MATH 21bFinal Exam
52004

Circle thetime of your section:

MWF10 MWF11 MWF12 TH10

Instructions:

* Thisexam booklet isonly for studentsin the Regular sections

Print your name in theline aboveand circle thetime of your section.

Y Answer each of the questionsbdow in the space provided. If more space is needed,
use theback of thefacing page or the extra blank pages at the end of this booklet.
Please direct the grader to theextra pages used.

* Please givejudificationfor answversif youare nat told otherwise.

Please write neatly. Answvers deemed illegible by the grader will notreceive credit.

No calculators, computers or other electronic aidsare allowed; nor are you allowed to

refer to any written notes or source material; nor are you allowed to communicate

with other students. Use only your brain and a pencil.

* Each of the problems counts for the same total number of points, so budge your
time for each problem.

Y Do not detach pages from this exam booklet.

> There are 8 problems on this exam.

\%|

In agreeing to take this exam you are implicitly agreeing to act with fairness and
honesty.



Problem 1:

Let A denotethematrix . 3
et enote the matrix b 1%

a) Findtheeigenvdues and eigenvectors of A.

: : , 3
b) Solvethedynamica system x(m+1)=Ax(m) giventha x (0) = (4) . Thus give

X(m)form=1,2,3,E .

: : , 3
c) Givethevector valued fundiont — X (t) that obeys & x = AX and x (0) = (4) .

Problem 2:

Which of thefollowing isthe equaionfor the best fit for alinethroughthefour points

134 1 I 12

?Zig ig " ; as determined by theleast squares method? Please judify your work.
a) y=-3x+10
b) y=-ix+9

C) =-@x+12
d) y=-12x+3
€) =-gx+ ¥

f)  y=-3x+5

Problem 3:

L et ¢ denote the space of all continuousfundionson|-!, !'] with theinna produd
f, o) =fF# f(x)9(x) dx. UseV to denote the subspace of ¢ that is spanned by the

vectors {1, cogx), Sin(x+1)}.

a) Findan orthonomal basisfor V.

b) Findtheorthogona projectionof x onto V.

c) Definealinear trandormation, T, from V to itself by theformula Tf = f« Findthe
eigenvaduesof T.



Problem 4:

| "]
Finda2 x 2 matrix tha has al of thefollowing propeties. Both ig and " 1?;

eigenvectors, ther respective eigenvdues are not zero, butthe sum of ther eigenvduesis
zexo.

are

Problem 5:
Let x — f(x) denote thefundionon|-!,!] tha obeysf(x) =x +! wheex" 0andf(x) =

x where x > 0. Which of thefollowingistheFourer seriesfor f? Please judify your
answer.

a 325 (1ftsinkx).

b)  5+2> . (-1} Fcogkx).

0 b v2Y (Uiensio)- drsnie))
d)  5-2),,. % sinf).

e) F+2y . % codkx).

5", Esn()+ 2"k coskx).
Problem 6:

4

This problem concernsthedifferentia equaion jx—f = 16f.

a) Findthegenead solution.
b) Findthree different solutionstha obey f(0) = 6 and f«0) = 2.

£(0)
c) LetV denotethe space of solutions Defineamap, T: V — R by T(f) = (f,(o)) .

Compute thedimengon of thekernd of T.



Problem 7:

Circle T if theaccompanying statement istrue and circle F if itisfase.

T F @ Thevector O isnever astable equilibrium point for thedynamica system
X (m+1) = Ax (m) if det(A) = 2.

T F Db) Afundiont — f(t) solvestheequaionf«+ f«- 3f = 0 if and only if the
(g

0 solvestheequaion § X = Ax

vector valued fundion of time X (t) =

"0 1g

with A = P

—
T

c) If fisany fundionon[-!,!] withf_nn f(x)? dx< 2! then [f(x)| < 1 for all x.

T F d) If fundionsu(t,x) andv(t,x) solve thewave equaion andif they areequd at
each Xx when t = 0, then it is necessary tha u(t,x) = v(t,x) for al t and x.

T F € Themap, T, from thespace of continuousfundionson|-!,!] to Rtha sends
f toitslargest valueis notalinear map.

Problem 8:

Circle T if theaccompanying statement istrue and circle F if itisfalse. You need not
jugify your answers.

T F a If n#3andif Vv and U are eigenvectors of an n x n matrix, then vV +u mugt
also bean eigenvector.

T F Db) Theeareinvetible3 x 3 matrices A and S with the propety tha SAS* = -A.

T F c¢) If n#3andA andB are two diagoralizable n x n matrices with the same
eigenbasis, there mug exists an invertible n x n matrix S such that A = SBS™.

T F d) If Aisannx nmatrix with det(A) = O, then at least onecolumn of A musg be
a scalar multiple of some other column of A.



T F e If Ahas5rowsand3 columns then thedimension of its kernd mus equd 2.

T F f) Any4 x4 matrix with negdive determinant has either two or zero complex
eigenvadues with non-zero imaginay part.

T F g) Givenany matrix A, then ATA is symmetric.
T F h) Givenany squae matrix A, then ATA and AA™ have the same eigenva ues.

T F 1) If Aisannx nmatrix with ndistind, rea eigenvdues, then all eigenvdues
of A® are non-negaive.

T F j) If A andB areany two matrices whose produd is orthogoné, then both A
and B are orthogon&.

Answerstothe Math 21b 2004exam

1. @ EigenvduesareA, =5andA,=-2. Corresponding eigenvectors are:

(3 4 (1)
G170y %27 )

2. Theanswer isb). Hereiswhy: The geneiclinehastheformy =ax +b. Tofinda
g
. . (3 #1&
and b, introduecethe x =

o) given by x = (ATA)'ATY wherey = §4& and
3
13 I
A= ﬁz 12. Now, A'y = (29 andA'A = 121 o 0 (ATA)! = %( 9 . Thus
ﬁz ’ \12/ "9 4% \-9 21
2 17



ROE

X =+ .
> # 7%

This givesline (b).

3. @ Sincesin(x+1) =sin(1) cogx) + cog1) sin(x), thefundionsin(x) isin V, and
the collection (f+ , cog(x), sin(x)) span V and are orthonomal.
b) Theorthogona projectionis 23n(x).

(0 0 0
¢) Thematrix of T with respect to thebasisgivenina) isT = Lo 0 1J. Its
0 -1 0

eigenvduesare 0, i, .

la b
4. Write thedesired matrix as .'.a dz. Sincetheeigenvdues are A and -\, this matrix
C
mug have zerotrace. Thus d=-a Also, usng wha we know aboutthe
eigenvectors, wefindtha 3atb =3\, 3cBa=A,abb=-A, cta=A. Thisimplies

"o3g

tha a=c, b=3c andA =2c Thus any matrix of theform c#1 1

with ¢ $ Ofitsthebill.

5. Theanawer isd). Hereiswhy: Thecondant term in the Fourier seriesfor f is 5.
! 0
Meanwhile, +# xcos(kx)dx =0 and 1 # cos(kx)dx =0, so there are no cosneterms

inthe Fourier seriesfor f. Asfor thesineterms, %# xsin(kx)dx = £ if kisoddand

itis-# if kiseven. Ontheothe hand, %1;2 sin(kx)dx=0if kisevenand-% if kis
odd.

Thus there are nosin(kx) terms when k is odd,and when k is even, the coefficient of
sin(kx) is-%.

6. @) Thegenea solutionhastheform ae® + b €* + ¢ cog2x) + d sin(2x) where a, b,
c, d are condants.

b) 1ff(0)=6,thena+b+c=6. If f{0) =2, then2ab2b+ 2d=2. Thus the



f)

9)

h)

geneaa solutionto the equaion plus these condraints has theform

ae™ +be*+ (6-a-b) cogx) + (1-a+b) sin(x). Take any three valuesfor aand b.
Thekernd of V istwo dimengond; it is spanned by thetwo fundions

e” Dcogx) Psin(x) and € Dcogx) + sin(X).

T. Hereiswhy: Theabslute values of theeigenvalues mug belessthan 1 if 0
isstable, yet thar produd isthe determinant, this greater than 1.

T. To seewhy, write out thetwo components of theequaionfor £ x = AX.

F. For example, thefundiontha is10where0" x " &7 and 0 elsewhere hasthe
propaty tha theintegral of its squaeislessthan 2! .

F. For example, thefundionsu(t,x) =t and v(t,x) = 0 solve thewave equaion
andareequd for all x att =0.

T. For example, thelargest values of both 3 (! -x) andx equd !, butthisisalso
thelargest value of their sum, thefundion % (! +x).

F. Congder, for example, the2x2 diagond matrix with different entries.

F. Hereiswhy: Since det(A) = det(S'AS) and det(-A) = -det(A), thedesired
condition would require det(A) to vanish. Thus A would notbeinvertible.

F. Thecondiion A = SBS* requires tha A and B also have the same
eigenvdues.

F. All tha isrequired istha onecolumn of A bealinear combinaion of the
remaining columns

F. Consder thematrix tha gives thelinear map from R to R® tha sendsthe
domain to the 3-dimensond subgace where the coordinates x, and x; are zero.
T. To seethis, note that it has an even number of complex eigenvdues, andif it
had four, they would come in complex conjugae pairs. Thus thar produd would
beaprodud of two postive numbers and so postive.

T. Thisisbecause thetrangos of theprodud AB isB'AT for any squae

matrices A and B.

F. Toseethi dea='t
. 0 seelhnis, consde = . .
S 0o 0%

i) T. Theeigenvdues of A? arethe squares of those of A.

)

F. Congder, for example, when A isanonorthogond,butinvertible matrix and
BisA™



