assume that X is reduced.

4.3.1. For 3 € Grp(FormMod, x) set
Y := Bx(H) € Ptd(FormMod, x).
Using [Chapter IV.1, Corollary 1.5.2(a)], we can write
Y~ ngxn L,
where the index category A is

<oo affy
(Ptd(( SChft )nll—lsom to X)) /y 5

and where the colimit is taken in the category PreStkjg;.
We make the following observation:
Lemma 4.3.2. If the scheme X is reduced, then the category A is sifted.

Proof. We claim that the diagonal functor A — A x A admits a left adjoint. Namely, it is given
by sending

Zl,ZQ — Zl L ZQ,
X
see [Chapter I11.1, Proposition 7.2.2].

NB: the fact that X is reduced is used to ensure that the maps X — Z; are closed (and
hence, nilpotent embeddings).
O
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4.3.3. Set
J‘fa = Qx(Za).

Since H,, is a scheme, it is inf-affine, by Proposition 2.1.4. Hence, there exists a canonically
defined functor

A — LieAlg(IndCoh(X)), «+ ba,
so that H, = expx (ha)-
Set
b= coliglha € LieAlg(IndCoh(X)).
(¢S

We are going to construct an isomorphism H ~ exp y (h).

4.3.4. By [Chapter IV.1, Theorem 1.6.4], it suffices to construct an isomorphism
Y ~ Bx oexpx(h)
in Ptd(FormMod ).
We let Y — Bx oexpy(h) be the map, given by the compatible system of maps
Zo — Bx oexpx(h)
that correspond under the equivalence Q2x to the maps

Hao >~ expx(ba) = expy(h).

To prove that the resulting map Y — Bx o expy(h) is an isomorphism, by [Chapter IIL.1,
Proposition 8.3.2], it suffices to show that the induced map

T(Y/X)|x = T(Bx oexpx(h)/X)|x

is an isomorphism in IndCoh(X).
4.3.5. We have a commutative diagram

. id .
cgglnT(Za/XﬂX — co?glnT(Za/XMX

! !

TH/X)lx  —— T(Bx cexpx(h)/X)|x.

We note that the left vertical arrow is an isomorphism by [Chapter II1.1, Proposition 2.5.3],
since the category of indices A is sifted (see Lemma 4.3.2).

Hence, it remains to show that the right vertical arrow is an isomorphism.
4.3.6. The corresponding map
colimT(Za/X)|x[~1] = T(Bx o expx (h)/X)|x[~1]

identifies with

cggng(J{a/XﬂX — T(expx(h)/X)|x,
and, further, by Proposition 2.3.3, with
(4.3) colim oblviie(ha) — oblvrie(h).
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Since the category A is sifted, in the commutative diagram

coggl ObIVLie(ba) —— Obleie(h)

1 s
oblvie (colimba> —~— oblvyi(h)
acA
the vertical arrows are isomorphisms.

Hence, the map (4.3) is an isomorphism, as required.

5. MODULES OVER FORMAL GROUPS AND LIE ALGEBRAS

In the previous sections we have constructed an equivalence between formal groups and Lie
algebras. In this section we will show that under this equivalence, the datum of action of a
formal group on a given object of IndCoh is equivalent to that of action of the corresponding
Lie algebra.

5.1. Modules over formal groups.

5.1.1. Let 3 be an object of Grp((FormModiat; ) /x ). We define the category H{-mod(IndCoh(X))
as

Tot (IndCoh’(B'(J'C))) ,

where IndCoh'(B*(H)) is the co-simplicial category, obtained by applying the (contravariant)
functor IndCohlpl,eStklaft to the simplicial object B®(H) of PreStkiags.

Denote b := Liex (3). The goal of this subsection is to prove the following:
Proposition-Construction 5.1.2. There exists a canonical equivalence of categories
(5.1) H-mod(IndCoh(X)) ~ h-mod(IndCoh(X))
that commutes with the forgetful functor to IndCoh(X), and is functorial with respect to X.

The rest of this subsection is devoted to the proof of Proposition 5.1.2.

Without loss of generality, we can assume that X = X € <°°Sch?tﬂ.

5.1.3. Consider the object
Grp(Chev®™™) 0 Q(h) € AssocAlg(CococomCoalg(IndCoh(X))).
Consider the corresponding simplicial object
Bar® (Grp(Chev®™) 0 Q()) € CococomCoalg(IndCoh(X))A™,
and the simplicial category
Bar® (Grp(Chev®™) o Q(h))-comod(IndCoh(X)).

According to [Chapter IV.2, Proposition 7.2.2 and Sect. 7.4], there exist canonical equiva-
lences

h-mod(IndCoh(X)) ~ (AssocAlg(oblv00com) o Grp(Chev®™) o Q(h)) -mod(IndCoh (X)) ~
~ | Bar®(Grp(Chev®™) o Q(h))-comod (IndCoh(X))|.
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5.1.4. By [Chapter 1.1, Proposition 2.5.7], we have
H-mod(IndCoh (X)) = Tot (IndCohI(B°(J{))) ~ | (IndCoh, (B*(H))) |,

where IndCoh, (B*(H)) is the simplicial category, obtained by applying the functor
IndCohprestk,, s, : PreStkias, — DGCateont
to the simplicial object B®*(H) of PreStkiag.
We will construct a functor between simplicial categories
(5.2) IndCoh, (B*(H)) — Bar®(Grp(Chev®™) o Q(h))-comod(IndCoh (X)),

and show that it induces an equivalence on geometric realizations.

5.1.5. Let m* denote the augmentation B*(H) — X. By Sect. 1.1.3, The functor (7®)rdCen
defines a map of simplicial categories

(5.3) IndCoh, (B*(H)) — Distr®°™(B*(H))-comod(IndCoh(X)).

Note that by Lemma 1.2.2, we have:
Distr®°™ (B*(H)) ~ Bar® (Grp(Distr ™) ().

Since .
Grp(Distr®c°™™)(H) ~ Grp(Chev™™) o Q(b),

we obtain

Distr“°™(B*(H)) ~ Bar®(Grp(Chev®™) o Q(b)).
Combining with (5.3), we obtain the desired functor (5.2).

5.1.6. It remains to show that the induced functor
|IndCoh, (B*(H))| — | Bar®(Grp(Chev®™) o Q(h))-comod (IndCoh(X))|
is an equivalence.
Consider the commutative diagram

IndCoh(X)  —<4 IndCoh(X)

NJ lw

IndCoh, (B°(H)) —— Bar’(Grp(Chev®™™) o Q(h))-comod(IndCoh(X))

| I

[IndCoh, (B*(H))| —— | Bar®(Grp(Chev®™) o Q(h))-comod (IndCoh(X))|.

The functor corresponding to the composite left vertical arrow is monadic by [Chapter IIL.3,
Proposition 3.3.3(a)].

The functor corresponding to the composite left vertical arrow is monadic by [Chapter IV.2,
Proposition 7.2.2].

Hence, it remains to check that the resulting map of monads on IndCoh(X) induces an
isomorphism at the level of the underlying endo-functors.

By [Chapter II1.3, Proposition 3.3.3(a)], the former endo-functor is given by !-tensor product
with 7, (wg¢), while the latter is given by !-tensor product with

oblvcocomooblvASSOCOGrp(Chevenh)oQ(h) ~ oblvcocomoDistrcocom(f}{) ~ Distr(H) ~ 7. (ws).
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Now, it is easy to see that the resulting map of endo-functors is the identity map on 7, (wq).

5.2. Relation to nil-isomorphisms. Let
T:Y=sX:s
be an object of Ptd((FormModyaz) /), and set H = Qx(Y).

In this subsection we will interpret various functors between the categories IndCoh(Y) and
IndCoh(X) in terms of the equivalence of Proposition 5.1.2.

5.2.1. Set H := Qx(Y). By [Chapter II1.3, Proposition 3.3.3(b)], there is a canonical equivalence
(5.4) IndCoh(Y) ~ Tot (IndCoh(B*(H))) = H-mod(IndCoh(X)),

and thus
IndCoh(Y) ~ h-mod(IndCoh(X)).
Under this identification, the forgetful functor oblvy : h-mod(IndCoh(X)) — IndCoh(X)
corresponds to s', and the functor

trivy : IndCoh(X) — h-mod(IndCoh(X))
corresponds to 7.

5.2.2. The functor
pindCeh . ThdCoh(Y) — IndCoh(X),

being the left adjoint of 7', identifies with
coinv(h, —) : h-mod(IndCoh(X)) — IndCoh(X).

The functor 72dC°h paturally lifts to a functor

IndCoh(Y) — Distr®°°°™(Y)-comod(IndCoh(X)),
and the latter can be identified with
coinv®™(h, —) : h-mod(IndCoh(X)) — Chev®™"(h)-comod(IndCoh(X)),
see [Chapter IV.2, Sect. 7.3.4] for the notation.

5.2.3. The functor
smdCoh . ThdCoh(X) — IndCoh(Y),

being the left adjoint of s', identifies with
freey : IndCoh(X) — h-mod(IndCoh(X)).
In particular, we obtain:
Corollary 5.2.4. The monad s'os"4¢°" on IndCoh(X) is canonically isomorphic to the monad
!
U(h) ® (=), where b := Liex (H).

5.3. Compatibility with colimits. In this subsection we will prove the following techni-
cally important assertion: the assignment Y ~» IndCoh(Y) commutes with sifted colimits in
FormMody,. This is not tautological because the forgetful functor

FormMody, — (PreStkiag )/

does not commute with sifted colimits?’.

1Note7 however, that it does commute with filtered colimits, by [Chapter III.1].
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5.3.1. Let X be an object of PreStkias qef- Let 7 — J; be a sifted diagram in FormMody,, and
let Y be its colimit. Denote by f; the canonical map Y; — Y.

Under the above circumstances, we have:

Proposition 5.3.2. The functor
IndCoh(Y) — lim IndCoh(Y;),

given by the compatible collection of functors (f;)', is an equivalence.

As a formal consequence of Proposition 5.3.2

Corollary 5.3.3. Under the assumptions of Proposition 5.3.2 we have:

(a) The functor
colim IndCoh(¥;) — IndCoh(Y),

IndCoh

*

defined by the compatible collection of functors (f;) , 18 an equivalence.

(b) The natural map
colim (£;) ;249 (wy,) — wy

is an isomorphism in IndCoh(Y).
The rest of this subsection is devoted to the proof of Proposition 5.3.2.

5.3.4. Step 1. We will first treat the case when the diagram i — Y; is in Ptd(FormMod /). In
this case Y also naturally an object of Ptd(FormMod ), and identifies with the colimit of Y;
in Ptd(FormMod ).

Let
be the diagram in LieAlg(IndCoh(X)) so that Y, = BY(h;). Denote
b := colim b; € LieAlg(IndCoh(X)),

so that Y ~ BYe(b).
By Proposition 5.1.2; it suffices to show that the functor
h-mod(IndCoh(X)) — lim b;-mod(IndCoh(X)),

given by restriction, is an equivalence. However, this is true for any sifted diagram of Lie
algebras.

5.3.5. Step 2. Let us now return to the general case of a sifted diagram i — Y; in FormMody, .
Consider the corresponding diagram
i RS

in FormGrpoid(X). Let R® be the formal groupoid corresponding to Y.

By [Chapter IV.1, Corollary 2.2.4], for every n, the map

coliim R — R

is an isomorphism in Ptd(FormMod ).

Applying Step 1, we obtain that for every n, the functor

IndCoh(R") — lign IndCoh(R?)

is an equivalence.
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Now, the equivalence
IndCoh(Y) — lim IndCoh(Y;)

follows by descent, i.e., [Chapter IV.1, Proposition 2.2.6].

6. ACTIONS OF FORMAL GROUPS ON PRESTACKS

The goal of this section is to make precise the following idea: an action of a Lie algebra on
a prestack is equivalent to that of action of the corresponding formal group.

The first difficulty that we have to grapple with is to define what we mean by an action of a
Lie algebra on a prestack. For now we will skirt this question by considering free Lie algebras;
we will return to it in [Chapter IV .4, Sect. 7].

6.1. Action of groups vs. Lie algebras. In this subsection we will make precise the following
construction:

If a formal group H acts on a prestack Y, then the Lie algebra of J{ maps to global vector
fields on Y.

6.1.1. Let X be an object of PreStks. Let H € Grp((FormModiag;)/x); denote b := Liex (3).

Let 7:Y — X be an object of (PreStkias ) x, equipped with an action of H. Let us assume
that Y admits deformation theory relative to X (see [Chapter III.1, Sect. 7.1.6] for what this
means).

6.1.2. We claim that the data of action gives rise to a map in IndCoh(Y);
(6.1) 7' (oblvyie(h)) = T(Y/X).
Indeed, if act denotes the action map

HxY—=1Y,
X

then we have a canonically map

T(H X Y)/X) — act'(T(Y/X)).

Pulling back along the unit section of H, and composing with the canonical map
T (T(3/X)|x) = T(3C X Y/X)ly,
and using the isomorphism T'(H/X)|x =~ oblvy(h) of Corollary 3.2.8, we obtain the desired
map
m (0blvrse(h)) =~ 7' (T(3/X)|x) = T(H X Y/X)ly — act! (T(Y/%0))|y ~ T(Y/%).
6.1.3. Assume now that b is of the form freer;(F) for some F € IndCoh(X). Note that by
adjunction we have a canonical map

F — oblvy o freer;o(F).

Composing with (6.1), we obtain a map

(6.2) ™ (F) = T(Y/X).
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6.1.4. The above construction defines a map from the groupoid of actions of H on Y to
Mapsinacony) (7' (F),T(Y/X)).
The goal of this section is to prove the following assertion:

Theorem 6.1.5. ForY and F as above, the map from groupoid of data of actions of H on Y
to Mapslndc()h(.d)(w! (F),T(Y/X)) is an isomorphism.

6.2. Proof of Theorem 6.1.5.

6.2.1. Idea of proof. The statement of the theorem readily reduces to the case when X = X €
<cogchaft,

Let (7')f denote the (discontinuous) right adjoint of 7' : IndCoh(X) — IndCoh(Y), so that
MapslndCoh(’j)(WI(?)vT(y/x)) = MapSIndCoh(X) (?v (WI)R(T(y/x))) .

Starting from Y as above, we will construct an object
Aut™(Y/X) e Grp((FormModiagt) /),

such that for any H' € Grp((FormModiat:)/x), the data of action of H' on Y is equivalent to
that of a homomorphism
H — Aut™(Y/X).

Moreover, we will show that the map
(6.3) oblvii (LieX(Auti“f(% /X))) = (PYR(T(Y/X)),
arising by adjunction from (6.1), is an isomorphism.
This will prove Theorem 6.1.5, since the functor Liey is an equivalence.
6.2.2. By [Chapter IV.1, Proposition 1.2.2], in order to construct Aut™ (Y/X) as an object of
Monoid((FormModiag:) ) x )
it suffices to define it as a presheaf with values in Monoid(Spc) on the category
(<°Schi" ) nit-isom to X
so that it satisfies the deformation theory conditions of [Chapter IV.1, Proposition 1.2.2(b)].

aff
For Z € (<OOSChft )nil—isom to X, We set

Maps, x (Z, Aut™(Y/X)) = Maps, x (Z x Y, ) X * o
X Maps/X(‘"edZ;‘zJ,‘j)

~ Maps,;(9z,Yz) X *
Maps redy (Yredy: Yredy)

(here Yz := Z x Y and Yreay; = "7 x Y).
b's X
The deformation theory conditions of [Chapter IV.1, Proposition 1.2.2(b)] follow from the
fact that Y admits deformation theory.

Remark 6.2.3. The prestack Aut™ (Y/X) constructed above is the formal completion of the full
automorphism prestack Aut(Y/X) along the identity.
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6.2.4. Thus, we have constructed Aut™ (Y/X) as an object of AssocAlg((FormModag) / x ). It
belongs to Grp((FormModiat:),x) by [Chapter IV.1, Lemma 1.6.2].

It remains to show that the map (6.3) is an isomorphism. By construction, for F € Coh(X)
such that D$e™e(F) € Coh(X)=", we have

Maps,acon(x)(F T(Aut™ (Y/X))|x) ~ Maps/X(RealSplitSqZ(D?f”e(Sf)) o 9,9).

By the deformation theory of Y, the latter maps isomorphically to

Mapsi,qacon(y) (™ (F), T(Y/X))),
and by adjunction, further (still isomorphically) to

Mapsy,acon(x) (I (=) R (T(Y/X))).
Furthermore, it follows from the construction that the resulting map
MapSIndCoh(X)(gjaT(Autinf(y/X)”X) - MapSIndCoh(X) (ff» (W!)R(T(y/X)))
is the one induced by (6.2).

This implies the required assertion, as IndCoh(X) is generated by the above objects of
Coh(X) under colimits.
O

6.3. Localization of Lie algebra modules. In this subsection we show how to construct
crystals on a given prestack starting from modules over a Lie algebra that acts on this prestack.

6.3.1. Let f:Y — X and H be as in Sect. 6.1.1. Consider the prestack

Y/xqr = Yar < X,
Xar

see [Chapter I11.4, Sect. 3.3.2] for the notation.
Recall also the notation

/XCrys(Y) := IndCoh(Yqr x X).
Xar

In this subsection we will construct the localization functor
Locy y/x : h-mod(IndCoh(X)) — /*Crys(Y).
6.3.2. The action of H on Y defines an object
H é Y € FormGrpoid(Y),

see [Chapter IV.1, Sect. 2.2.1] for the notation.
By (the relative over X version of ) [Chapter IV.1, Theorem 2.3.2], the corresponding quotient
Y/H € FormMody,
is well-defined.

We have canonically defined maps of prestacks

Y /K BV

/|

Y/xar-

Bx ()
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6.3.3. We define the sought-for functor Locy y/x as
ginacoh o (1/90),
where we identify
IndCoh(Bx (H)) ~ h-mod(IndCoh(X))
by means of (5.4).

6.3.4. Note that the functor Locy y,x is by construction the left adjoint of the (in general,
discontinuous) functor

((f/F0)IndComy R o gt /X Crys(Y) — h-mod (IndCoh(X)).

We claim that the functor ((f/3)d€°M)E o ' makes the following diagram commutative:

oblv/de,y

/xCrys(}j)

((f/ﬂ)i“dc"h)Rog’l l(f!)R

oblvh

h-mod(IndCoh(X)) ——— IndCoh(X),
where oblv,xqg y is by definition the !-pullback functor along

IndCoh(Y)

p/de7‘3 : ‘H — y/de'

6.3.5. Indeed, we need to establish the commutativity of the diagram

(findCOh ) R

IndCoh(Y) IndCoh(X)

I I

3 IndCoh\R
IndCoh(y/30) Y290 aCoh(By (),

where the vertical arrows are given by !-pullback.

However, this follows by passing to right adjoints in the commutative diagram,

findCoh

IndCoh(Y) IndCoh(X)

! l

(f/30)RacCon
IndCoh(Y/H) «———— IndCoh(Byx(H)),

given by base-change.



