CHAPTER II.1. IND-COHERENT SHEAVES ON SCHEMES
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INTRODUCTION

In this Chapter we initiate the study of ind-coherent sheaves, which is the main object of this
book. Here we will define and study the category IndCoh(X) for X being a scheme (assumed
almost of finite type), and its basic functorality properties for maps of schemes.

In subsequent Chapters will be extend the definition IndCoh to a much wider class of algebro-
geometric objects, namely, prestacks locally almost of finite type. The latter will allow us to
create a paradigm that contains both D-modules and O-modules.
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0.1. Why IndCoh? The basic question is: why bother with IndCoh? I.e., why is the usual
QCoh not good enough?

0.1.1. There are multiple reasons for why one would like to have the theory of IndCoh. Here
are two mutually related reasons that can be spelled out already for schemes.

(i) For a proper morphism f : X — Y between schemes, the functor of -pullback, right adjoint
to the *-direct image, is not necessarily continuous when viewed as a functor

QCoh(Y) — QCoh(X).

But it is continuous, when viewed as a functor IndCoh(Y) — IndCoh(X). Since for various
reasons, explained elsewhere in the book, we wanted to stay within the world of cocomplete
categories and continuous functors, the above phenomenon was, for us, the main reason to
introduce and study IndCoh.

(ii) Many categories that naturally arise in geometric representation theory are IndCoh(X) (for
some scheme X), and not QCoh(X). A remarkable set of examples of this are the categories
appearing on the spectral side of the geometric Langlands theory (see, e.g., [Bezr] ot [AG]). A
baby example of this would be the Koszul duality that says that the category A-mod for

A=Fk[g],  deg(§) =2

is equivalent to IndCoh(X), where X = pt x pt. This is while QCoh(X) is the subcategory of
Al

A-mod consisting of objects on which the generator £ acts locally nilpotently.

0.1.2. We should emphasize, however, that one should not be tempted to think that IndCoh is
a ‘better object’ than QCoh. In fact, both categories are needed and they interact in interesting
ways, see [Chapter IL.3].

0.1.3. We would also like to mention that the category IndCoh(X) has appeared significantly
before the present book (and its predecessor [Gal]). Namely, if X is classical, it was introduced
in the work of H. Krause [Kr], and it was subsequently studied by him and his collaborators.

Specifically, in loc.cit., IndCoh(X) appeared as the category of injective complexzes on X.

0.1.4. In this chapter we start from (i) mentioned above, and develop the theory of IndCoh for
schemes so that the !-pullback for a proper morphism is continuous.

In [Chapter I1.2, Sect. 2.1] we will expand the functoriality of IndCoh by showing that
it admits -pullbacks for arbitrary (i.e., not necessarily proper) morphisms, and that these !-
pullbacks satisfy base change against *-push forwards. The difficulty here is that base change
is not a property but an extra piece of structure, and one needs to introduce a new categorical
device, the category of correspondences to account for it!.

IThe idea of the category of correspondences was suggested to us by J. Lurie.
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0.1.5. Having defined !-pullbacks for arbitrary morphisms, we will be able to define IndCoh(X),
where X is now an object of PreStky,g, see [Chapter I1.2, Sect. 3.4]. We should emphasize that,
whereas in the case of schemes IndCoh, can be thought of as a small modification of QCoh, for
general prestacks the two categories are very different. The former is functorial with respect to
the -pullback, and the latter is functorial with respect to the *-pullback.

For a map f: X — Y between prestacks we will have the !-pullback functor
f': IndCoh(Y) — IndCoh(X).
However, for a general f there is no conceivable way to define the *-push forward functor from

IndCoh(X) to IndCoh(Y) so that it satisfies base change against the !-pullback.

That said, in Part III of the book we will single a class of morphsisms, called inf-schematic,

for which the push-forward functor fI4€°h is defined and has the desired base change property.

This will allow to extend the formalism of IndCoh as a functor out of the category of cor-
respondences from schemes to inf-schemes (these are algebro-geometric objects that include
formal schemes as well as de Rham prestacks of schemes). In this way we will obtain a conve-
nient formalism that allows to treat D-modules and O-modules on an equal footing.

0.2. What is done in this chapter?
0.2.1. In Sect. 1 we introduce IndCoh(X) for a scheme X. We show that it is endowed with a

t-structure and a t-exact functor
Ux : IndCoh(X) — QCoh(X),

which induces an equivalence on the eventually coconnective subcategories, i.e., the induced
functor IndCoh(X)* — QCoh(X)* is an equivalence.

Thus, IndCoh(X) is only different from QCoh ‘at —o0’. So, one can say that the whole point
here is convergence, i.e., convergence of spectral sequences.
0.2.2. In Sect. 2 we introduce the direct image functor

fImdCeh . IndCoh(X) — IndCoh(Y)

for a morphism f : X — Y between schemes.

This functor is ‘inherited’ from QCoh via the equivalence ¥ : IndCoh(—)" — QCoh(—)*.

We then extend the assignment

X ~» IndCoh(X), f ~» fIndCeh

*

to a functor
Sch — DGCateont -

0.2.3. In Sect. 3 we study the functor of (the usual) *-pullback
frdCeh TndCoh(Y) — IndCoh(X)

for a morphism f : X — Y. This functor is supposed to be the left adjoint of frdcoh,

However, there is a caveat: the functor f™dCoh* is only defined for morphisms f that are of
finite Tor amplitude. A functor that is defined for all morphisms is introduced in Sect. 5: this
is the -pullback.

It is fair to say that QCoh is well-adapted to the *-pullback and IndCoh is well-adapted to
the !-pullback. (But if f is of finite Tor amplitude, both functors exist and are continuous for
both categories.)
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0.2.4. In Sect. 4 we study the behavior of IndCoh under open embeddings. In particular, we
show that it satisfies Zariski descent.

0.2.5. Beyond the definition of IndCoh, Sect. 5 is the central in this chapter. In this section we

show that if f : X — Y is a proper morphism, then the functor fI"4¢°h admits a continuous

right adjoint, denoted
f': IndCoh(Y) — IndCoh(X).

We show that the !-pullback (so far only defined for proper maps) satisfies base change
against the *-push forward (unless the general base change, this instance of base change is a
property and not an extra piece of structure.

Finally, we establish the following crucial piece of compatibility that will eventually imply
that the !-pullback is defined for all maps. Let

X X, x
f’l lf
vy, 2y

be a Cartesian diagram, where the vertical arrows are proper and the horizontal ones are open
embeddings.

In this case, we have a canonically defined natural transformation

IndCoh,* ! /1 IndCoh,*
Ix of = f"o 9y .

We show that this natural transformation is an isomorphism.

0.2.6. In Sect. 6 we study several additional properties of the assignment
X ~» IndCoh(X).
We show:

(i) For a closed subscheme Y C X, the subcategory IndCohy (X) of IndCoh(X) consisting of
objects that vanish when restricted to X — Y, is compactly generated by Cohy (X).

(ii) If f : X — Y is a proper and point-wise surjective map, then the functor f': IndCoh(Y) —
IndCoh(X) is conservative.

(iii) For two schemes X; and X5, the external tensor product functor
IndCoh(X;) ® IndCoh(X2) — IndCoh(X; x X37)
is an equivalence.

(iv) The assignment X ~~ IndCoh(X) is convergent in the sense of [Chapter 1.2, Sect. 1.4], i.e.,
the functor

IndCoh(X) — lim IndCoh(S"X)

is an equivalence, where <"X denotes the n-coconnective truncation of X. Note that the
corresponding assertion is false for QCoh.
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0.2.7. Finally, in Sect. 7 we establish the proper descent for IndCoh: if X — Y is a proper
map, which is surjective at the level of k-points, then the functor

IndCoh(Y') — Tot(IndCoh(X*))

is an equivalence, where X*® is the simplicial scheme equal to the Cech nerve of X — Y.
In [Chapter I1.2] we will strengthen this, and show that IndCoh satisfies h-descent (and in
particular, ppf descent).

1. IND-COHERENT SHEAVES ON A SCHEME

In this section we introduce the category IndCoh(X) and study its basic properties. The
material here repeats [Gal, Sect. 1].

1.1. Definition of the category. In this subsection we define IndCoh(X) and the functors
that connect it to the usual category QCoh(X) of quasi-coherent sheaves.

1.1.1. For X € Schus we consider the category QCoh(X) and its full (but not cocomplete)
subcategory Coh(X), consisting of bounded complexes with coherent cohomologies.

We define the category IndCoh(X) by
IndCoh(X) := Ind(Coh(X)).

1.1.2. By construction, we have a naturally defined functor
Ux : IndCoh(X) — QCoh(X)
obtained by ind-extension of the tautological inlcusion Coh(X) — QCoh(X).
We have:
Lemma 1.1.3. Assume that X is a smooth classical scheme. Then ¥x is an equivalence.

Proof. Tt is known by [TT] (see also [Ne]) that for X classical, QCoh(X) ~ Ind(QCoh(X)Pet).
Now, for X a regular classical scheme, we have

QCoh(X )P = Coh(X),
as subcategories of QCoh(X). O

Remark 1.1.4. Tt is shown in [Gal, Proposition 1.5.4] that the assertion of the above lemma is
in fact ‘if and only if’.

1.1.5. We give the following definition:

Definition 1.1.6. We shall say that X € Schug is eventually coconnective if the structure
sheaf Ox belongs to Coh(X).

Le., X is eventually coconnective if, Zariski locally, the structure sheaf had non-zero coho-
mologies in finitely many degrees.

We have:

Lemma 1.1.7. If X is eventually coconnective, the functor Wx admits a left adjoint, to be
denoted Zx, and this left adjoint is fully faithful.
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Proof. If X is eventually coconnective, we have
QCoh(X)Pef  Coh(X),

and, using the fact that QCoh(X) ~ Ind(QCoh(X)P), the functor Zx is obtained as the
ind-extension of the above embedding.

The composition ¥x o Zx is the ind-extension of the functor
QCoh(X)Pef < Coh(X) < QCoh(X),

and it is manifest that its map to Idqcon(x) is an isomorphism. O

Remark 1.1.8. In [Gal, Proposition 1.5.2] it is shown that ¥Ux admits a left adjoint if and only
if X is eventually coconnective.

1.2. t-structure. Some of the most basic operations on the IndCoh category (such as the
functor of direct image studied in the next section) are inherited from those on QCoh using
the t-structures on both categories. The crucial fact is that the eventually coconnective (a.k.a.,
bounded below) parts of the two categories are equivalent.

The goal of this subsection is to define the t-structure on IndCoh(X') and establish its basic
properties.

1.2.1. We claim:

Proposition 1.2.2. The category IndCoh(X) carries a unique t-structure that satisfies
IndCoh(X)=? = {F € IndCoh(X) | ¥x (F) € QCoh(X)=°}.

Moreover:

(a) The functor VUx is t-exact.

(b) This t-structure is compatible with filtered colimits (i.e., the subcategory IndCoh(X )20 is
closed under filtered colimits).

(¢) The induced functor
Uy : IndCoh(X)=" — QCoh(X)="
is an equivalence for any n.
As a corollary we obtain:

Corollary 1.2.3. The functor Ux defines an equivalence IndCoh(X)* — QCoh(X)™.

Proof of Proposition 1.2.2. It is clear that the condition of the proposition determines the t-
structure uniquely. To establish its properties we will use the following general assertion:

Lemma 1.2.4. Let Cqy be a (non-cocomplete) DG category, endowed with a t-structure. Then
C := Ind(Cy) carries a unique t-structure, which is compatible with filtered colimits, and for
which the tautological inclusion Cy — C is t-exact. Moreover:

. o <0
(1) The iubcategory C=0 (resp., C=°) is compactly generated under filtered colimits by Cg
(resp., C3°).

(2) Let D be another DG category endowed with a t-structure which is compatible with filtered
colimits, and let F': C — D a continuous functor. Then F is t-exact (resp., left t-exact, right
t-exact) if and only if F|c, is.
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We apply Lemma 1.2.4(1) to Cy = Coh(X) and obtain a (a priori different) t-structure
on IndCoh(X), which satisfies point (b) of the proposition. It also satisfies point (a) of the
proposition, by Lemma 1.2.4(2) applied to D = QCoh(X) and F = Ux.

To show that this t-structure coincides with the one introduced earlier, it suffices to show
that Wy is conservative when restricted to IndCoh(X)=°. Hence, it remains to show that the
t-structure, given by Lemma 1.2.4, satisfies points (c¢) of the proposition.

To prove point (c), it is sufficient to consider the case of n = 0. Using Lemma 1.2.4(1), the
required assertion follows from the next statement:
Lemma 1.2.5. The category QCoh(X)Z is compactly generated under filtered colimits by
Coh(X)=0.
O
1.2.6. Note that Proposition 1.2.2 implies that, as long as the functor U x is not an equivalence

(i.e., X is not a classical smooth scheme), the category IndCoh(X) is not left-complete in its
t-structure. The latter means that for ¥ € IndCoh(X), the canonical arrow

TF— 1i7rln72_"(3")
is not necessarily an isomorphism.
Furthermore, we see that for any X, the functor ¥ x realizes QCoh(X) as the left completion
of IndCoh(X).
1.2.7. From Proposition 1.2.2 we also obtain the following:
Corollary 1.2.8. The inclusion Coh(X) C IndCoh(X)¢ is an equality.

Proof. Since the category Coh(X) compactly generates IndCoh(X), the category IndCoh(X )¢
is the Karoubi-completion of Coh(X). I.e., every object F € IndCoh(X )¢ can be realized as a
direct summand of an object ¥’ € Coh(X). In particular, F € IndCoh(X)™*.

The object ¥Ux(F) is a direct summand of ¥ x(F’). Hence, ¥ x(F), regarded as an object of
QCoh(X), belongs to Coh(X). Let us denote this object of Coh(X) by &F.

Thus, we can regard J and F as objects of IndCoh(X)™ such that

\Ifx(ff) ~ \Ifx(gj)

Applying Proposition 1.2.2(c), we obtain that F ~ F as objects of IndCoh(X).

1.2.9. The monoidal action of QCoh. We claim:

Proposition 1.2.10. There exists a uniquely defined monoidal action of QCoh(X), viewed as
a monoidal category, on IndCoh(X), such that the functor Ux is compatible with the QCoh(X)-
actions.

Proof. The action in question is obtained by ind-extension of the action of the non-cocomplete
monoidal category QCoh(X)Pf on Coh(X).

To prove uniqueness, by Corollaries 1.2.3 and 1.2.8, it suffices to show that, given an action
of QCoh(X) on IndCoh(X), the objects of QCoh(X)P**f € QCoh(X) map compact objects of
IndCoh(X) to compact ones. However, this follows from the fact that objects in QCoh(X )Petf
are dualizable in the monoidal category QCoh(X).

O
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2. THE DIRECT IMAGE FUNCTOR

The assignment
X ~» IndCoh(X)

is ‘very functorial’. However, all of this functoriality is born from a single cource: the operation
of direct image, defined in this section.

2.1. Direct image for an individual morphism. In this subsection we perform the first step
in developing the formalism of direct image for IndCoh: we define the corresponding functor
for one given morphism between schemes.

2.1.1. Let f: X — Y be a morphism in Sch,s. We claim:
Proposition 2.1.2. There exists a uniquely defined functor
frmdCoh : TndCoh(X) — IndCoh(Y)

that is left t-exact and makes the diagram

IndCoh(X) —=* QCoh(X)

findCoh j/ lf*

IndCoh(Y) —2— QCoh(Y)
commute.
Proof. By continuity, the functor fI"4€°h is the ind-extension of its retstriction to
Coh(X) C IndCoh(X).
The commutative diagram in the proposition implies that
Ty o fIM9N qonix) = felcon(x)s
as functors Coh(X) — QCoh(Y). Furthermore, f4C°h|q ) is a functor that takes values in
QCoh(Y)T.
Note that Uy |qcon(y)+ is invertible by Proposition 1.2.2(c). Hence, fi“dc‘)h\coh(x) is recov-
ered as
(Ty lqeony)+) ™" o (felcon(x))-
O
2.1.3. Recall (see [Chapter 1.3, Sects. 3.5.1 and 3.7.4]) that for X € Sch,s, the monoidal

category QCoh(X) is rigid (see [Chapter I.1, Sect. 9.1] for what this means). Hence, by
[Chapter 1.1, Lemma 9.3.6], for a morphism f: X — Y, the functor

f. : QCoh(X) — QCoh(Y)

has a canonical structure of morphism in QCoh(Y')-mod, where QCoh(Y") acts on QCoh(X)
via f*.

As in Proposition 2.1.2 and Proposition 1.2.10, one shows:
Proposition 2.1.4. For a morphism f: X — Y, the functor
fImdCeh : IndCoh(X) — IndCoh(Y)
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has a unique structure of 1-morphism in QCoh(Y)-mod which makes the square

IndCoh(X) —=* QCoh(X)
findcon l l i
IndCoh(Y) —2— QCoh(Y)
commute in QCoh(Y)-mod.
2.2. Upgrading to a functor. We now claim that the assigment
X ~» IndCoh(X), f ~» flndCeh
upgrades to a functor
(2.1) Schag — DGCateont,
to be denoted IndCohgcp,, -

Such an extension is not altogether automatic because we live in the world of higher cate-
gories. But constructing it will not be very difficult.

2.2.1. First, we consider the functor
QCohgy,,,, : (Schat ) — DGCateont,
obtained by restriction from the functor
QCohp s : PreStk®® — DGCateont
og [Chapter 1.3, Sect. 1.1.3].
Applying [Chapter L.1, Sect. 8.4.2], we obtain a functor
QCohgy, ., : Schagy — DGCateont,

obtained from QCohg, . by passage to right adjoints.

2.2.2. Now, we claim:
Proposition 2.2.3. There exists a uniquely defined functor

IndCohge, .. : Schage — DGCateont,

aft
equipped with a natural transformation

\pSChaft : IndCOhSCh — QCOhSCha“,

aft
which at the level of objects and 1-morphisms is given by the assignment
X ~» IndCoh(X), f ~» flndCoh

The rest of this subsection is devoted to the proof of this proposition.
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2.2.4. Consider the following (oo, 1)-categories:
DGCat?™ and DGCat!

cont -

The category D(}Ca‘uﬁfnt consists if of non-cocomplete DG categories C, endowed with a
t-structure, such that C = Ct. We also require that C=? contains filtered colimits and that
the embedding CZ° — C commutes with filtered colimits. As l-morphisms we take those
exact functors F' : C; — Cy that are left t-exact up to a finite shift, and such that F|Clzo

commutes with filtered colimits. The higher categorical structure is uniquely determined by
the requirement that the forgetful functor

DGCat$™ — DGCat
be 1-fully faithful (see [Chapter 1.1, Sect. 1.2.4] for what this means).

The category DGCat!,_, consists of cocomplete DG categories C, endowed with a t-structure,
such that C2° is closed under filtered colimits, and such that C is compactly generated by
objects from C*. As l-morphisms we allow those exact functors F' : C; — Cs that are
continuous and left t-exact up to a finite shift. The higher categorical structure is uniquely
determined by the requirement that the forgetful functor

DGCat!,,, — DGCatcont
be 1-fully faithful.
We have a naturally defined functor
(2.2) DGCat!,,, — DGCat$™, C CT.
Lemma 2.2.5. The functor (2.2) is 1-fully faihful.

2.2.6. We will use the following general assertion. Let T': D’ — D be a functor between
(00, 1)-categories, which is 1-fully faithful. Let I be another (oo, 1)-category, and let

(2.3) i~ (i),
be an assignment, such that the assignment

i— ToF'(i)
has been extended to a functor F : I — D.

Lemma 2.2.7. Suppose that for every o € Maps;(i,i2), the point F(a) € Mapsp (F'(i1), F'(i2))
lies in the connected component corresponding to the image of

Mapsp, (F'(i1), F'(i2)) — Mapsp (F(i1), F(i2))-

Then there exists a unique extension of (2.3) to a functor F' : 1 — D equipped with an
isomorphism T o F' ~ F.

Let now F{ and F} be two assignments as in (2.3), satisfying the assumption of Lemma 2.2.7.
Let us be given an assignment

(2.4) i~ 1 € Mapsp, (F{ (i), F3(1)).
Lemma 2.2.8. Suppose that the assignment
i~ T(yf) € Mapsp (F1(i), Fa(i))

has been extended to a natural transformation v : Fy — F5. Then there exists a unique extension
of (2.4) to a natural transformation 1 : F| — F} equipped with an isomorphism T o)’ ~ 1.
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2.2.9. We are now ready to prove Proposition 2.2.3:
Step 1. We start with the functor
QCOhScha“ : Schuge — DGCateont,
and consider
I = Schag, D =DGCateont, D' := DGCatl,, F' = QCohgy, .,

and the assignment
(X S SChaft) ~ (QCOh(X) € DGC&tf)ont)‘

Apping Lemma 2.2.7, we obtain a functor

(2.5) QCohg, . : Schag, — DGCatlyy, -

Step 2. Note that Proposition 2.1.2 defines a functor
IndCohg,, , : Schag — DGCat!

cont’

and the natural transformation
‘I'tSchaft : IndCohtSdlaft — QCohéchaft
at the level of objects and 1-morphisms.

Since the functor DGCat’,,, — DGCatcons is 1-fully faithful, by Lemmas 2.2.7 and 2.2.8,
the existence and uniqueness of the pair (IndCohgch,,, , Psch,;, ) With a fixed behavior on objects
and 1-morphisms, is equivalent to that of (IndCohtSCha o Y )-

Step 3. By Lemma 2.2.5, combined with Lemmas 2.2.7 and 2.2.8, we obtain that the existence
and uniqueness of the pair (IdeohtSCha&,‘~I/tschm)7 with a fixed behavior on objects and 1-
morphisms is equivalent to the existence and uniqueness of the pair

(IndCohgy, W, ),
obtained by composing with the functor (2.2).
The latter, however, is given by

IndCohg,, = QCohd, = and i,  :=Id.

3. THE FUNCTOR OF ‘USUAL’ INVERSE IMAGE

We now construct another piece of functoriality in the assignment X ~» IndCoh(X), namely,
the functor of *-pullback.

Unlike the case of QCoh, its role in the theory is rather limited—a ‘more important’ functor
is that of !-pullback. However, the *-pullback is a necessary step in the construction of the
I-pullback, which is why we discuss it.

3.1. Inverse image with respect to eventually coconnective morphisms. Unlike the
case of QCoh, the functor of *-pullback on IndCoh is not defined for all maps of schemes, but
only for eventually coconnective ones. In this subsection we give the corresponding construction.
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3.1.1. Let f: X — Y be a morphism in Schg.

Definition 3.1.2. We shall say that f is eventually coconnective if the functor
f*: QCoh(Y) — QCoh(X)
sends Coh(Y') € QCoh(Y) to QCoh(X)™.
It is easy to see that if f is eventually coconnective, then it sends Coh(Y") to Coh(X): indeed,

for any morphism f, the functor f* sends objects of QCoh(Y)™ with coherent cohomologies to
objects with a similar property on X.

In addition, we have the following fact, established in [Gal, Lemma 3.4.2]:
Lemma 3.1.3. The following conditions are equivalent:

(a) f is eventually coconnective;
(b) f is of finite Tor amplitude, i.e., is left t-exact up to a finite cohomological shift.

Corollary 3.1.4. The class of eventually coconnective morphisms is stable under base change.

3.1.5. Let f: X — Y be eventually coconnective. Ind-extending the functor
f*: Coh(Y) — Coh(X)
we obtain a functor
frmdCeh TndCoh(Y) — IndCoh(X),
which makes the diagram
IndCoh(X) —=— QCoh(X)

fIndCuh,*T Tf*

IndCoh(Y) —2— QCoh(Y)

commute.

We have:
Proposition 3.1.6. The functor f™iC°N* is g left adjoint to fIndCob,
Proof. Tt is sufficient to construct a functorial isomorphism
(3.1) Mapsi,acon(x) (fIndCOh’* (Fy), Fx) ~ Maps,acon(v) (Fy, Jndcon (Fx))
for Fy € Coh(Y) and Fx € Coh(X). However, by construction, the left-hand side in (3.1) is
Mapsconx) (f*(Fy), Fx)) =~ Mapsqeon(x) (f*(Fy), Fx)),
while the right-hand side maps isomorphically by the functor ¥y to
Mapsqcon(y) (Fy s f«(Fx)).

Now, (3.1) follows from the (f*, f.)-adjunction on QCoh.
O

Remark 3.1.7. Tt is shown in [Gal], that the functor fI"dC°h admits a left adjoint if and only
if the morphism f is eventually coconnective.

3.1.8. Note that by [Chapter 1.1, Lemma 9.3.6], the functor f4¢°h* carries a canonical struc-
ture of morphism in QCoh(Y)-mod. It is easy to see that this is the same structure as obtained
by ind-extending the structure of compatibility with the action of QCoh(Y )P on

f*: Coh(Y) — Coh(X).
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3.1.9. Let (Schagt)event-coconn C Schage be the 1-full subcategory, where we restrict 1-morphisms
to maps that are eventually coconnective.

By [Chapter 1.1, Sect. 8.4.2], combining Propositions 2.2.3 and 3.1.6, we obtain:

Corollary 3.1.10. The assignment
X ~ IndCoh(X), f ~» findCohx

)

canonically extends to a functor, to be denoted IndCth‘SCh

aft)event-coconn

((SChaft)event-coconn)op — DGC&tconty

obtained from
IndCohgen,, | (sen

aft)event»coconn

by adjunction.

3.2. Base change for eventually coconnective morphisms. An important property of the
*_pullback (and one which is crucial for the construction of the !-pullback) is base change. It
closely mimics the corresponding phenomenon for QCoh.

3.2.1. Let
X, 2 X,

W

Y1 g—Y> Y2
be a Cartesian diagram in Sch,g.

Suppose that fy is eventually coconnective. By Corollary 3.1.4, the morphism f; is also
eventually coconnective. Then the isomorphism of functors

(gy)1mdC0h o (f,)IndCoh (£, yIndCoh ¢ (. yIndCoh
gives rise to a natural transformation.
(3.2) (fo)IndCohox o (g, )IndCoh _y (g yIndCoh ¢ ( £ yIndCoh,x
Proposition 3.2.2. The map (3.2) is an isomorphism.

Proof. 1t is enough to show that
(33) (f2)1ndCoh,* ° (gy)indCoh(gj) N (gX)IndCoh o (fl)lndCoh,*(gf)

*

is an isomorphism for F € Coh(Y7).

In this case both sides of (3.3) belong to IndCoh(X2)*. By Proposition 1.2.2, it is therefore
sufficient to show that the map

(34) \I/X2 ° (fz)lndCoh,* o (gy)indCOh N \IIXQ o (gx)indCoh o (fl)lndCoh7*
is an isomorphism.
We have:

U, 0 (fo) 49" 0 (gy )M & (fo)" 0 Wy, 0 (gy) 9" = (f2)" 0 (gv )« © Uy,

and

Uiy, 0 (gx) 79 0 (f1) MM = (gx). 0 Wiy, o (f2) 99N = (gx)w 0 (f1)" 0 Uy,
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Now, it follows from the construction of the (fmdCohx  fIndCoh)_5qiynction, that the map in
(3.4) corresponds to the map

(f2>* o (gy)* o \IIYI - (gX)* o (.f1>* © \I/Y17
obtained from the (f*, f.)-adjunction.
Hence, (3.4) is an isomorphism by base change for QCoh.
O

3.3. Tensoring up. In this section we study the following question: given a map f: X — Y,
how closely can we approximate IndCoh(X) from knowing IndCoh(Y") and the QCoh categories
on both schemes.

In the process we will come across several convergence-type assertions, that are of significant
technical importance: some maps that are isomorphisms in QCoh are much less obviously so
in the IndCoh context.

fIndCoh,* as

3.3.1. Let f: X — Y be an eventually coconnective map. Regarding the functor
a map in QCoh(Y)-mod, we obtain a functor

(3.5) (IdQon(x) ®@F™MI9°M*) 1 QCoh(X) ®  IndCoh(Y) — IndCoh(X).
QCoh(Y)

We claim:

Proposition 3.3.2. The functor (3.5) is fully faithful.

Remark 3.3.3. Tt is shown in [Gal, Proposition 4.4.9] that the functor (3.5) is an equivalence
when f is smooth. In Proposition 4.1.6, we will prove this in the case when f is an open
embedding.

3.3.4. Note that for a diagram of (oo, 1)-categories

T

N

C

D,

D,

if the functors F; and F» admit right adjoints, we have a natural transformation of the resulting
endo-functors of C:

FRoF — FRo R,
Furthermore, if T is fully faithful, then the above natural transformation is an isomorphism.

fIndCoh,*)

From here we obtain that the functor (Idqcon(x) ® gives rise to a map of endo-

functors of IndCoh(Y'):

(3.6) (£(0x) ® =) 2 ((f« o f*) @ Idmacon(y)) — find0oN o phdCobx,

where f.(Ox) ® — denotes the functor of action of f.(Ox) € QCoh(Y") on IndCoh(Y).
Thus, from Proposition 3.3.2 we obtain:

Corollary 3.3.5. The map (3.6) is an isomorphism.
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3.3.6. The rest of the subsection is devoted to the proof of Proposition 3.3.2. We note that the
left-hand side in (3.5) is compactly generated by objects of the form

Ex ®Fy € QCoh(X) ® IndCoh(Y),
QCoh(Y)

where &x € QCoh(X)P*'f and Fy € Coh(Y). Moreover, the functor (Idqcon(x) ®f™4C0n*)
sends these objects to compact objects in IndCoh(X).

Hence, it is enough to show that for &1, €% and Fi., F% as above, the map

(3.7) MapSQCoh(X)QC@;(Y)IndCoh(Y) (Ex ® Fy, €% ® %) —

N MapSIndCoh(X)(E}( ® fIndCoh,*(g:l)’ 83( ® fIndCoh,*(952))
is an isomorphism, where in the right-hand side ® denotes the action of QCoh on IndCoh.

We can rewrite the map in (3.7) as

(3.8) MapSQCoh(X)QC%(Y)Indcoh(y)(OX ®Fy,ex ®Fy) —

5 Mapspacon(x)(Ox ® F90h (1) £y @ fadCob (52))
where Ex ~ &% ® (E4)V.
Furthermore, we rewrite the map in (3.8) as
Mapsy,acon(yy (Fy, £+(€) ® F5) = Mapsyyacony) (Fy, fIN9ON(E @ f%M(58))).

Le., we are reduced to showing that the following version of the projection formula:

Proposition 3.3.7. For an eventally coconnective map, the natural transformation between
the functors
QCoh(X) x IndCoh(Y) = IndCoh(Y"),

that sends €x € QCoh(X) and Fy € IndCoh(Y) to the map
(39) f*(gX) ® H:Y N findCoh(((:X ® fIndCoh,*(gy))’
18 an isomorphism.

Remark 3.3.8. Note that there is another kind of projection formula, that encodes the compat-
ibility of fIndCeh with the monoidal action of QCoh(Y'), and which holds tautologically for any

*

morphism f, see Proposition 2.1.4:
For €y € QCoh(Y) and Fx € IndCoh(X) we have:
FRACN(fH(Ey) © Fx) = &y @ fLMON (Fx).

3.3.9. Proof of Proposition 3.3.7. Tt is enough to prove the isomorphism (3.9) holds for £x €
QCoh(X)Pf and Fy € Coh(Y).

We also note that the map (3.9) becomes an isomorphism after applying the functor ¥y, by
the usual projection formula for QCoh. For €x € QCoh(X)P*f and Fy € Coh(Y) we have

>'I<ndCoh(€X ® fIndCOh,*(Sjy)) e IHdCOh(Y)+
Hence, by Proposition 1.2.2, it suffices to show that in this case
f«(Ex) ® Fy € IndCoh(Y)™.

We note that the object f.(€x) € QCoh(Y)? is of bounded Tor dimension. The required
fact follows from the next general observation:
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Lemma 3.3.10. For X € Sch,y, and & € QCoh(X)?, whose Tor dimension is bounded on the
left by an integer n, the functor

€ ® — : IndCoh(X) — IndCoh(X)
has a cohomological amplitude bounded on the left by n.

O

3.3.11. Proof of Lemma 3.5.10. We need to show that the functor €® — sends IndCoh(X)=° to
IndCoh(X)Z~". By Lemma 1.2.4(1), it is sufficient to show that this functor sends Coh(X)=°
to IndCoh(X)Z~". By cohomological devissage, the latter is equivalent to sending Coh(X)?
to IndCoh(X)=~".

Let i denote the closed embedding X =: X’ — X. The functor i4C°" induces an equiva-
lence Coh(X’)¥ — Coh(X)". So, it is enough to show that for 7 € Coh(X")?, we have

€ ® i1ndCoh(57) € TndCoh(X)=~".

We have:
e® ’L'indCOh(?/) ~ ’iindco}l(i*(g) ® 3'1).

Note that the functor i*4€°h ig t-exact (since 4, is), and i*(€) has Tor dimension bounded by
the same integer n.

This reduces the assertion of the lemma to the case when X is classical. Further, by Propo-
sition 4.2.4 (which will be proved independently later), the statement is Zariski local, so we can
assume that X is affine.

In the latter case, the assumption on € implies that it can be represented by a complex of flat
O x-modules that lives in the cohomological degrees > —n. This reduces the assertion further
to the case when € is a flat O x-module in degree 0. In this case we claim that the functor

&€ ® — : IndCoh(X) — IndCoh(X)
is t-exact.

The latter follows from Lazard’s lemma: such an € is a filtered colimit of locally free Ox-
modules €', while for each such &', the functor €’®— : IndCoh(X) — IndCoh(X) is by definition
the ind-extension of the functor

& ® — : Coh(X) — Coh(X),

and the latter is t-exact.

4. OPEN EMBEDDINGS
The behavior of direct and inverse image functors for open embeddings is, obviously, an

important piece of information about IndCoh.

4.1. Restriction to an open. In this subsection we show that the behavior of IndCoh with
respect to open embeddings is ‘exactly the same’ as that of QCoh.
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4.1.1. Let now j : X — X be an open embedding. We claim:

Proposition 4.1.2. The functor j4€°h : IndCoh(X) — IndCoh(X) is fully faithful.

Proof. We need to show that the co-unit of the adjunction

jIndCOh,* OjindCOh S 1d .
IndCoh(X)

is an isomorphism.

Since the functors in question are continuous, it is enough to check that

jIndCoh,* OjindCOh(gj) ST

is an isomorphism for ¥ € Coh(X). However, in this case both jmdCoh* o jIndCoh () anq F
belong to IndCoh(X)™, so by Proposition 1.2.2, it is sufficient to check that

R OjIndCOh,* OjlndCoh S U,
X X
is an isomorphism.
However,
\I/)o( OjIndCoh,»< OjindCOh ~ jIndCoh,»< ° \I/X OjindCOh ~ jIndCoh,>»< OjindCOh o \I/)o(,

and it follows from the construction of the (findCohx  fIndCoh)

map

-adjunction that the resulting

:IndCoh,* -IndCoh
* o oV, -V,
J I X X
comes from the co-unit of the (j*, j.)-adjunction. Therefore, it is an isomorphism, as

7% 0 jx = Idqcon(x)

is an isomorphism.

4.1.3. The next assertion follows immediately from Lemma 1.2.4:

IndCoh,*

Lemma 4.1.4. For an open embedding j, the functor j is t-exact.

4.1.5. Finally, let us recall the functor (3.5). We claim:

Proposition 4.1.6. Assume that f is an open embedding. Then the functor (3.5) is an equiv-
alence.

Proof. We already know that the functor in question is fully faithful. Hence, it remains to show
that its essential image generates the target category. But this follows from Proposition 4.1.2.
O

4.2. Zariski descent. In this subsection we will show that IndCoh can be glued locally from
a Zariski cover, in a way completely parallel to QCoh.
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4.2.1. Let now f: U — X be a Zariski cover, i.e., U is the disjoint union of open subschemes of
X, whose union is all of X. Let U*® be the Cech nerve of f. The functors of (IndCoh, x)-pullback
define a cosimplicial category

IndCoh(U*),

which is augmented by IndCoh(X).
We claim:
Proposition 4.2.2. The functor
IndCoh(X) — Tot(IndCoh(U*))
is an equivalence.

Proof. The usual argument reduces the assertion of the proposition to the following. Let X =
U1 U Ug; U12 = U1 N UQ. Let

J12,1 Ji2,2

Uq ‘j—1>X, Us ‘j—2>X, Uiz Lu) X, Upp = U1, Uis — Us
denote the corresponding open embeddings.
We need to show that the functor

IndCoh(X) — IndCoh(U;) X IndCoh(Uy)
IndCoh(Ui2)

that sends F € IndCoh(X) to the datum of

.IndCoh, .IndCoh, .IndCoh,* ; -IndCoh, .IndCoh, .IndCoh,* ; .IndCoh,
" *(3'.1)’]211 ¢ (3'.2)73112],1 TGTONNT)) =g “(F) 2‘713,2 (G ()}

is an equivalence.
We construct a right adjoint functor

IndCoh(Uy) X IndCoh(U;) — IndCoh(X)
IndCoh(Ui2)

by sending
{F1 € IndCoh(Uy), T € IndCoh(Us), F12 € IndCoh(Ura), jist *"* (F1) = Fia = jiss " (F2)}
to

ker(((jni“d%h(%) & (j2) M (F,)) <m>£“d00h<&fu>),

where the maps (j;)19C°0(F;) — (ji12)PdCoN (Fy) are

(ji)indCoh(gfi) — (ji)IndCoh o (le,i)indCOh ° (le,i)IndCOh’*(g:i) _

_ (le)indCOh o (le,i)IndCOh’*(fﬂ') ~ (le)indCOh(gj12)'

It is strightforward to see from Propositions 4.1.2 and 3.2.2 that the composition

IndCoh(Uy) X IndCoh(U;) — IndCoh(X) — IndCoh(Uy) X IndCoh(Uy)
IndCoh(Ui2) IndCoh(Ui2)

is canonically isomorphic to the identity functor.
To prove that the composition

IndCoh(X) — IndCoh(U7) X IndCoh(U;) — IndCoh(X)
IndCoh(Ui2)
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is also isomorphic to the identity functor, it is sufficient to show that for F € IndCoh(X), the
canonical map from it to

(4.1) ker(((jl)I*ndCOh o (jl)lndCoh,*(g:) o (jQ)indCoh o (jQ)IndCoh,*(S:)) N
= o) o 0 () )

is an isomorphism.

Since all functors in question are continuous, it is sufficient to do so for ¥ € Coh(X). In
this case, both sides of (4.1) belong to IndCoh(X)™. So, it is enough to prove that the map in
question becomes an isomorphism after applying the functor ¥ x. However, in this case we are
dealing with the map

Ux(F) = ker(((jl)* © (1) (¥x(F)) @ (J2)« 0 (42) (¥ x(F))) = (J12)« Ojfz(‘l’x(?))>,

which is known to be an isomorphism.

4.2.3. We also have

Proposition 4.2.4. Let f : U — X be a Zariski cover. Then F € IndCoh(X) belongs to
IndCoh(X)=? (resp., IndCoh(X)Z°) if and only if fIC°M*(F) does.

Proof. The ‘only if’ direction for both statetements follows from Lemma 4.1.4.

For the ‘if’ direction, assuming that f*(F) € IndCoh(X)<0, it is sufficient to show that
U x (F) € QCoh(X)=0, and the assertion follows from the corresponding assertion for QCoh.

If fIndCohx(F) € IndCoh(X)Z°, the assertion follows from the construction of the inverse
functor

Tot(IndCoh(U*®)) — IndCoh(X).

5. PROPER MAPS

If until now the theory of IndCoh has run in parallel to (and was inherited from that of)
QCoh, in this section we will come across to the main point of difference between the two: the
functor of -pullback, studied in this section.

5.1. The !-pullback. In this subsection we introduce the functor of !-pullback for proper maps.
Its extension for arbitrary maps between schemes is the subject of [Chapter II.2, Sect. 3].

5.1.1. Let f: X — Y be a map in Sch,g. We recall the following definition:

Definition 5.1.2. The map f is said to be proper (resp., closed embedding) if the corresponding
map X — Y has this property.
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5.1.3. Let f: X — Y be a proper map. We claim:
Lemma 5.1.4. The functor
fImdCeh . TndCoh(X) — IndCoh(Y)
sends Coh(X) C IndCoh(X) to Coh(Y) C IndCoh(Y).
Proof. By the construction of f»d€oh it is sufficient to show that the functor
f : QCoh(X) — QCoh(Y)
Coh(X) € QCoh(X) to Coh(Y) C QCoh(Y).
First, we note that the assertion holds when f is a closed embedding.

In general, by the devissage with respect to the t-structure, it is sufficient to show that for
F € Coh(X)?, we have
f+(F) € Coh(Y).

Let i denote the canonical closed embedding ®X < X. The functor i, is an equivalence
Coh(“X)¥ — Coh(X)"¥. Hence, F = i,(F") for I’ € Coh(“X). This reduces the assertion to
the case when X is classical.

We factor the map f: X — Y as X — Y < Y. Since i is a closed embedding, we have
reduced the assertion to the case when Y is classical as well. In the latter case, the assertion is

well-known.
O

5.1.5. The above lemma implies that the functor ™" sends IndCoh(X)¢ to IndCoh(Y)¢.

Hence, fdCoh admits a continuous right adjoint, to be denoted

f': IndCoh(X) — IndCoh(Y).

Remark 5.1.6. The continuity of the functor f' is the raison d’etre of the category IndCoh, and
its main difference from QCoh.
5.1.7. By [Chapter 1.1, Lemma 9.3.6], we obtain that the functor f' has a natural structure of
1-morphism in QCoh(Y)-mod.
5.1.8. Note that the functor fI"dCoP is right t-exact, up to a finite shift. Hence, the functor f'
is left t-exact up to a finite shift. In particular, f' maps IndCoh(Y)* to IndCoh(X)™.

Let fQCoM! denote the not necessarily continuous right adjoint to f,. It also has the property
that it maps QCoh(Y)" to QCoh(X)™.
Lemma 5.1.9. The diagram

IndCoh(X)* <+ — IndCoh(Y)*

vy | [

FQCon!

QCoh(X)* «—— QCoh(Y)*
obtained by passing to right adjoints along the horizontal arrows in

fi"dcoh

IndCoh(X)" —=—— IndCoh(Y)"

wx | |

QCoh(X)* —L QCoh(Y)*,
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commutes.
Proof. Follows from the fact that the vertical arrows are equivalences, by Proposition 1.2.2. [

Remark 5.1.10. It is not in general true that the diagram

ImdCoh(X) «+ZL— IndCoh(Y)

vy | [

FQCon!

QCoh(X) +—— QCoh(Y)
obtained by passing to right adjoints along the horizontal arrows in

findCoh

IndCoh(X) ——— IndCoh(Y)

v | [

QCoh(X) —I— QCoh(Y),
commutes.
For example, take X = pt = Spec(k), Y = Spec(k[t]/t?) and 0 # F € IndCoh(Y) be in
the kernel of the functor ¥y. Then Wy o f'(F) # 0. Indeed, ¥x is an equivalence, and f* is
conservative, see Corollary 6.1.5.

5.1.11. Let (Schat)proper be a 1-full subcategory of Schag when we restrict 1-morphisms to be
proper maps. By [Chapter 1.1, Sect. 8.4.2], we obtain:

Corollary 5.1.12. There exists a canonically defined functor
IndCoh!(SCh s ((Schagt) proper)°® = DGCateont,

aft)proper
obtained from
IndCoh(Sch

by passing to right adjoints.

1= IndCohseh, ) |((Schar

aft)pmper )proper)oP

5.2. Base change for proper maps. A crucial property of the !-pullback is base change
against the *-direct image. We establish it in this subsection.

5.2.1. Let
X, &5 X,

P

i 2 1
be a Cartesian diagram in Sch,¢, with the vertical maps being proper.

The isomorphism of functors

(f2)£ndCoh o (gx)indCoh ~ (gy)indCoh o (fl)indCOh
gives rise to a natural transformation:

(5.1) (9)M o 1t =5 o (gy)1Ooh,

We will prove:

Proposition 5.2.2. The map (5.1) is an isomorphism.
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Proof. Since all functors involved are continuous, it is enough to show that the map
(9)9%0 0 71(5) = fh o (g )0 ()

is an isomorphism for F € Coh(Y7). Hence, it is enough to show that (5.1) is an isomorphism
when restricted to IndCoh(Y7)*.

By Lemma 5.1.9 and Proposition 1.2.2, this reduces the assertion to showing that the natural
transformation

(5:2) (9x)« 0 f2°M = £2M o (gy ).

is an isomorphism for the functors
QCoh(X;)* )% QCoh(Xz)*
f?COh!T ngcam

QCoh(Y1)* Y% Coh(Yz)™,

where the natural transformation comes from the commutative diagram

QCoh(X1)t 22 QCoh(X,)*

(fl)*l l(m*

QCoh(Y1)" 7% Coh(Yz)*
by passing to right adjoint along the vertical arrows.

We consider the commutative diagram

QCoh(X,) 2%, QCoh(Xy)

(fl)*l l(fz)*

QCoh(Y;) 2% QCoh(Ys),
and the the diagram
QCoh(X;) 2% QCoh(Xz)

Coh,! Coh,!
T T Tff?

QCoh(Y;) % QCoh(Ys),
obtained by passing to right adjoints along the vertical arrows. (Note, however, that the functors
involved are no longer continuous).

We claim that the resulting natural transformation
Coh,! Coh,!
(5.3) (gx)s 0 O = f39M o (gv).

between the functors

QCoh(Y7) = QCoh(X3)
is an isomorphism. This would imply that (5.2) is an isomorphism by restricting to the even-
tually coconnective subcategory.

To prove that (5.3) is an isomorphism, we note that this map is obtained by passing to right
adjoints in the natural transformation

(5.4) (g9v)* o (f2)« = (f1)« o (9x)"
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as functors
QCoh(X,) = QCoh(Y:)

in the commutative diagram

QCoh(X;) <2 QCoh(X2)

(fl)*l lm)*

QCoh(v1) 2 QCoh(Ya).

Now, (5.4) is an isomorphism by the usual base change for QCoh. Hence, (5.3) is an isomor-
phism as well.
O

5.3. Pullback compatibilty. The !-pullback for arbitrary maps between schemes will be de-
fined in such a way that it is the !-pullback for proper morphisms, and the *-pullback for open
embeddings.

Hence, if we want that !-pullback to be well-defined, a certain compatibility must take place,
when we decompose a morphism in two different ways as a composition of a proper morphism
and an open embedding. A basic case of such compatibility is established in this subsection.

5.3.1. Let

X, 2 X,

W

Y1 g—Y>Y2

be a Cartesian diagram in Sch,g, with the vertical maps being proper, and horizontal maps
being eventually coconnective.

We start with the base change isomorphism

IndCoh, IndCoh,
(fl)}kndCoh og)? oh* g; oh,*x (fQ)indCoh

of Proposition 3.2.2, and by the (™4t f')_adjunction obtain a map
IndCoh,* _ I ! _ TndCoh,x

(5:5) gx" Mo fy = Lo gyt

Remark 5.3.2. Note that one can get another map

(56) ggr(ldcoh,* ° f; — f{ ° giﬁldCoh,*7

IndCoh,* _IndCoh

namely, via the (g , 0. )-adjunction from the isomorphism

o gy )10 = (g2 o

of Proposition 5.2.2. A diagram chase shows that the map (5.6) is canonically the same as
(5.5).
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5.3.3. We are going to prove:

Proposition 5.3.4. Suppose that gy (and hence gx ) are open embeddings. Then the map (5.5)
18 an isomorphism.

Remark 5.3.5. It is shown in [Gal, Proposition 7.1.6] that the map (5.5) is an isomorphism for
any eventually coconnective gy .

Proof. By Proposition 4.1.2, it suffices to show that the induced map
IndCoh, IndCoh,
(9x)i49M 0 g9 0 £y = ()09 o0 f 0 gyt
is an isomorphism.
Using Proposition 5.2.2; we have

| IndCoh, ! IndCoh,
(gx)4C%N o f1 0 gyt 9ON o f) o (gy)IMdCOM o graTen

Hence, we need to show that the map
h _ IndCoh, ! ! h . IndCoh,
(5.7) (gx )49 0 g "M o fy = fy 0 (gy) MO 0 gy TN
is an isomorphism.

By Corollary 3.3.2, for F € IndCoh(Y3), we have canonical isomorphisms

(9% 0 g1 0 f(5) = (9)4 (0x,) © F3(9)
and
(gy )IdCoh Og?dCoh,*(:—f) ~ (gy).(0y,) © F,
where ® denotes the action of QCoh on IndCoh.

By the compatibilty of the action of QCoh with the -pullback, we have

F30 (gy) 49" 0 gy O (F) = £ ((9v)+(0%) ® F3(F) = (9x)+(0x,) © f3(5).

Now, diagram chase shows that, under the above identifications, the map (5.7) is the identify
map endomorphism of (gx)«(Ox,) @ f3(F).
O

6. CLOSED EMBEDDINGS

The behavior of IndCoh with respect to closed embedding is ‘better’ than that of QCoh. The
main point of difference is that the direct image functor under a closed embedding for IndCoh
preserves compactness, which is not the case for QCoh.

6.1. Category with support. In this subsection we study the full subcategory of IndCoh(X)
corresponding with objects ‘with support’ on a given closed subscheme.
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6.1.1. Let X be an object of Sch,g, and let ¢ : Z — X be a closed embedding. Let 7 : U — X
be the complementary open.

We let IndCoh(X)z denote the full subcategory of IndCoh(X) equal to
Ker (109" ; IndCoh(X) — TndCoh(U) ).

Note that the embedding
IndCoh(X)z < IndCoh(Z)

admits a right adjoint given by sending F to
ker(F — jindCoh o jIndCohx (g
which by Corollary 3.3.5 is the same as
ker(Ox — j.(Op)) @ F.
6.1.2. We claim:
Proposition 6.1.3.

(a) The subcategory IndCoh(X)z C IndCoh(X) is compatible with the t-structure (i.e., is pre-
served by the truncation functors).

(b) The subcategory IndCoh(X)z C IndCoh(X) is generated by the essential image of the
functor idCoh : ITndCoh(Z) — IndCoh(X).

(c) The functor i' : IndCoh(X) — IndCoh(Z) is conservative, when restricted to IndCoh(X).
(d) The category IndCoh(X )z identifies with the ind-completion of

Coh(X)z = ker(j* : Coh(X) — coh(U)).

Proof. Point (a) follows from the fact that the functor j/4¢°h* is t-exact.

Let us prove point (b). The category IndCoh(X) is generated by IndCoh(X)*. The de-
scription of the right adjoint to IndCoh(X)z < IndCoh(Z) implies that the same is true for
IndCoh(X)z.

For every F € IndCoh(X)™, the map

colim7<"(F) — 7,

is an isomorphism, by Proposition 1.2.2 and because the corresponding fact is true in QCoh™.

Hence, by point (a), every F € IndCoh(X )} is a colimit of cohomologically bounded objects
from IndCoh(X)z. This implies that IndCoh(X) is generated by

IndCoh(X)$ = Coh(X)F.

Now, it is easy to see that every object F € Coh(X)QZQ has a filtration
F=UF,
n

with F,,/F,_1 € i.(Coh(Z)"). This proves point (b).

Point (¢) follows from point (b) by adjunction.

To prove point (d), it suffices to note that the objects from Coh(X)z are compact in
IndCoh(X)z (because they are compact in IndCoh(X)) and that they generate IndCoh(X),
by point (b).

d
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6.1.4. In what follows we will use the following terminology: for a (derived) scheme X, we will
denote by ™%X the classical reduced scheme, underlying reduced scheme of the classical scheme
ch.

We shall say that a map of (derived) schemes f : X' — X is a nil-isomorphism, i.e., a map
such that **4X’ — r*dX is an isomorphism.

As a corollary of Proposition 6.1.3 we obtain:

Corollary 6.1.5. Let f : X' — X be a nil-isomorphism, i.e., a map such that **IX’ — redx
is an isomorphism. Then the functor f' is conservative. Equivalently, the essential image of
IndCoh(X"’) under fIndC°h generates IndCoh(X).

Proof. We can assume that X’ = "X so f is also a closed embedding. In this case the assertion
of the corollary follows from Proposition 6.1.3(b). O

6.2. A conservativeness result for proper maps. The main result established in this sub-
section, Proposition 6.2.2, is of technical significance.

6.2.1. We shall now use Proposition 6.1.3 to prove the following:

Proposition 6.2.2. Let f : X — Y be a proper map, which is surjective at the level of geometric
points. Then the functor f': IndCoh(Y) — IndCoh(X) is conservative.

The rest of this subsection is devoted to the proof of the proposition.

6.2.3. By Corollary 6.1.5 we can assume that both X and Y are classical and reduced. We argue
by Noetherian induction, assuming that the statement is true for all proper closed subschemes of
Y. We need to show that the essential image of IndCoh(X) under fInd€oh generates IndCoh(Y').

By Proposition 6.1.3(a), it is sufficient to show that Y contains an open subscheme ¥ C Y
such that for X := f=}(Y), the essential image of IndCoh(X) under (f|)o()£“dC°h generates

IndCoh(Y).
Since Y is classical and reduced, it contains a non-empty open smooth subscheme, which we
take to be Y. By Lemma 1.1.3 and Lemma 1.1.7, we are reduced to showing the following:

Lemma 6.2.4. Let f : X — Y be a proper surjective morphism of classical schemes with Y
smooth. Then the essential image of QCoh(X) under f. generates QCoh(Y).

O

Proof of Lemma 6.2.4. Let C C QCoh(Y) be the full subcategory generated by the essential
image of QCoh(X) under f,.. Note that C is a monoidal ideal, since the functor f. respects the
action of QCoh(Y'). Consider & := f,(Ox) € C. This is an object of QCoh(Y'), whose fiber at
every geometric point of Y is non-zero.

However, it is easy to see that for any Noetherian classical scheme Y and € € C C QCoh(Y")
with the above properties, we have

C = QCoh(Y).
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6.3. Products. It is known that for a pair of quasi-compact schemes X; and X5, tensor product
defines an equivalence of DG categories

QCoh(X1) ® QCoh(Xs) — QCoh(X; x Xa).

In this subsection we will establish a similar assertion for IndCoh. This is not altogether
tautological; for example the validity of this fact replies on the assumption that the ground
field £ be perfect.

6.3.1. Let X; and X2 be two objects of Sch,s. We claim:
Lemma 6.3.2. There exists a uniquely defined functor
(6.1) X : IndCoh(X;) ® IndCoh(X3) — IndCoh(X; x X5)
that preserves compactness and makes the diagram

IndCoh(X;) ® IndCoh(X3) —=— IndCoh(X; x X»)

\lelxq/XQl J(\IIXIXXQ
QCoh(X;) ® QCoh(Xs) —2— QCoh(X; x X»)
commute.
Proof. The anticlock-wise composition sends the compact generators of the category
IndCoh(X;) ® IndCoh(X5)

(i.e., objects of the form F; ® Fa for F; € Coh(X;)) to QCoh(X; x X»)*. Hence, it sends all of
(IndCoh(X;) ® IndCoh(X3))¢ to QCoh(X; x X3)T.

The sought-for functor is the ind-extension of

X1 XXo

(IndCoh(X1) ® IndCoh(X5))¢ — QCoh(X; x X5)" ! ~"" IndCoh(X; x X»)*.
This functor preserves compactness since the objects
F1 ¥ F, € QCoh(X; x Xo)T,  F; € Coh(X;)
belong to Coh(X; x X5).

6.3.3. We now claim:

Proposition 6.3.4.
(a) The functor (6.1) is fully faithful.
(b) If the ground field k is perfect, then (6.1) is an equivalence.

Proof. Since the functor (6.1) preserves compactness, for point (a) it is sufficient to show that
for F,F/ € Coh(X;), i = 1,2, the map

Mapsiyacon(x,)@mdCoh(x,) (F1 © T, FTT ® Fy) = Mapspuacon(x, x x,) (F1 B Fo, T K TFY)

is an isomorphism.
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We have a commutative diagram
Mapsinacon(x,)@indcoh(x5) (F1 ® I3, T @ F5)  ——— Mapspacon(x, x x,) (F1 B Ty, T K F5)

Mapscon(x,) (F1, F1) @ Mapscen(x,) (F2, I5) lw
MapSQCoh(Xl) (1,3 ® MapSQCoh(XQ) (55, 95) —— Mapchoh(X1 X X3) (91 K F5, 57 X F5).
Hence, it remains to show that

MapsQCoh(Xl)( LI ® MapsQCoh(Xg)( 2, F3) = Mapsqcon(x, xxg)(g’ri X T3, 5y W Fy)

is an isomorphism. This is not immediate since the objects F; € QCoh(S;) are not compact.
To circumvent this, we proceed as follows.

It is enough to show that

=" (MapSQCoh(Xl)(Sﬂlu FY) © Mapsqcon(x,)(Fas 3"'2/)) —
— =" (MapSQCoh(XlxXg)(‘rfll X Fy, F) K Sr/2/))
is an isomorphism for any fixed n.

Choose ay : F| — F| (vesp., ay : T — F}) with F| (resp., F3) in QCoh(X;)P™ (resp.,
QCoh(X5)Pet) such that

Cone(a;) € QCoh(X;)=™" and Cone(ay) € QCoh(X5)<™N
for N > 0.
By choosing N large enough, we can ensure that
T (MapSQCoh(Si)(?;v fﬂ/)) — T (MapSQCoh(Si)(gjgv fﬂ/))

is an isomorphism for a given integer m. This implies that for N > 0 and our fixed n, the maps
<
T=" (MapSQCoh(Xl)(Stll’ FY) @ Mapsqcon(x,)(Ta; 3"'2/)) —

— T (MapSQCoh(Xl)(gﬂlv FY) © Mapsqcon(x,) (T, 5"/2/))
and
=" (MapSQCoh(Xl xxz)(fﬂ X 5,97 X 9’2’)) — 7" (MapSQCoh(X1 xX2) (§/1 X gﬂw S %’))
are isomorphisms.
Hence, it is enough to show that
MapsQCoh(Xl)(~/1a FY) ® Mapsqcon(x,) (F5, F%) — Mapsqoon(x, x x2) (F1 R Fp, Y W FY)
is an isomorphism. But this follows from the fact that the fuctor
(6.2) QCoh(X7) K QCoh(X2) — QCoh(X; x Xb)
is an equivalence.

This finishes the proof of point (a).
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To prove point (b), we have to show that the essential image of the functor (6.1) generates
IndCoh(X; x X3). By Corollary 6.1.5 we can assume that both X; and X5 are classical and
reduced.

We argue by Noetherian induction, assuming that the statement is true for all proper closed
subschemes X| C X;.

By Proposition 6.1.3(b), it is sufficient to show that X; and X5 contain non-empty open

subschemes X; C X, for which the statement of the proposition is true.

[e]
Since X; are classical and reduced, we can take X; to be a non-empty open smooth subscheme

of X;. Note that the assumption that k be perfect implies that X x X5 is also smooth. Now,
the assertion follows from Lemma 1.1.3 and the fact that (6.2) is an equivalence.
O

6.3.5. Upgrading to a functor. Consider the category Sch,; as endowed with a symmetric
monoidal structure given by Cartesian product. We consider the category DGCateont also
as a symmetric monoidal co-category with respect to the operation of tensor product.

First we recall that the functor
QCohgy,,,, : (Schag)®? — DGCateont
has a natural symmetric monoidal structure.
Indeed, this follows from [Chapter 1.3, Sect. 3.1.3 and Proposition 3.1.7].
6.3.6. Passing to adjoints, by [Chapter V.3, Sect. 3.1.3], we obtain that the functor
QCthChaft : Schug — DGCateont
also has a natural symmetric monoidal structure.
Now, as in Proposition 2.2.3 one shows:
Proposition 6.3.7. There exists a unique symmetric monoidal structure on the functor
IndCohgep. ., : Schasi — DGCateont

and the natural transformation Vgey, . that at the level of objects is given by Lemma 6.5.2.

aft
aft

6.4. Convergence. In this subsection we will establish another crucial property of IndCoh
that distinguishes it from QCoh. Namely, we will show that for a given scheme, its category
IndCoh can be recovered from IndCoh on the n-coconnective truncations of this scheme.

6.4.1. Let X be an object of Sch,s. For each n let i,, denote the closed embedding "X — X,
and for ny < ng, let iy, n, denote the closed embedding

SMY S

By [Chapter 1.1, Proposition 2.5.7], we have a canonical equivalence
colim IndCoh(5"X) =~ lim IndCoh(S"X),
where in the left-hand side the transition functors are (i, n,)"4C°" and in the right-hand side
(iny.na)"-
The functors 4!, define a functor

(6.3) IndCoh(X) — lim IndCoh(S"X),
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whose left adjoint
(6.4) colim IndCoh(S”X) — IndCoh(X)
n

IndCoh

is given by the compatible family of functors (i),
6.4.2. We are going to establish the following property of the category IndCoh:
Proposition 6.4.3. The functors (6.3) and (6.4) are mutually inverse equivalences.

Proof. First, we note that Corollary 6.1.5 shows that the functor (6.3) is conservative. It is
clear that the functor (6.4) sends compact objects to compact ones.

Hence, it remains to prove the following: for
F1,F5 € Coh(S°X)¥ ~ Coh(X)”
and k € N, the map
colim Mapscop(<nx) (F1, F2[k]) = Mapscon(x) (F1, Fo[k])

is an isomorphism.

We will prove more generally the following:
Lemma 6.4.4. For

F1 € (QCoh(S"X))=C, F, € (QCoh(="X))="*,

the map
(6.5) Mapsqcon(<nx) (F1, F2) = Mapsqeon(x) ((in)«(F1), (in)«(F2))

is an isomorphism for n > k.

6.4.5. Proof of Lemma 6.4.4. We rewrite the right-hand side as
MaPSQcoh(SnX)((in)* o (in)+(J1), F2),
and we claim that
Cone((in)* 0 (in)«(F1) — F1) € (QCoh(S"X))S—"~1,
which is equivalent to
Cone((in)« © (in)* 0 (in)«(F1) = (in)«(J1)) € QCoh(X)="""1,
and further equivalent to
Cone((in)«(F1) = (in)s © (in)* 0 (in)«(F1)) € QCoh(X)=",
In fact, we claim that for F € QCoh(X)=<?,
Cone(F — (in)x o (in)*(F)) € QCoh(X)=7",

Indeed,
Cone(F = (in)x 0 (in)*(F))) = Cone(Ox — (in)«(O<nyx)) @ F,
and the assertion follows.

7. GROUPOIDS AND DESCENT

In this section we will show that the category IndCoh satisfies descent with respect to proper
surjective maps. We will later strengthen this to show that IndCoh satisfies h-descent.
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7.1. The Beck-Chevalley condition. The Beck-Chevalley condition gives a sufficient condi-
tion for when the totalization of a given co-simplicial category can be described as co-modules
over a co-monad acting on the category of O-simplices.

7.1.1. Let us recall the following general framework.

Let C® be a co-simplicial co-category. Consider the corresponding category C**!, and the
co-simplicial functor
c e C* st
Note that the co-simplicial category C**! is augmented and split by C°. Hence, we have a
canonical equivalence
C° ~ Tot(C*T1),

so that the composed functor

C° ~ Tot(C**) e Tot(C*®)
identifies with ev%..

Furthermore, the functor

VO o1
C° ~ Tot(C**1) “et* ¢t
identifies with ps, where ps, p; are the two functors
c’'= c.
7.1.2. Recall the following definition:
Definition 7.1.3. We shall say that C*® satisfies the Beck-Chevalley condition if for each n the
functor
crtl s
admits a left adjoint (to be denoted by t*), and for every map [m] — [n] in A, the diagram

o
Cn+1 Cn

I I

m
Cm+1 , Cm’

that a priori commutes up to a natural transformation, actually commutes.

We have:

Lemma 7.1.4. Suppose that C® satisfies the Beck-Chevalley condition. Then:
(a) The functor
C° « Tot(C®) : evd,

admits a left adjoint.
(b) The monad

vl ofevh)L,
viewed as an endo-functor of C°, identifies with (p;)* o ps, where (p')¥ is the left adjoint of pt.
(¢) The adjoint pair

(evZe)¥ : C¥ = Tot(C®) : evi.

1s monadic.
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Proof. The Beck-Chevalley condition implies that the simplex-wise left adjoints t* form a co-
simplicial functor

t*:C .
In particular, we obtain a pair of adjoint functors
Tot(t*) : Tot(C*T') = Tot(C®) : Tot(s®),
that commute with evaluation on n-simplicies for every n.
Note also that 5° ~ p* and so t° ~ (p')”. Now, the required assertion concering
evde o(evda )t
follows from the commutative diagram

c! _¢ . o

eVOC'+1T Tev%.
CO ~ Tot(C*+) 22 ().

Finally, it is easy to see that the functor ev%. is conservative and commutes with ev%.—split
geometric realizations. Hence, it satisfies the conditions of the Barr-Beck-Lurie theorem, and
therefore is monadic.

O

7.2. Proper descent. We will now prove proper descent for IndCoh.

7.2.1. Let X* be a groupoid simplicial object in Schag (see [Lul], Definition 6.1.2.7 for the
notion of groupoid in the context of co-categories).

Denote by
(7.1) Pepr s Xt = XO
the corresponding maps. Let us assume that the map p, (and hence also p;) is proper.

We form a co-simplicial category IndCoh(X*)' using the !-pullback functors, and consider
its totalization Tot(IndCoh(X*®)"). Consider the functor of evaluation on 0-simplices:

ev? : Tot(IndCoh(X*)) — IndCoh(X?).
Proposition 7.2.2.

(a) Then functor ev’ admits a left adjoint. The resulting monad on IndCoh(X?), viewed as an
endo-functor, is canonically isomorpic to (p;)P4C°P o (p,)'. The adjoint pair

IndCoh(X?) = Tot(IndCoh(X*)")

1s monadic.

(b) Suppose that X* is the Cech nerve of a map f : X° — Y, where f proper. Assume also
that f is surjective at the level of geometric points. Then the resulting map

IndCoh(Y) — Tot(IndCoh(X*®)")

s an equivalence.
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Remark 7.2.3. Note that the fact that ev® admits a left adjoint follows from [Chapter I.1,
Proposition 2.5.7].

Indeed, the maps in IndCoh(X*)" admit left adjoints, and we can interpret Tot(IndCoh(X*)")
as the geometric realization of the corresponding simplicial category IndCoh(X*®), with the left
adjoint to ev® being the corresponding tautological functor

IndCoh(X°) — |IndCoh(X*®)].

7.2.4. Proof of Proposition 7.2.2(a). By Lemma 7.1.4 we need to show that the co-simplicial
category IndCoh(X**1)! satisfies the Beck-Chevalley condition. However, this follows immedi-

ately from Proposition 5.2.2.
O

7.2.5. Proof of Proposition 7.2.2(b). Consider the adjoint pair
fimdCoh . ThdCoh(X°) = IndCoh(Y) : ..

By Proposition 6.2.2, the functor f' is conservative, and continuous. Hence, the above pair
is monadic.

The composition
IndCoh(Y") — Tot(IndCoh(X*®)) — IndCoh(X?)

identifies with the functor f'. Hence, it remains to show that the map of the corresponding
monads

EVOO(eVO)L N f! o indCoh

induces an isomorphism at the level of the underlying endo-functors of IndCoh(X?).
By Proposition 7.2.2(a), the left-hand side identifies with

(e o,

Furthermore, it follows from the construction that the resulting map
(pt)lndCoh Op! - f! o fIndCoh
* s *

is the base change morphism of Proposition 5.2.2 for the Cartesian diagram

xt P o x0

v | |7

x0 1,y

Hence, the required isomorphism follows from Proposition 5.2.2.



