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3. Most people got the first part without trouble. A proof of the second part is as follows:

We are given z,y, z relatively prime of positive degree. Assume degx < degy < deg z (the other cases
can be proved using a similar argument). Take an extension field K in which z,y, and z all split. Then
the polynomials x,y, and z do not share any roots (or else they would fail to be relatively prime). Let
A=2z" B=y" and C = 2", and take W = AB’ — A’B. By the first part of the problem, each root
of x, y, or z results in a root of W, so W has at least (n — 1)(degx + degy + deg z) roots (including
multiplicity).
The polynomial W is nonzero. This point is important; without it, the ensuing degree argument
fails. To see why W is nonzero, write

W = xn(yn)/ o (xn)/yn _ nmn—lyn—l(wy/ o ZL'/y)
The scalar n is nonzero since K has characteristic 0. The polynomials "~ and 3™~ ! are obviously
nonzero. Finally, since ' and 3’ are nonzero (again, because K has characteristic 0), it follows that
zy’ — 2’y is nonzero or else x and y would fail to be relatively prime.

Once you know that W is nonzero, you know that it has at most deg A+deg B—1 = n(degx+degy)—1
roots (including multiplicity), and this contradicts the (n —1)(deg 2+ degy + deg z) value from before,
unless n < 2.

6. Here is one possible proof of the converse statement for Problem 6. Let f € F[X] be a polynomial of
positive degree whose roots in a splitting field are closed under addition, and suppose each root has
the same multiplicity p® for some nonnegative integer e. We need to prove that f is a p—polynomial.

Since F' has characteristic p, it contains F, as a subfield. Because the roots of f are closed under
addition, they form a vector space V' over F,,. We proceed by induction on dimg, (V).

If dimp, (V) = 0 then V = {0}, and so f = XP" is a p-polynomial.

Suppose dimg, (V') = n and assume the result holds for vector spaces of smaller dimension. Choose
a subspace V/ C V of dimension n — 1, and choose vg € V' \ V’. By the induction hypothesis, the
polynomial g(X) := [,y (X —v)P" is a p-polynomial. But then

FX) = TTx =op =TT TI (X = Geo+ o) = [ 9(X —swo) = ] (9(X) = jig(vo))
veV JEF, veV’ JEF, JEF,
where the last equality holds because g is a p—polynomial.

The quantity g(vg) is nonzero since vy ¢ V', and it was proved in class that Hj cF, (y—17j) =y —y, so

70 = gty TT (422 —5) = gtonr ((£220)" - 299 — e — gx)gtany

jEF, g(vo) g(vo) g(vo)

and this a p—polynomial.

7. The instructions “determine its Galois group” mean that you should find the elements of the Galois
group, in addition to determining the abstract structure of the group.



