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INTRODUCTION

0.1. Why does this chapter exist? Only a small portion of this chapter consists of original
mathematics: if anything, it would be Theorem 6.1.2 (that expresses the functor of universal
enveloping Lie algebra in terms of the Chevalley functor), and perhaps also Theorem 2.9.4 (that
computes primitives in ‘fake’ co-free co-algebras).

Our main intention in writing this chapter was to provide a reference point for [Chapter IV.3],
where we will study the relation between moduli problems and Lie algebras.

0.1.1. The main actors in our study of Lie algebras will be the pair of mutually adjoint functors
(0.1) Chev®™ : LieAlg(O) = CocomCoalg™&(0) : coChev™"

that connect Lie algebras and augmented co-commutative co-algebras in a given symmetric
monoidal category O. (In our applications in the subsequent chapters we will take O =

!
IndCoh(X), where X € PreStk.s, equipped with the ® symmetric monoidal structure.)

The difficulty here (and what makes the game interesting) is that the above functors are not
fully faithful, but they are close to being such.

For example, we conjecture that the unit and the co-unit of the adjunction
Id — coChev®™ o Chev™ and Chev®™ o coChev®™ — Id

become isomorphisms when evaluated on the essential image of coChev®™ and Chev®™", re-
spectively.

We will now describe the two main results of this chapter.
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0.1.2. One is Theorem 4.2.4, which is a particular case of the more general Theorem 2.9.4. It
says that the unit of the adjunction

Id — coChev®™ o Cheve™®
is an isomorphism, when evaluated on any trivial Lie algebra.

As a consequence we deduce (see Theorem 4.4.6) that if we precompose the Chevalley functor
with the loop functor
Qrie : LieAlg(O) — Grp(LieAlg(0O)),
and view the result as a functor
Grp(coChev™) o Qe : LieAlg(O) — CocomBialg(0O),
the latter will be fully faithful.

A key observation here is that for a Lie algebra b, if we view Qp;(h) again as a mere Lie
algebra (i.e., disregard the Lie algebra structure), then it will be canonically trivialized (see
Proposition 1.7.2). The latter result is true for any operad?.

0.1.3. The second main result of this chapter is Theorem 6.1.2:
It says that the functor
Grp(coChev™) o Q. : LieAlg(O) — CocomBialg(O),

considered above identifies canonically with the functor that assigns to a Lie algebra its universal
enveloping algebra, considered as a co-commutative Hopf algebra.

0.2. What else is done in this chapter?

0.2.1. In Sect. 1 we give an overview of the general theory of algebras over operads.

We show that for a given operad P, a P-algebra B can be canonically lifted to non-negatively
filtered P-algebra BFil such that its associated graded is trivial. This construction implies that
many functors from the category of P-algebras admit filtered versions, whose associated graded
is easy to control.

In addition, we prove the above-mentioned fact that the loop functor followed by the forgetful
functor on the category of P-algebras canonically produces trivial P-algebras. As an application
we give a simple proof of the fact that the stabilization of the category of P-algebras (in a
symmetric monoidal DG category O) identifies with O itself.

0.2.2. In Sect. 2 we review the theory of Koszul duality between algebras over an operad and
co-algebras over the Koszul dual operad.

One of the key points is that there are two inequivalent notions of co-algebra over a co-operad.
One is the usual notion of co-algebra (which in the example of the co-commutative co-operad
corresponds to augmented co-commutative co-algebras). And another is that of ind-nilpotent
co-algebra. There is a naturally defined functor (denoted res*~*) from the category of the
latter (denoted Q-Coalg™*™'P(Q)) to the category of the former (denoted Q-Coalg(0O)), and
we conjecture that this functor is fully faithful.

The forgetful functor oblva®™ " : 9-Coalg™¥™!*(0) — O admits a right adjoint, denoted

cofreeiQnd'nﬂp. Composing with the functor

res*”* : Q-Coalg™™P(0Q) — Q-Coalg(0),

n this generality we learned this fact, along with its proof, from M. Kontsevich.
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we obtain the functor that we denote by

cofree’s™ : O — Q-Coalg(0).

For example, for Q = Cocom®#, the functor cofree’* is the functor of symmetric co-algebra

V — Sym(V).
If we knew that the functor res** was fully faithful, we would know that for V, W € O the
composite map
(0.2) Mapsg (W, V) ~ Mapsg (oblvgld'nilp o trivi(i;ld_“ilp(VV)7 V)~
~ Mapsg _coalgind-nite (0) (trivy P (W), cofreel} ™ P (V) —
— Mapsg _coalg(0)(res™ " o triviQ“d'nﬂp(VV)7 res*”* o cofreel) P (1)) ~
~ Mapsg _coalg(0) (triva (W), cofreel (1))
is an isomorphism.

Unfortunately, we do not know whether res** is fully faithful. However, we prove, and
this is one of the key technical assertions, that for a certain class of co-operads (that includes
Cocom™® and Coassoc™®) that map in (0.2) is an isomorphism. This is Theorem 2.9.4.

0.2.3. In Sect. 3 we specialize the context of Koszul duality to the case of associative algebras.

0.2.4. In Sect. 4 we prove Theorem 4.4.6, mentioned above, which says that the functor
Grp(coChev®™) o Qe : LieAlg(O) — CocomBialg(O),
is fully faithful.

We study the functor

Monoid(coCheve™?)
—

CocomBialg(O) Monoid (LieAlg(0)) ~ Grp(LieAlg(0)) 21 LieAlg(O),

enh)

right adjoint to Grp(coChev o Njie.

We show that it fits into a commutative diagram

CocomBialg(O) LEAZCUN CocomCoalg™&(0)
BLieoMonoid(COChcve"h)l lprimcocomaug
LieAlg(0) 2B 0.

Le., we obtain that when we apply the functor
Primcocomaus : CocomCoalg™®(0) — O
to an object of CocomBialg(O), the result has a natural structure of Lie algebra.

This can be regarded as an ‘ultimate explanation’ of why the tangent space to a Lie group
at the origin has a structure of Lie algebra (one that does not use explicit formulas).
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0.2.5. In Sect. 5 we recall the basic constructions associated with the functor of universal
enveloping algebra of a Lie algebra.

In Sect. 6 we prove the second main result of this chapter, described in Sect. 0.1.3 above.
In Sect. 7 we give an interpretation of an equivalence
h-mod ~ U(h)-mod
(here b is a Lie algebra) in terms of the incarnation of UH°Pf(f) as
Grp(Chev™™) o Q(h).

0.2.6. In Sect. A we prove Theorem 2.9.4 described in Sect. 0.2.1.
In Sect. B, we prove the PBW theorem in the setting of higher algebra.

0.2.7. In Sect. C we address the following issue: co-commutative bialgebras can be defined
in two ways: as associative algebras in the category of co-commutative co-algebras or as co-
commutative co-algebras in the category of associative algebras.

In the setting of higher algebra it is not obvious that these two definitions lead to the same
object. However, in Proposition C.1.3 we prove that they in fact do.

1. ALGEBRAS OVER OPERADS

In this section, we review the general theory of algebras over operads.

For the purposes of this chapter, we will regard operads as algebras in the category of
symmetric sequences. We review this notion in Sect. 1.1.

In this section, we also review the notions of filtered and graded objects in a DG category.
We show that algebras over operads have a canonical filtration and, as a result, various functors
on the category of algebras over an operad obtain canonical filtrations.

Finally, for an operad P, we consider group objects in the category of P-algebras. We show
that the underlying P-algebra of a group object in the category of P-algebras is canonically a
trivial P-algebra.

1.1. Operads and algebras. In this subsection we introduce operads and algebras over them
(in a given DG category).

1.1.1. Let Vect® denote the category of symmetric sequences. As a DG category, we have:

Vect” := nlgl Rep(Z,),

i.e., consists of objects
P :={P(n) € Rep(X,), n > 1}.

The category Vect™ has a canonical symmetric monoidal structure such that it is the free
symmetric monoidal DG category on a single object. It follows by the (oo, 2)-categorical Yoneda
lemma [Chapter A.2, Proposition 6.3.7] that Vect® is the category of endomorphisms of the
functor

DG CatZ o5 Mor _ 1_Cat

cont

Hence, the category Vect®™ is endowed with another natural (non-symmetric) monoidal struc-
ture, called the composition monoidal structure, corresponding to composition of functors. The
unit object

Lyeets € Vect”



6 LIE ALGEBRAS AND CO-COMMUTATIVE CO-ALGEBRAS

is the one given by
]-Vectz(l) =k, 1yect® (n) =0 for n > 1.

Let O be a symmetric monoidal DG category. The category O is then a module category for
Vect™ (with the composition monoidal structure). Explicitly, given an object P € Vect™ and
V € O, the action of P on V is given by the formula

PxV =@ (Pn)® V®")E
n n

1.1.2. A (unital) operad is by definition a unital associative algebra in Vect™ with respect to
the composition monoidal structure.

Convention: Unless explicitly stated otherwise, we will only consider operads P, for which the
unit map defines an isomorphism k& — P(1). In particular, such operads, viewed as associative
algebras in Vect™, are automatically augmented.

1.1.3. For an operad P € AssocAlg(Vect™), the category of P-Alg(O) of P-algebras in O is by
definition the category P-mod(O).

We shall denote by
freep : O = P-Alg(O) : oblvyp
the resulting pair of adjoint functors.
The functor oblvy is conservative, and being a right adjoint, it preserves limits.

The composite functor oblvy o freey is given by

Vs PrV=a (Pn)@Ver),

n

In particular, it preserves sifted colimits. Thus, the monad on O, defined by P, preserves sifted
colimits. Hence, the forgetful functor oblvy also preserves sifted colimits.

1.1.4. The augmentation on P gives rise to a functor
trive : O — P-Alg(0O),

which is a right inverse on oblve.

1.1.5. We will consider the following operads: Assoc®®, Com®"® and Lie. By definition

Assoc™®(n) = k¥, Com™&(n) = k.

By definition
Assoc™® -Alg(0) =: AssocAlg™®(0) and Com™'®-Alg(O) =: ComAlg™¢(0)

are the categories of unital augmented (equivalently, non-unital) associative and commutative
algebras in O, respectively?.

We will also consider the operad Lie; this is the classical Lie operad, where we set by definition
Lie(1) = k. We have
Lie-Alg(O) =: LieAlg(O);

this the category of Lie algebras in O.

2Note that in the interpretation as augmented algebras, the forgetful functor oblvyp corresponds to taking
the augmentation ideal.
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1.2. Tensoring a P-algebra by a commutative algebra. Let h be a Lie algebra and A is
a commutative algebra. Then the vector space h ® A has a canonical structure of a Lie algebra
given by [h1 ® a1, ha ® ag] = [h1, he] ® (a1 - az).

In this subsection, we describe the following generalization of this construction. Let O be
a symmetric monoidal category, and let A be a commutative algebra in O. For an operad P,
let B be a P-algebra in 0. We will show that the object A ® B has a canonical structure of a
P-algebra.

Remark 1.2.1. This construction has the following generalization (which we will not need in
the sequel). The category of operads has a symmetric monoidal structure characterized by the
property that if A is a P-algebra and B is a Q-algebra then A ® B is a (P ® Q)-algebra. The
commutative operad is the unit object for this symmetric monoidal structure.

1.2.2. Let @ : O — O’ be a homomorphism of symmetric monoidal DG categories. Then @
induces a (strict) functor between module categories for the monoidal category Vect™.

In particular, for any operad P, the functor ® induces a functor
(1.1) ®: P-Alg(O) — P-Alg(O')
that makes the diagrams
P-Alg(0) —2— P-Alg(0)
(1.2) oblv?l Joblvfp

(0] - o’
and

P-Alg(0) —2— P-Alg(O’)
(13) freeipT Tfreery

(0] —_— (o}
commute.

1.2.3. Consider the right adjoint® ®* of ® (where we view the latter as a functor between mere
DG categories).

The functor ®# has a natural structure of right-laz functor of module categories over Vect™.
In particular, it induces a functor

OF . P-Alg(0') — P-Alg(0),
right adjoint to (1.1).
By passing to right adjoints in (1.3), we obtain a commutative diagram
R
P-Alg(0) +2— P-Alg(O’)
(14) oblvTJ( loblvT

<I>R
(0) — o'

3Here we do not even need to require that this right adjoint be continuous.
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1.2.4. Let now A be a commutative algebra in O. Set O’ := A-mod(O). The composition
®"0d:0—-0
is the functor of tensor product by A.

By the above, this functor admits a natural structure of right-lazx functor of module categories
over Vect”. In particular, we obtain a well-defined functor

A®—:P-Alg(0O) — P-Alg(0),
that makes the diagram
P-Alg(0) 2= P_Alg(O')

oblvy J{ J/Oblv:p

o 2 o
commute.
1.2.5. Note that the construction
(1.5) A~ AR —: P-Alg(O) — P-Alg(O)
is functorial in A, so we obtain a functor
ComAlg(0) x P-Alg(0) — P-Alg(0O).
For the sequel, we note the following:

Lemma 1.2.6. The functor (1.5) commutes with finite limits in each variable.

Proof. Tt is enough to prove the assertion after applying the functor oblve, and then it becomes
obvious, because the functor
- ®—-—:0x0—-0
commutes with finite limits in each variable.
O

1.3. Digression: filtered and graded objects. In this subsection we will make a digression
and fix some notation pertaining to filtered and graded objects in a DG category.

1.3.1. For a DG category C, we let CF! (resp., CFi:20 CFiL.<0) denote the category of filtered
(resp., non-negatively filtered, non-positively filtered) objects. By definition,
CHl.= Funct(Z,C), CF20 .= Funct(z=°,C), C'H=0 .= Funct(z=°,C),
where Z is viewed as an ordered set and hence a category.
We have the natural restriction functors
CFil>0  oFil _, Fil,<0

The above functors both admit left adjoints, given by left Kan extension. The essential
image of CFil:20 in CFi! consists of functors sending the negative integers to 0. Then essential
image of CFL=0 in CFil consists of functors that take the constant value on ZZ°. Thus, we
obtain the usual embeddings

CFil.>0 _, oFil ., OFil,<0

The functor of ‘forgetting the filtration’

oblvg : CFl 5 C
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is by definition the functor
co%im : Funct(Z, C) — C.

1.3.2. Consider also the category
ce = C?,
and its subcategories
ce20 c o 5 CEnsl,

We have the functor of forgetting the grading oblv,, : C8" — C, given by
©:C* - C.
Z

For n € Z we let

(deg=n): C — C#

the functor that creates an object concentrated in degree n. Sometimes, we will also use the
notation

ydee=n .— (deg = n)(V).

1.3.3. We have a canonically defined functor

(1.6) (gr — Fil) : €& — CF,
given by left Kan extension along
(1.7) Z%° — 7.

(I.e., the target Z is considered as a category with respect to its natural order, while the
source copy is considered as a groupoid.)

Explicitly, if an object of C& is given by n ~ Vj,, the corresponding object of CFil is given
by

The functor (gr — Fil) admits a right adjoint, denoted Rees, given by restriction along (1.7).

1.3.4. We now consider the functor of associated graded
ass-gr : CFl — C#,
given by
n — coFib(V,_1 — V).

It is a basic (and obvious) fact that the functor ass-gr is conservative when restricted to
CFil,>0

We have the following (evident) isomorphism of endo-functors of C#':
ass-gro(gr — Fil) ~ Id.

1.3.5. The above constructions are functorial with respect to C. In particular, if O is a (sym-
metric) monoidal category, then so are O and O®", and each of the functors
ass-gr : OFl - 0%, (gr — Fil) : 08" — O and (deg = 0) : O — O%

has a natural (symmetric) monoidal structure.
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1.4. Adding a filtration. Suppose that A is an augmented associative algebra. In this case,
A has a canonical filtration given by A, = 0 for n < 0, Ag = k and A, = A for n > 1.
The corresponding associated graded algebra is given by the square zero extension (i.e. trivial
augmented associative algebra) k @& AT, where AT is the augmentation ideas of A.

In this subsection, we describe a generalization of this construction. Namely, we show that
any* P-algebra has a canonical lift to a filtered P-algebra such that the associated graded is
the trivial P-algebra. Roughly speaking, at the level of the corresponding Rees algebras, this
construction amounts to scaling all the operations to zero.

This is a technically important tool as it allows to reduce many statements about P-algebras
to trivial P-algebras.

1.4.1. Consider the commutative algebra A := k@ k; we endow it with an augmentation, given
by projection on the first copy of k. We also endow it with a non-negative filtration by setting

A, = Aforn>1
k for n = 0.
By Sect. 1.2, we can regard the assignment
B— A®B

as a functor
P-Alg(0) — P-Alg(OF120).
Using the augmentation on A, we obtain a natural transformation

A® B — B.

Here we abuse the notation slightly, and denote simply by B the object of P-Alg(O¥:20) that
should properly be denoted by (gr — Fil)(Bde&=0).

1.4.2. We define the functor
AddFil : P-Alg(0) — P-Alg(OF=0)
by:
B+— Fib(A® B —+ B) := (A® B) x {0}.
Sometimes, we will also use the notation
BYl .= AddFil(B).
1.4.3. Since oblvg(A) = k x k, by Lemma 1.2.6, we obtain an isomorphism of functors:
oblvpj(A® B) ~ B x B.
From here, we obtain that the isomorphism of functors
oblvp; o AddFil ~ 1d.

So, the assignment
B~ BFil
can be viewed as a canonical lift of B € P-Alg(O) to an object of P-Alg(O¥:20),

4Recall our conventions for operads!
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1.4.4. The following diagram commutes by construction:

P-Alg(0) R P-Alg(0"=7)
trivy T trivy T
o deg=1 OngO (gr—Fil) OFil,ZO.

The following diagram also commutes:

P-Alg(O) AddFil, P -Alg(OFiL>0)
Oblvﬂ’l ObIV(PJ(
o deg=1 OgT720 (gr—Fil) OFﬂyZO.

1.4.5. We now claim:
Proposition 1.4.6. The functor
ass-gr o AddFil : P-Alg(O) — P-Alg(08"=Y)

is canonically isomorphic to trive o (deg = 1) o oblvsyp, i.e.,
P-Alg(0) 2% 0 1B gerz0 e Ao (QEr20),

Let us repeat the statement of Proposition 1.4.6 in words. It says that for B € P-Alg(O),
the associated graded of B¥! is canonically trivial.

Proof. We need to show that the functor P-Alg(Q) — P-Alg(0&20), given by
B+ Fib(ass-gr(4) ® B — B)
is canonically isomorphic to
B+ trive (oblvy(B)de=1).
We will deduce this from a particular property of the canonical action of Vect™ on O from
Sect. 1.1.1:
Note that ass-gr(A) ~ k[e]/e?, where deg(e) = 1. Consider the functor
(1.8) V > Fib(k[e]/e? @ Viee=0  ydes=0) " g - 0#"20,
as a right-lax functor of modules categories over Vect™.

For a symmetric monoidal category O’ let us denote by Of,;, the same DG category (i.e.,
O’), but equipped with the trivial action of Vect™, i.e., the action that factors through the
projection on the degree 1 component Vect™ — Vect. Note that the identity functor on O’ can
be made into a right-lax functor of modules categories over Vect® for both

(1.9) o' — 01,
and
(1.10) O, — O,

With these notations, the observation is that the functor (1.8) canonically factors as a com-
position

(1.9) (1.10)

0o— Otrlv (dgl) (Ogr >0)tr1v Ogr >0

Indeed, this follows for reasons of degree since the functor (1.8) sends V to Vdee=1,



12 LIE ALGEBRAS AND CO-COMMUTATIVE CO-ALGEBRAS

1.5. Filtered objects arising from ®P-algebras. The construction in this subsection ex-
presses the following idea: many functors from the category of P-algebras in O to O itself
automatically lift to functors with values in the category of filtered objects in O.

The typical examples of this phenomenon that we will consider are the functors of universal
envelope or Chevalley complex of a Lie algebra (see Sect. 2.5 for the latter example).
1.5.1. Let C be a functor

DGCat™>™M" — 00 -Cat,
and let ® be a natural transformation
O ~ P-Alg(O) — €(0).

We observe that the natural transformation ® automatically upgrades to a natural transfor-

mation, denoted ®F!,
O ~ P-Alg(0) — e(OFih=0),
Indeed, we let ®F|g : P-Alg(O) — (O 1:20) be the composition

i : [ci] i1, .
P-Alg(0) M5 p_Alg(0F120) T ¢(0F120),
1.5.2. Note that we have the following commutative diagram:

q:'FillO

P-Alg(0) —2 e(OFi20)

Idi loblVFu

P_Alg(0) —2°  e(0).

The next diagram commutes due to Proposition 1.4.6:

Fil
P-Alg(0) 210 e(oril=0)

oblv:yl lass'gr

o) e(0e"20)
(degznl Tmogr,zo

020 Vo, p pjg(Qer20)

(1.11)

In addition, we have the following commutative diagram

o HVEL - p_Alg(O)
<dog:1>l jwwo
Ogr,ZO e(oFil,ZO)

triwpl Tgr—>Fil
P|5er,>0
P-Alg(0er20) o200 gerzoy

1.6. Group objects in the category of P-algebras. In this subsection we show that the
category of P-algebras has the feature that the functors of taking the loop space and the
classifying space of a group-object are mutually inverse equivalences of categories.
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1.6.1. Consider the categories
Grp(P-Alg(0)) C Monoid(P-Alg(0O)).

We claim:
Lemma 1.6.2. The inclusion Grp(P-Alg(O)) C Monoid(P-Alg(0O)) is an equivalence.

Proof. The inclusion Grp(C) C Monoid(C) is an equivalence for any pointed category C, for

which a map ¢; — ¢2 is an isomorphism whenever ¢; X * — * is:
C2

Namely, recall that a monoid object ¢ € C is a group object if and only if the map
(p1,m):c1:=cXc—CcXC=:cCy

is an isomorphism. However, if C is pointed, the canonical map * — c is the unit; therefore,
the natural map ¢; X * — x is an isomorphism.
C2

O

1.6.3. Consider now the pair of adjoint functors:
(1.12) By : Grp(P-Alg(0)) = P-Alg(O) : Qgp.

We claim:
Proposition 1.6.4. The functors (1.12) are mutually inverse equivalences.
Proof. We have to show that the natural transformations

Id — Q9 o Bp and Bp o Qp — 1d

are isomorphisms.

It is enough to show that the resulting natural transformations

oblvy — oblvyp 0 Qp o Bp and oblvy o Bp 0 Qp — oblvy

are isomorphisms.

The following diagram commutes tautologically
Grp(P-Alg(0)) +22— P_Alg(0)
oblvyp ooblvGer( loblvw

o) L o,

because the functor oblvy commutes with limits.

The next diagram, obtained from one above by passing to left adjoints along the horizontal
arrows,

Grp(P-Alg(0)) —22 P-Alg(O)
oblvypooblva:p J{ lobIVry

1
0 M, o
also commutes, because oblvy commutes with sifted colimits.

This implies the required assertion.
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1.7. Forgetting the group structure. In this subsection we show the following: if we con-
sider a group-object of the category of P-algebras, and forget the group structure, then the
resulting P-algebra is canonically trivial.

1.7.1. We will prove:

Proposition 1.7.2. The composite functor
oblvg,, 0 Qp : P-Alg(O) — P-Alg(O)

is canonically isomorphic to
trivp o [—1] o oblvsy.

Combining with Proposition 1.6.4, we obtain:

Corollary 1.7.3. The functor
oblve,p : Grp(P-Alg(0)) — P-Alg(O)
18 canonically isomorphic to

trivp o oblvyp o oblvg,p.

The rest of this subsection is devoted to the proof of Proposition 1.7.2. The idea of the proof,
explained to us by M. Kontsevich, is to interpret the composite functor oblvg,, o {2p as tensor
product by a certain (non-unital) commutative algebra.

1.7.4. Step 1. Consider the commutative augmented algebra A in Vect equal to
trivoomens ([—1]).
Le., A = k[-1] @ k, with the multiplication on k[—1] is trivial. We claim that that there exists
a canonical isomorphism of endo-functors of P-Alg(O)
oblvg,, 0 Q9 (B) ~ Fib(A® B — B).

Indeed, take A’ = k x k, so that A := k 2< k. By Lemma 1.2.6, the pullback diagram of

commutative algebras
A —— k

(1.13) l l

Ek—— A
gives rise to a pullback diagram in P-Alg(0O),
A®B —— B

-

B %2, gy,

functorially in B € P-Alg(O).

The projection on the second factor defines an augmentation A’ — k, thereby allowing to
view (1.13) as a diagram over k. From here we obtain a pullback diagram

Fib(A® B— B) ——  Fib(B — B)

! |

Fib(B—+ B) —— Fib(B x B — B),
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i.e., we obtain a pullback diagram
Fib( A B—B) —— 0

l I

0 . B,

as desired.

1.7.5. Step 2. Thus, to prove Proposition 1.7.2 we need to establish a canonical isomorphism
of functors

(1.14) Fib(A® B — B) ~ trive(oblvy(B)[-1]), B € P-Alg(0).
This repeats the argument of Proposition 1.4.6.

1.8. Stabilization. In this subsection we use Proposition 1.7.2 to give a simple proof of the
fact that the stabilization of the category of P-algebras (in a symmetric monoidal DG category
O) identifies with O itself.

1.8.1. For an oo-category C, let ComMonoid(C) denote the category of commutative monoids
in C, see [Chapter 1.1, Sect. 3.3.3].

Recall also that if C is stable, the forgetful functor
ComMonoid(C) — C

is an equivalence.

1.8.2. Let O be a symmetric monoidal DG category. We regard it a mere oo-category, and
comnsider the corresponding category ComMonoid(O). Since O is stable, by the above we have
ComMonoid(O) ~ O.

Since the functor trive commutes with limits (and, in particular, products), it induces a
functor

ComMonoid(trivy)
—

(1.15) O ~ ComMonoid(O) ComMonoid(P-Alg(0O)).

We will prove:
Proposition 1.8.3. The functor (1.15) is an equivalence.

The above proposition can be reformulated as a commutative diagram

0 VT, p-Alg(O)

~| 1a
ComMonoid(P-Alg(Q)) -22lVCemioncid, p_AJo((Q).

Hence, we obtain:
Corollary 1.8.4. The functor
coPrimy : P-Alg(0O) — O,
left adjoint to trive (see Sect. 2.4.1 below), identifies O with the stabilization of P-Alg(O).
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Proof of Proposition 1.8.3. Since the functor oblvyp preserves limits (and, in particular, prod-
ucts), it induces a functor

ComMonoid(oblvyp
—

ComMonoid(P-Alg(0O)) ) ComMonoid(O).

We claim that the functors ComMonoid(oblvy) and ComMonoid(trive) are inverses of each
other.

The fact that the composition ComMonoid(oblvs) o ComMonoid(trivyp) is isomorphic to
the identity functor follows from the fact that oblvy o trive ~ Id.

To prove that the other composition is isomorphic to the identity functor, we proceed as
follows. Recall that for any oo-category C, the forgetful functor

ComMonoid(oblvyionoi .
ComMonoid(Monoid(C)) ~ oid(gblvatonoia) ComMonoid(C)
is an equivalence, see [Lu2, Theorem 5.1.2.2].
Hence, it suffices to construct an isomorphism between the composition

ComMonoid(oblvyionoid)
—

ComMonoid(Monoid(P?-Alg(0)))

ComMonoid(oblvyp
—

ComMonoid(P-Alg(0)) —

ComMonoid(trivy
—

) ComMonoid(0) ) ComMonoid(P-Alg(O))

and
ComMonoid(Monoid(P-Alg(0))) ComMonoid(gblvatoneid) ComMonoid(P-Alg(0)).
However, this follows by applying ComMonoid to the isomorphism between
Monoid(P-Alg(0))) *PYsd p_Alg(0) 2% 0 V¢ Pp_Alg(0)

and
Monoid(P-Alg(0)) "2 p_Alg(0),
the latter given by Corollary 1.7.3.
O

1.8.5. Dually, we can consider the co-stabilization of the category of P-algebras (i.e., the stabi-
lization of the opposite category). Since the functor freep commutes with colimits, it induces
a functor

ComMonoid(free;”
—

(1.16) O°P ~ ComMonoid(O°P) ) ComMonoid(P-Alg(O)°P).

We have:
Proposition 1.8.6. The functor (1.16) is an equivalence.

Proof. Since the functor coPrimy’ preserves limits, it induces a functor

ComMonoid(coPrim{”

ComMonoid(P-Alg(0)°P) ! ComMonoid(0°P).

By the same argument as in the proof of Proposition 1.8.3 (applying left adjoint and op every-
where), we have that ComMonoid(coPrim3’) is inverse to the functor ComMonoid(freey’). O

Corollary 1.8.7. The functor
freey’ : O°? — P-Alg(O)°P
identifies O°P with the stabilization of P-Alg(O)°P.
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2. KOSZUL DUALITY

In this section we review the general theory of Koszul duality that relates algebras over an
operad with co-algebras over the Koszul dual co-operads.

The main point of this section is that there are two inequivalent notions of co-algebra over
a co-operad: the usual one, and what we call a ind-nilpotent co-algebra. There is a forgetful
functor from the latter to the former, which we conjecture to be fully faithful.

The Koszul duality functors naturally connect P-algebras and ind-nilpotent co-algebras for
PV. We propose some conjectures to the effect of what fully-faithfulness properties we can
expect from the Koszul duality functors.

2.1. Co-operads. In this subsection we introduce the notion of co-operad. There are no
surprises here, but there will be some when we will consider the corresponding notion of co-
algebra over a co-operad.

2.1.1. By a co-operad we shall mean a co-associative co-algebra object in Vect”.

As in the case of operads (see Sect. 1.1.2), we will only consider co-operads Q for which the
co-unit defines an isomorphism Q(1) — k. (In particular, all our co-operads are augmented.)
2.1.2. Let Vectf;d_ C Vect™ be the full subcategory spanned by those objects P, for which
P(n) € Vect is finite-dimensional in each cohomological degree for every n.

Term-wise dualization P +— P* defines a monoidal equivalence

(Vect? )°P — Vect?, .

In particular, it defines an anti-equivalence between the subcategories of operads and co-

operads that belong to Vect?, .
2.1.3. We set
Coassoc™® := (Assoc®"8)".

This is the co-operad responsible for unital and augmented (or, equivalently, non-unital) co-
associative co-algebras.

We set
Cocom™® := (Com?®"8)".

This is the co-operad responsible for unital and augmented (or, equivalently, non-unital) co-
commutative co-algebras.

2.2. Ind-nilpotent co-algebras over a co-operad. It turns out that there are two (and,
outside of characteristic 0, four) inequivalent notions of co-algebra over a given co-operad. In
this subsection we will study one of them: the notion of ind-nilpotent co-algebra.

2.2.1. Recall the action of Vect™ on O, considered in Sect. 1.1.1.
Let Q be a co-operad. By definition, the category
Q-Coalg™ ™' (0)
is that of Q-comodules in O with respect to the x-action.

Remark 2.2.2. Modules for the above monad should be more properly called ‘ind-nilpotent
co-algebras with divided powers’, see [FraG, Sect. 3.5]. However, we shall omit the reference to
divided powers from the notation because we are working over a field of characteristic zero.
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2.2.3. We have the pair of adjoint functors

oblv2 4™+ 9 _Coalg™ P (0) = O : cofreely ™,

. ind-nil . . . ind-nilp .

with oblvy“ ™" being co-monadic. In particular, oblvy ™7 is conservative, preserves all
. . . . ind-nil . . .. .

colimits and totalizations of oblvy ™™ P-split co-simplicial objects.

2.2.4. The augmentation on Q gives rise to a functor
trivgld'nilp 0 = Q—Coalgind'nﬂp(O),

right inverse to oblvgd_mlp.

2.3. The Koszul dual (co)-operad. In this subsection we introduce the Koszul duality func-
tor that relates operads and co-operads.

2.3.1. Let O’ be a (not necessarily symmetric) monoidal category with limits and colimits. In
this case we have a pair of mutually adjoint functors

(2.1) Bar®" : AssocAlg™8(Q’) = CoassocCoalg™e(Q’) : coBar®™,
referred to as Koszul duality, see Sect. 3.2.7 below.
We apply this to O := Vect”. In this case, the resulting functors
Bar®™" : Operads = coOperads : coBar®™!

are mutually inverse equivalences, see [FraG, Proposition 4.1.2].

2.3.2. Let P be an operad. We denote
PV := Bar®(P),
and for a co-operad Q we denote
QY := coBar®™(Q).
If P € Vectyy , then PV has the same property, and vice versa.
2.3.3. It is known that
(Coassoc™®)Y ~ Assoc™8[—1],
and hence
(Assoc™8)Y ~ Coassoc™®[1].
It is also known that
(Cocom™®'®) ~ Lie[—1],
and hence

Lie" ~ Cocom™"#[1].

2.4. Koszul duality functors. In this subsection we will define the operation central for this
section (and the entire chapter): the functors of Koszul duality that relate algebras over an
operad to co-algebras over the Koszul dual co-operad.

The exposition here follows closely [FraG, Sect. 3].
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2.4.1. Let P be an operad. Recall the functor
trivy : O — P-Alg(0O).

It preserves limits (since its composition with the conservative limit-preserving functor oblvyp
does). Hence, by the Adjoint Functor Theorem, it admits a left adjoint:

coPrimyp : P-Alg(0O) — O.

By adjunction,

coPrimyp ofreep ~ Id.

2.4.2. We calculate the functor coPrimy as the Bar-construction of the augmented associative
algebra P in AssocAlg(VectE) acting on a P-module in O:

coPrimgp ~ Bar(P, —).

It follows from the definition of the Koszul duality functor that for an operad P we have a
canonical isomorphism of co-monads acting on O:

coPrimyp otrivy o~ PV x —,

see [FraG, Lemma 3.3.4] (or Sect. 7.1.3 later in this chapter).

2.4.3. Hence, we obtain that the functor coPrimgp canonically lifts to a functor
COPrim;nh,ind-nilp . .:P_Alg(o) — Q—Coalgi“d'nﬂp(O),

where Q = PV, so that

coPrimyp ~ oblvgld-nilp o coP riIne:Pnh,ind—nilp’
and
(2.2) COPrim;,nh’ind'nilp otrivy ~ Cofreegld'nilp7
see [FraG, Corollary 3.3.5 and Sect. 3.3.6].
We also have:
(2:3) coPrim{™ P ofreep o triviy™IP

2.5. A digression: the filtered version. In this subsection we observe that the functors

coPrimyp and ® = coPrim%,nh’md'mlp naturally admit filtered versions.

2.5.1. In the context of Sect. 1.5 let us take
(i) €(0) = O, ® = coPrimsp.

(ll) 6(0) = fP\/ _Coalgind‘nilp(o)’ P = COPrim(;Jnh,ind—nilp.
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2.5.2. Thus, we obtain that the functor
coPrimsyp : P-Alg(O) —» O
canonically lifts to a functor
coPrimIf;il : P-Alg(O) — oFil20,
and the functor
coPrim{™ 4P p_Alg(0) — PV -Coalg™P(0)
canonically lifts to a functor
COPrim;nh,ind-nilp,Fil . P-Alg(0) — PV -Coalg™ P (OFil:20)

so that

. Fi ind-nil .__enh,ind-nilp,Fil
coPrimf! ~ oblvi¢™P o coPrim§ M4 mIP il

We have a canonical isomorphism
(2.4) ass-gr o coPrim{ PP~ cofreelld P o (deg = 1) o oblvy,
as functors P-Alg(0) — PV -Coalg™™P(Qe20).
Remark 2.5.3. One can show that the composite functor

COPrim;nh,md—mlp,Fll OtI‘iV(}? -0 — g;\/ _Coalglnd—nllp(OFil,EO)

identifies canonically with

gr — Fil) o cofree®d™P o (deg = 1).
P

2.6. The adjoint Koszul duality functors. In this subsection we describe the construction
of the adjoint Koszul duality functor: it goes from the category of (ind-nilpotent) co-algebras
over a given co-operad Q to the category of algebras over the Koszul dual of Q.

2.6.1. Let Q be a co-operad. The functor trivi(:)ld'nilp preserves colimits, since its composition
with oblvgd'nllp does. Hence, by the Adjoint Functor Theorem, it admits a right adjoint

Primg‘d‘rlilp : Q-Coalgind‘nﬂp(O) — 0.

ind-nilp

By adjunction, Prim, ind-nilp 14,

ocofree
2.6.2. We calculate the functor Primij?d'nﬂp as the coBar-construction of the augmented co-
associative co-algebra Q in CoassocCoalg(VectE) acting on a Q-comodule in O:

Primp ™" ~ coBar(Q, -).

In addition, for a co-operad Q, we have a canonical morphism (but not an isomorphism) of
monads

(2.5) QY %) = Primgld—nilp Otrivgld—nilp7

see [FraG, Lemma 3.3.9].
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2.6.3. Hence, we obtain that the functor Primgld'nﬂp canonically lifts to a functor
Pri enh,ind-nilp | ind-nilp
rimg) : Q-Coalg (0) — P-Alg(0),
where P = QV, so that

enh,ind-nilp

ind-nilp .
~ oblvy o Prim ,

Primg
see [FraG, Corollary 3.3.11], and

ind-nilp

.__enh,ind-nil .
Prim)’ ind-nilp ocofreey ~ trivyp.

The map (2.5) gives rise to a natural transformation of functors O — P-Alg(O), namely,

enh,ind-nilp

. ind-nil
freep — Primy o

otrivg

2.6.4. Furthermore, according to [FraG, Corollary 3.3.13] the functors
(2.6) coPrim;nh’ind'nﬂp : P-Alg(O) = Q-Coalgind'nilp(O) : Primeth’ind'nilp

are mutually adjoint.

2.6.5. The following is part of [FraG, Conjecture 3.4.5]:
Conjecture 2.6.6. The functor

Prim{™ P _Coalg™ P (0) — P-Alg(0)
is fully faithful.

In the sequel, we will relate Conjecture 2.6.6 to several other plausible conjectures, see
Sect. 2.11.

2.7. (Usual) co-algebras over a co-operad. In this subsection we will define another notion
of co-algebra over a given co-operad. It is this notion that in the case of CoAssoc™® (resp.,
Cocom™'®) recovers co-associative co-algebras (resp., co-commutative co-algebras).

2.7.1. We have another right-laz action of Vect” on O, given by
PxV =1 (P(n) @ Yy Em)En,

2.7.2. For a co-operad Q, the category Q-Coalg(O) of augmented Q-co-algebras is that of Q-
modules in O with respect to the x-action.

Remark 2.7.3. Note, however, that since the x-action of Vect™ on O is only right-lax, the
functor O — O, defined by Q, is not a co-monad.

2.7.4. For example, for Q = Coassoc™®, we obtain the usual category CoassocCoalg™'®(Q) of
co-unital augmented (or, equivalently, non co-unital) co-associative co-algebras.

Similarly, for Q = Cocom™®'®, we obtain the usual category CocomCoalg™'®(Q) of co-unital
augmented (or, equivalently, non co-unital) co-commutative co-algebras.
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2.7.5. We let

oblvg : 9-Coalg(O) — O
denote the corresponding forgetful functor.

The functor oblvg is conservative and preserves all colimits (in fact, one can show that
oblvg admits a right adjoint, but it is not easy to describe this right adjoint explicitly).

In addition, it is known that the functor oblvg commutes with totalizations of oblvg-split
co-simplicial objects.

Remark 2.7.6. From the above it follows that the functor
oblvg : 9-Coalg(O) — O

is co-monadic. Yet, as was noted in Remark 2.7.3, the corresponding endo-functor of O is not
the one, given by the x-action of Q.

2.7.7. The augmentation on Q defines the functor
trivg : O — Q-Coalg(O),
right inverse to oblvg.

The functor trivg preserves colimits, since its composition with oblvg does. Hence, the
functor trivg admits a right adjoint

Primg : 9-Coalg(O) — O.

In Sect. A.2 we will describe the functor Primg a little more explicitly.

2.8. Relation between two types of co-algebras. In this subsection we will study the
relationship between the notions of co-algebra over a co-operad and that of ind-nilpotent co-
algebra.

2.8.1. Note that we have the following natural transformation between the two right-lax actions
of Vect” on O:

(2.7) PxV = PxV.

Remark 2.8.2. Note that the natural transformation (2.7) involves the operation of averaging
with respect to symmetric groups, see [FraG, Sect. 3.5.5].

2.8.3. The natural transformation (2.7) gives rise to the forgetful functor

(2.8) res*~* : Q-Coalg™¥™"P(0) — Q-Coalg(0).

We propose®:
Conjecture 2.8.4. The functor
res*~* : Q-Coalg™ ™" (0) — Q-Coalg(0)
of (2.8) is fully faithful.

5In [FraG, Remark 3.5.3] it was erroneously stated that the authors knew how to prove this statement.
Unfortunately, this turned out not be the case.
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2.8.5. We have:

(2.9) oblvg ores ™" ~ oblviQnd'nﬂp, Q-Coalg™™(0) - O
and

(2.10) trivg ~ res* ¥ o trivp ™" O — Q-Coalg(O).

We shall denote

cofreels™ := res*™* o cofree, ™" : O — Q-Coalg(0O).

2.8.6. Let P := QV be the Koszul dual operad. We denote

coPrim§™ := res*~* o colj’lrilrn;mh’ind_milp7 P-Alg(O) — Q-Coalg(O).

By (2.2), we have

(2.11) coPrim$™ otrivy ~ cofreefs™
and by (2.3), we have
(2.12) coPrim$™® ofreep ~ trivg.

2.8.7. Tt follows from (2.9) that the functor res*~* commutes with colimits. Hence, it admits

a right adjoint, denoted (res*—*)%.
We define
(2.13) Primg™" := Prime(;nh’ind']ﬂilp o(res*”*)® : Q-Coalg(0) — P-Alg(0).

By adjunction, the functors
coPrim{™ : P-Alg(0) = Q-Coalg(O) : Prim{™
form an adjoint pair.
By passing to right adjoints in (2.10), we obtain an isomorphism:

(2.14) Primg =~ Prim{y ™" o(res*~*) %

)

enh

and applying the definition of Primg

oblvg o Primeth ~ Primg .

2.8.8. We propose the following variant of Conjecture 2.6.6:

Conjecture 2.8.9.
(a) The unit of the adjunction

Id — Prim&™ o coPrim$™

s an isomorphism, when evaluated on objects lying in the essential image of the functor PrimeQ“h.

(b) The co-unit of the adjunction
coPrim$™ o Prim§™ — 1d

is an isomorphism, when evaluated on objects lying in the essential image of the functor

coPrim&™
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2.9. Calculation of primitives. In this subsection we will be concerned with the functor
Primg ocofreefgszke :0— 0,
where we recall that cofree*® is the functor

res*~* o cofreel} ™ : O — Q-Coalg™*™'?(0).

2.9.1. Consider the unit of the adjunction

Id — (res* ") o res*™*.

Composing with Primgﬂh’”“d'](lllp and pre-composing with cofreef*, we obtain a natural
transformation
trivy o~ Primegnh’md_mlp ocofreeg‘d_]mlp —
— Primegnh’md'mlp o(res*?*)Rores** o cofreelgnd'mlp ~ Primg’h ocofreefgake,
where P := QV. Le., we have a natural transformation:
(2.15) trive — Prim™" ocofree, O — P-Alg(0).

Composing further with the forgetful functor oblvy

(2.16) Id — Prim$™ ocofreef™,

as endo-functors of O.

2.9.2. The following conjecture follows tautologically from Conjecture 2.8.4:
Conjecture 2.9.3. Then the natural transformation (2.16) is an isomorphism.

Since the functor oblvy is conservative, Conjecture 2.9.3 is equivalent to the natural trans-
formation (2.15) being an isomorphism.

In Sect. A we will prove:

Theorem 2.9.4. Conjecture 2.9.3 holds if the co-operad Q is such that Q and QV[1] are both
classical and finite-dimensional.

2.10. Some implications. In this subsection we will assume that Conjecture 2.9.3 holds for a
given co-operad Q (in particular, it applies to Q := Cocom™"® and Q := Coassoc™"®), and derive
some corollaries.

2.10.1. Note that the fact that the natural transformation (2.16) is an isomorphism can be
reformulated as saying that the functor res*~* induces an isomorphism

(2.17) MapSQ_Coalgiud»uilp(o) (trivgd—nilp(v)7cofreegld—nilp(W)) -
— Mapsg _coalg(0) (trin(V)7 cofreef(jke(W))

is an isomorphism for any V,W € O.
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2.10.2. We claim:

=k

Proposition 2.10.3. The functor res defines an isomorphism

Mapsg _coalgina-niie (0) (trivg‘d'nﬂp({/), A) — Mapsg _coalg(0) (triva(V),res* " (A))

for any V € O and A € Q-Coalg™¥™P(0).
Proof. For the proof we will need the following lemmas:

Lemma 2.10.4. The functor res*™* preserves totalizations of co-simplicial objects that are
ind-nilp .
oblv, -split.

Proof. Follows from the combination of the following three facts:

(1) the functor oblvig;d_’[1i1p commutes with totalizations of oblvgd_"ilp—spli‘c co-implicial objects;

(2) the functor res*~* sends oblvyd ™

are oblvg-split;

-split co-simplicial objects to co-simplicial objects that

(3) the functor oblvg commutes with totalizations of oblvg-split co-implicial objects. O

Now, the assertion of the proposition follows from the fact that every object
A € Q-Coalg™d™MP(Q)

can be written as such a totalization as in Lemma 2.10.4, whose terms are objects of the form

cofreel)*™ P (W) for W € O. O
Corollary 2.10.5.
(a) The natural transformation Primgld'nﬂp — Primg ores*™* is an isomorphism.

(b) Primgnh’i“d'“ﬂp — Prim&™ ores*™* is an isomorphism.
2.10.6. As another corollary of Proposition 2.10.3, we obtain:
Corollary 2.10.7. The functor res** defines an isomorphism
Mapsg _coatgina-nite (0 (A', A) = Mapsg _coalg(0) (res™ " (A'), res* 7" (A))
for any A’ lying in the essential image of the functor coPrim(;,nh’ind'n“p, where P = QY.

Proof. Follows from the fact that any object of P-Alg(O) can be written as a colimit of ones
of the form frees(V'), while

. _enh,ind-nil . ind-nil
coPrimS™ M ofree (V) o trivia (V).

O

2.11. Some implications between the conjectures. In this subsection we continue to as-
sume that Q is such that Conjecture 2.9.3 holds. We will prove that Conjecture 2.6.6 implies
Conjectures 2.8.4 and 2.8.9.

2.11.1. First, we claim:
Theorem 2.11.2. Conjecture 2.6.6 (for the co-operad Q) implies Conjecture 2.8.4.

Proof. Taking into account Corollary 2.10.7, it suffices to know that the functor
coPrimi}“h’ind'nilp : P-Alg(0O) — Q-Coalg™*™'P(0)

is essentially surjective. However, the latter follows from Conjecture 2.6.6. d
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2.11.3. Next, we claim:
Theorem 2.11.4. Conjecture 2.6.6 (for the co-operad Q) implies Conjecture 2.8.9.

Proof. For point (b) of Conjecture 2.8.9, we claim that a stronger statement follows from
Conjecture 2.6.6. Namely, we claim that the natural transformation

coPrim$™ o Prim&™ — 1d
is an isomorphism on the essential image of res**. Indeed, the composition

*—k enh,ind-nilp ° Primenh,ind—nilp
Q

i h,ind-nil
res o coPrim,, enh,ind-nilp _,

~ .__enh .
o~ coPrimy oP1r11rnQ

— coPrim$™ o Prim$™ ores*™* — res*~*

equals the natural transformation obtained from the co-unit of the adjunction

enh,ind-nilp

coPrim,, enh,ind-nilp _, 14

o Primg
by composing with res*™*. Hence, it is an isomorphism, by assumption.

Now, the second arrow in the above composition is an isomorphism by Corollary 2.10.5(b).
Hence, so is the third arrow.

The unit of the adjunction

Id — Primg‘h o coPrim%“h

identifies with the composition

enh,ind-nilp

Id — Primg o coPrim;nh’md'mlp —
. enh,ind-nil . _enh,ind-nil . .
— Prim"™ P o (res* ) o res** o coPrim ™ "M ~ Prim™ o coPrim§™ .

Now, since we already know that Conjecture 2.6.6 implies Conjecture 2.8.4, it suffices to
show that the map

enh,ind-nilp

enh,ind-nilp o coPrim
P

Id — Primg

. . . N . enh,ind-nil .
is an isomorphism on the essential image of Primg™"“ ™. However, this is a formal conse-

quence of the fact that Prhrnegnh’ind'nillD is fully faithful.
U

3. ASSOCIATIVE ALGEBRAS

In this section we specialize the notions from Sects. 1 and 2 to the case of the associative
operads, and point out some specifics.

In particular, we will see that the (augmented) associative operad is self Koszul-dual and we
will give more explicit descriptions of the Koszul duality functors between augmented associative
algebras and co-algebras.

3.1. Associative algebras and co-algebras. In this subsection we recall some basic concepts
related to the notion of associative algebra in a given monoidal category.

3.1.1. Let O be a monoidal category. We let AssocAlg(O) denote the category of unital asso-
ciative algebras in O. We let oblvagsoc denote the forgetful functor AssocAlg(O) — O. The
functor oblv pgc is conservative and commutes with limits.

Since 1o € O is the initial object in AssocAlg(O), the functor oblv zgoc canonically factors
as
AssocAlg(O) — O4,, — O.

We will denote the resulting functor AssocAlg(O) — Oy, by oblvagoc,1/-
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3.1.2. Assume that O admits colimits, and that the monoidal operation preserves sifted colimits
in each variable. Then the category AssocAlg(O) also admits colimits, and the functor oblv sgsoc
commutes sifted colimits, see [Lu2, Proposition 3.2.3.1].

Moreover, in this case oblvagsoc admits a left adjoint, denoted
freeassoc 1 O — AssocAlg(0O),
so that the composition oblv sgsec © freeagsoc is canonically isomorphic to the functor
Vi uver,
n
see [Lu2, Proposition 4.1.1.14].
Remark 3.1.3. Note that the adjoint pair
freeassoc 1 O &2 AssocAlg(O) : oblvagsoc

does not fit into the paradigm of algebras over operads as defined in Sect. 1.1.2. This is because
in our definition of operads we did not allow 0-ary operations.

3.1.4. Assume that O is symmetric monoidal. In this case, the category AssocAlg(O) has a
natural symmetric monoidal structure (given by tensor product) and the functor oblv agsoc is
naturally symmetric monoidal, see [Chapter 1.1, Sect. 3.3.5].

Since the initial object of AssocAlg(O), i.e., 1o, is the unit of AssocAlg(O) with respect
to its symmetric monoidal structure, the identity functor on AssocAlg(O) has a natural right-
lax symmetric monoidal structure, when considered as a functor from AssocAlg(O) equipped
with the tensor product structure to AssocAlg(O) equipped with the co-Cartesian symmetric
monoidal structure.

Le., we have a compatible system of natural transformations:

(31) All_luAn —)A1®®An,
given as the coproduct of the maps

3.1.5. Let O = C be a category with finite limits, viewed as a symmetric monoidal category
with respect to the Cartesian symmetric monoidal structure. In this case we have, by definition,

AssocAlg(C) = Monoid(C).

3.1.6. Let AssocAlg™#(O) denote the category (AssocAlg(0)) /1. This is the category of aug-
mented associative algebras on O. The category AssocAlg™®(0) has several forgetful functors,
denoted

0b1VAssoC7 OblVAssoc,l/a 0blvAssoc,/17 OblvAssoc,l/ /1
with values in
O) 010/7 0/107 Olo//lo»

respectively.
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3.1.7. In this sub-subsection, we shall assume that O is a symmetric monoidal DG category.
We have a canonical equivalence
(3.2) AssocAlg®™8(0) ~ Assoc™® -Alg(0O),

where the latter is the category of algebras over the Assoc™® operad. Thus, we obtain yet
another forgetful functor

0blV Agsocalg,+ : AssocAlg™E(0) — O,

equal in the notion of Sect. 1.1.3 to 0blvgsecaus. It equals the composition of oblvagoc,1/ /1
with the functor Oy, /1, — O, inverse to the equivalence

(3.3) Vielo@V, O—>O1o//107
i.e. it is given by the fiber of the augmentation map V — 1¢.

The functor freeagsoc is naturally isomorphic to the composition

fr ssoc, aug
Q Aol AssocAlg™®(0) — AssocAlg(O),

where the second arrow is the forgetful functor.

3.1.8. By reversing the arrows, we obtain the corresponding definitions and pieces of notation
of co-associative co-algebras.

3.1.9. The following observation will be used repeatedly. Let O = C be as in Sect. 3.1.5. Then
the forgetful functor

0blvgassoc : Coassoc(C) — C
is an equivalence, see [Lu2, Proposition 2.4.3.9].
Informally, every object ¢ of C canonically lifts to one in Coassoc(C) via the diagonal map

cC—~cCcXCc.

3.2. The Bar construction. In this section we let O be a monoidal category with limits and
colimits.

We will review the general Bar-construction that relates augmented associative algebras and
co-algebras in O.

3.2.1. We have a canonically defined functor
Bar® : AssocAlg™$(0) — 02",
see [Lu2, Sect. 5.2.2].
The functor Bar® lifts to a functor
Barz/ Nt AssocAlg™8(0) — (OADp)lo//lo,
where 10 € OA" is the constant simplicial object with value 1¢.

If the monoidal structure on O is symmetric, then the above functors have a natural sym-
metric monoidal structure.
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3.2.2. We define the functors
Bary, /1 : AssocAlg™®#(0) — 04,/ /1, and Bar : AssocAlg®*#(0) — O

to be the compositions of Bary, ; (resp., Bar®) with the functor of colimit over AP (a.k.a,
geometric realization)

04" = 0.

If the monoidal structure on O is symmetric, then the symmetric monoidal structure on
Barj, /; (resp., Bar®) induces one on Bary/ /3 (resp., Bar).
3.2.3. The functor Bary, /3 can be also thought of as follows:

We have a naturally defined functor

trivassocous 1 Q14 /1, — AssocAlg™#(0).

The functor Bary /; is the left adjoint of the composition

trivaggocaue © Qolo/ .

3.2.4. Suppose for a moment that the monoidal structure on O is Cartesian. Then
AssocAlg™#(0) = Monoid(O),
and the corresponding functor
Bar® : Monoid(O) — OA™
is fully faithful, see [Lu2, Proposition 4.1.2.6].

Its essential image consists of those simplicial objects n — V", for which the maps for every
n the maps

1] = [n], ({0}—{i—1}{1}—{i}), i=1,..,n
define an isomorphism
VLI (Vl)xn.
The functor Bar identifies with the classifying space functor

B : Monoid(O) — O.

3.2.5. A key feature of the functor
Bary/ /1 : AssocAlg™#(0) — O14/ /14
is that it canonically lifts to a functor
Bar®" : AssocAlg™8(0) — CoassocCoalg™&(0),
ie.,
Bal"l/ /1= ObIVCoassoc,l//l © Bal"enh7
see [Lu2, Theorem 5.2.2.17].

If O is symmetric, then the functor Bar®™® also acquires a left-lax symmetric monoidal

structure, extending that on Bary, ;. This structure is strict if the monoidal operation on O
preserves colimits.
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3.2.6. Reversing the arrows, we obtain the corresponding functors
coBary, /1 : CoassocCoalg™¢(O) — (OA)lo//lo,
coBar® : CoassocCoalg®'#(0) — 02,
coBary /1 : CoassocCoalg™®#(0) — O14/ /10,
coBar : CoassocCoalg™&(0) — O,

and

coBar®™ : CoassocCoalg™8(0) — AssocAlg™8(0).
3.2.7. Tt is another basic fact that the functors
(3.4) Bar®™ : AssocAlg™&(0) = CoassocCoalg™¢(0) : coBar®™"
form an adjoint pair.

In general, neither of the functors (3.4) is fully faithful.

3.3. Koszul duality functors: associative case. In this subsection we let O be a symmetric
monoidal DG category.

We will specialize the paradigm of Koszul duality functors
coPrim$™ : P-Alg(0) = PV -Coalg(O) : PrimSt
to the case P = Assoc™ 8.
3.3.1. According to Sect. 3.2, we have a canonically defined functor
Bary, /1 : AssocAlg™#(0) = O14/ /16-

Let
Bar/;, Bary,

and Bar, denote the composition of Bary, /; with the functors
010//10 - 0/107 010//10 - Olo/

and
02010//10, V’—>10€9Va

respectively.
By Sect. 3.2.3, the functor Bar, is the left adjoint to the functor
O — AssocAlg™#(0), trivassocalgaus © [—1].

Le.,
Bar; ~ [1] o coPrimpgsoceve -

3.3.2. Similarly, we have the functors
coBar,;, coBary,, coBar and coBar,
where coBar is the right adjoint to the functor
O — CoassocCoalg™®(0), trivcoassocCoalgaue 0 [1].

Hence,
coBary ~ [—1] o Primgoagsocaus -
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3.3.3. As was mentioned in Sect. 2.3.3, we have canonical isomorphisms of operads

(3.5) (Coassoc™™8)Y ~ Assoc™&[—1].
Hence, the functors Bary, /; and coBary, /3 lift to functors

Bar®" : AssocAlg™8(0) — CoassocCoalg™8(0), Bary, /1 ~ oblveoassoc,1/ /1 © Bar®™!
and
coBar®™ : CoassocCoalg™8(0) — AssocAlg™(0), coBary/ /1 =~ 0blvgoc,1/ /1 © coBar®™",

respectively.

3.3.4. Tt is a basic feature of the isomorphism (3.5) that the above functors Bar®™" and coBar®™"
are canonically the same as those in Sect. 3.2.5.

In particular, the functors
Bar®" : AssocAlg™8(0) = CoassocCoalg™®(0) : coBar®™"
are mutually adjoint, and the functor
Bar®™ : AssocAlg®'8(0) — CoassocCoalg™(0O)
is naturally symmetric monoidal.

By adjunction, we obtain that the functor coBar®™! is naturally right-lax symmetric monoidal.

4. LIE ALGEBRAS AND CO-COMMUTATIVE CO-ALGEBRAS

In this section we study of the relationship between Lie algebras and co-commutative co-
algebras.

The main result of this section is Theorem 4.4.6, which says that, although the Chevalley
functor from Lie algebras to co-commutative co-algebras is not fully faithful, its cousin, obtained
by first looping our Lie algebra, and regarding the output as a co-commutative Hopf algebra,
is fully faithful.

4.1. Koszul duality functors: commutative vs. Lie case. In this subsection we continue
to suppose that O is a symmetric monoidal DG category. We will specialize the paradim of
Koszul duality functors

coPrim§™ : P-Alg(0) = PV -Coalg(0) : Prim$
to the case P = Lie.
4.1.1. First, we remark that the discussion in Sect. 3.1 renders verbatim to the situation when
instead of associative algebras on O we talk about (co-)commutative (co-)algebras.

We note, however, the following feature of the symmetric monoidal structure on ComAlg(O):
the corresponding natural transformations (3.1) are isomorphisms.

Le., the symmetric monoidal structure on ComAlg(O), given by tensor product, equals the
co-Cartesian symmetric monoidal structure, see [Chapter 1.1, Sect. 3.3.6]. Similarly, the sym-
metric monoidal structure on CocomCoalg(O), given by tensor product, equals the Cartesian
symmetric monoidal structure.

Note that the forgetful functors
res“om—Assoc . ComAlg(0) — AssocAlg(O)
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and
resCocom—Coassoc . 0ocomCoalg(0) — CoassocCoalg(O)

both have a natural symmetric monoidal structure.
4.1.2. We let Chev, denote the functor
LieAlg(O) — O, [1] o coPrimpe .
ILe., this is the functor, left adjoint to the functor
O — LieAlg(O), trivye o [—1].
We let
Chevl//l : LleAlg(O) — 010//10
denote the composition of Chev, with the equivalence (3.3).

Composing further with the forgetful functors from O,/ /1, We obtain the corresponding
functors, denoted

Chevy, Chevy/, Chev,

from LieAlg(O) to
0/107 010/7 Oa

respectively.
4.1.3. We denote by coChev the functor
CocomCoalg™®(0) — O, [—1] o Primcocomaus -
ILe., this is the functor, right adjoint to the functor

O — CocomCoalg™®(0), trivcocomars o [1].

4.1.4. As was mentioned in Sect. 2.3.3, we have canonical isomorphisms of operads

(4.1) (Cocom™®'®) ~ Lie[—1].

Hence, the functors Chevy, /3 and coChev lift to functors
Chev®™! LieAlg(O) — CocomCoalg™#(0), Chevy, /1 ~ 0blvcocom,1//1 © Cheve™?
and
coChev®™ : CocomCoalg™é(0) — LieAlg(0), coChev ~ oblvy. o coChev®™,

respectively.

Furthermore, the functors

Chev®™ : LieAlg(O) = CocomCoalg™&(0) : coChev™"

are mutually adjoint.

In particular, we obtain a canonical natural transformation

Id — coChev®™ o Chevet,

and by applying the forgetful functor oblvy., also the natural transformation

(4.2) [1] o oblvyie — Primcecomaus © Cheve™
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4.1.5. The functor
Chev®™ : LieAlg(O) — CocomCoalg™é(0O)

has a natural left-lax symmetric monoidal structure, when we consider both categories as en-
dowed with Cartesian symmetric monoidal structure. (Recall, however, that the Cartesian
symmetric monoidal structure on CocomCoalg™®(O) equals one given by the tensor product,
see Sect. 4.1.1.)

In particular, we obtain that the functor
Chev : LieAlg(O) — O
inherits a left-lax symmetric monoidal structure.

In Sect. 4.2.6 we will prove:

his strict.

Lemma 4.1.6. The left-lax symmetric monoidal structure on Chev®”
Corollary 4.1.7. The left-lax symmetric monoidal structure on Chev is strict.
4.2. The symmetric co-algebra. The symmetric (co)algebra construction

Vs @ Sym"™(V)
n>0

is ubiquitous in algebra.

In this subsection we initiate its study in its incarnation as a co-commutative co-algebra.

4.2.1. We denote by
Sym : O — CocomCoalg®"¢(0O)
fake

the functor cofreed, ,,aue, see Sect. 2.8.5 for the notation.

4.2.2. Let us denote by Sym (resp., Sym+) the functor of O — O equal to the composition

oblvcocom © Sym (resp., oblvcgeom,+ © Sym).
By definition, the endo-functor Syrn+ of O is one given by

V = Cocom™ & xV.
Explicitly,

n>1

Sym(V) = €>B Sym" (V) and Sym+(V) = & Sym"(V).
Sym 020 Sym

4.2.3. By (2.11) we have
(4.3) Chev®™ otrivy. o [-1] ~ Sym,
and

Chev otrivye o [~1] ~ Sym.

By adjunction from (4.3), we obtain canonical natural transformations
(4.4) triviie o [-1] = coChev™ o Sym, O — LieAlg(O)
and by applying oblvy;. the natural transformation
(4.5) Id — Primgocomaus © Sym .

By Theorem 2.9.4, we have:

Theorem 4.2.4. The natural transformation (4.4) is an isomorphism.

Corollary 4.2.5. The natural transformation (4.5) is an isomorphism.
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4.2.6. Proof of Lemma 4.1.6. We need to show that for by, ho € LieAlg(O), the map
Chev®™ (b1 x h2) — Chev™™ (h1) L Chev®™ (h2) ~ Chev™ (h1) @ Chev"™ (hy)
is an isomorphism.
By Sect. 2.5.2, the above map lifts to a map
Cheve™Fil(f x Bo) = Chev™™Fil(h,) @ CheverdFil(p,),
and it suffices to show that this map is an isomorphism in CocomCoalg(O¥+20).

Since the functor ass-gr is conservative on non-negatively graded objects, in order to show
that the latter map is an isomorphism, it suffices to show that the induced map

ass-gr o Chev™™ ™ () x ) — ass-gr o Chev™™™ ¥ (h) @ ass-gr o Chev®™™F (p,)
is an isomorphism in CocomCoalg(Q8"=9).
By (2.4), the latter map identifies with the canonical map
Symgr(obleie(f)l) (&) OblVLie(hg)) ~ Symgr(obleie(hl X hg)) —
— Sym®' (oblvyie(h1)) ® Sym® (oblvy.(h2)),

where
Sym®" : O — CocomCoalg(O#"=?)
is the graded version of the functor Sym of Sect. 4.2.1, i.e.,

Sym® = Symo(deg = 1).

Now, the fact that for Vi, V5 € O the map
Sym®" (V4 @ Vo) — Sym® (V1) ® Sym®' (132)

is an isomorphism, is straightforward.
O

4.3. Chevalley complex and the loop functor. The principal actor in this chapter will be
the functor®
Grp(Chev™™) o Qp : LieAlg(0O) — CocomBialg(O).

We will see (Theorem 4.4.6) that, unlike the functor Chev™, the above functor is fully
faithful (i.e., looping helps to preserve structure).

4.3.1. Recall that by Lemma 4.1.6, the functor
Chev™™ : LieAlg(O) — CocomCoalg™&(0)

has a symmetric monoidal structure, when we consider both LieAlg(O) and CocomCoalg™#(O)
as symmetric monoidal categories with respect to Cartesian product.

In particular, we obtain that Chev®™® gives rise to a functor
Grp(Chev®™") : Grp(LieAlg(0O)) ~ Monoid(LieAlg(0Q)) —
— Monoid(CocomCoalg®€(0)) =: CocomBialg(O).

6As we will see in Sect. 6, the functor Grp(Cheve™®) o Qr ;e identifies with another familiar functor, namely,
that of the universal enveloping algebra.
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Moreover, its essential image automatically lies in
CocomHopf(0) := Grp(CocomCoalg®*¢(0)) C
C Monoid(CocomCoalg™'¢(0)) = CocomBialg(O).
4.3.2. Consider now the composite functor

0blVaonoid © Grp(Chev™™) o Qp;. : LieAlg(0) — CocomCoalg™#(0).

We claim:

Proposition 4.3.3. The functor oblvyionoeid © Grp(CheVenh) o Qe identifies canonically with
Sym coblvye.

Proof. First, we note that we have a tautological isomorphism

oblvyonoid © Grp(CheVenh) 0 Qpie ~ Cheve? ooblvayp © Qpe.

Now, by Proposition 1.7.2, we have
oblva,p 0 Qpie 2 triviie o [—1] o oblvye,
S0
Chev®™ 0oblvgyy, 0 Qpie ~ Chev®™™ otrivy, o [~1] 0 oblvy,, ~ Sym coblvy.
O

4.4. Primitives in bialgebras. Let §) be a Lie algebra. Then the universal enveloping algebra
U(h) is naturally a cocommutative Hopf algebra. Moreover, h can be recovered as the subspace
of primitive elements of U (h).

In this subsection, we will give a higher algebra version of this statement. We show that the
space of primitives of a cocommutative bi-algebra has a canonical structure of a Lie algebra
and that it gives a left inverse to the functor Grp(Chev™) o Qpe, (while the latter identifies
with the universal enveloping algebra by Theorem 6.1.2).

The key actor in this subsection we be the functor right adjoint to
Grp(Chev®™™) o Qe : LieAlg(O) — CocomBialg(O).
We will see that this right adjoint provides a lift of the functor
Primcocomaus 00blvonoid : CocomBialg(O) — O
to a functor
CocomBialg(O) — LieAlg(O).
4.4.1. Consider again the functor

coChev®™ : CocomCoalg™é(0) — LieAlg(0).

Being the right adjoint of a symmetric monoidal functor (namely, Chevcnh)7 the functor

coCheve™h acquires a natural right-lax symmetric monoidal structure. In particular, it gives
rise to a functor, denoted Monoid(coChev™"):

CocomBialg(0) = Monoid(CocomCoalg™¢(0)) — Monoid(LieAlg(O)) ~ Grp(LieAlg(O)).

By construction, the functor Monoid(coChev®™") is the right adjoint of the functor

Grp(Chev®
—

Grp(LieAlg(0)) - Grp(CocomCoalg™#(0)) — Monoid(CocomCoalg™¢(0O)).
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4.4.2. Since By and Qp ;e are mutually inverse equivalences (see Proposition 1.6.4), the functor
Grp(Chevenh) o Qe is the left adjoint of the functor

Brie o Monoid(coChev®™),  CocomBialg(0) — LieAlg(O).
4.4.3. Note that

oblvi,; 0 Bric © Monoid(coCheve“h) ~ Primcocomane ©0blVponoid, CocomBialg(O) — O,

where
0blvionoid : CocomBialg(O) — CocomCoalg™"#(0)

is the functor of forgetting the monoid structure.
So, the functor Bri, o Monoid(coChev™) can be viewed as one upgrading the functor
Primcocomaus 00blVonoia : CocomBialg(O) — O
to a functor CocomBialg(O) — LieAlg(O).
Remark 4.4.4. Let us repeat the last observation in words:

For a co-commutative bi-algebra A, the space of primitives of A considered just as an aug-
mented co-commutative co-algebra, has a natural structure of Lie algebra.

This is a higher algebra version of the motto ‘the tangent space of a Lie group has a structure
of a Lie algebra’.

Note, however, that we defined this Lie algebra structure not be explicitly writing down the
Lie bracket, but by appealing the Koszul duality of the corresponding operads:

(Cocom®®)¥ ~ Lie[—1].
4.4.5. We now claim:
Theorem 4.4.6. The functor
Grp(Chev™) o Q4 : LieAlg(O) — CocomBialg(O)
is fully faithful.
Proof. We need to show that the unit of the adjunction
Id — (BLie o Monoid(coCheve“h)> o (Grp(CheVenh) o QLie)
is an isomorphism.

Since Bri. and Qi are mutually inverse equivalences, it suffices to show that the natural

transformation
Qe — Monoid(coCheVe“h) o Grp(CheVenh) 0 Qsie,

obtained by applying the unit of the (Grp(Chev®™"), Monoid(coChev®™"))-adjunction to Qpe,
is an isomorphism.

For the latter, it suffices to show that the natural transformation
oblvg,p 0 Qrie = 0blViionoid © Monoid(coChevenh) o Grp(Chevenh) 0 Qe
is an isomorphism. Note, however, that the latter natural transformation identifies with
oblvg,p 0 Qpie — coChev®™ o Cheve™ ooblvayp © Qpe,
obtained by applying the unit of the (Chev®™™", coChev®™)-adjunction to oblve,p © Qpe.

However, by Proposition 1.7.2, the essential image of the functor oblvga,p, o Q. belongs to
the essential image of the functor trivy;., and the assertion follows from Theorem 4.2.4.
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5. THE UNIVERSAL ENVELOPING ALGEBRA

In this section we recall some basic facts about the functor of universal enveloping algebra
in the setting of higher algebra.

5.1. Universal enveloping algebra: definition. In this subsection we recollect the main
constructions related to the functor of universal envelope of a Lie algebra.

5.1.1. There is a canonical map of operads

(5.1) Lie — Assoc™®.

From this map we obtain the restriction functor

I_esAssoc““g~>Lie . ASSOCAlgaug(O) — L1eAlg(O)

The functor
U : LieAlg(O) — AssocAlg™&(0O)
is defined to be the left adjoint of resAssoc™™ —~Lie,

5.1.2. The map (5.1) has the following additional structure: the functor res®s°¢™* =l hag a
natural right-lax symmetric monoidal structure, where AssocAlg™"¢(0) is a symmetric monoidal
category via the tensor product, and LieAlg(O) a symmetric monoidal category via the Carte-

sian product.

Hence, the functor U acquires a natural left-lax symmetric monoidal structure (as we shall
see shortly, this left-lax symmetric monoidal structure is actually symmetric monoidal).

Finally, we will need one more piece of structure on (5.1):
The above left-lax symmetric monoidal structure on U makes the following diagram of left-lax
symmetric monoidal functors commute:

LieAlg(O) Cheve™?, CocomCoalg™®(0)

(5.2) Ul J/I_ESCOColnaUg —Coassoc?®18

enh
AssocAlg™&(0) Bar™, CoassocCoalg™¢(0),

such that the induced isomorphism of functors

(5.3) Bary oU =~ oblvoassoc, + © Bar®™! ol ~

Cocom®"® —Coassoc®"® en
o Chev

~ 0blV(oassoc,+ O IS b oblvcocom,+ © Chev®™ ~ Chev

is the tautological isomorphism arising by adjunction from

SCoassoca“g—>Lie

re 0 triv Agsocaues ™ trivye.

Remark 5.1.3. In fact, one can obtain the map (5.1), along with the above properties, by
defining it as corresponding to the map of co-operads

aue s Coassoc?"'®

Cocom
via the isomorphisms

(Cocom™"#)¥ ~ Lie[—1] and (Coassoc™®)" ~ Assoc*"#[—1].



38 LIE ALGEBRAS AND CO-COMMUTATIVE CO-ALGEBRAS

5.1.4. Being (left-lax) monoidal, the functor U gives rise to a functor
CocomCoalg(LieAlg(0)) — CocomCoalg(AssocAlg™e(0)).
Pre-composing with the equivalence LieAlg(O) ~ CocomCoalg(LieAlg(O)) (see Sect. 3.1.9,
applied to the commutative case), we obtain a functor:

LieAlg(O) — CocomCoalg™®(LieAlg(O)).

Composing with the equivalence
CocomCoalg(AssocAlg™®(0)) ~ CocomBialg(O)
of Proposition C.1.3, we obtain a functor

UHoPt : LieAlg(O) — CocomBialg(O).

5.1.5. By Sect. 1.5, we can upgrade the functor UH°Pf to a functor
(UHePHFIL . TieAlg(0) — CocomBialg(OF120),
We will also consider the functor
U : LieAlg(O) — AssocAlg(OF1h20),
5.2. The PBW theorem. In this subsection we will first give a somewhat non-standard for-
mulation of the PBW theorem, Theorem 5.2.4.
Subsequently, we will deduce from it the usual form of the PBW theorem, Corollary 5.2.6.

5.2.1. We claim that there exists a canonically defined natural transformation

Com®"® — Assoc?"'®

(5.4) U o trivy — res o freecomaue,

as functors O — AssocAlg(O).

The datum of a map (5.4) is equivalent, by adjunction, to that of a natural transformation

. aug : aug aug
(5.5) trivye — res?ssoc” Folie o pegCom™ > Assoc™ o o6 mans

as functors O — LieAlg(O).

5.2.2. We construct the natural transformation (5.5) as follows.
We note that map of operads
Lie — Assoc™® — Com™"®

equals
Lie = 1yeez — Com™&.

Assoc®"®—Lie Com®"& — Assoc*"'®

Hence, the functor res ores is canonically isomorphic to

trivy;e o oblveomans.
Now, the datum of the natural transformation in (5.5) is obtained by applying trivy;. to the
natural transformation
Id — Sym+

as functors O — O.
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5.2.3. The PBW theorem says:
Theorem 5.2.4. The natural transformation (5.4) is an isomorhism.

We will prove Theorem 5.2.4 in Sect. B. See Corollary 5.2.6 below for the relation with the
more usual version of the PBW theorem.

5.2.5. Recall the symmetric monoidal functor
ass-gr : OFl - Q#r,
and the corresponding functor

Assoc™8 (ass-gr) : AssocAlg™8(OF) - AssocAlg®&(Q8").

Consider the functor

Ue" := Assoc™®(ass-gr) o UF!,  LieAlg(O) — AssocAlg™¢(0Q8").

We claim:
Corollary 5.2.6. There exists a canonical isomorphism of functors
LieAlg(O) — AssocAlg™&(0®")
between US" and the composition

LieAlg(0) *2Y%° O sl ger AssocAlg(0#"),

Com®"® — Assoc®"8

where the last arrow is res o freecomavs .

Proof. By (1.11), the functor U8" identifies canonically with
LieAlg(O) oblvyie g A5t Qer Ve LieAlg(O®") Y, AssocAlg™8(0O%).

Hence, the assertion of Corollary 5.2.6 follows from that of Theorem 5.2.4.
O

Corollary 5.2.6 is the usual formulation of the PBW theorem: the associated graded of the
universal enveloping algebra is the symmetric algebra.

5.2.7. From Corollary 5.2.6 we shall now deduce:

Lemma 5.2.8. The left-lax symmetric monoidal structure on the functor
U : LieAlg(O) — AssocAlg(O)

is symmetric monoidal.

Proof. We have to show that for b1, ha € LieAlg(O), the morphism
U(hr x bh2) = U(h1) @ U(h2)

is an isomorphism.

It is enough to prove the corresponding fact for the functor U, and hence also for the functor
U®". Now the assertion follows via Corollary 5.2.6 from the fact that the functor freecomaus is
symmetric monoidal. O
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5.3. The Bar complex of the universal envelope. Recall the isomorphism
Bar; oU ~ Chev

of (5.3), and the resulting isomorphism

(5.6) BaroU =~ Chev.

In this subsection we will upgrade the latter isomorphism to one between functors taking
values in CocomCoalg®"¢(O).

5.3.1. Consider the functor
Bar : AssocAlg™€(CocomCoalg™€(0)) — CocomCoalg™€(0O)
and note that the following diagram commutes

AssocAlg™"#(CocomCoalg(0)) SRLLEN CocomCoalg(O)

ASSOCAlgaUg(ObIVCocom)J/ J{OblVCucom

AssocAlg™8(0) Bar O,

since the functor oblvcgeom : CocomCoalg(O) — O is symmetric monoidal.
5.3.2. We claim:
Proposition 5.3.3. There exists a canonical isomorphism

Bar oUM°Pf ~ Cheve™®
as functors LieAlg(O) — CocomCoalg™®(0), such that the induced isomorphism

Bar oU ~ Bar o AssocAlg™8(0blvcocom) © UHP! ~ 0blvgeom © Bar o/HOPf ~
~ 0blvcocom © Chev®™ ~ Chev

identifies with (5.6).

Proof. Recall the commutative diagram (5.2), from which we produce the inner square in the
next commutative diagram

LieAlg(O) Chev™?, CocomCoalg™®(0)

Nl lw

aug eyenh
CocomCoalg™®(LieAlg(0)) CocomCoale™#(Ch ) CocomCoalg™®(CocomCoalg™¢(0))

CocomCoalg®"&(U) l CocomCoalg™& (resc(acoma“E — Coassoc®U8 ) l

CocomCoalg™'8 (Bar"!)

CocomCoalg™€(AssocAlg™(0))

CocomCoalg™®(CoassocCoalg™®(0))
NJ, CocomCoalg®"® (oblvcoassocaus ) l

AssocAlg™&(CocomCoalg™€(0)) CocomCoalg™#(0O).

In the above diagram, the composite left vertical arrow is, by definition, the functor UHoPf,
and the composite right vertical arrow is the identity functor.
O
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6. THE UNIVERSAL ENVELOPE VIA LOOPS

In this section we establish the main result of this chapter, Theorem 6.1.2. It says that
the universal enveloping algebra of a Lie algebra can be expressed via the Chevalley functor,
namely, we have a canonical isomorphism of functors

ytort ~ Grp(Chevcnh) o Ne.

6.1. The main result. In this subsection we state the main result of this chapter, Theo-
rem 6.1.2.

6.1.1. Our main result is the following:
Theorem 6.1.2. There exists a canonical isomorphism of functors
UHoPt ~ Grp(Chev®™) o Qpje,  LieAlg(0) — CocomBialg(O).
Several remarks are in order:

Remark 6.1.3. The proof of Theorem 6.1.2 is such that the isomorphism stated in the theorem
automatically upgrades to an isomorphism at the filtered level:

(UHoPFil o (Grp(Chevenh) o QLie)Fﬂ .
Remark 6.1.4. One can generalize the proof of Theorem 6.1.2 to estabish the isomorphims of
functors
(6.1) Ug, =~ E, -Alg™8(Chev) o Q[
where Ug, is the left adjoint to the forgetful functor
res®™ ~lie | -Alg™#(0) — LieAlg(0O),
arising from the corresponding map of operads.

Moreover, the isomorphism (6.1) automatically upgrades to an isomorphism of the corre-
sponding functors

LieAlg(O) — CocomCoalg(E2"¢ -Alg(0O)) ~ E,, -Alg(CocomCoalg™¢(0)),

(6.2) U]é{nopf ~E, —Algaug(CheVenh) o inz-
Furthermore, the isomorphism (6.2) can be upgraded to an isomorphism of functors with
values in CocomCoalg(EE,, -Alg(OF11:20)).

Remark 6.1.5. A very natural proof of the isomorphism (6.1) can be given using the language of
factorization algebras. In the context of algebraic geometry, this is done in [FraG, Proposition
6.1.2].

6.1.6. Note that by combining Theorem 6.1.2 with Proposition 4.3.3 we obtain:
Corollary 6.1.7. There exists a canonical isomorphism of functors
0blv Ageoc © UHPF ~ Sym ooblvye, LieAlg(O) — CocomCoalg™&(0)

Remark 6.1.8. The assertion of Corollary 6.1.7 is of course well-known. The curious aspect of
our proof is that it does not use the symmetrization map from the symmetric algebra to the
tensor algebra, although one can show that the latter map gives the same isomorphism.
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6.2. Proof of Theorem 6.1.2. The idea of the proof is the following: we consider the functor
Assoc™8(UHPH) 6 O . : LieAlg(O) — AssocAlg™ 8 (AssocAlg™ 8 (CocomCoalg(0))),

and we will compose it with two different versions of the Bar-construction: the ‘inner’ and the
‘outer’:

AssocAlg™® (AssocAlg™ & (CocomCoalg(0))) — AssocAlg™&(CocomCoalg(0)) ~
~ CocomBialg(O).
6.2.1. The left-lax symmetric monoidal structure on the functor
U : LieAlg(O) — AssocAlg™"#(0)
gives rise to one on the functor

UHePE : TieAlg(O) — CocomCoalg(AssocAlg™8(0)) ~ AssocAlg™'8(CocomCoalg(0)).

However, since the left-lax symmetric monoidal structure on U is strict (see Lemma 5.2.8), so
is one on UH°Pf, Hence, the functor UM°P! gives rise to a functor that we denote Assoc®'®(UHoPf):

Monoid(LieAlg(O)) — AssocAlg (AssocAlg™&(CocomCoalg(0O))) ~
~ AssocAlg™® (AssocAlg™"®(CocomCoalg(0))) .

Remark 6.2.2. We can think of the category AssocAlg™® (AssocAlg™®(CocomCoalg(0))) as
that of augmented Eq-algebras in CocomCoalg(O).

6.2.3. Consider the resulting functor

(6.3)  Assoc™&(UMPH) 0 Q4. : LieAlg(0) — AssocAlg™® (AssocAlg™$(CocomCoalg(0))) .

We consider the two functors,
AssocAlg™"® (AssocAlg™®(CocomCoalg(0))) — AssocAlg™®(CocomCoalg(0)),

denoted Assoc™&(Bar) and Bar, corresponding to taking the Bar-complex with respect to the
‘inner’ and ‘outer’ associative algebra structure, respectively.

We claim:
(6.4) Bar o Assoc™8(UHP!) o 5, ~ Hop!
and
(6.5) Assoc®8(Bar) o Assoc® 8 (U1°PT) o Qi ~ Grp(Chev®™) o Qpie

as functors

LieAlg(O) — AssocAlg™®(CocomCoalg(O)).
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6.2.4. Indeed, since the functor UHP! is symmetric monoidal, we have
(6.6) Bar o Assoc™8(UHPH) o Qe ~ UHP 0 By, 0 Qpie ~ UHOPE,
which gives the isomorphism in (6.4).

To establish the isomorphism in (6.5), we note that the isomorphism of Proposition 5.3.3 is
compatible with the symmetric monoidal structures, and, hence, gives rise to an isomorphism

Assoc™ 8 (Bar) o Assoc™&(UHPF) ~ Grp(Chev™™")
as functors

Grp(LieAlg(O)) ~ Monoid(LieAlg(O)) —
— AssocAlg(CocomCoalg™(0)) ~ AssocAlg™®(CocomCoalg(O)).

This gives rise to the isomorphism in (6.5) by precomposing with Qpe.

6.2.5. Recall that the symmetric monoidal structure on CocomCoalg(O) is Cartesian. In par-
ticular, we can consider the full subcategories

CocomHopf(0O) := Grp(CocomCoalg(0)) C Monoid(CocomCoalg(0)) =
= AssocAlg™"#(CocomCoalg(0O)),
and

Grp(Grp(CocomCoalg(0))) € Monoid(Monoid(CocomCoalg(0))) =
= AssocAlg™&(AssocAlg™&(CocomCoalg(0O))).

We have the following basic fact proved below:

Proposition 6.2.6. For an oco-category C endowed with the Cartesian symmetric monoidal
structure, there exists a canonical isomorphism of functors

Grp(B) ~ B, Grp(Grp(C)) — Grp(C).
We compose the isomorphism of Proposition 6.2.6 with the functor (6.3), and obtain an
isomorphism
(6.7) Assoc™(Bar) o Assoc™8(UHPH) o Qp 4, ~ Bar o Assoc™8(UHPH) o Qp 4.

Combining the isomorphism (6.7) with the isomorphisms (6.4) and (6.5), we arrive at the

conclusion of the theorem.
O

6.3. Proof of Proposition 6.2.6.

6.3.1. By adjunction, the assertion of the proposition amounts to a canonical isomorphism of
functors

(6.8) Q ~ Grp(Q?) : Grp(C) — Grp(Grp(C)).

The latter reduces the assertion to the proposition when C = Spc is the category of spaces,
by the Yoneda lemma.



44 LIE ALGEBRAS AND CO-COMMUTATIVE CO-ALGEBRAS

6.3.2. We start with the tautological isomorphism of functors

(6.9) Grp(2) o2~ Q0o Q, Spcy,y, — Grp(Grp(Spc)).

By adjunction, we obtain a natural transformation
(6.10) BoGrp(2) » Qo B~1Id, Grp(Spc) — Grp(Spc).

Applying Q : Grp(Spc) — Grp(Grp(Spc)) to (6.10), we obtain the desired natural transfor-
mation

Grp(2) ~ Qo Bo Grp(Q2) — Q.

6.3.3. To show that the resulting map Grp(2) — € is an isomorphism, it is enough to do so
after precomposing with €2 : Spcy,,, — Grp(Spc). However, the resulting map

Grp(2) o Q2 - Qo Q2

equals that of (6.9), and hence is an isomorphism.

7. MODULES

The goal of this section is to give a new perspective on the equivalence of categories
h-mod ~ U(h)-mod
for a Lie algebra h. We will do so using the isomorphism
U(h)-mod ~ AssocAlg(oblvcecom) © Grp(Chev™) o Q(h),
given by Theorem 6.1.2.

In a sense, the upshot of this section is that one does not really need the definition of the
functor

U : LieAlg(O) — AssocAlg™&(0O)

as the left adjoint of the restriction functor res®sse¢™*—Lie  Namely, all the essential features

of this functor are more conveniently expressed through its incarnation as Grp(Chevenh) o Q.

7.1. Left modules for associative algebras. In this subsection we recall some basic pieces of
structure pertaining to left modules over associative algebras and to the Koszul duality functor
in this case.

7.1.1. Let O be a monoidal category. Let A be an object of AssocAlg(O). We let A-mod(O)
denote the category of left A-modules on O. We have a tautological pair of adjoint functors

free, : O 2 A-mod(O) : oblv,.

The monad oblv 4 o free 4 is given by tensor product with A.
Reversing the arrows, we obtain the corresponding pieces of notations for comodules:

oblvp : B-comod(O) & O : cofreeg, B € CoassocCoalg(O).
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7.1.2. Let now A be an augmented associative algebra. We have a canonically defined functor
Bar®(A, —) : A-mod(0O) — 02,
see [Lu2, Sect. 4.4.2.7].

We denote by
Bar(A4,—) : A-mod(O) — O

the composition of Bar®(A, —), followed by the functor of geometric realization OA™ — O,
provided that the latter is defined.

The functor Bar(A, —) is the left adjoint of the functor
trivy : O — A-mod(O),

given by the augmentation on A.

7.1.3. We have the following additional crucial piece of structure on the adjoint pair
Bar(A, —) : A-mod(O) = O : trivg.
Namely, the co-monad Bar(A, —)otriv4 on O identifies canonically with one given by tensor
product with the co-associative co-algebra Bar®"(A), see [Lu2, Sect. 5.2.2].
In particular, we have a canonically defined functor
Bar®™(4, —) : A-mod(0O) — Bar®™(4)-comod(0),
making the following diagrams commutative:

Barenh(Av_) enh
A-mod(0) —————5 Bar®™"(A)-comod(O)

(7'1) Idl lOblvBarenh(A)

Bar(A,—)
EEE——

A-mod(O) o)
and
A-mod(O) M Bar®™®(A)-comod(O)
(7.2) wiea] Jootongunc
0 —2 0.

7.2. Modules over co-commutative Hopf algebras. Let O be a symmetric monoidal cat-
egory.

The goal of this subsection is to establish the following basic fact: given a co-commutative
Hopf algebra A, the category of modules over A as an associative algebra is equivalent to
the totalization of the co-simplicial category of co-modules over Bar®(A), where Bar®(A) is
considered as a simplicial co-algebra.
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7.2.1. Let A be a co-commutative bi-algebra in O. Consider the corresponding object
Bar®(A) € CocomCoalg(O)A™.

Consider the resulting simplicial category
Bar®(A)-comod(0O),

i.e., the simplicial category formed by co-modules in O over the terms of Bar®(A), viewed as a
simplicial co-algebra.

Passing to right adjoints, we obtain a co-simpicial category
Bar®(A)-comod(O)*.
The goal of this subsection is to establish the following:
Proposition-Construction 7.2.2. Assume that A € CocomHopf(O), and let
A= AssocAlg(oblvcocom)(A)
be the underlying associative algebra. Then there is a canonical equivalence of categories:
(7.3) A-mod ~ Tot (Bar®(A)-comod(0)%) .
The construction of the equivalence in Proposition 7.2.2 will have the following features.

7.2.3. Recall the equivalence
Tot (Bar®(A)-comod(0)*) ~ | Bar®(A4)-comod(O)|
of [Chapter 1.1, Proposition 2.5.7]. Thus, we obtain a functor

(7.4) | Bar®(4)-comod(0O)| =~ Tot (Bar®(A)-comod(0)*) ~ A-mod Baﬁ_) O.

Corollary 7.2.4. The functor (7.4) is given by the simplez-wise forgetful functors
oblvg,,m(4) : Bar™(A)-comod(O) — O.

Proof. Follows by considering the corresponding right adjoints. O

7.2.5. Upgrading of Atoan object of CocomCoalg(AssocAlg(O)) defines on the category A-mod
a symmetric monoidal structure. Similarly, the category Tot (Bar' (A)—comod(O)R) is naturally
symmetric monoidal.

It will follow from the construction, given below, that the equivalence (7.3) is naturally
compatible with the above symmetric monoidal structures.

7.2.6. The rest of this subsection is devoted to the proof of Proposition 7.2.2.

Using Proposition C.1.3, to A we can canonically attach an object

A" € CocomCoalg(AssocAlg™#(0)),
so that B
A =~ oblviecom (47).
Moreover, by construction, under the equivalence
CocomCoalg(0)2™ ~ CocomCoalg(02™)

the object

op

Bar®(A) € CocomCoalg(0)*
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identifies with the corresponding object

Cocom(Bar®)(A4’) € CocomCoalg(O2™).

7.2.7. Consider the category P that consists of pairs (B, M), where B € AssocAlg™®(0) and
M € B-mod. This is a symmetric monoidal category under the operation of tensor product.

If B upgrades to an object B’ € CocomCoalg(AssocAlg®"¢(0)), then the object (B,1p) € P
has a natural structure of object of CocomCoalg(P), denoted (B’,10). Moreover, we have a
naturally defined functor

(7.5) B-mod(O) — (B',10)-comod(P), M + (B, M).

We have a naturally defined symmetric monoidal functor

(7.6) Bar? :P— 02", (B,M)~ Bar®(B, M),

with module
so that for B € AssocAlg™®(0), we have
Barliin modute(B; 1o) ~ Bar®(B),
and for B’ € CocomCoalg(AssocAlg™#(0))
Cocom(Bar,iih, module) (B'; 1o) ~ Cocom(Bar®)(B’),

as objects of CocomCoalg(O)A™".

7.2.8. Combining (7.5) and (7.6) we obtain a functor
(7.7) A-mod(0) — Sect (AP, Bar®(A)-comod(0)),

where Sect(A°P, —) denotes the category of (not necessarily co-Cartesian) sections of a given
simplicial category. Specifically, this functor maps an A-module M to the section which assigns
to [n], the Bar™(A)-comodule given by Bar™ (A, M) and maps given by restriction of comodules.

Lemma 7.2.9. If the bi-algebra A is a Hopf algebra, then for M € Z—mod(O), the section
(7.7) defines, by passing to right adjoints, an object of

Tot (Bar®(A)-comod(O)*)
(i.e., the corresponding morphisms are isomorphisms for every arrow in A).
Proof. For an A-module M , we have the action map
AR M — M.

Applying the coinduction functor (right adjoint to restriction of comodules) to M, this gives a
map

AQM — AR M

of A-comodules. Unraveling the definitions, the statement of the lemma reduces to the state-
ment that the above map is an isomorphism. This follows from the fact that A is a group object
is the category of cocommutative coalgebras. O

7.2.10. Thus, by Lemma 7.2.9, we obtain the desired functor
(7.8) A-mod(0) — Tot (Bar*®(A)-comod(0)7).

Let us now show that the functor (7.8) is an equivalence.
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7.2.11. Let
ev? : Tot (Bar®(A)-comod(0)") — O
denote the functor of evaluation on 0-simplices.

It is easy to see that the co-simplicial category Bar®(A)-comod(O)# satisfies the monadic
Beck-Chevalley condition (see [Ga3, Defn. C.1.2] for what this means). Hence, the functor ev®
is monadic, and the resulting monad on O, regarded as a plain endo-functor, is given by tensor
product with

0blvocom © Oblv agsoc(A) =~ oblvAssoc(g).

By construction, the composite functor
A-mod(0) — Tot (Bar®(A)-comod(0)¥) %0

is the tautological forgetful functor oblv ; : g—mod(O) — O. Hence, it is also monadic, and
the resulting monad on O, regarded as a plain endo-functor, is given by tensor product with
0blv agsoc(A).

Hence, it remains to see that the homomorphism of monads on O, induced by (7.8), is an
isomorphism as plain endo-functors of O. However, it follows from the construction that the

map in question is the identity map on the functor oblv pgsoc(A4) @ —.

7.3. Modules for Lie algebras. Let O be a symmetric monoidal DG category.

In this subsection we recall some basic pieces of structure pertaining to modules over Lie
algebras and the Koszul duality functor.

7.3.1. For a Lie algebra b in O we let h-mod(O) the category of (operadic) h-modules on O.
We let

oblvy : h-mod(O) — O
denote the tautological forgetful functor.
7.3.2. The map from § to the zero Lie algebra defines a functor
trivy : O — h-mod(O).
This functor admits a left adjoint, denoted

coinv(h, —) : h-mod(O) — O.

7.3.3. In the sequel we will need the following additional piece of structure on the adjoint pair
coinv(h, —) : h-mod(O) = O : trivy,.
Namely, the co-monad coinv(h, —) o trivy on O identifies canonically with one given by
tensor product with Chev®™ (h).

NB: Here we are abusing the notation slightly: we view Chevenh(h) as an object of the category
CoassocCoalg(O); properly, we should have written

I,ESCocom—>Coassoc (Chevenh (b))
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7.3.4. In particular, we have a canonically defined functor
coinv®™(h, —) : h-mod(O) — Chev®™ (h)-comod(0),
making the following diagrams commutative:

coinve®? (h,—

h-mod(O) ), Chev®™ (h)-comod(O)
(7.9) Idl loblvc],evenhw
h-mod(0) <27, 0
and
h-mod(O) cotnv?™(h,~) Chev™ (h)-comod(O)
(7.10) trivy T Tcofreecwm, o
o) 1, 0.

7.3.5. From the commutative diagram (7.10) it follows that for M;, My € h-mod(O), the map
(711) Mapsh—mod(O) (Mla MQ) - MapSChcve"h(h)—comod(O) (COinVenh(hv M1)7 COinVenh(ha MQ))v

induced by the functor coinv®™(h, —), is an isomorphism whenever M, lies in the essential
image of the functor trivy.

7.4. Modules for a Lie algebra and its universal envelope. Let h € LieAlg(O) be as
above. In this subsection we will construct a canonical equivalence

(7.12) h-mod(O) ~ U(h)-mod(O)

that makes the following diagrams commute:

h-mod(O) —— U(h)-mod(O)

oblvhl lOblvU(h)

Id

o — o
and
h-mod(O) —— U(h)-mod(O)
(7.13) coinv(h,f)J( JrBar(U(b),f)
0] SN 0.

In constructing (7.12) we will use the incarnation of U(h) as
AssocAlg(oblvcecom) © Grp(Chev™) o Q(h),
given by Theorem 6.1.2.

Note that using Sect. 7.2.5, this will endow the category h-mod(O) with a symmetric
monoidal structure, compatible with the forgetful functor oblvy.



50 LIE ALGEBRAS AND CO-COMMUTATIVE CO-ALGEBRAS

7.4.1. We start with the object
Grp(Chev®™) o0 Q(h) € CocomHopf(0) C AssocAlg(CococomCoalg(0)),
and form the object
Bar®(Grp(Chev®™) 0 Q(h)) € CococomCoalg(0)A™.
Consider the resulting simplicial category
Bar®(Grp(Chev®™) o Q(h))-comod(O),
and the co-simplicial category
Bar®(Grp(Chev®™) o Q(h))-comod(O)F,
obtained by passing to right adjoints.
According to Proposition 7.2.2, the category
AssocAlg(oblvcecom) © Grp(Chev™™) o Q(h)-mod(O)

identifies with
Tot (Bar'(Grp(Chevenh) o Q(f)))—comod(O)R) ,

in such a way that the forgetful functor

OblvAssocAlg(oblvcocum)oGrp(Cheve“h)oQ(h) :
AssocAlg(oblvcocom) 0 Grp(Chev®™) o Q(h)-mod(0) — O

identifies with the functor of evaluation on zero-simplices.

7.4.2. Note that the simplicial co-algebra Bar®(Grp(Chev™™") o Q(h)) identifies with
Chev™ (Bar® oQ(h)),
where
Bar® oQ(h) € LieAlg(0)A™
is the Cech nerve in LieAlg(O) of the map 0o — b.
Consider the co-simplicial category
(7.14) Bar® oQ(h)-mod(O).

Since

cglgn Bar® oQ(h) ~ b,

we have

h-mod(O) ~ Tot (Bar® of2(h)-mod(O)) .
7.4.3. We will construct the sought-for equivalence
h-mod(O) ~ AssocAlg(oblvcocom) © Grp(Chev®™) o Q(h)-mod(O)

by constructing an equivalence

Tot (Bar® oQ2(h)-mod(0)) ~ Tot (Bar' (Grp(Chev™™) o Q(b))—comod(O)R> .

To do so, it is sufficient to show that the corresponding semi-totalizations are equivalent.
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7.4.4. Let
Bar® o©2(h)-mod(O)*

be the simplicial category obtained by passing to left adjoints in (7.14).

The functor coinv™"(—, —) gives rise to a functor of simplicial categories
(7.15) Bar® o©2(h)-mod(0)* — Bar®(Grp(Chev™") o Q(h))-comod(O),
and, in particular, a functor between the underlying semi-simplicial categories.

We have:

Lemma 7.4.5. For an injective map [m1] — [ma], the diagram of obtained by passing to right
adjoints along the vertical arrows in

Bar™ oQ(h)-mod(Q) —— Bar™ (Grp(Chev™) o Q(h))-comod(O)

l |

Bar™? oQ(h)-mod(0) —— Bar™2 (Grp(Chev™™) o Q(h))-comod(O)

commutes.

From Lemma 7.4.5 we obtain that the term-wise application of the functor coinven]”(f7 =),
gives rise to a functor from the co-semisimplicial category underlying Bar® oQ(h)-mod(O) to
that underlying Bar®(Grp(Chev™") o Q(h))-comod(O)F.

To prove that the resulting functor between co-semisimplicial categories induces an equiva-
lence of semi-totalizations, it is sufficient to show that for every m, the corresponding functor

coinv(Bar™ oQ(h), —) : Bar™ o©2(h)-mod(0Q) — Bar™ (Grp(Chev®™) o Q(h))-comod(O)
is fully faithful on the essential image of all the face maps [0] — [m].

However, this follows from Sect. 7.3.5.

7.4.6. It remains to establish the commutativity of the diagram (7.13).
According to Corollary 7.2.4, under the identification
AssocAlg(oblvcgcom) © Grp(Chev®™) o Q(h)-mod(0) ~
~ Tot (Bar'(Grp(Cheve“h) o Q(b))—comod(O)R)
of Proposition 7.2.2, the functor
Bar(AssocAlg(oblvcecom) © Grp(Cheve™) o Q(h), —) :
AssocAlg(oblvcgcom ) © Grp(Cheve™) o Q(h)-mod(0) — O

corresponds to the functor
Tot (Bar'(Grp(Cheve“h) o Q(h))—comod(O)R) —
— | Bar®(Grp(Chev®™) o Q(h))-comod(0O)| — O,

given by the forgetful functors
ObLVE,,m (Grp(Cheverh)o(h)) * Bar™(Grp(Chev®™) o Q(h))-comod(0) — O.
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We have a commutative diagram

Tot (Bar® 0Q(h)-mod(0)) — Tot (Bar'(Grp(Chevenh) 0 Q(b))—comod(O)R)
NT TN
| Bar® o(h)-mod(0)X| ——— | Bar®(Grp(Chev®™™) o Q(h))-comod(0O)],
where the lower horizontal arrow comes from the map of simplicial categories (7.15).
Hence, we need to show that the functor
| Bar® o©2(h)-mod(0)X| — O,
given by
coinv(Bar™ oQ(h), —) : Bar™ o2(h)-mod(0)* — O,
corresponds under
(7.16) | Bar® oQ(h)-mod(0)*| ~ Tot (Bar® oQ(h)-mod(0)) ~ h-mod(O)
to the functor
coinv(h, —) : h-mod(O) — O.
However, this follows from the fact that the functor (7.16) is given by the functors,
Bar™ oQ(h)-mod(O) — h-mod(O)
left adjoint to those given by restriction.

Remark 7.4.7. An alternate proof of the equivalence h-mod(O) ~ U(h)-mod(O) can be given
as follows. Given an object M € O, one has the relative inner Hom

Endg (M) := Homg (M, M)

which is an associative algebra in O (see [Chapter 1.1, Sect. 3.6.6]). For any associative algebra
A in O, the structure of an A-module on M is equivalent to a map of associative algebras
A — Endg (M) [Lu2, Corollary 4.7.2.41]. Similarly, one can prove that for any Lie algebra b,
the structure of an h-module on M is equivalent to a map of Lie algebras h — Endy(M). The
equivalence then follows from the description of U(h) as the algebra induced from h along the
map of operads Lie — Assoc®"®.

APPENDIX A. PROOF OF THEOREM 2.9.4

Recall that Theorem 2.9.4 says that (under a certain hypothesis on the co-operad Q) if we
compute primitives in an object of Q¥ -Coalg(O) of the form

cofreef™(V), V€O,

we recover V. The non-triviality here lies in the fact that cofreegtke is not the co-free Q

co-algebra; rather, it comes from the corresponding co-free object under the functor
QY -Coalg™*™P(0) — Q¥ -Coalg(0).
So, we are dealing with the difference between direct sums and direct products. At the end

of the day the proof will consist of showing that a certain spectral sequence converges, and that
will be achieved by taking into account t-structures (hence the assumption on Q).
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A.1. Calculation of co-primitives. Let P be an operad. In this subsection we will give an
expression for the functor

coPrimgp : P-Alg(O0) — O

in terms of the Koszul dual co-operad.

A.1.1. Forn>1, let

Ln : Vect — Vect”

be the tautological functor that produces symmetric sequences with only the n-th non-zero
component.

We have the following basic fact:

Lemma A.1.2. For an operad P, the object 1yee= € Vect™, regarded as a right P-module in
the monoidal category Vect™, can be canonically written as a colimit

colim M,
n>

with
coFib(M,_1 — M) ~ 1, (P¥V(n))xP, n>1.

A.1.3. The assertion of Lemma A.1.2 gives rise to the following more explicit way to express
the functor coPrimp:

Corollary A.1.4. The functor
A — coPrimgp(A), P-Alg(O) — O
admits a canonical filtration by functors of the form

A— M, x A,
P

where M, are right P-modules, such that the associated graded of this filtration is canonically
identified with

n — PY(n) x oblvy(A).

A.2. Computation of primitives. Our current goal is to formulate and prove an analog of
Corollary A.1.4 for co-algebras over a co-operad, namely Proposition A.2.3 below.

A.2.1. Let Q be a co-operad, N a right Q-comodule in Vect™, and A € Q-Coalg(0O).

We can form a co-simpicial object coBarg (N, Q, A) of O with the n-th term

coBar? (N, Q, A) := [ N*xQ*...xQ | x A.
—

We define
N A:=Tot (coBar;(N,Q, A)).
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A.2.2. We are going to prove:
Proposition A.2.3. The functor
A — Primg(A4), Q-Coalg(O) — O
can be canonically written as an inverse limit of functors of the form
N, % A n>1,

where N, are right Q-comodules in Vect™ with

Fib(N,, = Np1) =~ 6,(2Y(n))xQ, n > 1.

The rest of this subsection is devoted to the proof of this proposition.

A.2.4. By definition, the functor Primg is calculated as

Q
A — 1Vect2 * A

Now, we have the following assertion, which is an analog of Lemma A.1.2 for co-operads:

Lemma A.2.5. For a co-operad Q, the object 1y..= € Vect™, regarded as a right Q-comodule
in the monoidal category Vect™, can be canonically written as a limit

lim N,
n>1
with
Fib(N,, = Np—1) = 1,(2¥(n)) *xQ, n> 1.

A.2.6. Since functor of totalization commutes with the formation of limits of terms, in order to
prove Proposition A.2.3, it suffices to show that for every m > 0, the natural map

coBar} (1yeet=, 9, A) — lim coBar}' (N, Q, A)
n
is an isomorphism.

For the latter, by the definition of the *x-action, it suffices to show that for any ¢ > 0, the
map

Tyeers * Q% .. % Q (i)®A®i—>li£n Ny *xQx .. % Q| (i) @ A®!
m m

is an isomorphism.

However, the required isomorphism follows from the fact that for every given 4, the family

n—= | Np*xQx...xQ | (4)
—

m

stabilizes to

1 ;
Veets * Qx ... xQ | (7)

for n > 3.

A.3. Proof of Theorem 2.9.4.
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A.3.1. Strategy of the proof. We take A := cofree™* (V) for V € O. We need to show that the
natural map

V — Primg ocofree*®(V)

is an isomorphism.

We calculate the right-hand side via Proposition A.2.3. We will prove that for every n > 1,
the map

coFib (V = Np F cofree%ke(V)> — coFib (V = Np_1 % cofreeg‘ke(V))
is zero. This will prove the required assertion.
A.3.2. Step 0. For a right Q-comodule N in Vect”, and A € Q-Coalg™™P(0Q), consider the

co-simplicial object coBar$ (N, Q, A) of O with terms

coBar? (N, Q, A) := [ NxQ*...xQ | x A.
—

n

Set
N A := Tot (coBar®(N, Q, A)).

Note that for A € Q-Coalg™*™P(Q), from (2.7) we obtain a map
(A1) N* A 5 N % res™*(A).
We observe:

Lemma A.3.3. Let N be cofree, i.c., of the form N' + Q for N’ € Vect®. Then we have a
commutative diagram with vertical arrows being isomorphisms:

N% A (A1) N ¥ res (A)
/ ind-nilp (2.7) / ind-nilp
N’ % oblvid P 4) N’ % oblvildilP(4)

Corollary A.3.4. Let N be of the form 1, (V)*Q for somen and V € O. Then the map (A.1)

s an isomorphism.

A.3.5. Step 1. We return to the proof of Theorem 2.9.4. We note that for any n > 1, the object
N,, has a finite filtration by objects of the form ¢, (QY(m)) x Q, m < n.

By Corollary A.3.4, we obtain that for any A € Q-Coalgind'nﬂp(O) the map

N, * A = N,, % res*™*(A)
of (A.1) is an isomorphism.

Hence, we obtain that it suffices to show that the map
coFib <V - Ny, 2cofreegind,nup (V)) — coFib <V — Np_1 % cofreegind nip (V))

is zero.
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A.3.6. Step 2. Note that each N, 3 cofreeginanip (V) is naturally graded by integers d > 1,
such that the map

Q
V — Nn * COfI'eeQind.nilp (V)
is an isomorphism on the degree 1 part for all n.

Hence, it remains to show that for all d > 1, the map
Q d 9 d
(A.2) N, * cofreeginanin (V) | ¢ = | Nj,—1 * cofreeginda-nin (V)
is zero, where the superscript d indicates the degree d part.
A.3.7. Step 3. Note now that the functor
Q d
V = | Ny, * cofreeginanin (V)

(resp., the natutal transformation (A.2)) is given by
Vi (Kf @V,
for some K¢ € Rep(X4) (resp., a map K¢ — K¢ _,).
Hence, it remains to show that for every d > 1 and every n, the map
(A.3) xd — x4

n—1

is zero.

A.3.8. Step 4. Since the category Rep(X4) is semi-simple, the fact that (A.3) is equivalent to
the map in question inducing the zero map on cohomology.

The latter reduces the assertion of the theorem to the case of O = Vect. Namely, it suffices
to show that for some/any V € Vecty, with dim(V) > d, the map (A.2) induces the zero map
on cohomology.

We will show that the objects
(A4) (Nn % cofreegindnip (V)) 4 € Vect
are acyclic for all n > 1 and d > 1.

A.3.9. Step 5. Consider the operad Q*, and set M,, := N. We obtain that the object (A.4) is
the linear dual of the object

(A.5) (Mn & freeo. (V*)) 4

Hence, is is enough to show that the object (A.5) is acyclic for all n > 1 and d > 1.
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A.3.10. Step 6. We note that (Q*)¥ ~ (QV)*. So, by the assumption that QV[1] is classical,
coFib (Mn_l x freeg«(V*) - M, x freeg*(V*)>

is concentrated in cohomological degree —n.
Hence,
coFib <(Mn_1 i freeQ*(V*)) d_ (Mn & freeQ*(V*)> d)
is also concentrated in cohomological degree —n.

Therefore, the acyclicity of (A.5) is equivalent to the acyclicity of

(A.6) colim (Mn L freeg*(V*)) <

n

A.3.11. Step 7. By Corollary A.1.4, the colimit (A.6) identifies with the degree d part of
coPrimg~ ofreeq- (V*).

However,
coPrimg- ofreeg« (V*) ~ V*

and hence its degree d part for d # 1 vanishes.

APPENDIX B. PROOF OF THE PBW THEOREM

In this section we will prove the version of the PBW theorem stated in the main body of the
paper as Theorem 5.2.4.

B.1. The PBW theorem at the level of operads. In this subsection we formulate a version
of Theorem 5.2.4 that takes place within the category Vect™.

B.1.1. We have the canonical maps
¢ : Lie — Assoc™® and 9 : Assoc®™® — Com™"8,
such that the composition 1 o ¢ factors through the augmentation/unit

Lie = 1yeeez — Com.

B.1.2. The map ¢ gives rise to the forgetful functor
res?soc™ ~lic s Ags0cAlg™E(0) — LieAlg(0),
and the map 1) gives rise to the forgetful functor
resCom e Assoc™E Com™8(0) — AssocAlg™¢(0).
The functor
U : LieAlg(O) — AssocAlg®"#(0)

is given by
— Assoc™& x h.
h Lieh
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B.1.3. The functor
U o trivy : O — AssocAlg™&(0)

is given by
V +— (Assoc™® X Tyeer=) * V.
1€

The canonical map
U o trivye(V) — freecomanz (V)

comes from the map in Vect™:

(B.1) Assoc™® x 1otz — Com™ 8,
1e
which arises via the description of the map v o ¢ in Sect. B.1.1.

B.1.4. The operadic PBW theorem says:
Theorem B.1.5. The map (B.1) is an isomorphism in Vect™.

It is clear that Theorem B.1.5 implies Theorem 5.2.4.
B.2. Proof of Theorem B.1.5.

B.2.1. We have the natural map in Vect™

aug

Com®"® — Assoc™"®

which realizes the symmetrization map at the level of functors. This gives a map of right
Lie-modules in Vect™

Com®"® x Lie — Assoc®"&.

It follows from the classical PBW theorem applied to a free Lie algebra on a vector space that
this map is an isomorphism.

Hence, we have an isomorphism between Assoc™'® X 1yeerz and Com™®. In particular, for
1e

every n, we have:
<Assocaug Lai(clvectz) (n) € Vect” .
B.2.2. It remains to show that for any V € Vecto, the map
H° ((Assocaug L*irelveCtE) * V) — freecomane (V)
is an isomorphism.
Note, however, that the object H° ((Assoc Lfclvectz) * V) identifies with

H® (U o trivii(V)),

i.e., the universal enveloping algebra of the trivial Lie algebra, taken in the world of classical
associative algebras.

However, the latter is easily seen to map isomorphically to freecomaue (V).
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ApPPENDIX C. COMMUTATIVE CO-ALGEBRAS AND BIALGEBRAS

Let H be a classical co-commutative bialgebra. We can regard H as either an associative
algebra in the category of co-commutative co-algebras or, equivalently, a co-commutative co-
algebra in the category of associative algebras.

In this section, we establish the corresponding fact in the context of higher algebra, i.e.,
an equivalence of (0o, 1)-categories CocomCoalg(AssocAlg(O)) ~ AssocAlg(CocomCoalg(O)).
The latter is not altogether obvious, as the corresponding classical assertion is proved by ‘an
explicit formula’.

C.1. Two incarnations of co-commutative bialgebras. Co-commutative bialgebras can be
thought of in two different ways: as co-commutative co-algebras in the category of associative
algebras, or as associative algebras in the category of co-commutative co-algebras. In this
subsection we show that the two are equivalent.

C.1.1. In this subsection we let O be a symmetric monoidal category, which contains colimits,
and for which the functor of tensor product preserves colimits in each variable.
The category CocomBialg(O) is defined as

(C.1) AssocAlg(CocomCoalg(0)) ~ AssocAlg(CocomCoalg™¢(0)),

where the (symmetric) monoidal structure on CocomCoalg(O) is given by tensor product, which
coincides with the Cartesian product in CocomCoalg(O).

Consider now the category AssocAlg(O), endowed with a symmetric monoidal structure
given by tensor product. Consider the category

(C.2) CocomCoalg(AssocAlg(0)) ~ CocomCoalg(AssocAlg™e(0)).

C.1.2. In this section we will prove:
Proposition-Construction C.1.3. There exists a canonical equivalence of categories

CocomCoalg(AssocAlg(0O)) ~ AssocAlg(CocomCoalg(O))

that makes the diagram

CocomCoalg(O) i

CocomCoalg(O)
CocomCoalg(oblvagsoc) T TOblvAssoc
CocomCoalg(AssocAlg(0)) —— AssocAlg(CocomCoalg(O))

oblvct,coml J{AssocAlg(obIVCme)

AssocAlg(O) M, AssocAlg(O)

commute.

C.2. Proof of Proposition C.1.3.
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C.2.1. Step 1. We have a canonically defined symmetric monoidal functor
Bar® : AssocAlg™8(0) — OA™.

In particular, we obtain a functor

Cocom(Bar®) : CocomCoalg(AssocAlg*'#(0)) — CocomCoalg(O2™) ~
~ CocomCoalg(0)?

op

Combining with (C.2), we obtain a functor

(C.3) CocomCoalg(AssocAlg(0)) — CocomCoalg(0)A™.

C.2.2. Step 2. Since the symmetric monoidal structure on CocomCoalg(O) is Cartesian, the
functor

(C4) Bar® : AssocAlg(CocomCoalg(0)) — CocomCoalg(0)*
is fully faithful.
Now, it is easy to see that the essential image of the functor (C.3) lies in that of (C.4).

op

This defines a functor in one direction:
(C.5) CocomCoalg(AssocAlg(0O)) — AssocAlg(CocomCoalg(O)).

C.2.3. Step 3. Let us now prove that the functor (C.5) is an equivalence. By construction, the
composite functor

CocomCoalg(AssocAlg(0)) — AssocAlg(CocomCoalg(0)) ObLVAguoc CocomCoalg(O)

is the tautological functor

(C.6) Cocom(oblv pgsoc) : CocomCoalg(AssocAlg(O)) — CocomCoalg(O).
It suffices to show that the functor (C.6) and
(C.7) AssocAlg(CocomCoalg(0O)) obLYageoc CocomCoalg(O)

are both monadic, and that the map of monads, induced by (C.5), is an isomorphism as plain
endo-functors of CocomCoalg(O).

C.2.4. Step 4. The functor
AssocAlg(O’) oblvagae
is monadic for any monoidal category O’ (satisfying the same assumtion as O); its left adjoint

is given by
V = freepssoc(V).

In particular, the functor (C.7) is monadic: take O’ := CocomCoalg(O).
C.2.5. Step 5. We have a pair of adjoint functors
freepssoc 1 O = AssocAlg(O) : oblvagsoc,
with the right adjoint being symmetric monoidal.
Hence, the above pair induces an adjoint pair
CocomCoalg(0O) = CocomCoalg(AssocAlg(O)).

Hence, we obtain that the functor (C.6) is also monadic.
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C.2.6. Step 6. To show that the map of monads on CocomCoalg(O), induced by (C.5) is an
isomorphism as plain endo-functors, it is enough to do so after composing with the (conservative)
forgetful functor oblvcocom : CocomCoalg(O) — O.

By construction, it suffices to prove that the natural transformation
freeassoc © 0blvoocom — AssocAlg(oblvooeom) © freeassoc,
coming by adjunction from the isomorphism
0blvscom © OBl Agsoc ™ ObIV Ags0c © AssocAlg(oblveocom),
is itself an isomorphism.
However, this follows from the fact that the functor
0oblvoeom : CocomCoalg(O) — O

is symmetric monoidal and preserves coproducts.



