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2 STRAIGHTENING AND YONEDA FOR (o0,2)-CATEGORIES

INTRODUCTION

0.1. What is done in this Chapter? The goal of this Chapter is to construct the 2-
categorical Yoneda embedding

(0.1) Yong : S = Funct(S' P, 1- Cat), S e 2-Cat,
which will, in turn, be needed for the proof of the Adjunction Theorem in [Chapter A.3].

As in the case of (o0, 1)-categories, in the present 2-categorical context, a natural approach
to the construction of the functor Yong is via the straightening/unstraightening procedure.

The latter is an equivalence between the (oo, 2)-category of functors S'-°P — 1-Cat and the
(00,2)-category of 1-Cartesian fibrations over S.

0.1.1. Let us comment on the notion of 1-Cartesian fibration over a given S € 2-Cat.

The space of such will be a full subspace in (2-Cat /S)Spc, and it is singled out by certain
explicit conditions; the actual definition is given in Sect. 1.2.1. The definition is rigged so that
the datum of a 1-Cartesian fibration over S is equivalent to that of a functor S'°P — 1- Cat.

As to the 2-categorical structure, there are actually two natural (oo, 2)-categories
(1- Cartg)strict © (1-Carts)a stricts
one being a 1-full subcategory in the other.

In Sect. 1 we state the sub-main result of this Chapter, Corollary 1.2.6, that says that there
is a canonical ‘straightening/unstraightening’ equivalence

(0.2) (1-Carts)2strict = Funct(S1 P 1- Cat)ight-lax;
which induces an equivalence
(1-Carts)strict = Funct(Sl‘c’p, 1-Cat).
0.1.2. Here is, however, a catch: the above straightening/unstraightening assertion (i.e., the
equivalence (0.2)) is too weak to be amenable to a natural proof.

Namely, the equivalence (0.2) does not contain enough functoriality (the mechanics of how
this happens can be seen by tracing through the proof of the main theorem of this Chapter,
Theorem 1.1.8; see also Sect. 0.1.5 below).

0.1.3. To remedy this, we engage a more ambitious straightening/unstraightening procedure.

Namely, in Sect. 1 we introduce the notion of 2-Cartesian fibration (over a given (oo,2)-
category S). Again, the space of such is a full subspace of (2- Cat/S)SpC, and it is singled out
by certain explicit conditions specified in Sect. 1.1.1.

As in the case of 1-Cartesian fibrations, there two natural (oo, 2)-categories
(2 - Cart/S)strict c (2 - Cart/S)Q—strict>
one being a 1-full subcategory in the other.

The 2-categorical straightening/unstraightening assertion, Theorem 1.1.8, which is the main
result of this Chapter, says that there exists a canonical equivalence

(03) (2 - Cart/g)g_strict ~ Funct(Sl —op7 2- Cat)right_lax,
which induces an equivalence

(2-Carts)strict = Funct(Sl‘OP, 2-Cat).
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0.1.4. The proof of Theorem 1.1.8 is spread over Sects. 2-4. Let us indicate its main steps.

In Sect. 2 we establish the particular case of the isomorphism (0.3), when S is the interval
[n]. This is done by a combinatorial procedure, which essentially amounts to unwinding the
definitions.

In Sect. 3 we realize 2-Cartesian fibrations over the Gray product S; @ Se as an explicit full
subspace in 2-Cat s, «s, -

In Sect. 4 we use the results of the previous two sections to establish the isomorphism (0.3) at
the level of spaces underlying the (o0,2)-categories on both sides, in the case when S = [m]®[n].

Using [Chapter A.1, Theorems 4.1.3 and 5.2.3] we deduce from this that the isomorphism
(0.3) holds at the level of spaces for any S € 2-Cat.

0.1.5. So, far, the same strategy would have worked if we worked with 1-Cartesian fibrations
and 1-Cat instead of 2- Cat as a target.

However, now, in the 2-Cartesian context, we observe that the statement that we are trying
to prove has enough functoriality, that it allows to formally deduce the equivalence (0.3) from
just knowing it at the level of the underlying spaces.

0.2. What else is done in this Chapter?

0.2.1. As was mentioned before, our actual goal is to construct the Yoneda embedding (0.1)
(and prove its fully faithfulness).

Having proved the 2-categorical straightening theorem in the earlier sections, the construction
of the Yoneda embedding and the proof of its properties is carried out in Sect. 5.

0.2.2. In addition, this Chapter contains two sections in the Appendix.

In Sect. A, given S € 2-Cat, we give an explicit description of the universal non-unital right-lax
functor out of S:

S %% RLaxnon-unt1 (S),
so that any non-unital right-lax functor F': S -> T is obtained as
Fous,
for a canonically defined strict functor F : RLaxpon-unt1(S) = T.

The explicit description of RLaxpon-unt1(S) is used in Sect. 3.

0.2.3. In Sect. B we discuss the condition on a functor S — T between (oo,2)-categories to be
a localization on 1-morphisms. Informally, this means that T is obtained from S by inverting
certain 2-morphisms.

This notion is used in the description of 2-Cartesian fibrations over Gray products, also in
Sect. 3.
1. STRAIGHTENING FOR (©00,2)-CATEGORIES

In this section we define the notion of a 2-Cartesian fibration of (oo, 2)-categories and formu-
late the main result in this Chapter: this is the straightening theorem that says that 2-Cartesian
fibrations over a given (oo, 2)-category S are equivalent to functors S'-°P — 2- Cat.
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1.1. The notion of 2-Cartesian fibration. In this subsection we will introduce the notion
of 2-Cartesian fibration between (oo,2)-categories.

When defining it, one should basically ‘follow one’s nose’, keeping in mind that a 2-Cartesian
fibration over S should be the same as a functor S!°P — 2- Cat, while adapting the definition
of Cartesian fibration in the context of (oo, 1)-categories.

1.1.1. Let F: T — S be a functor between (oo, 2)-categories. We shall say that a 1-morphism
to 5 t, is 2-Cartesian over S if for every t € T, the functor

Maps(t,to) — Mapsy(t,t1) Mapsg(F(t), F(to)),

x
Mapsg(F(t),F(t1))

given by composition with «, is an equivalence of (oo, 1)-categories.

Definition 1.1.2. We shall say that F is a 2-Cartesian fibration if the following conditions
hold:

(1) For every t € T and a 1-morphism s’ L F(t) there exists a 2-Cartesian 1-morphism
t' 5t with F(a) = 8.
(2) For everyt',teT, the functor
Maps(t',t) - Maps(F(t"), F(t))
is a coCartesian fibration (of (oo, 1)-categories), and for any ¥ — t' and t — T, the
corresponding functors
Maps(t',t) - Maps(?,t) and Maps(t',t) - Maps(t', 1),
given by composition, send arrows that are coCartesian over Maps(F ('), F(t)) to

arrows that are coCartesian over Maps(F ('), F(t)) and Maps(F(t'), F()), respec-
tivelly.

1.1.3. Let us assume that condition (1) above holds, and let us write down the second condition
in more explicit terms.

Let ag : s’ - s be a 1-morphism in S, and let ¢ be an object of T that lies over s. Then
condition (1) implies that there exists a canonically defined object ¢’ € T that lies over s’ and a
1 -morphism

arp:t' >t
that covers as.

Suppose now that we are given a pair of 1-morphisms

2

a,ai:s’ 38
and a 2-morphism g %, a?. Then the second condition says that there exists a 1-morphism
ﬁ . tll N t2/
and a 2-morphism
af > adop,
with the following property: for any # in the fiber of T over s’, and a pair of morphisms
1t >t and 4 H -t
composition with ¢ defines an isomorphism from the space of 2-morphisms

Boyi =72



STRAIGHTENING AND YONEDA FOR (o0,2)-CATEGORIES 5

to the space of 2-morphisms
apey - ai o
covering ¢s.
Furthermore, the formation of 8 is compatible in the natural sense with compositions
(ag,0) » (Gsoag,ds0ai), dg:s—>7F

and

(ag,03) » (ag 05,03 0 @), G5:5 >’
1.1.4. Let 2-Cart/s c 2- Cat g denote the full subcategory spanned by 2-Cartesian fibrations.

Let (2- Cart /S)l_strict c 2-Cart/g be the 1-full subcategory, where we allow as 1-morphisms
those functors T; — Ty over S that send 1-morphisms in T; that are 2-Cartesian over S to
1l-morphisms in Ty that are 2-Cartesian over S.

1.1.5. Let (2—Cart/s)2_strict c 2-Carts be the 1-full subcategory, where we impose the fol-
lowing condition on 1-morphisms:

Given F; : Ty - S and Fy : Ty — S, we consider those functors G : Ty — Ty over S such that
the corresponding functors

Mapsr, (t1,) > Mapsy, (G(t1), G(t))

send arrows that are coCartesian over Mapsg(F1(t]), F1(t)) to arrows that are coCartesian
over

Mapss(Fz 0 G(t)), F> 0 G(t)) ~ Mapsg(Fi(t}), Fi(t)).
1.1.6. Let (2- Carts)suict € 2- Cartg be the 1-full subcategory equal to
(2 - Cart/S)l—strict n (2 - Cart/S)2—strict~

Denote also
2-Carts = (2- Carts) ", (2-Cartg)a-surict == ((2- Carts)a-sirict) "
and
(2-Cart s )strict = ((2- Cart/S)StriCt)l’C“.
1.1.7. Our goal in the next few sections will be to prove:
Theorem-Construction 1.1.8.
(a) There exists a canonical equivalence
(2-Cart )2 strict = Funct(S' P, 2- Cat) ight-1ax,

functorial in S.

(b) Under the equivalence of point (a), the 1-full subcategories
(2-Carts)strict © (2- Cart )2 strict and Funct(Sl'Op, 2-Cat) c Funct(Sl'OP, 2- Cat)yight-lax
correspond to one another.

1.2. The notion of 1-Cartesian fibration. According to Theorem 1.1.8, 2-Cartesian fibra-
tions over S correspond to functors S'-°P — 2- Cat.

In this subsection we will define the notion of 1-Cartesian fibration. Those will form a full
subcategory among 2-Cartesian fibrations, and they will correspond to functors S'-°P — 1- Cat.
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1.2.1. Let F: T — S be a functor between (oo, 2)-categories.

Definition 1.2.2. We shall say that F is a 1-Cartesian fibration if the following conditions
hold:

(1) The induced functor
Tl-Cat _>S1—Cat

is a Cartesian fibration;
(2) For every t',t €T, the functor
Maps;(t',t) - Mapsg(F(t'), F(t))
is a coCartesian fibration in spaces.

If F: T - Sisa 1-Cartesian fibration, we will say that a 1-morphism in T is Cartesian if the
corresponding morphism in T1-C2! is Cartesian over S-C2t,

1.2.3. Let 1-Cart/s denote the full subcategory of 2- Cat s formed by 1-Cartesian fibrations.

We let (1-Cart/g)strict be the 1-full subcategory of 1- Cart g, where we restrict morphisms
to those functors T; — Ty over S, such that send arrows in (']I‘l)l‘CaLt Cartesian over S"C2t to
arrows in (T2)"“2t with the same property.

Denote also

1-Cartg := (1- Cart/g)l'cat and (1-Cart s )strice = ((1- Cart/g)strict)l'cat.

1.2.4. We claim:

Lemma 1.2.5.

(a) For a functor F : T — S the following conditions are equivalent:

(i) F is a 1-Cartesian fibration;

(ii) F is a 2-Cartesian fibration and the fiber of F over every s €S is an (oo, 1)-category.

(b) If T - S is a 1-Cartesian fibration, then a 1-morphism in T is 2-Cartesian over S if and
only if it is Cartesian.

Hence, combining this lemma with Theorem 1.1.8 and [Chapter A.1, Proposition 6.3.2], we
obtain:

Corollary 1.2.6.

(a) There exists a canonical equivalence
1-Cartg ~ Funct(S1 P, 1- Cat)right-lax;

functorial in S € 2-Cat.
(b) Under the equivalence of point (a), the 1-full subcategories

(1- Cart/s)strics € 1-Cart g and Funct(Sl‘OP, 1-Cat) c Funct(Sl'Op, 1- Cat)yight-1ax

correspond to one another.
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1.2.7. Let S=8 be an (o0, 1)-category. We note:
Lemma 1.2.8. A functor T — S is a 1-Cartesian fibration if and only if the following conditions
hold:

e T =T € 1-Cat;

e The resulting functor T - S is a Cartesian fibration.

I.e., we obtain that in the above case, the notion of 1-Cartesian fibration reduces to the usual
notion of 1-Cartesian fibration on (oo, 1)-categries.

It will follow from the construction that the equivalence of Corollary 1.2.6(b) in this case,
e (1-Cartg)strict = Funct(Sl’Op,1—Ca1:)7
induces at the level of the underlying (oo, 1)-categories, i.e.,
(Cart)g)strict and Maps(S' P 1- Cat),
the equivalence of [Chapter 1.1, Sect. 1.4.5].
Remark 1.2.9. Let us take S = S = [n]°P. We obtain that in this case the equivalence of

Corollary 1.2.6(a) at the level of the underlying (oo, 1)-categories amounts to the definition of
the (oo, 1)-category Seq®™*(1- Cat), see [Chapter A.1, Sect. 5.3].

n

The idea of the proof of Theorem 1.1.8 is to give a similar interpretation of Seq®**(2- Cat),

namely, as 2-Cartesian fibrations over [n]°P. This will be furnished by Theorem 2.0.1.

The rest of the proof of Theorem 1.1.8 will amount to bootstrapping the statement for any
S € 2-Cat from the case S = [n]°P, and lifting the 1-categorical equivalence to a 2-categorical
one.

1.3. Variants. In this subsection we will introduce the companion notions of 2-coCartesian
and I-coCartesian fibrations over an (oo,2)-category.

1.3.1. We shall say that a functor between (oo,2)-categories T — S is 2-coCartesian (resp.,
1-coCartesian) fibration if the corresponding functor TP — §1&2-0P i 5 9_Cartesian (resp.,
1-Cartesian) fibration.

Similarly, we introduce the 1-full subcategories
(2-coCart s)strict © (2-coCarts)astrict © 2-coCart s c 2- Cat g

and
(1-coCart s)strict © (1-coCarts)a.srict € 1-coCart g c 2- Cats.

1.3.2. From Theorem 1.1.8 we obtain:
Corollary 1.3.3.

(a) There exists a canonical equivalence
(2-coCarts)2_strict = Funct(S, 2- Cat)iefi-1ax,
functorial in S.

b) Under the equivalence of point (a) the 1-full subcategories
( q p g

(2-coCart s)strict © (2-coCarts)s srict and Funct(S, 2- Cat) c Funct(S, 2- Cat)iefi-1ax
correspond to one another.

Similarly, from Corollary 1.2.6 we obtain:
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Corollary 1.3.4.

(a) There exists a canonical equivalence
1-coCart s ~ Funct(S, 1- Cat)ioft-1ax;

functorial in S € 2-Cat.
(b) Under the equivalence of point (a), the 1-full subcategories

(1-coCart s)strict © 1-coCart s and Funct(S,1-Cat) c Funct(S, 1- Cat)icfi-1ax
correspond to one another.

1.3.5. We note that in addition to the notions of 2-Cartesian and 2-coCartesian (resp., 1-
Cartesian and 1-coCartesian) fibration, there exist two more notions, induced by the involution
S S§2-°P on 2-Cat.

These notions correspond to functors from S'-°P and S?-°P with values in 2- Cat and 1- Cat,
respectively.
2. STRAIGHTENING OVER INTERVALS
In this section we will establish the following particular case of Theorem 1.1.8:

We will take the base S to be the interval [n], and we will identify the (oo,1)-categories
underlying the (oo,2)-categories appearing on the two sides in Theorem 1.1.8.

More precisely, our goal is to prove the following:

Theorem-Construction 2.0.1.
(a) There exists a canonical equivalence of simplicial categories

Seq®**(2- Cat) ~ (2-Cart [e]op )2-strict -
(b) For an individual n, under the equivalence

Seq®**(2- Cat) =~ (2-Cart 100 ) 2-strict,
the 1-full subcategories

Seq®*(2-Cat) c Seq®**(2- Cat) and (2-coCart,1op )strict © (2-Cart 1o )2-strict
correspond to one another.
Remark 2.0.2. Note that since [n]°P is a 1-category, the inclusion
(2-Cartppjop )2-strict © 2-Cart[,jop
is an equivalence.
2.1. The main construction. We now proceed to defining the functor in one direction
2-Cart,[,,jor > Seqs, " (2- Cat).

The idea of the construction is pretty straightforward: we think of an object of Seq®**(2- Cat)
as a string
T >T! > ... >T"

of (o0, 2)-categories, which we encode by means of a functor
AP — Cart/[n]op,
see [Chapter A.1, Sect. 6.1.3].
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The value of this functor on [m] € A is the category of strings ) -t} — ... - ! in T,
where i varies along [n]. We interpret such strings as strings in the ‘total’ (oo, 2)-category over
[n] that project to a single object in [n].

The total category in question is precisely the object T € 2-Cart,[,jor that we start from. We

will now make turn this idea into an actual construction.

2.1.1. Given (T — [n]°P) € 2-Cart,jo0 We define an object
E. , € Funct(A°?, Cart 100 )
as follows:

We let

Seqgy*([n]oP)

where [n]°P — Seqx*([n]°P) is the functor

[n]°P = Funct({+}, [n]°") > Funct([m], [n]"") = Seq" ([n]*P).

It is straightforward to check that E,, ,, viewed as a category over [n]°P, is a Cartesian
fibration, and that the object E. , thus constructed defines an object of Seq**(2- Cat).

Furthermore, this construction is clearly functorial in T, thereby giving rise to a functor

(2.1) 2—Cart/[n]op —> SequXt(2—Cat).

Furthermore, it is clear that the above functor sends the 1-full subcategory
(2-Cart/[n]op)strict c 2-Cart/[n]0p

to the 1-full subcategory
Seq®**(2-Cat) c Seq®**(2- Cat).

n n

Remark 2.1.2. Note that the construction presented above is a generalization of the construction
in [Chapter A.1, Proposition 6.3.2]. The reason that we cannot finish the proof of Theorem 2.0.1
as easily as in the case of [Chapter A.1, Proposition 6.3.2] is that we do not yet know that for
given Sy, S; € 2-Cat, the category

2—Cal“t/[1]op {SO X Sl}

X
2-Cat x 2-Cat
identifies with

Maps,_ cat(So,S1) = Funct(Sp, S; )2,
2.2. Proof of Theorem 2.0.1: the inverse map. We will define a functor
(2.2) Seint(Z— Cat) —» 2—Cart/[n]op

inverse to (2.1).

We now want to recover the ‘total’ (oo, 2)-category T over [n], i.e., for each m, we want to
recover the corresponding category of strings

tg > 11 = ... > tp,
while we know the category of strings that project to a single element in [n].

We will recover all strings by a variant of the construction used in [Chapter A.1, Sect. 1.6]
to define the unstraightening procedure for (oo, 1)-categories.
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2.2.1. In order to define the functor (2.2), we will need the following combinatorial construction.
Let Tot(A) be the coCartesian fibration over A corresponding to the tautological functor

A - 1-Cat.

Note that Tot(A) is an ordinary category, whose objects are pairs ([n] € A,i € [n]), and
such that the set of morphisms ([no],30) = ([n1],41) is the set of morphisms ¢ : [ng] — [n1]
such that ¢(ig) =141.

We let p : Tot(A) — A the tautological projection ([n],i) = [n]. We let Tot(A)[,,] the
fiber of Tot(A) over [m] € A; tautologically Tot(A)p,,] = [m].

We note now that in addition to p, there is another canonically defined functor
q:Tot(A) - A.
Namely, we set

Dligl .

a([n).1) = [i). a(([no).io) > ([m).in)) = ([in] =% [i]).

In particular, restricting to Tot(A)[,,], we obtain the functor

dim] ¢ [m] - A, i~ [Z]

2.2.2. Going back to the desired functor (2.2), let E, ,, be an object of Seq**(2- Cat), thought
of as a functor

Aop g Cart/[n]op .

We can view! the data of E, , as an (oo, 1)-category Ef over AP x [n]°P, such that:

The composition E$ - A% x [n]°P - AP is a coCartesian fibration;

The composition E$ - A% x [n]°P - [n]°P is a Cartesian fibration;

The functor B¢ - AP x [n]°P, viewed as a functor between coCartesian fibrations over
AP belongs to (coCart/aer )strict;

The functor B — A°P x [n]°P, viewed as a functor between Cartesian fibrations over
[7]°P, belongs to (Cart,jor )strict-

2.2.3. We construct the object T € 2-Cart,[,jor corresponding to E. ,, as follows. We define the
category
Funct([m]°?, T)ight-lax

(which will be the same as Seq**(T), up to the involution rev) to be a certain full subcategory

in the (oo, 1)-category of pairs (¢, ®), where ¢ is a functor [m] — [n], and ® is a lift of the
functor

(¢, (revoqp,))P) : [m]P — [n]°P x AP
to a functor
[m] > E? .

ISee the elementary [Chapter A.3, Proposition 2.1.3] for a general assertion to this effect.
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2.2.4. We single out Funct([m]°?, T)yight-1ax by imposing the following condition on objects.
Fix i = 1,...,m. Consider a coCartesian lift in Ef
O(i) > ¢
of the 1-morphism
(rev oqm1 (i) — revoqry, (i —1)) € A°P.

Consider a Cartesian lift in Ef
" > ®(i-1)

of the 1-morphism
(6(i) > ¢(i—1)) € [n]°".
Note that by the last two properties of E? listed in Sect. 2.2.2, we have a canonical map
e/ . 6”

We require that this map be an isomorphism.

2.2.5. Clearly, the assignment
m ~ Funct([m]°?, T) ight-lax

extends to a functor A°P — 1-Cat.

We set
SquXt(T) = FunCt([.]Opa T)right—lax orev,

where rev is the reversal involution on A°P.

Using [Chapter A.1, Theorem 5.2.3(a)], we show:

ext

Lemma 2.2.6. The simplicial category Seqy ™ (T) belongs to the essential image of the functor
Seq®*" : 2-Cat — Funct(A°P, 1-Cat).
Let T denote the resulting object of 2-Cat.

ext

2.2.7. By construction, the simplicial category Seq™ (T) maps to the simplicial category
m — Funct([m], [n]°P).
Hence, the (oo,2)-category T, constructed above, comes equipped with a functor
T - [n]°P.

It is a straightforward verification that the above functor T — [n]°P is a 2-Cartesian fibration.

2.2.8. Thus, we have constructed a functor

Seqext (2-Cat) —» 2—Cart/[n]op .

n

It is again a straightforward verification that this functor is inverse to (2.1).

3. LocALLY 2-CARTESIAN AND 2-CARTESIAN FIBRATIONS OVER GRAY PRODUCTS

As was mentioned before, the assertion of Theorem 1.1.8 will be deduced from that of The-
orem 2.0.1 by a certain bootstrapping procedure.

However, in order to do so, we will need to enlarge the entities that appear in both the
left-hand and the right-hand side. For the left-hand side, the corresponding notion is that of
locally 2-Cartesian fibration.
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3.1. The notion of locally 2-Cartesian fibration. The idea of the notion of locally 2-
Cartesian fibration is the following: whereas 2-Cartesian fibrations over S correspond to functors
S'-°P _, 2_Cat,

locally 2-Cartesian fibrations correspond to right-lax functors

St-°P _» 2_Cat.

3.1.1. Let F: T - S be a functor between (oo, 2)-categories. We shall say that a 1-morphism «

in T is locally 2-Cartesian over S, if the resulting 1-morphism in [1] ><) S']I‘ is 2-Cartesian with
F(a),

respect to the projection

DI S0

Definition 3.1.2. We shall say that F is a locally 2-Cartesian fibration if the following condi-
tions hold:
(1) For every t € T and a I-morphism s’ L F(t) there exists a locally 2-Cartesian 1-
morphism t' > t with F(a) = .
(2) Condition (2) in Definition 1.1.2 holds.

3.1.3. Note that if F/: T — S is a a locally 2-Cartesian fibration, then for every l-morphism
so — 81, the functor
[T~ [1]

is a 2-Cartesian fibration. In particular, by Theorem 2.0.1 and [Chapter A.1, Proposition 6.2.2],
it gives rise to a well-defined functor
T, = Ts,-

We will refer to it as the pullback functor along the given 1-morphism.
3.1.4. The next assertion follows from the definitions:

Lemma 3.1.5.

(a) A functor F: T — S is a 2-Cartesian fibration if and only it is a locally 2-Cartesian fibration
and the induced functor T3 — S¥Cat s ¢ Cartesian fibration of (oo, 1)-categories.

(b) If F: T - S is a 2-Cartesian fibration, then any 1-morphism in T that is locally 2-Cartesian
over S s automatically 2-Cartesian.

(¢) If F: T - S is a locally 2-Cartesian fibration, then a 1-morphism in T is locally 2-Cartesian

over S if and only if the corresponding 1-morphism in T?-°"" s is locally 2-Cartesian over
S2-0rdn'

(d) If F: T - S is a locally 2-Cartesian fibration, then it is 2-Cartesian if and only if the
corresponding functor T2-°rdn  g2-ordn ;¢

3.1.6. Let 2—Caurtl/%C denote the the full subcategory of 2-Cat/s formed by locally 2-Cartesian
fibrations in (oo, 1)-categories. Let

(2‘Carty§:)1—strict 2 (Q‘Cartyéc)strict c (2‘Cart;(§:)2-strict
be the 1-full subcategories, defined by the same conditions as in Sects. 1.1.4-1.1.6.

3.2. Locally 2-Cartesian fibrations vs 2-Cartesian fibrations over RLaxyonunt1(S). In
this subsection we will formulate, and begin the proof of, the main assertion of this section,
Theorem 3.2.2.
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3.2.1. Let
S -» RLaXnon-untl(S)v

be the universal non-unital right-lax functor, see Sect. A.
We are going to prove:

Theorem-Construction 3.2.2. There exists a canonical fully faithful embedding

(2-Cart})%P° 3 (2-Cart) i un (@)™

functorial in S, whose essential image consists of those 2-Cartesian fibrations for which the
pullback functors along quasi-invertible arrows (see Sect. A.3) are equivalences.

Remark 3.2.3. The above proposition is stated as an isomorphism of spaces. However, it will
follow from the construction that this equivalence extends to one between the corresponding
(00,2)-categories (both 2-strict and strict versions).
Remark 3.2.4. If we assume Theorem 1.1.8, then Theorem 3.2.2 implies that the space
(2—Cart1/§C)SpC

is isomorphic to space of right-lax functors

St°P > 2-Cat.
3.2.5. In the rest of this subsection we will construct the map in the easy direction, i.e.,

(2-Cart2*) ™ & (2-Cart) RLas o uun (6) ™

Consider the coCartesian fibrations
S? - A° and RLaxnen-unti(S)? — AP,
and the adjoint functors
! .sf 2RL ) : pf
LS . <~ aJXnon—untl( ) . pga
see Sect. A.

3.2.6. Starting from a 2-Cartesian fibration T - RLaxpon-unt1(S), define

U(Tyf = T4 x sf,
RLaXnon—untl(S)¢

where the functor S¥ — RLaxnon_uml(S)-"g is Lg .
We have:

Lemma 3.2.7.
(a) The composite functor

\IJ(T)E’S -S% - A°P
is a coCartesian fibration.
(b) The functor A°? — 1-Cat, corresponding to the coCartesian fibration of point (a) lies in
the essential image ofv the functor Seq, : 2-Cat — Funct(A°P,1-Cat). Denote the resulting
(00,2)-category by ¥(T).
(¢c) The functor

U(T)¢ > sf

maps arrows that are coCartesian over A°P to arrows that are coCartesian over A°P.

(d) The functor U(T) - S arising from point (c) is a locally 2-Cartesian fibration.
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3.3. Proof of Theorem 3.2.2, the inverse map. In this subsection we define the sought-for
map

(2—Cart}%c)8pc z (2-Cart, RLaxmn,unt](S))SpC'
3.3.1. Given T ¢ 2—Cartl/%c, consider the corresponding functor
T > sf.

We define
'(T)¢ =T x RLaxXpon-unt1 (S)?
S

where the functor RLaxnon_unﬂ(SVS - S% is pg .
We will define the sought-for (oo, 1)-category ®(T)¢ is a certain full subcategory of '®(T)¥ .
3.3.2. Fix an object of

) RLaxuonuna(8) g {[m]}) = Seq,(8), 7: [m] ~ [n],

e
((Aactv)m1/)°P Acp
given by
5=80—> 81 = ... > Sp,
see Sect. A.1.3 for the notation.
The fiber of '<I>(']I‘)9g over the above object of RLaxnon_mtl(S)¢ is by definition

3.1 S T -8 > .. >
( ) eqn( ) Seq:(S) {SO 51 Sn}v

i.e., this is the category of strings
t=tg—>t1—>..-1,
in T that project to s.
3.3.3. The full subcategory of (3.1), corresponding to ®(T)# c '®(T)¢ consists of those ¢, for
which for every i € 1,...,n for which there exists a j € 1,...,m with
Y(j - 1) <i-1<i<()),

the corresponding 1-morphism ¢;_1 = t; in T is locally 2-Cartesian over s;_1 - s;.

3.3.4. We claim:

Lemma 3.3.5.

(a) The composite functor
®(T)? - RLaxnonunt (S)? - AP

is a coCartesian fibration.
(b) The functor A°? — 1-Cat, corresponding to the coCartesian fibration of point (a) lies in
the essential image of the functor Seq, : 2-Cat — Funct(A°P,1-Cat). Denote the resulting
(00,2)-category by ©(T).
(¢) The functor

®(T)? - RLaxnon-unti (S)?
maps arrows that are coCartesian over A°P to arrows that are coCartesian over A°P.
(d) The functor ®(T) - RLaxpon-unt1(S) arising from point (c) is a 2-Cartesian fibration, for
which the pullback functors along quasi-invertible arrows are equivalences.



STRAIGHTENING AND YONEDA FOR (o0,2)-CATEGORIES 15

3.4. Proof of Theorem 3.2.2, computation of the compositions. In this subsection we
will conclude the proof of Theorem 3.2.2 by showing that the maps ® and ¥ constructed above
are mutually inverse.

¢ o,¢

3.4.1. Since the composition pf o g is isomorphic to Idgs, we obtain immediately that the
composition
v ®
(2-Cart}2°) ¢ > (2-Cart) RLax,on wna(s)) ™ = (2-Cartz?) 5P

is canonically isomorphic to the identity map.

3.4.2. Let now T — RLaxpon-unt1(S) be a 2-Cartesian fibration. We will now construct a functor

T - 'o(v(T)).

The datum of such a functor is equivalent to that of a functor
(3.2) T¢ T4

that fits into the commutative diagram

a1 1 l

Lg opgS

RLaXnon-untl(S)sﬁ —_— Rz]-—laxnon-untl(S)¢ .
3.4.3. The construction of the functor (3.2) is based on the following lemma:

Lemma 3.4.4. Let F': C > D be a functor between (o0, 1)-categories, and let T'p : [1]xD - D
be a functor such that FD‘{I}XD =Idp. Suppose that for every c € C there exists a Cartesian

arrow ¢’ — ¢ that covers the 1-morphism I'p|[1)x(r(c)y i D. Then there exists a uniquely
defined functor T'c : [1] x C — C, such that:

e I'c is equipped with an identification I'c|i1y«c = Idc;
e The diagram

I'c

[1]xC —— C
(3.4) Id[ xFl lp

[1]xD —2- D
commutes
e For any c € C, the I-morphism given by FC|[1]><{c} is Cartesian over D.

3.4.5. We apply the above lemma to D := RLz;mxnon_unﬂ(8)9S ,

C .= Tet¢ % RLaXHOn—untl(S)eXt7¢ )
RLaxnon-unt1 (S)<xt:9

with F' induced by the projection T - RLaxpon-unt1(S). We let I'p be given by the natural
transformation
S
S

¢
°pPs IdRLaxmn.\mu(S)gﬁ )

$ ¢

corresponding to the (i, pg )-adjunction.
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Applying Lemma 3.4.4 we obtain a functor

[1]> T4 RL . (S)ext-$ RL&X“‘”“-uml(S)eXt’yS -
aXnon-untl (S)**

N Text,¢ X I%Laxn()n—untl(S)ext7¢ .
RLaxXnon-unt1 ()%

Restricting to {0} € [1], and composing with
T¢ ing TEXt% X :RLaXnon—unt‘,l(S)e}(t’¢ )
I{Lafxnon-untl(S)e)(t’¢

we obtain a functor

(3.5) T - Text-9 x RLaXpon-unt (S)™47 .
RLaxnon-untl (S)CXt’¢

Now, by unwinding the definitions, we obtain that the above functor (3.5) factors through
the 1-full subcategory

TS ¢ Text-f X RLaXnon_unt](S)CXt’¢ .
RLaXnon-unt1 (S)°xt9

The resulting functor
T¢ _ T$
is the desired functor (3.2).
3.4.6. By further unwinding the definitions, we obtain that the essential image of the functor
T '®(¥(T))
constructed above, belongs to ®(¥(T)) c '®(¥(T)).

Finally, if T — RLaxpon-unt1 (S) is such that the pullback functors along quasi-invertible
arrows (see Sect. A.3) are equivalences, then the resulting functor

T - &(¥(T))

is an equivalence.

O(Theorem 3.2.2)

3.5. Gray products and 2-Cartesian fibrations. In this subsection we will use Theo-
rem 3.2.2 to give an explicit description of 2-Cartesian fibrations over Gray products.

3.5.1. Recall the condition on a functor between (oo, 2)-categories to be a localization on 1-
morphisms, see Sect. B.1. The following is straightforward:
Lemma 3.5.2. Let S > S be a localization on 1-morphisms. Then the map

2-Cartjg > 2- Cart/—g,

defined by pullback, is fully faithful. Its essential image consists of those F: T — S that satisfy
the following condition:

For every t €T, a pair of 1-morphisms By, B1: 8" — F(t) and a 2-morphism
¢ € MapSMapsS:(s',F(t))(/Bov ﬁl)’

if we denote by g : t' — t the 2-Cartesian lift of By and by ¥ € Mapsypaps.(¢,1) (0, 1) the
coCartesian lift of ¢, if the image of ¢ in S is invertible, then the I-morphism oy :t' — t is
2-Cartesian over [31.
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3.5.3. We fix S1,S, € 2-Cat. We shall now describe the space
(2-Cart/s, gs, ySpe
in a way functorial in S; and S,. Indeed, combining Lemma 3.5.2 applied to
RLaxpon-unt1 (S1 x S2) = 81 & Sy,
with Proposition 3.2.2, we obtain:
Corollary 3.5.4. There exists a canonically defined fully faithful embedding
(2-Cart s, gs, )Spe o (2-Ca1rt}%c1 «Ss ySpe,

Its essential image consists of those T — Sy x S that satisfy:

o For every pair of composable 1-morphisms in T, locally Cartesian over S1xSs, that cover
two morphisms in Sy x Sy both of which project to isomorphisms under S; x So - Sy,
their composition is locally Cartesian over S x So.

o For every pair of composable 1-morphisms in T, locally Cartesian over Sy xSs, that cover
two morphisms in S; x Sy both of which project to isomorphisms under S; x Sg - So,
their composition is locally Cartesian over Sy x S,.

e For every pair of 1-morphisms (s} = s1) €Sy and (sh = s5) € Sy and locally Cartesian
1-morphisms t”’ I t and t' > t covering (au,idg,) and (ids,,az), respectively, the
1-morphism v o B is locally Cartesian over (aq,as).

Corollary 3.5.5.
(a) The essential image of the (fully faithful) map

(2—Cart/gl®§2)8p° - (Q—Cartl/%‘i st)SpC c (2—Cat/§1X§2)SpC

consists of those
T - Sl X SQ
such that:
(1) The composition T — Sy xS — Sy is a 2-Cartesian fibration;
(2) The functor T — Sy x Sy, viewed as a map in 2-Cartys, , belongs to (2-Carts, )strict;
(3) For every sy €Sy, the resulting functor T, - Sy is a 2-Cartesian fibration.
(4) For every I-morphism s1 — sy in Si, the pullback functor Ty — Ts,, which by the
previous point is a 1-morphism in 2—Cart/g2, belongs (2-Cart/gz)2_strict.

(b) The subspace
(2-Cart/s, xs, )SpC c (2-Cart/s, gs, )SpC
corresponds to replacing in condition (4) the category (2-Carts, )a-strict by its 1-full subcategory

(2-CaI‘t/§2 )strict c (2‘Cart/82 )2—strict~
4. PROOF OF THEOREM 1.1.8

4.1. Proof of Theorem 1.1.8, Step 1: identifying the underlying spaces. In this sub-
section we will establish the assertion of Theorem 1.1.8 at the level of the underlying spaces.

4.1.1. First, we notice that Theorem 2.0.1 can be reformulated as follows:

Corollary 4.1.2. There exists a canonical equivalence of bi-simplicial spaces that send m,n to
Sd,, ,(2-Cat) and Maps([m],2-Cart[,o»),

respectively.
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4.1.3. Applying the 1-fully faithful embedding
(4.1)  Funct([m],2-Cat) ~ Seq(x*(2-Cat) = (2-Cartynje )strict > 2-Cart/[mjop = 2-Caty[jor
(where the second isomorphism is Theorem 2.0.1(b)), we obtain a fully faithful map
Maps([m], 2-Catypn1er ) = ((2-Catypmjor ) fnjerxmier )7 = (2-Catypnionxmier) P
Restricting to 2-Cart[,jor = 2-Cat 100, We obtain a fully faithful map
(4.2) Maps([m], 2'Cart/[n]op) - (2—Cat/[n]opx[m]op)8pc.
Lemma 4.1.4. The essential image of the map (4.2) lies in
(2-Cartijorxfmgor) ™ © (2-Catgagorcimyer )™
and coincides with the essential image offully faithful embedding
(2 Ca'rt/ n]“p® OP) (2 Ca“rtl/oz OP x m]“P)SpC
of Corollary 3.5.4.
Proof. Follows from Corollary 3.5.5(a). O

4.1.5. Thus, combining Lemma 4.1.4 and Corollary 4.1.2 we obtain a canonical identification
of bi-simplicial spaces

(4.3) Sqmm(z— Cat) ol (2—Ca1‘t/ op@ op) pC
We can now establish the assertion of Theorem 1.1.8 at the level of the underlying spaces:

Corollary 4.1.6. For S € 2-Cat, there exists a canonical equivalence
(2-Carts)"P° ~ Maps, ¢, (S' P, 2- Cat),
functorial in S.

Proof. Tt follows from [Chapter A.1, Theorems 4.1.3 and 5.2.3(a)] that for S € 2-Cat, the re-
striction map

(Q'Cat/S)SpC - MapSFunct(AOPXAOP,Spc)(Sqo,o(g)’ (2_Ca‘t/[']®[‘])spc)
is an isomorphism, and under this isomorphism the subspaces
(2—Cart/g)8pC c (2—Ca‘c/S)SpC

and

MapSFunct(AOPXAOP Spc)(sqo o(S) (2 Cart/ )Spc) c
c MapSFunct(AOPxAOP Spc) (Sqo .(S) (2 Ca’t/ )SPC)
correspond to one another.

Hence, the assertion of the corollary follows from the isomorphism (4.3) using the canonical
identification of bi-cosimplicial objects of 2-Cat:

([m]®[n])! P = [n]*" ® [m]°P.
O

4.2. Proof of Theorem 1.1.8, Step 2: identifying the underlying (oo, 1)-categories.
In this subsection we will construct the identification of the (oo,1)-categories underlying the
two sides in Theorem 1.1.8(b).
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4.2.1. We need to construct an isomorphism of simplicial spaces

Maps;_cqas ([m], (2-Cart g )surice) = Mapsy ¢ (S'7°P x [m],2-Cat), [m] € A.

Taking into account Corollary 4.1.6, we need to construct an isomorphism of simplicial spaces

(4.4) Maps([m], (2-Cart s )strict) (Q—Cart/gx[m]op)SpC, [m] € A.

4.2.2. Given [m] € A, using the 1-fully faithful embedding
Funct([m],2-Cat) ~ Seqy' (2-Cat) = (2-Cart [0 )strict = 2-Cart 1o <> 2-Cat [ 00

of (4.1) (which, we note, uses the statement of Theorem 2.0.1), we obtain a fully faithful map
Maps([m], 2-Cat/g) > ((2‘Cat/[m]op)/Sx[m]op)spc ~ (2—Cat/Sx[m]op)SpC.

Composing with the embedding
Maps([m], (2-Cartjs)uuict) = Maps([m],2-Carts) — Maps([m], 2-Catys),
we obtain a fully faithful map
(4.5) Maps([m], (2-Cart/g)strict) = (2—Cat/gx[m]op)8p°.
Lemma 4.2.3. The essential image of the map (4.5) equals
(2—Cart/gx[m]0p)8pc c (2—Cat/gx[m]0p)5pc.
Proof. Follows from Corollary 3.5.5(b). O

Thus, we obtain the required identification (4.4).
4.3. Proof of Theorem 1.1.8, Step 3: end of the argument.

4.3.1. Given T € 2-Cat, we need to construct an isomorphism of spaces

Maps(T, (2-coCarts)2 strict) = Mapsy qn (T @ S'-°P 2-Cat),
functorial in T and S, so that the subspaces

Maps(T, (2- coCart s )strict) € Maps(T, (2-coCarts)2_strict )
and

Mapsy (T x S'™°P, 2- Cat) c Maps,_c,, (T ® S' P, 2- Cat)
correspond to one another.

Taking into account Corollary 4.1.6, we need to construct an isomorphism of spaces

(4.6) Maps(T, (2-coCart/s)2 strict) = (2-coCart jsgr1-op ySpe,
so that

Maps(T, (2- coCarts)suict) € Maps(T, (2- coCarts)2 strict)

maps to

(2-coCart g1 -op ySpe ¢ (2-coCart/gg1-op ySpe,
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4.3.2. The equivalence of (oo, 1)-categories
Maps, ¢, (T, 2- Cat) ~ (2-coCart r1-op )strict
established in Step 2, gives rise to a 1-fully faithful embedding
Maps, ¢, (T,2- Cat) - 2-Catr1-op .
From here, we obtain a fully faithful embedding
Maps(T, 2- Cats) < ((2-Catp1-op ) jsurt-o0 ySpe = (2-Cat gy -op ySpe,

Composing with
Maps(T, (2-coCart/s)2strict) € Maps(T,2- Cats),
we obtain a fully faithful map
(4.7 Maps(T, (2-coCart/s)2strict) = (2—Cat/SXT1.op)SpC.

We claim:

Lemma 4.3.3.

a) The essential image Of the map 4.7) is contained in 2—Catloc 1-op Spe and equals the
/SxT
essential image of the fully faithful embedding

(2-coCart sg1-op ySpe o, (2—Catl/%°xT170p )5Pe

of Corollary 3.5.4.

(b) Under the resulting isomorphism
Maps(T, (2-coCarts)2 strict) = (2-coCart jsgr1-op )SpC
the subspace
Maps(T, (2- coCarts)siict) € Maps(T, (2- coCarts)2 strict)

maps to
(2—coCart/5xT1.op)SpC c (2—C0Cart/S®T1.op)SpC.

Proof. Follows from Corollary 3.5.5. d

The last lemma establishes the desired isomorphism (4.6).
O(Theorem 1.1.8)
5. THE YONEDA EMBEDDING

The goal of this section is to discuss the several incarnations of what can be called the Yoneda
lemma in the context of (oo0,2)-categories.

For example, we will show that to s € S there corresponds a Yoneda functor

(5.1) hs:S—1-Cat, hs(s")=Mapsg(s,s’),

and for any S £ 1-Cat we have an equivalence
(52) MapsFunct(S,l—Cat)(hS7F) = F(S)

By letting s vary, we will construct the Yoneda embedding

Yon : S < Funct(S!°P,1- Cat).
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5.1. The right-lax slice construction. In order to construct the Yoneda functors, we will
use Corollary 1.3.4 in order to interpret the datum of a functor S — 1-Cat as a 1-coCartesian
fibration.

In this subsection we will construct the corresponding 1-coCartesian fibrations (up to revers-
ing the arrows).

5.1.1. Let S be an (o0, 2)-category, and s € S an object. We define the (co,2)-category S/, to
be

Funct([1], S)right-tax X {5},
where the fiber product is formed using functor
Funct([1], S)right-1ax = S.

given by evaluation at 1 € [1].

5.1.2. Let p,: Sy - S be the functor given by evaluation at 0 € [1]. By definition, the fiber of
p over s’ €S is an (o0,2)-category

FU.DCt([l]’ S)right—lax SjS {(S,, S)}7

which by [Chapter A.1, Corollary 3.4.8] is an (oo, 1)-category, equipped with a canonical iden-
tification with Mapsg(s’, s).

5.1.3. We claim:
Lemma 5.1.4. The functor ps:S;, - S is a 1-Cartesian fibration.

Proof. Let a': 55 — s be an object of ), and and let 3 : s} — s( is a 1-morphism in S. Then
it is easy to see that the commutative diagram

’ «
50 —_— > S
ﬂ]‘ Iids
/ aof3

s —— 8

)1-Cat

represents a Cartesian arrow in (S, over f3: indeed this is an assertion at the level of the

underlying (oo, 1)-categories.
To finish the proof of the lemma, given a pair of objects
so=(ap:s)—s)and s; = (ag: 8] > 8)
of /s, we need to show that the functor
Mapss, (sy.5,) - Mapss(so, 51)
is a coCartesian fibration in spaces.
The category Mapsg//s (s9,8;) has as objects pairs (5, ¢), where 8 : s; - s} and ¢ is a 2-

morphism «g - ay o 8. Morphisms from (5, ¢) to (E, ;5) is the space of 2-morphisms v : 3 - [,
equipped with an identification ¢ ~ a1 (1)) o ¢. This makes it clear that the assignment

(B,¢) =B

is coCartesian fibration in spaces.
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5.1.5. Applying Corollary 1.2.6, from the 1-Cartesian fibration S/, — S we obtain a functor
h:S'°P - 1-Cat.
The value of this functor on a given s’ €S is
(Sys)s = Mapsg(s', s).

5.2. The 2-categorical Yoneda lemma. In this subsection we will establish the isomorphism
(5.2).

5.2.1. For a pair of 1-Cartesian fibrations in (oo, 1)-categories Tg, Ty over S, let us denote by
Maps3""*"(To, T1) := Maps; _ Carts)eerice (10, T1),
where the notation (1-Carts)strict is as in Sect. 1.2.3.

Le., Mapsg™“*(Ty, T, ) is the full subcategory of Mapsg(To,T;) that consists of those func-
tors that map 1-morphisms in Ty that are Cartesian over S to 1-morphisms in Ty with the same

property.
5.2.2. We claim:

Proposition 5.2.3. For a 1-Cartesian fibration F : T — S, evaluation at (s % 5) €Sy defines
an equivalence
MapSétriCt(S//s,T) - Ts.
Proof. Let
(Funct([1], T)right_lax)cart/g c Funct([1], T)ight-lax
denote the full subcategory whose objects are 1-morphisms Cartesian over S.

Evaluation defines functors

€Vo,€v1 (FunCt([1]7T)right—lax)cart/S - T.

Consider the fiber product

(Funct ([1], T right-tax) “%  x Ty = (Funct([1], T)right-1ax) ™ x {s}.
evy,T Foevy,S

It is easy to see that the functor (between (oo,2)-categories over S)

(Funct ([1], T sight-1ax) “2" 7 x T Ts = Sys x Ts
Vi1,

€

is an equivalence.

Hence, we obtain a functor (between (oo, 2)-categories over S)
o x T = (Punct([1], i) % x| Ty = (Funct ([1], Do) % 5 T.

evi,

The latter gives rise to a functor
Ty - Mapsg(Sy;, T).

It is easy to see that the latter functor takes values in MapsgtriCt(S//s,T) and provides an

inverse to one in the statement of the proposition.
O
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5.2.4. Applying Corollary 1.2.6, from Proposition 5.2.3 we obtain:
Corollary 5.2.5. For F:S'™°P — 1-Cat, evaluation at s €S defines an equivalence
MapSFunct(Sl’OP,l—Cat) (hS’ F) = F(S)

5.3. The 2-categorical Yoneda embedding. We will now show how to turn s € S into a
parameter and thus obtain the Yoneda functor

Yong : S - Funct(S' P, 1- Cat).
We will then show that Yong is fully faithful.
5.3.1. For S € 2-Cat, consider the (o0, 2)-category
Funct([1],S)ight-lax-

Evaluation on 0,1 € [1] defines two functors

evo,evy : Funct([1], S)right-lax = S.

As in Lemma 5.1.4 one shows:

Lemma 5.3.2.
(a) The functor evy : Funct([1],S)sight-1ax = S is a 2-coCartesian fibration of (oo, 2)-categories.
(b) The functor
(evo xevy) : Funct([1], S)right-lax = S xS
is a strict functor between 2-coCartesian fibrations over S.
5.3.3. Applying Corollary 1.3.3, from the functor evg x ev; we obtain a functor
S - 2-Cat,
equipped with a natural transformation to the constant functor with value S.
I.e., we obtain a functor
(5.3) S —2-Catg
5.3.4. Note, however, that by Lemma 5.1.4, the functor (5.3) takes values in the full subcategory
1-Cart/s c 2- Cats.
Moreover, the functor (5.3) factors through the 1-full subcategory
(1-Carts)strict © 1- Carts.

Le., we have a functor
(5.4) S - (1- Carts)strict-
5.3.5. Applying the equivalence (1-Cart s)strict = Funct(S'°P,1- Cat), from (5.4), we obtain
a functor
(5.5) Yong : S - Funct(S!°P,1- Cat),
or, equivalently, a functor
(5.6) S'°P x S - 1- Cat.

We will refer to the functor Yong of (5.5) as the 2-categorical Yoneda functor.
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5.3.6. We claim:
Proposition 5.3.7. The functor (5.5) is fully faithful.
Proof. We need to show that for s, s’ € S, the functor
Mapsg(s, 5) = MapSgypct(si-or 1- cat) (Yons(s), Yons(s'))
is an equivalence.
Equivalently (by virtue of Corollary 1.2.6), we need to show that the composite functor
(5.7)  Mapss(s,s") > Mapspyuee(si-or 1- cat) (Yon(s), Yon(s")) — Mapss™ (S, S)
is an equivalence.
By construction, the above map (5.7) has the property that for any ¢ € S the induced map
Mapsg(s,s’) - Maps%triCt(S//s,S//sr) -
- Maps((Sys)e, (Sys)e) ~ Maps(Mapsg(t, s), Mapsg(t, s))
is the map
Mapsg(s,s’) -~ Maps(Mapss(t, s), Mapsg(t,s')),
given by composition of 1-morphisms.
Taking t = s and evaluating at ids, we obtain that the composition
Mapsg(s,s’) - Maps%triCt(S//s,S//sr) -
- Maps((Sys)s, (Sys)s) ~ Maps(Mapsg(s, s), Mapsg(s, s')) -~ Mapsg(s,s')
is the identity map.
Now, according to Proposition 5.2.3, the composition
Mapsg™“ (S, Sysr) > Maps((Sys)s, (Sya)s) >
— Maps(Mapss(s, s), Mapsg(s,s’)) - Mapsg(s,s’)

is an isomorphism, implying that (5.7) is an equivalence as well.

APPENDIX A. THE UNIVERSAL RIGHT-LAX FUNCTOR

A.1. The construction.

A.1.1. Consider the 1-fully faithful functor

2-Cat — 2-Catright—lax

non-untl’

see [Chapter A.1, Sect. 3.1.5].

This functor is easily seen to commute with limits. Hence, it admits a left adjoint, to be
denoted

S = RLaxpon-unt1(S)-

It turns out that this functor can be described rather explicitly, and this description is useful.
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A.1.2. Recall the notation S, see [Chapter A.1, Sect. 3.1.1].
Starting from S € 2-Cat, consider the following (oo, 1)-category:

RLaXnon_unﬂ(S)-"s = SY X Actv,

where Actv is the full subcategory of Funct([1], A°P), spanned by active morphisms, and
Actv - A°P is the functor of evaluation at 0 € [1].

Evaluation on 1 € [1] defines a functor

(A1) RLaXpon-unt1 (S)? — AP,

A.1.3. For example,
RLaXnon—untl(S)yg Aﬁp {[0]} x Ser(S)

The category RLaxnon-unt1(S)? 5 {[1]} is described as follows. It is a coCartesian fibration

over AR, (where A,y is the 1-full subcategory of A where we restrict the arrows to active

morphisms). We have
()} g (RLasaonama (8 5, {(11}) = Sea, (9)

For an active map « : [m] — [n] the corresponding functor between the fibers identifies with
the functor

Seq,, (S) - Seq,, (S),
induced by a.

A.1.4. The projection [1] — [0] defines a functor A°" — Actv, which in turn gives rise to a
functor

Lg :sf RLaXmm_uml(S)¢ =S¢ > Actv,
compatible with projections to A°P.
We will prove:

Theorem A.1.5.

(i) The functor RLaxnon_uml(S)9S - A of (A.1) is a coCartesian fibration, and the resulting
functor A°P — 1-Cat lies in the essential image of the functor Seq,; denote the resulting (oo,2)-
category by RLaxpon-unt1 (S)-

(ii) The functor Lg sends coCartesian arrows over inert morphisms in AP to coCartesian
arrows. Denote the resulting laz functor S -> RLaxpon-unt1 (S) by ts.

(iii) For any T € 2-Cat, the composite map

Mapss_cat (RLaXnon-unt1 (S), T) = Mapsy_ ¢t (RLaxpon-unt1 (S), T) —

- Maps2‘catright—lax (87 T)’

non-untl

right-1ax, o0 untl

where the second arrow is given by precomposition with ts, is an isomorphism.
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A.1.6. Note that the functor
Lg : Sys - RLaXnon—untl(S)Sﬁ

admits a left adjoint; to be denoted )\g . This is a functor between categories over A°P that
sends coCartesian edges to coCartesian edges.

For example, the corresponding functor
RLaxnon-unt(5)! x [1] = Seqs (S)
is given, in terms of the description in Sect. A.1.3 by the compatible family of functors
Seq,,(S) — Seq, (8),

each corresponding to the unique active map [1] - [n].

Hence, we obtain that the functor )\g corresponds to a functor

As : RLaxpon-unu(S) = .
We claim:

Proposition A.1.7. The functor As : RLaxpon-unt1(S) = S is the counit of the adjunction, i.e.,
corresponds to the identity functor on S, considered as a non-unital right-lax functor.

Proof. We need to show that the composite lax functor
S % RLaxponunt (S) 5 S
identifies with the identity functor on S.
For that we need to show that the composite functor
Mo st »sf

is the identity functor. But this follows from the fact that the functor Lg is fully faithful.
O

A.2. Proof of Theorem A.1.5.

A.2.1. To prove point (i) of the theorem, let us explicitly describe the functor
A°P - 1-Cat
corresponding to the projection

RLaXpon-unt1(S)? — AP

Namely, this functor sends [m] to a coCartesian fibration over ((Aactv)[m]y)°’; whose fiber
over an active map v : [m] — [n] is

{7}

and where for active map « : [n1] — [n2] the corresponding functor

Sedy, (S) = Seqy, (S)

X RLaxpon-unt1 (S $ < {[m ): Seq,, (S),
((Aactv)[m]/)OP( a(®) AOP{[ I ©:(8)

is induced by a.

For a map S :[m1] = [mz], the corresponding functor

(AQ) IKLa‘Xnon—untl(S)¢ A>E’P {[mQ]} e laLaXnon—untl(S)yS A%JP {[ml]}
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is described as follows.

For an active map s : [ma] = [na], the category of factorizations of v5 o 8 as

! ’
e}

[m1] 5 [nf] S [ns]
has a final object
[mi] 5 [n1] 3 [ne]

In fact, « is the injection of the sub-segment with the smallest element 75 o 3(0) and the
largest element 9 o B(my).

The corresponding functor in (A.2) sends

{72} ]~:{I—‘axnon—untl(S)¢ X {[mg]})—)

X
((AactV)[mz]/)Op ( Acr

- X RLaxpon-unt1(S $ % {[m )
{%}((AW)WW( a1 x {lmi}

and equals the functor
Seq,, (S) = Seq,,, (S)
is induced by a.

The verification of Conditions (0)-(2) for being an (oo, 2)-category is now straightforward.

It is equally easy to see that the functor Lg sends coCartesian arrows over inert arrows in A to
coCartesian arrows.

A.2.2. Let us now show that the map

(S,T)

non-untl

Mapss_cat (RLaXnon-unt1 (S), T) = Maps,_ ¢t

right-lax
is an isomorphism.

¢

Given T ¢ 2-Cat, the operation of relative left Kan extension along iy gives rise to a fully
faithful embedding of spaces

(A.3) Maps, g, aop (7, T ) = Maps,_cai, o (RLaXn0n-unat (S)F, T7).

Let
Mapsll-Cat/Aop (Sgg ) r]rf ) c Ma'psl—Cat/Aop (89S 7T¢ )

be the subspace consisting of functors that send coCartesian arrows over inert morphisms in
A°P to coCartesian morphisms. Let

Mapsll—cat/Aop (RLaXnon-untl(S)¢ ) ng )c Ma’psl—cat/Aop (RLaXnon—untl(S)fﬁ ,’]1‘55 )

be the subspace consisting of functors that send all coCartesian arrows to coCartesian mor-
phisms. We will show that the map (A.3) defines an isomorphism

(A.4) Maps|_cag aop (7, T ) = Maps]_cai, o (RLaXn0n-unat (S)F, T4).
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A.2.3. Note that the functor
Lg :s? 1:{Laxnon_,mﬂ(8)9S

admits a right adjoint, to be denoted pg . Explicitly, for every m and v : [m] — [n], the functor

¢

pg makes the following diagram commutative

) (RLaxuonana () ¢, {0m1})

X
((Aacty)m1y)°P Aop

| !

Seq,, (S) — s¢.
()

In particular, we note that pg does not respect the projections

RLaxnonunt1(S)f = A% and S¢ - AP

RLaXnon—untl (S)yf

We have the following general assertion:
Lemma A.2.4. Suppose we have a diagram of (oo, 1)-categories
c’ - C
\ | /
such that v is fully faithful and admits a right adjoint p. Then for any coCartesian fibration
D - 1, relative left Kan extension gives a fully faithful embedding

Mapsl—Cat/I (C,> D) g Mapsl—Cat/I (C7 D)

with the image consisting of functors F : C — D over I such that for every c € C, the counit of
the adjunction v o p(c) — ¢ induces the arrow

F(vep(c)) = F(c)
in D that is coCartesian over 1.
A.2.5. Applying this lemma, we need to show that for a functor
F : RLaxponuni (S)? — T

the following conditions are equivalent:
(1) F takes coCartesian arrows to coCartesian arrows;
$o,8

(2) F takes the arrows coming from the counit of the adjunction tf o p{ — id and also

arrows of the form Lég (f), where f is a coCartesian arrow in sf lying over an inert map
in A°P to coCartesian arrows.

We have the following general observation:

Lemma A.2.6. Let D - I be a coCartesian fibration of (oo, 1)-categories. Then an arrow in
D is coCartesian over I if and only if its image in D" 4s coCartesian over I*-°rd™,

This lemma allows to replace the verification of the equivalence of conditions (1) and (2)
above to the case when T (and hence also S) is an ordinary 2-category. In this case the
assertion is straightforward.

A.3. Quasi-invertible 1-morphisms.
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A.3.1. Since
Seqg(RLaxpon-unt1(S)) = Seqqy(S),
the categories Sp and RLaxpon-unt1(S) have the same spaces of objects.

Note that the subcategory
(Seql (RLaXnon-untl (S) ))invert c Se(h (RLaXnon-untl (S))
identifies with

Ser(S) o {[O]} AX (RLaXnon—untl(S)gg Aﬁp {[1]}) c

actv

¢ RLaxXnon-une1 (S)# &, {11} = Sedy (RLaxnon-unti(S))-

A.3.2. We shall say that a 1-morphism is quasi-invertible if it belongs to the full subcategory,
to be denoted (Seq; (RLaxnen-unt1(S)))*™ ", and equal to

Seq () = (Sea; ()™ < Seay (8) = ({11}, x _(RLaxuonuna(®)f g {[1]}) €

actv

c RLaXnon—untl(S)gg A>§’P {[1]} = Seql(RLaXn011—untl(S))~

Remark A.3.3. Note that we thus obtain two different fully faithful functors
Seqy(S) = (Sed; (RLaxpon-unti (S))) ™" < Seq; (RLaxpon-unti (S))

and
SQQO (S) = (Se(h (RLaXnon—untl (S) ) )q—lnvert ing Se(h (RLaXnon—untl (S) ) .

By construction, these functors are connected by a natural transformation (from the former
to the latter).

A.3.4. We observe:

Lemma A.3.5. A non-unital right-lax functor S -> T is unital if and only if the corresponding
functor
RLaXnon—untl(S) - T

sends quasi-invertible 1-morphisms to isomorphisms.
APPENDIX B. LOCALIZATIONS ON 1-MORPHISMS
B.1. The notion of localization on 1-morphisms.

B.1.1. Let C be an (oo, 1)-category, and let C’ c C be a 1-full subcategory with the same class
of objects. (Le., the datum of C amounts to specifying a class of 1-morphisms containing all
isomorphisms and closed under compositions).

Recall that the localization of C with respect to C’ is a pair
(C, Fean : C > Cean),
universal with respect to functors F : C — C that map 1-morphisms from C’ to isomorphisms.
B.1.2. Let F': S — T be a functor between (oo,2)-categories.

Definition B.1.3. We shall say that F is a localization on 1-morphisms if:
(1) The functor Seqy(S) — Seq(T)o is an isomorphism (in Spc);
(2) The functor Seq,(S) — Seq(T); is a localization.
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B.1.4. We claim:

Proposition B.1.5. For a functor F':S - T, the following are equivalent:
(1) F is a localization on 1-morphisms;

(2) The corresponding functor S¢ > T is a localization.
Proof. Follows from the next general lemma:

Lemma B.1.6. Let C - I and D — I be coCartesian fibrations, and let F': C - D be a functor
compatible with the projections to I such that F' sends coCartesian arrows to coCartesian arrows.
Then F is a localization if and only if for every i €I the corresponding functor C X {i} - D X {i}

1s a localization.

O

As a corollary, we obtain:

Corollary B.1.7. Let S - T be a localization on 1-morphisms. Then for any X € 2-Cat, the
maps

MapSZ—Cat(T7 X) - Map52-0at (S7 X)7 Ma‘ps2—0at (T7 X) - Maps2—Catright_1ax(Sv X)

right-lax
and
(T, X) - Mapsy_ ¢y

non-untl

MapSQ-Cat (Sv X)

are fully faithful.

right-lax right-lax,on_untl

B.1.8. It is easy to see that if S - T is a localization on 1-morphisms, then for any X € 2-Cat,
so is the functor

SxX—-SxT.

From here we obtain:

Corollary B.1.9. Let S - T be a localization on 1-morphisms. Then for any X € 2-Cat, the
functor

Funct(T, X) - Funct(S, X)
is fully faithful.

B.2. Description of localizations.

B.2.1. We have:

Proposition B.2.2. Let S be an (o0,2)-category. The following pieces of data are equivalent:
(i) The datum of a functor S — T, which is a localization on 1-morphisms.
(ii) The datum of a functor S?=°r4® — T2-ordn “which is a localization on 1-morphisms.

(iii) The datum of a subset of isomorphism classes of morphisms in Seq, (S) that contains all
isomorphisms and is closed under the composition operation

moSear () x . mo(Seas(5) = mo(Seqs (9)):

Proof. Follows from the next general lemma:



STRAIGHTENING AND YONEDA FOR (o0,2)-CATEGORIES 31

Lemma B.2.3. Let C - I be a coCartesian fibration. Then the datum of a localization F :
C — D, such that D is also a coCartesian fibration over I and F sends coCartesian arrows to
coCartesian arrows is equivalent to the datum of a localization C X {i} - D; for eachie€l, such

that for every 1-morphism iy — is in I the corresponding functor

CT{il} - C>I<{i2}
sends the 1-morphisms that become isomorphisms on D, to 1-morphisms that become isomor-
phisms on Dy, .

O
B.2.4. As a corollary we obtain:
Corollary B.2.5. For S e 2-Cat, the canonical functors
As : RLaxpon-unt1 (S) = S,

RLaxnon-untl(SxT) > S®T and S® T - Sx T
are localizations on 1-morphisms.



