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In tro duction

Muc h has b een said of the a�nit y b et w een mathematics and c hess: t w o domains of h uman

though t where v ery limited sets of rules yield inexhaustible depths, c hallenges, frustrations

and b eaut y . Both �elds supp ort a v enerable and burgeoning tec hnical literature and attract

m uc h more than their share of c hild pro digies. F or all that, the in tersection of the t w o domains

is not large. While c hess and mathematics ma y fa v or similar mindsets, there are few places

where a c hess pla y er or analyst can b ene�t from a sp eci�c mathematical idea, suc h as the

symmetry of the b oard and of most pieces' mo v es (see for instance [24 ]) or the com binatorial

game theory of Berlek amp, Con w a y , and Guy (as in [4]). Still, when mathematics do es �nd

applications in c hess, striking and instructiv e results often arise.

This t w o-part article sho ws sev eral suc h applications that feature the knigh t and its c haracter-

istic (2 ; 1) leap. It is based on p ortions of a b o ok ten tativ ely en titled Chess and Mathematics ,

curren tly in preparation b y the t w o authors of this article, that will co v er all asp ects of the

in teractions b et w een c hess and mathematics. Mathematically , the c hoice of (2 ; 1) and of the

8 � 8 b oard ma y seem to b e a sp ecial case of no particular in terest, and indeed w e shall on

o ccasion indicate v ariations and generalizations in v olving other leap parameters and b oard

sizes. But long exp erience p oin ts to the standard knigh t's mo v e and c hessb oard size as felic-

itous c hoices not only for the game of c hess but also for puzzles and problems in v olving the

b oard and pieces, including sev eral of our examples.

This �rst part concen trates on puzzles suc h as the knigh t's tour. Man y of these are clearly

mathematical problems in a v ery thin disguise (for instance, a closed knigh t's tour is a

Hamiltonian circuit on a certain graph G ), and can b e solv ed or at least b etter understo o d

using the terminology and tec hniques of com binatorics. W e also relate a few of these ideas

with practical endgame tec hnique (see Diagrams 1�., 10, 11). The second part sho ws some

remark able c hess problems featuring the knigh t or knigh ts. Most \practical" c hess pla y ers

ha v e little patience for the art of c hess problems, whic h has ev olv ed a long w a y from its

origins in instructiv e exercises. But the same formal concerns that ma y deter the o v er-the-

b oard pla y er giv e some problems a particular app eal to mathematicians. F or instance, w e

will exhibit a p osition, constructed b y P . O'Shea and published in 1989, where White, with

only king and knigh t, has just one w a y to force mate in 48 (the curren t record). W e also

sho w the longest kno wn legal game of c hess that is determined completely b y its last mo v e

(disco v ered b y R• osler in 1994) | whic h happ ens to b e c hec kmate b y promotion to a knigh t.

Algebraic notation.

W e assume that the reader is familiar with the rules of c hess, but require v ery little kno wledge

of c hess strategy . (The reader who kno ws, or is willing to accept as in tuitiv ely ob vious, that

king and queen win against king or ev en king and knigh t if there is no immediate dra w,

will ha v e no di�cult y follo wing the analysis.) The reader will, ho w ev er, ha v e to follo w the

notation for c hess mo v es, either b y visualizing the mo v es on the diagram or b y setting up

the p osition on the b oard. Sev eral notation systems ha v e b een used; the most common

one no w ada ys, and the one w e use here, is \algebraic notation", so called b ecause of the

co ordinate system used to name the squares of the b oard. In the remaining paragraphs of

this in tro ductory section w e outline this notation system. Readers already 
uen t in algebraic

notation ma y safely skip ahead to Section 1.
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Eac h square on the 8 � 8 b oard is uniquely determined b y its ro w and column, called \rank"

and \�le" resp ectiv ely . The ranks are n um b ered from 1 to 8, the �les named b y letters a

through h. In the initial arra y , ranks 1 and 2 are o ccupied b y White's pieces and pa wns,

ranks 8 and 7 b y Blac k's, b oth queens are on the d-�le, and b oth kings on the e-�le. Th us,

view ed from White's side of the b oard (as are all the diagrams in this article), the ranks are

n um b ered from b ottom to top, the �les from left to righ t. W e name a square b y its column

follo w ed b y the ro w; for instance, the White king in Diagram 1 b elo w is at d2. Eac h of the

six kinds of c hessmen is referred to b y a single letter, usually its initial: K, Q, R, B, P are

king, queen, ro ok, bishop, and pa wn (often lo w er-case p is seen for pa wn). W e cannot use

the initial letter for the knigh t b ecause K is already the king, so w e use its phonetic initial, N

for kNigh t. F or instance, Diagram 1 can b e describ ed as: White Kd2, Blac k Ka1, Nf2, P a2,

Pc2. T o notate a c hess mo v e w e name the piece and its destination square, in terp olating \ � "

if the mo v e is a capture. F or pa wn mo v es the P is usually suppressed; for pa wn captures,

it is replaced b y the pa wn's �le. Th us in Diagram 11, Blac k's pa wn mo v es are notated a2

and a � b2 rather than P a2 and P � b2. W e follo w a mo v e b y \+" if it giv es c hec k, and b y \!"

or \?" if w e regard it as particularly strong or w eak. In some cases \!" is used to indicate

a thematic mo v e, i.e., a mo v e that is essen tial to the \theme" or main p oin t of the problem.

As an aid to follo wing the analysis, mo v es are n um b ered consecutiv ely , from the start of

the game or from the diagram. F or instance, w e shall b egin the discussion of Diagram 1 b y

considering the p ossibilit y \1.K � c2 Nd3!". Here \1" indicates that these are White's and

Blac k's �rst mo v es from the diagram; \K � c2" means that the White king captures the unit

on c2; and \Nd3!" means that the Blac k knigh t mo v es to the uno ccupied square d3, and that

this is regarded as a strong mo v e (the p oin t here b eing that Blac k prev en ts 2.Kc1 ev en at the

cost of letting White capture the knigh t). When analysis b egins with a Blac k mo v e, w e use

\. . . " to represen t the previous White mo v e; th us \1 . . . Nd3!" is the same �rst Blac k mo v e.

A few further re�nemen ts are needed to subsume promotion and castling, and to ensure

that ev ery mo v e is uniquely sp eci�ed b y its notation. F or instance, if Blac k w ere to mo v e

�rst in Diagram 1 and promoted his c2-pa wn to a queen (giving c hec k), w e w ould write this

as 1 . . . c1Q+, or more lik ely 1 . . . c1Q+?, b ecause w e shall see that after 2.K � c1 White

can dra w. Short and long castling are notated 0-0 and 0-0-0 resp ectiv ely . If the piece and

destination square do not sp ecify the mo v e uniquely , w e also giv e the departure square's �le,

rank, or b oth. An extreme example: Starting from Diagram 9, \Nb1" uniquely sp eci�es a

mo v e of the c3 knigh t. But to mo v e it to d5 w e w ould write \Ncd5" (b ecause other knigh ts

on the b- and f-�les could also reac h d5); to a4, \N3a4" (not \Nca4" b ecause of the knigh t

on c5); and to e4, \Nc3e4" (wh y?).

1 A c hess endgame

W e b egin b y analyzing a relativ ely simple c hess p osition (Diagram 1 b elo w). This ma y lo ok

lik e an endgame from actual pla y , but is a comp osed p osition | an \endgame study" |

created (b y NDE) to bring the k ey p oin t in to sharp er fo cus.
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Diagram 1

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

pZpJ m Z

j Z Z Z

White to mo v e

White, reduced to bare king, can do no b etter than dra w, and ev en that with di�cult y:

Blac k will surely win if either pa wn safely promotes to a queen. A natural try is 1.K � c2,

eliminating one pa wn and imprisoning t w o of Blac k's remaining three men in the corner. But

1 . . . Nd3! breaks the blo c k ade (Diagram 2a). Blac k threatens nothing but con trols the k ey

square c1. The rules of c hess do not allo w White to pass the mo v e; unable to go to c1, the

king m ust mo v e elsewhere and release Blac k's men. After 2.K � d3 (or an y other mo v e) Kb1

follo w ed b y 3 . . . a1Q, Blac k wins easily .

Diagram 2a

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z ZnZ Z

pZKZ Z Z

j Z Z Z

Diagram 2b

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

m Z Z Z

Z Z Z Z

pZ Z Z Z

j J Z Z

Returning to Diagram 1, let us try instead 1.Kc1! This still lo c ks in the Blac k Ka1 and P a2,

and prepares to capture the Pc2 next mo v e, for instance 1 . . . Nd3+ 2.K � c2, arriving at

Diagram 2a with Blac k to mo v e. White has in e�ect succeeded in passing the mo v e to Blac k

b y taking a detour from d2 to c2. No w it is Blac k who cannot pass, and an y mo v e restores

the White king's access to c1. F or instance, pla y ma y con tin ue 2 . . . Nb4+ 3.Kc1, reac hing

Diagram 2b. Blac k is still b ottled up. If it w ere White to mo v e in Diagram 2b, White w ould

ha v e to release Blac k with Kd1 or Kd2 and lose; but again Blac k m ust mo v e and allo w White

bac k to c2, for instance 3 . . . Nd3+ 4.Kc2 and w e are bac k at Diagram 2a.

3



So White do es dra w | at least if Blac k obligingly sh uttles the knigh t b et w een d3 and b4 to

matc h the White king's oscillations b et w een c1 and c2. But what if Blac k tries to impro v e

on this? While the king is limited to those t w o squares, the knigh t can roam o v er almost

the en tire b oard. F or instance, from Diagram 2a Blac k migh t bring the knigh t to the far

corner in m mo v es, reac hing a p osition suc h as Diagram 3a, and then bac k to d3 in n mo v es.

If m + n is o dd, then Blac k will win since it will b e White's turn to mo v e. Instead of d3,

Blac k can aim for b3 or e2, whic h also con trol c1; but eac h of these is t w o knigh t mo v es a w a y

from d3, so w e get an equiv alen t parit y condition. Alternativ ely , Blac k migh t try to reac h b4

from d3 in an even n um b er of mo v es, to reac h Diagram 2b with White to mo v e; and again

Blac k could aim for another square that con trols c2. But eac h of these squares is one or three

knigh t mo v es a w a y from d3, so again w ould yield a closed path of o dd length through d3.

Can Blac k th us pass the mo v e bac k to White? F or that matter, what should White do in

Diagram 3b? Do es either Kc1 or K � c2 dra w, or is White lost regardless of this c hoice?

Diagram 3a

Z Z Z m

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

pZKZ Z Z

j Z Z Z

Diagram 3b

Z Z Z m

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

pZpJ Z Z

j Z Z Z

White to mo v e

The outcome of Diagram 2a th us hinges on the answ er to the follo wing problem in graph

theory:

L et G = G

8 ; 8

b e the gr aph whose vertic es ar e the 64 squar es of the 8 � 8 chessb o ar d and whose

e dges ar e the p airs of squar es joine d by a knight's move. Do es G have a cycle of o dd length

thr ough d3?

Lik ewise White's initial mo v e in Diagram 3b and the outcome of this endgame comes do wn

to the related question concerning the same graph G :

What ar e the p ossible p arities of lengths of p aths on G fr om h8 to c1 or c2?

The answ ers result from the follo wing basic prop erties of G :

Lemma. (i) The gr aph G is c onne cte d. (ii) The gr aph is bip artite, the two p arts c omprising

the 32 light squar es and 32 dark squar es of the chessb o ar d.

Pr o of : P art (i) is just the familiar fact that a knigh t can get from an y square on the c hess-

b oard to an y other square. P art (ii) amoun ts to the observ ation that ev ery knigh t mo v e

connects a ligh t and a dark square.

Corollaries. 1) There are no knigh t cycles of o dd length on the c hessb oard. 2) Tw o squares
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of the same color are connected b y knigh t-mo v e paths of ev en length but not of o dd length;

t w o square of opp osite color are connected b y knigh t-mo v e paths of o dd length but not of

ev en length.

W e th us answ er our c hess questions: White dra ws b oth Diagram 1 and Diagram 3b b y

starting with Kc1. More generally , for an y initial p osition of the Blac k knigh t, White c ho oses

b et w een c1 and c2 b y mo ving to the square of the same color as the one o ccupied b y the

knigh t.

Remark. Our analysis w ould reac h the same conclusions if the Blac k pa wn on c2 w ere

remo v ed from Diagrams 1 and 3b; w e included this sup er
uous pa wn only as bait to mak e

the wrong c hoice of c2 more tempting.

Puzzle 1. F or whic h rectangular b oards (if an y) do es part (i) or (ii) of the Lemma fail?

That is, whic h G

m;n

are not connected, or not bipartite? (All puzzles and all diagrams not

explicated in the text ha v e solutions at the end of this article.)

Knigh t's tours and the Thirt y-Tw o Knigh ts

The graph G arises often in problems and puzzles in v olving knigh ts. F or instance, the p eren-

nial knigh t's tour puzzle asks in e�ect for a Hamiltonian path on G ; a \re-en tran t" or \closed"

knigh t's tour is just a Hamiltonian circuit. The existence of suc h tours is classical | ev en Eu-

ler sp en t some time constructing them, �nding among others the follo wing elegan t cen trally

symmetric tour (from [9, p. 191]):

Diagram 4

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z
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Z Z Z Z
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a closed knigh t's tour constructed b y Euler

The extensiv e literature on knigh t's tours includes man y examples, whic h, when n um b ered

along the path from 1 to 64, yield semi-magic squares (all ro w and column sums equal 260),

sometimes with further \magic" prop erties, but it is not y et kno wn whether a fully magic

knigh t's tour (one with ma jor diagonals as w ell as ro ws and columns summing to 260), either

op en or closed, can exist.

More generally , w e ma y ask for Hamiltonian circuits on G

m;n

for other m; n ; that is, for

closed knigh t's tours on other rectangular c hessb oards. A necessary condition is that G

m;n

b e a connected graph with an ev en n um b er of v ertices. Hence w e m ust ha v e 2 j mn and b oth

m; n at least 3 (cf. Puzzle 1). But not all G

m;n

satisfying this condition admit Hamiltonian

circuits. F or instance, one easily c hec ks that G

3 ; 4

is not Hamiltonian. Nor are G

3 ; 6

and G

3 ; 8

,
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but G

3 ; 10

has a Hamiltonian circuit, as do es G

3 ;n

for eac h ev en n > 10. F or instance, the

next diagram sho ws a closed knigh t's tour on the 3 � 10 b oard:

Diagram 5
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a closed knigh t's tour on the 3 � 10 b oard

There are sixteen suc h tours (ignoring the b oard symmetries). More generally , en umer-

ating the closed knigh t's tours on a 3 � (8 + 2 n ) b oard yields a sequence 16, 176, 1536,

15424, . . . satisfying a constan t linear recursion of degree 21 that w as obtained indep enden tly

b y Kn uth and NDE in April, 1994. See [23 , Sequence A070030]. In 1997, Brendan McKa y

�rst computed that there are 13267364410532 (more than 1 : 3 � 10

13

) closed knigh t's tours

on the 8 � 8 b oard ([19 ]; see also [23 , Sequence A001230],[26 ]).

W e return no w from en umeration to existence. After G

3 ;n

the next case is G

4 ;n

. This is

tric kier: the reader migh t try to construct a closed knigh t's tour on a 4 � 11 b oard, or to

pro v e that none exists. W e answ er this question later.

What of maximal cliques and co cliques on G ? A clique is just a collection of pairwise defending

(or attac king) knigh ts. Clearly there can b e no more than t w o knigh ts, again b ecause G is

bipartite: t w o squares of the same color cannot b e a knigh t's mo v e apart, and an y set of more

at least three squares m ust include t w o of the same color. Co cliques are more in teresting: ho w

man y pairwise non attac king knigh ts can the c hessb oard accommo date?

1

W e follo w Golom b

([21 ], via M. Gardner [9, p. 193]). Again the fact that G is bipartite suggests the answ er

(Diagram 6):

Diagram 6

NZNZNZNZ

ZNZNZNZN

NZNZNZNZ

ZNZNZNZN

NZNZNZNZ

ZNZNZNZN

NZNZNZNZ

ZNZNZNZN

32 m utually nonattac king knigh ts

Diagram 7
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A one-factor in G

It is not hard to see that w e cannot do b etter: the 64 squares ma y b e partitioned in to 32

pairs eac h related b y a knigh t mo v e, and then at most one square from eac h pair can b e

1

Burt Ho chb erg jok es (in [11, p. 5], concerning the analogous p roblem fo r queens) that the answ er is 64, all

White pieces o r all Black: pieces of the same colo r cannot attack each other! Of course this jok e, and simila r jok es

such as cro wding several pieces on a single squa re, a re extraneous to our analysis.
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used. See Diagram 7. This is P atenaude's solution in [21 ]. Suc h a pairing of G is called a

\one-factor" in graph theory . Similar one-factors exist on all G

m;n

when 2 j mn and m; n b oth

exceed 2; they can b e used to sho w that in general a knigh t co clique on an m � n b oard has

size at most mn= 2 for suc h m; n .

Puzzle 2. What happ ens if m; n are b oth o dd, or if m � 2 or n � 2?

Are Diagram 6 and its complemen t the only maximal co cliques? Y es, but this is harder

to sho w. One elegan t pro of, giv en b y Green b erg in [21 ], in v ok es the existence of a closed

knigh t's tour, suc h as Euler's Diagram 4. In general, on a circuit of length 2 M the only

sets of M pairwise nonadjacen t v ertices are the set of ev en-n um b ered v ertices and the set of

o dd-n um b ered ones on the circuit. Here M = 32, and the knigh t's tour in e�ect em b eds that

circuit in to G , so a fortiori there can b e at most t w o co cliques of size M on G | and w e ha v e

already found them b oth!

Of course this pro of applies equally to an y b oard with a closed knigh t's tour: on an y suc h

b oard the ligh t- and dark-squared subsets are the only maximal co cliques. Con v ersely , a

b oard for whic h there are further maximal co cliques cannot supp ort a closed knigh t's tour.

F or example, an y 4 � n b oard has a mixed-color maximal co clique, as illustrated for n = 11

in the next diagram:

Diagram 8

MNMNMNMNMNM

Z Z Z Z Z

Z Z Z Z Z Z

NMNMNMNMNMN

a third maximal knigh t co clique on the 4 � 11 b oard

This yields p ossibly the cleanest pro of that ther e is no close d knight's tour on a 4 � n b o ar d

for any n . (According to Jelliss [14 ], this fact w as kno wn to Euler and �rst pro v ed b y C.

Fly e Sain te-Marie in 1877; Jelliss attributes the ab o v e clean pro of to Louis P osa.)

W arning : the existence of a closed knigh t's tour is a su�cien t but not necessary condition for the

existence of only t w o maximal knigh t co cliques. It is kno wn that an m � n b oard supp orts a closed

tour if and only if its area mn is an ev en in teger > 24 and neither m nor n is 1, 2, or 4. In particular,

as noted ab o v e there are no closed knigh t's tours on the 3 � 6 and 3 � 8 b oards, though as it happ ens

on eac h of these b oards the only maximal knigh t co cliques are the t w o ob vious mono c hromatic ones.

More ab out G :

Domination n um b er, girth, and the knigh t metric

Another classic puzzle asks: ho w man y knigh ts do es it tak e to either o ccup y or defend ev ery

square on the b oard? In graph theory parlance this asks for the \domination n um b er" of G .

2

2

This terminology is not entirely fo reign to the chess literature: A piece is said to b e \dominated" when it can

move to many squa res but will b e lost on any of them. (The meaning of \many" in this de�nition is not p recise

b ecause domination is an a rtistic concept, not a mathematical one.) The intro duction of this term into the chess

lexicon is attributed to Henri Rinck ([12, p. 93], [16, p. 151]). The task of constructing economical domination

p ositions, where a few chessmen cover many squa res, has a p ronounced combinato rial 
avo r; the great comp oser

of endgame studies G.M. Kaspa ry an devoted an entire b o ok to the subject, Domination in 2545 Endgame Studies ,

Progress Publishers, Mosco w, 1980.
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F or the standard 8 � 8 b oard, the follo wing symmetrical solution with 12 knigh ts has long

b een kno wn:

Diagram 9

Z Z Z Z

Z Z ZNZ

MNZNM Z

Z M Z Z

Z Z M Z

Z MNZNM

ZNZ Z Z

Z Z Z Z

All uno ccupied squares con trolled

Puzzle 3. Pro v e that this solution is unique up to re
ection.

The knigh t domination n um b er for c hessb oards of arbitrary size is not kno wn, not ev en

asymptotically . See [9 , Ch.14] for results kno wn at the time for square b oards of order up

to 15, most dating bac k to 1918 [1 , V ol.2, p. 359]. If w e ask instead that ev ery square,

o ccupied or not, b e defended, then the 8 � 8 c hessb oard requires 14 knigh ts. On an m � n

b oard, at least mn= 8 knigh ts are needed since a knigh t defends at most 8 squares.

Puzzle 4. Pro v e that mn= 8 + O ( m + n ) knigh ts su�ce. Hint: treat the ligh t and dark

squares separately .

W e already noted that G , b eing bipartite, has no cycles of o dd length. (W e also encoun tered

the non-existence of 3-cycles as \ G has no cliques of size 3" .) Th us the girth (minimal cycle

length) of G is at least 4. In fact the girth is exactly 4, as sho wn for instance in Diagram 10.

Diagram 10

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

o Z Z Z

Nj Z Z Z

Z Z Z ZK

�

�

�

�

H

H

H

H

�

�

�

�H

H

H

H

White to mo v e dra ws

Diagram 10a

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

okZNZ Z

Z Z Z Z

Z Z Z ZK

�

�

�

�

H

H

H

H

�

�

�

�H

H

H

H

After 2 Nd3!

This square cycle is imp ortan t to endgame theory: a White knigh t tra v eling on the cycle can
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prev en t the promotion of the Blac k pa wn on a3 supp orted b y its king. T o dra w this p osition

White m ust either blo c k the pa wn or capture it, ev en at the cost of the knigh t. The p oin t is

seen after 1.Nb4 Kb3 2.Nd3! (reac hing Diagram 10a) a2 3.Nc1+!, \forking" king and pa wn

and giving White time for 4.N � a2 and a dra w. On other Blac k mo v es from Diagram 10a

White resumes con trol of a2 with 3.Nc1 or 3.Nb4; for instance 2 . . . Kc2 3.Nb4+ or 2 . . . Kc3

3.Nc1 Kb2 (else Na2+) 4.Nd3+! etc. Note that the White king w as not needed.

3

Puzzle 5. Construct a p osition where this Nd5 resource is White's only w a y to dra w.

W arning : this puzzle is hard, and requires considerably more c hess bac kground than an ything else

in this article. The construction requires some delicacy: is not enough to simply stalemate the White

king, since then White can pla y 2.Na2 with impunit y; on the other hand if the White king is put in

Zugzw ang (so that it has some legal mo v es, but all of them lose), then the direct 1 . . . a2 2.N � a2

K � a2 wins for Blac k.

Ev en more imp ortan t for the practical c hesspla y er is the distance function on G , whic h enco des

the n um b er of mo v es a knigh t needs to get from an y square to an y other. The diameter

(maximal distance) on G is 6, whic h is attained only b y diagonally opp osite corners. This is

to b e exp ected, but shorter distances bring some surprises. The follo wing table sho ws the

distance from eac h v ertex of G to a corner square:

5 4 5 4 5 4 5 6

4 3 4 3 4 5 4 5

3 4 3 4 3 4 5 4

2 3 2 3 4 3 4 5

3 2 3 2 3 4 3 4

2 1 4 3 2 3 4 5

3 4

�

1 2 3 4 3 4

N 3 2 3 2 3 4 5

Diagram 11

Z Z Z j

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

o Z Z Z

M Z Z Z

Z ZKZ Z

White loses

The starred en try is due to the b oard edges: a knigh t can tra v el from an y square to an y

diagonally adjacen t square in t w o mo v es except when one of them is a corner square. But the

other irregularities of the table at short distances do not dep end on edge e�ects. An ywhere on

the b oard, it tak es the otherwise agile knigh t three mo v es to reac h an orthogonally adjacen t

square, and four mo v es to tra v el t w o squares diagonally . This p eculiarit y m ust b e absorb ed

b y an y c hesspla y er who w ould learn to pla y with or against knigh ts. One consequence, kno wn

to endgame theory , is Diagram 11, whic h exploits b oth the generic irregularit y and the sp ecial

corner case. Ev en with White to mo v e, this p osition is a win for Blac k, who will pla y . . . a2

and . . . a1Q. One migh t exp ect that the knigh t is close enough to stop this, but in fact it

w ould tak e it three mo v es to reac h a2 and four to reac h a1, in eac h case one to o man y . In

3

Note to mo re advanced chesspla y ers: it might seem that the knight do es need a bit of help after 1.Nb4 Kb1!?,

when either 2.Na2? o r 2.Nd3? loses (in the latter case to 2 . . . a2) but Black has no threat so White can simply

mak e a random (\w aiting") king move. But this is not necessa ry , as White could also dra w b y thinking (and

pla ying) out of the a2-b4-d3-c1-a2 b o x: 1.Nb4 Kb1 2.Nd5! If no w 2 . . . a2 then 3.Nc3+ is a new dra wing fo rk,

and otherwise White pla ys 3.Nb4 and resumes the squa re dance.
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fact this knigh t helps Blac k b y blo c king the White king's approac h to a1!

Puzzle 6. Determine the knigh t distance from (0 ; 0) to ( m; n ) on an in�nite b oard as a

function of the in tegers m; n .

F urther puzzles

W e conclude the �rst part with sev eral more puzzles that exploit or extend our discussion:

Diagram 12

Z Z Z Z

Z Z Z Z

Z Z Z Z

ZpZ Z Z

opZ Z Z

aropZ Z

opspZ O

lnjbJ Z

White to pla y and mate as quic kly as p ossible

Diagram 13

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z ZNZ Z

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

A

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

H

s

the 4! shortest knigh t paths from d1 to d7

Puzzle 7. Ho w do es White pla y in Diagram 12 to force c hec kmate as quic kly as p ossible

against an y Blac k defense?

Y es, it's White who wins, despite ha ving only king and pa wn against 15 Blac k men. But these

men are almost paralyzed, with only the queen able to mo v e in its corner prison. White m ust

k eep it that w a y: if he ev er mo v es his king, Blac k will sacri�ce his e2-pa wn b y promoting

it, bring the Blac k arm y to life and so on o v erwhelm White. So White m ust mo v e only the

pa wn, and the piece that it will promote to. That's go o d enough for a dra w, but ho w to

actually win?

Puzzle 8. (See Diagram 13.) There are exactly 24 = 4! paths that a knigh t on d1 can tak e to

reac h d7 in four mo v es; plotting these paths on the c hessb oard yields a b eautiful pro jection

of (the 1-sk eleton of ) the 4-dimensional h yp ercub e! Explain.

Puzzle 9. W e sa w that there is an essen tally unique maximal con�guration of 32 m utually

non-defending knigh ts on the 8 � 8 b oard.

i) Supp ose w e allo w eac h knigh t to b e defended at most once. Ho w man y more knigh ts can

the b oard then accommo date?

ii) No w supp ose w e require eac h knigh t to b e defended exactly once. What is the largest

n um b er of knigh ts on the 8 � 8 b oard satisfying this constrain t, and what are all the maximal

con�gurations?

Puzzle 10. A \camel" is a (3 ; 1) leap er, that is, an unortho do x c hess piece that mo v es from

( x; y ) to one of the squares ( x � 3 ; y � 1) or ( x � 1 ; y � 3). (A knigh t is a (2 ; 1) leap er.) Since

there are eigh t suc h squares, it tak es at least mn= 8 camels to defend ev ery square, o ccupied

or not, on an m � n b oard. Are mn= 8 + O ( m + n ) su�cien t, as in Puzzle 4?

Syn thetic games
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The remainder of this article will b e dev oted to comp osed c hess problems featuring knigh ts.

A synthetic game [13 ] is a c hess game comp osed (rather than pla y ed) in order to ac hiev e some

ob jectiv e, usually in a minimal n um b er of mo v es. Ideally the solution should b e unique, but

this is v ery rare. F ailing this, w e can hop e for an \almost unique" solution, e.g., one where

the �nal p osition is unique though not the mo v e order. F or instance, the shortest game

ending in c hec kmate b y a knigh t is 3.0 mo v es: 1.e3 Nc6 2.Ne2 Nd4 3.g3 Nf3 mate. White

can v ary the order of his mo v es and can pla y e4 and/or g4 instead of e3 and g3. The Blac k

knigh t has t w o paths to f3. The biggest 
a w, ho w ev er, is that White could pla y c3/c4 instead

of g3/g4, and Blac k could mate at d3. A t least all 72 solutions share the cen tral feature that

White incarcerates his king at its home square. A b etter syn thetic game in v olving a knigh t

is the follo wing.

Puzzle 11. Construct a game of c hess in whic h Blac k c hec kmates White on Blac k's �fth

mo v e b y promoting a pa wn to a knigh t.

Pro of games

A v ery successful v ariation of syn thetic games that allo ws unique solutions are pr o of games ,

for whic h the length n of the game and the �nal p osition P are sp eci�ed. In order for the

condition ( P ; n ) to b e considered a sound problem, there should b e a unique game in n mo v es

ending in P . (Sometimes there will b e more than one solution, but they should b e related in

some thematic w a y . Here w e will only consider conditions ( P ; n ) that are uniquely realizable,

with the exception of Diagram 17.)

The earliest pro of games w ere comp osed b y the famous \Puzzle King" Sam Lo yd in the

1890's but did not ha v e unique solutions; the earliest sound (b y to da y's standards) pro of

game seems to ha v e b een comp osed b y T. R. Da wson in 1913. Although some in teresting

pro of games w ere comp osed in subsequen t y ears, the v ast p oten tial of the sub ject w as not

susp ected un til the fan tastic pioneering e�orts of Mic hel Caillaud in the early 1980's. A close

to complete collection of all pro of games published up to 1991 (around 160 problems) app ears

in [28 ].

Let us consider some pro of games related to knigh ts. W e men tioned ab o v e that the shortest

game ending in mate b y knigh t has length 3.0 mo v es. None of the 72 solutions yield pro of

games with unique solutions, i.e., ev ery terminal p osition has more than one w a y of reac hing

it in 3.0 mo v es. It is therefore natural to ask for the least n um b er n (either an in teger or

half-in teger) for whic h there exists a uniquely r e alizable game of c hess in n mo v es ending with

c hec kmate b y knigh t, i.e., giv en the �nal p osition, there is a unique game that reac hes it in

n mo v es. Suc h a game w as found indep enden tly b y the t w o authors of this article in 1996

for n = 4 : 0, whic h is surely the minim um. The �nal p osition is sho wn in Diagram 14.

11



Diagram 14

rZblkans

Zpopopop

pZ Z Z Z

Z Z Z Z

Z Z Z Z

Z ZnO Z

PO ONOPO

SNAQJBZR

P osition after Blac k's 4th mo v e. Ho w did the game go?

Fiv e other pro of game problems in v olving knigh ts are the follo wing. The minim um kno wn

n um b er of mo v es for ac hieving the game is giv en in paren theses. (W e rep eat that the game

m ust b e uniquely realizable from the n um b er of mo v es and �nal p osition.)

Puzzle 12. Construct a pro of game without an y captures that ends with mate b y a knigh t

(4.5).

Puzzle 13. Construct a pro of game ending with mate b y a knigh t making a capture (5.5)

Puzzle 14. Construct a pro of game ending with mate b y a pa wn promoting to a knigh t

(5.5).

Puzzle 15. Construct a pro of game ending with mate b y a pa wn promoting to a knigh t

without a capture on the mating mo v e (6.0).

Puzzle 16. Construct a pro of game ending with mate b y a pa wn promoting to a knigh t

with no captures b y the mating side throughout the game (7.0).

There is a remark able v arian t of Puzzle 14. Rather than ha ving the game determined b y

its �nal p osition and n um b er of mo v es, it is instead completely determined b y its last mo v e

(including the mo v e n um b er)! This is the longest kno wn game with this prop ert y .

Puzzle 14

0

. Construct a game of c hess with last mo v e 6.g � f8N mate.

The ab o v e pro of games fo cused on ac hieving some ob jectiv e in the minim um n um b er of mo v es.

Man y other pro of games in whic h knigh ts pla y a k ey role ha v e b een comp osed, of whic h w e

giv e a sample of �v e problems. Diagrams 15, 16, and 17 feature \imp ostors"|some piece(s)

are not what they seem. The �rst of these (Diagram 15) is a classic problem that is one of the

earliest of all pro of games, while Diagram 16 is considerably more c hallenging. Diagram 17

features a di�eren t kind of imp ostor. Note that it has t w o solutions; it is remark able ho w

eac h solution has a di�eren t imp ostor. The complex and di�cult Diagram 18 illustrates the

F r olkin theme : the m ultiple capture of promoted pieces. Diagram 19 sho ws, in the w ords of

Wilts and F rolkin [28 , p. 53], that \the seemingly indisputable fact that a knigh t cannot lose

a temp o is not quite unam biguous."
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Diagram 15

rZblkans

opo Zpop

Z o Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

POPOPOPO

S AQJBMR

After Blac k's 4th. Ho w did the game go?

Diagram 16

rmblkans

opopopop

ZQZ S A

Z Z Z Z

ZPZPO Z

Z Z ZNZ

PO M ZPO

Z Z JBZR

After Blac k's 12th. Ho w did the game go?

Diagram 17

ZkZ Z s

ZbopZpop

o s o Z

Z a Z Z

Z ZnZ Z

l Z Z Z

PZPOPOPO

SNAQJBMR

After White's 13th. Ho w did the game go? Tw o solutions!
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Diagram 18

rAblka s

ZPZpmpo

nZ M Z Z

Z Z Z Z

ORZKZPZ

ZPZPZ OQ

Z ORZPZ

Z Z M Z

After White's 27th. Ho w did the game go?

Diagram 19

rmbZ Z Z

opopZ Z

Z Z lpZ

Z Z o ak

NZ ZrZ Z

Z O Z Z

PO OPO O

S AQJBMR

After Blac k's 10th mo v e. Ho w did the game go?

Diagram 20

Zbmka Z

spopopor

pZ Z Z o

Z ZNZ Z

Z Z Z Z

O Z Z Z

OPOPOPO

mRANJBS

Mate in one

Retrograde analysis

In retrograde analysis problems (called retro problems for short), it is necessary to deduce

information from the curren t p osition concerning the prior history of the game. It is only

assumed that the prior pla y is legal; no assumption is made that the pla y is \sensible." Pro of

games are a sp ecial class of retro problems. W e will giv e only one illustration here of a retro

problem that is not a pro of game. It is based on considerations of parit y , a common theme

whenev er knigh ts are in v olv ed. Diagram 20 is a mate in one . A c hess problem with this

stipulation almost in v ariably in v olv es an elemen t of retrograde analysis, suc h as determining

who has the mo v e.

4

Length records

4

In a p roblem with the stipulation \Mate in n ," it is assumed that White moves �rst unless it can b e p roved

that Black has the move in o rder fo r the p osition to b e legal.
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Here one tries to construct a p osition that maximizes the n um b er of mo v es whic h m ust

elapse b efore a certain ob jectiv e is satis�ed. The most ob vious and most-studied ob jectiv e

is c hec kmate. In other w ords, ho w large can n b e in a problem with the ob jectiv e \mate in

n " (i.e., White to pla y and c hec kmate Blac k in n mo v es)? Chess problem standards demand

that the solution should b e unique if at all p ossible. It is to o m uc h to exp ect, esp ecially

for long-range problems, that White has a unique resp onse to every Blac k mo v e in order

for White to ac hiev e his ob jectiv e. In other w ords, it is p ossible for Blac k to defend p o orly

and allo w White to ac hiev e his ob jectiv e in more than one w a y , or ev en ac hiev e it earlier

than sp eci�ed. The correct uniqueness condition is that the problem should b e dual-fr e e ,

whic h means that Blac k has at least one metho d of defending whic h forces eac h White mo v e

uniquely if White is to ac hiev e his ob jectiv e. The ob jectiv e of c hec kmate can b e com bined

with other conditions, suc h as White ha ving only one unit b esides his king. The ingenious

Diagram 21 sho ws the curren t record for a \knigh t minimal," i.e., White's only unit b esides

his king is a knigh t. F or other length records, as w ell as man y other tasks and records, see

[20 ].

Diagram 21

Z Z Z Z

o ZNZ Z

pZ Z Z Z

o Z Z Z

pZ Z Z Z

J Z Z op

o Z mpj

Z Z Z an

Mate in 48

P arado x

The term \parado x" has sev eral meanings in b oth mathematics and ordinary discourse. W e

will regard a feature of a c hess problem (or c hess game) as parado xical if it is seemingly

opp osed to common sense. F or instance, common sense tells us that a material adv an tage

is b ene�cial in winning a c hess game or mating quic kly . Th us sacri�c e in an ortho do x c hess

problem (i.e., a direct mate or study) is parado xical. Of course it is just this parado xical

elemen t that explains the app eal of a sacri�ce. Another common parado xical theme is un-

derpromotion. Wh y not promote to the strongest p ossible piece, namely , the queen? This

theme is related to that of sacri�ce, since in eac h case the pla y er is forgoing material. T o

b e sure, underpromotion to knigh t in order to win, dra w, or c hec kmate quic kly is not so

surprising (and has ev en o ccurred a fair n um b er of times in games) since a knigh t can mak e

mo v es forbidden to a queen. Tim Krabb � e th us remarks in [15 ] that knigh ting hardly coun ts

as a true \underpromotion."

5

Nev ertheless, knigh t promotions can b e used for surprising

purp oses that heigh ten the parado xical e�ect.

Diagram 22 sho ws four knigh t sacri�ces, all promoted pa wns, with a total of �v e promotions

5

Mo re pa rado xical a re underp romotions to ro oks and bishops, but w e will not b e concerned with them here.
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to knigh t. Diagram 23 sho ws a celebrated problem comp osed b y Sam Lo yd where a pa wn

promotes to a knigh t that threatens no pieces or c hec ks and is hop elessly out of pla y . F or

some in teresting commen ts b y Lo yd on this problem, see [27 , p. 403].

Diagram 22

Z ZrZ Z

o o oPo

PZPZPZPZ

Z Z ZKZ

Z o ZPZ

Z Z Z Zp

Z O ops

Z ZRZnjq

White to pla y and win

Diagram 23

bZ Z Z Z

OPZ Z Z

Z Z Z Z

Z Z Z Z

Z Z Z J

Z Z Z A

Z Z ZNZ

Z Z S ak

Mate in 3

Note that the imp ostors of Figures 15{17 ma y also b e regarded as parado xical, since w e're

trying to reac h the p osition as quic kly as p ossible, and it seems a w aste of time to mo v e

knigh ts in to the original square(s) of other knigh ts. Similarly the time-w asting 5.h � g8N

6.Nh6 7.N � f7 of Diagram 19 seems parado xical|wh y not sa v e a mo v e b y 5.h � g8B and

6.B � f7+?

Helpmate

In a helpmate in n moves , Blac k mo v es �rst and c o op er ates with White so that White mates

Blac k on White's n th mo v e. If the n um b er of solutions of a helpmate is not sp eci�ed, then

there should b e a unique solution. F or a long time it w as though t imp ossible to construct a

sound helpmate with the theme of Diagram 24, featuring knigh t promotions. Note that the

�rst obstacle to o v ercome is the a v oidance of c hec kmating White or stalemating Blac k. The

comp oser of this brillian t problem, Gab or Cseh, w as tragically killed in an acciden t in 2001

at the age of 26.
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Diagram 24

Z Z Z Z

Z Z ZNS

Z Z ZPA

ZPZ O O

Z ZPZ Z

Z o ZpZp

poro o o

jblraKZ

Helpmate in 10

Piece sh u�e

In pie c e shu�es or p ermutation tasks , a rearrangemen t of pieces is to b e ac hiev ed in a

minim um n um b er of mo v es, sometimes sub ject to sp ecial conditions. They ma y b e regarded

as sp ecial cases of \mo ving coun ter problems" suc h as giv en in [2, pp. 769{777] or [3, pp.

58{68]. A classic example in v olving knigh ts, going bac k to Guarini in 1512, is sho wn in

Diagram 25. The knigh ts are to exc hange places in the minim um n um b er of mo v es. (Eac h

White knigh t ends up where a Blac k knigh t b egins, and vic e versa .) The systematic metho d

for doing suc h problems, �rst en unciated b y Dudeney [3 , solution to #341] and called the

metho d of \buttons and strings," is to form a graph whose v ertices are the squares of the

b oard, with an edge b et w een t w o v ertices if the problem piece (here a knigh t) can mo v e from

one v ertex to the other. F or Diagram 25 the graph is just an eigh t-cycle (with an irrelev an t

isolated v ertex corresp onding to the cen ter square of the b oard). See Diagram 26. This

represen tation of the problem mak es it quite easy to see that the minim um n um b er of mo v es

is sixteen (eigh t b y eac h color), ac hiev ed for instance b y cyclically mo ving eac h knigh t four

steps clo c kwise around the eigh t-cycle. If a White knigh t is added at b1 and a Blac k knigh t

at b3, then somewhat parado xically the minim um n um b er of mo v es is reduced to eigh t! A

v ariation of the stipulation of Diagram 25 is the follo wing problem, whose solution is a bit

tric ky and essen tially unique.
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Diagram 25

nZn

Z Z

NZN

Exc hange the knigh ts

in a minim um n um b er of mo v es

Diagram 26

b3

�

�

�

c1

N

a2

@

@

@

c3

n

b1

�

�

�

a3

n

c2

@

@

@

a1

N

The graph corresp onding

to Diagram 25

Puzzle 17 In Diagram 25 exc hange the knigh ts in a minim um n um b er of mo v e sequences,

where a \mo v e sequence" is an unlimited n um b er of consecutiv e mo v es b y the same knigh t.

F or some more sophisticated problems similar to Diagram 25, see [10 , pp. 114{124]. The most

in teresting piece sh u�e problems connected with the game of c hess (though not fo cusing on

knigh ts) are due to G. F oster [5, 6, 7, 8], created with the help of his computer program

W OMBA T (W ork Out Matrix By Algorithmic T ec hniques).

Puzzle answ ers, hin ts, and solutions

1 The graph G

m;n

is connected for m = n = 1 (only one v ertex) and not connected for

m = n = 3 (the cen tral square is an isolated v ertex). With those t w o exceptions, G

m;n

is

connected if and only if m > 2 and n > 2. Ev ery G

m;n

is bipartite, except G

1 ; 1

(empt y

parts not allo w ed); eac h non-connected graph G

m;n

is bipartite in sev eral w a ys except for

G

1 ; 2

= G

2 ; 1

.

2 If m = 1 or n = 1 then G

m;n

is disconnected, so the maximal co clique is the set of all mn

v ertices. The graph G

2 ;n

(or G

n; 2

) decomp oses in to t w o paths of length b n= 2 c and t w o of

length d n= 2 e . It th us has a one-factor if an only if 4 j n , and otherwise has co cliques of size

> n ; the maximal co clique size is n + � where � 2 f 0 ; 1 ; 2 g and n � � � mo d 4. If m and n are

o dd in tegers greater than 1 then the maximal co clique size of G

m;n

is ( mn + 1) = 2, attained b y

placing a knigh t on eac h square of the same parit y as a corner square of an m � n b oard. One

can pro v e that this is maximal b y deleting one of these squares and constructing a one-factor

on the remaining mn � 1 v ertices of G

m;n

.

3 Eac h of the four 2 � 2 corner subb oards requires at least three knigh ts, and no single knigh t

ma y o ccup y or defend squares in t w o di�eren t subb oards. Hence at least 4 � 3 = 12 knigh ts

are needed. F or three knigh ts to co v er the f a1, b1, a2, b2 g subb oard, one of them m ust b e

on c3; lik ewise f3, f6, c6 m ust b e o ccupied if 12 knigh ts are to su�ce. It is no w easy to v erify

that Diagram 9 and its re
ection are the only w a ys to place the remaining 8 knigh ts so as to

co v er the en tire c hessb oard.

4 ([3, #319, p. 127]) On an in�nite c hessb oard, eac h square of o dd parit y is a knigh t-mo v e

a w a y from exactly one of the squares with co ordinates (2 x; 2 y ) with x � y mo d 4. In tersecting

this lattice with an m � n c hessb oard yields mn= 16 + O ( m + n ) knigh ts that co v er all o dd

squares at distance at least 3 from the nearest edge. Th us an extra O ( m + n ) knigh ts defend

all the o dd squares on the b oard. The same construction for the ev en squares yields a total

of mn= 8 + O ( m + n ).
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Diagram 27

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

Z Z Z Z

o Z Zpo

Nj Z ZPa

Z Z ZKZ

White to mo v e dra ws

5 One suc h p osition is Diagram 27 ab o v e. Once the a-pa wn is gone, the p osition is a

theoretical dra w whether Blac k pla ys f � g2+ (Blac k can do no b etter than stalemate against

K � g2, Kh1, Kg2 etc.) or f2 (ditto after Ke2, Kf1, etc.), or lets White pla y g � f3 and Kg2 and

then jettison the f-pa wn to reac h the same dra w that follo ws f � g2+. But as long as Blac k's

a-pa wn is on the b oard, White can mo v e only the knigh t since g � f3 w ould lib erate Blac k's

bishop whic h could then force White's knigh t a w a y (for instance 1.Nb4 Kb1 2.g � f3? g2+!

3.K � g2 Bd6 4.Nd5 Kb2) and safely promote the a-pa wn. Blac k's pa wn on f3 could also b e

on h3 with the same e�ect.

6 The distance is an in teger, congruen t to m + n mo d 2, that equals or exceeds eac h of j m j = 2,

j n j = 2 , and ( j m j + j n j ) = 3. It is the smallest suc h in teger except when in the cases already

noted of ( m; n ) = (0 ; � 1), ( � 1 ; 0), or ( � 2 ; � 2), when the distance exceeds the ab o v e lo w er

b ound b y 2.

7 (adapted from Gorgiev) T o win, White m ust promote the pa wn to a knigh t, capture the

pa wns on b5 and c4, and then mate with N � b3 when the Blac k queen is on a1. Th us N � b3

m ust b e an o dd-n um b ered mo v e. Therefore 1.h4, 2.h5, 3.h6, 4.h7, 5.h8N do es not w ork

b ecause all knigh t paths from h8 to b3 ha v e o dd length. Since the knigh t cannot \lose the

mo v e" , the pa wn m ust do so on its initial mo v e: 1.h3!, follo w ed b y 6.h8N!, 7.Nf7, 8.Nd6,

9.N � b5, 10.Nd6, 11.N � c4, 12.Na5. A t this p oin t the Blac k queen is on a2, ha ving made

11 mo v es from the initial p osition; whence the conclusion: 12 . . . Qa1 13.N � b3 mate. (W e

omitted from Gorgiev's original problem the initial mo v e 1.Kf2 � Ne1 Qa2-a1, whic h only

serv ed to giv e Blac k his en tire arm y in the initial p osition and th us maximize the material

disparit y; and mo v ed a Blac k pa wn from c5 to b5 to mak e the solution unique, at some cost

in strategic in terest.)

8 Recall that a knigh t's mo v e joins squares di�ering b y one of the eigh t v ectors ( � 1 ; � 2)

or ( � 2 ; � 1), and c hec k that to get some four of those to add to (0 ; 6) w e m ust use the

four v ectors with a p ositiv e ordinate in some order. Th us, to reac h d7 from d1 (or, more

generally , to tra v el six squares north with no obstruction from the edges of the b oard) in

four mo v es, the knigh t m ust mo v e once in eac h of its four north-going directions. Therefore

a path corresp onds to a p erm utation of the four v ectors ( � 1 ; 2) and ( � 2 ; 1). The n um b er of

paths is th us 4! = 24, and dra wing them all yields the image of the 4-cub e under a pro jection

taking the unit v ectors to ( � 1 ; 2) and ( � 2 ; 1). Instead of d1 and d7 w e could also dra w the
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24 paths from a4 to g4 in four mo v es to get the same picture. Not b2 and f6, though: b esides

the 24 paths of Diagram 13 there are other four-mo v e journeys, for instance b2-d3-f4-h5-f6.

9 (i) The maxim um is still 32 (though there are man y more con�gurations that attain this

maxim um). T o sho w this, it is enough to pro v e that at most 8 knigh ts can �t on a 4 � 4

b oard if eac h is to b e defended at most once. This in turn can b e seen b y decomp osing G

4 ; 4

as a union of four 4-cycles (Diagram 28), and noting that only t w o knigh ts can �t on eac h

4-cycle .

(ii) Once again, the maxim um is 32, this time with a new con�guration (Diagram 29) unique

up to re
ection! (But note that this con�guration has a cyclic group of 4 symmetries, unlik e

the elemen tary ab elian 2-group of symmetries of the maximal co clique (Diagram 6).) That

this is maximal follo ws from the �rst part of this puzzle. F or uniqueness, our pro of is to o

long to repro duce here in full; it pro ceeds as follo ws. In an y 32-knigh t con�guration, eac h of

the four 4 � 4 corner subb oards m ust con tain 8 knigh ts, t w o on eac h of its four 4-cycles . W e

analyze cases to sho w that it is imp ossible for t w o knigh ts in di�eren t subb oards to defend

eac h other. W e then sho w that Diagram 29 and its re
ection are the only w a ys to �t four

8-knigh t con�gurations in to an 8 � 8 b oard under this constrain t.

10 Y es, mn= 8 + O ( m + n ) camels su�ce. The camel alw a ys sta ys on squares of the same color.

The squares of one color ma y b e regarded on a c hessb oard in its o wn righ t, tilted 45

�

and

magni�ed b y a factor of

p

2 | in other w ords, m ultiplied b y the complex n um b er 1 + i . On this

b oard, the camel's mo v e amoun ts to the ordinary knigh t's mo v e since 3 + i = (2 � i )(1 + i ). W e

can th us adapt our solution of Puzzle 4. Explicitly , on an in�nite c hessb oard eac h square with

b oth co ordinates o dd is a camel's mo v e a w a y from exactly one square of the form (4 x; 8 y ).

Th us camels at (4 x + a; 8 x + b ) ( a; b 2 f 0 ; 1 g ) co v er the en tire b oard without duplication,

and the in tersection of this con�guration with an m � n b oard co v ers all but O ( m + n ) of its

squares.

Diagram 28
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Diagram 29

NMNM ZNM

MNMNZ MN

Z Z ZNM

Z Z Z MN

NM Z Z Z

MNZ Z Z

NM ZNMNM

MNZ MNMN

Solution of Puzzle 8(ii)

11 1.d3 e5 2.Kd2 e4 3.Kc3 e � d3 4.b3 d � e2 5.Kb2 e � d1N mate. White can pla y d4 instead

of d3 (so Blac k pla ys e � d4) and can v ary his mo v e order, but the �nal p osition is b eliev ed

to b e unique. This game �rst app eared in [17 ].

12 (G. F orslund, Retros Mailing List, June 1996) 1.e3 f5 2.Qf3 Kf7 3.Bc4+ Kf6 4.Qc6+ Ke5

5.Nf3 mate.
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13 (G. Wic klund, Retros Mailing List, Octob er 1996) 1.Nf3 e6 2.Ne5 Ne7 3.N � d7 e5 4.N � f8

Bd7 5.Ne6 Rf8 6.N � g7 mate.

14 (P . R• ossler, Pr oblemkiste , August 1994 (v ersion)) 1.h4 d5 2.h5 Nd7 3.h6 Ndf6 4.h � g7

Kd7 5.Rh6 Ne8 6.g � f8N mate.

15 (G. Donati, Retros Mailing List, June 1996) 1.h4 g6 2.Rh3 g5 3.Re3 g � h4 4.f3 h3 5.Kf2

h2 6.Qe1 h1N mate.

16 (O. Heimo, Retros Mailing List, June 1996) 1.d4 e5 2.d � e5 d5 3.Qd4 Be6 4.Qb6 d4 5.Kd2

d3 6.Kc3 d2 7.a3 d1N mate.

14

0

See solution to Puzzle 14.

17 a1-c2, c1-b3-a1, c3-a2-c1-b3, a3-b1-c3-a2-c1, c2-a3-b1-c3, a1-c2-a3, b3-c1 . Sev en mo v e

sequences.

Diagram solutions

Diagram 14. (N. Elkies, R. Stanley , 1996) 1.c4 Na6 2.c5 N � c5 3.e3 a6 4.Ne2 Nd3 mate.

Diagram 15. (G. Sc h w eig, T ukon , 1938) 1.Nc3 d6 2.Nd5 Nd7 3.N � e7 Ndf6 4.N � g8 N � g8. The

imp ostor is the knigh t at g8, whic h actually started out at b8.

Diagram 16. (U. Heinonen, The Pr oblemist 1991) 1.c4 Nf6 2.Qa4 Ne4 3.Qc6 N � d2 4.e4 Nb3 5.Bh6

Na6! 6.Nd2 Nb4 7.Rc1 Nd5 8.Rc3 Nf6 9.Rf3 Ng8 10.Rf6 Nc5 11.f4 Na6 12.Ngf3 Nb8.

Here b oth Blac k knigh ts are imp ostors, as they ha v e exc hanged places! F or a detailed

analysis of this problem, see [16 , pp. 207{209].

Diagram 17 (D. Pronkin, Die Schwalb e , 1985, 1st prize) 1.b4 Nf6 2.Bb2 Ne4 3.Bf6 e � f6 4.b5 Qe7

5.b6 Qa3 6.b � a7 Bc5 7.a � b8B Ra6 8.Ba7 Rd6 9.Bb6 Kd8 10.Ba5 b6 11.Bc3 Bb7 12.Bb2

Kc8 13.Bc1.

1.Nc3 Nf6 2.Nd5 Ne4 3.Nf6+ e � f6 4.b4 Qe7 5.b5 Qa3 6.b6 Bc5 7.b � a7 b6 8.a � b8N

Bb7 9.Na6 0-0-0 10.Nb4 Rde8 11.Nd5 Re6 12.Nc3 Rd6 13.Nb1. This problem illustrates

the Pho enix theme : a piece lea v es its original square to b e sacri�ced somewhere else,

then a pa wn promotes to exactly the same piece whic h returns to the original square

to replace the sacri�ced piece. In the �rst solution the bishop at c1 is pho enix, while in

the second it is the knigh t at b1! As if this w eren't sp ectacular enough, Blac k castles

in the second solution but not the �rst.

Diagram 18. (M. Caillaud, Th � emes-64 , 1982, 1st prize) 1.a4 c5 2.a5 c4 3.a6 c3 4.a � b7 a5 5.Ra4 Na6

6.Rc4 a4 7.b4 a3 8.Bb2 a2 9.Na3 a1N! 10.Nb5 Nb3 11.c � b3 c2 12.Be5 c1N! 13.Bb8

Nd3+ 14.e � d3 e5 15.Qg4 e4 16.Ke2 e3 17.Kf3 e2 18.Ke4 e � f1N! 19.Nf3 Ng3+ 20.h � g3

h5 21.Re1 h4 22.Re2 h3 23.Ne1 h2 24.Qh3 h1N! 25.g4 Ng3+ 26.f � g3 Ne7 27.Nd6 mate.

An amazing four promotions b y Blac k to knigh t, all captured!

Diagram 19. (A. F rolkin, Shortest Pr o of Games , 1991) 1.g4 e5 2.g5 Be7 3.g6 Bg5 4.g � h7 Qf6

5.h � g8N! Rh4 6.Nh6 Re4 7.N � f7 K � f7 8.Nc3 Kg6 9.Na4 Kh5 10.c3 g6. If 5.h � g8B?

Rh4 6.B � f7+ K � f7 7.Nc3 Re4 8.Na4 Kg6 9.c3 Kh5, then White m ust disturb his p o-

sition b efore 10 : : : g6. A knigh t is able to \lose a temp o" b y taking t w o mo v es to get

from g8 to f7, while a bishop m ust tak e one or at least three mo v es.

Diagram 20. (V. A. Korolik o v, Schach , 1957) White's knigh ts are on squares of the same color and

hence ha v e made an o dd n um b er of mo v es in all. Eac h White ro ok and the White king

ha v e made an ev en n um b er of mo v es, and White has made one pa wn mo v e. No other
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White unit (i.e., the queen and bishops) ha v e mo v ed. Hence White has made an ev en

n um b er of mo v es in all. Similarly Blac k has made an o dd n um b er of mo v es. Since

White mo v ed �rst it is curren tly Blac k's mo v e, so Blac k mates in one with 1 : : : N � c2

mate.

Diagram 21. (P . O'Shea, The Pr oblemist , 1989, 1st prize) 1.Ne5 b1N+ (the only defense to 2.Nf3

mate) 2.Ka2 Nd2 3.Ka1 Nb3+ 4.Kb1 Nd2+ 5.Ka2. If Blac k mo v es either knigh t then

c hec kmate is immediate, so 5 : : : a3 is forced. No w White and Blac k rep eat the maneuv er

Ka1, Nb3+, Kb1, Nd2+, Ka2 (an y pa wn mo v es b y Blac k w ould just hasten the end):

8.Ka2 a4 11.Ka2 a5 14.Ka2 a6. Then 15.Ka1 Nb3+ 16.Kb1 a2+ 17.K � a2 Nd2. This

man uev er gets rep eated un til all Blac k's a-pa wns are captured: 44.K � a2 Nd2 45.Ka1

Nb3+ 46.Kb1 Nd2+ 47.Ka2. Finally Blac k m ust allo w 48.Nf3 mate or 48.Ng4 mate!

Diagram 22. (H. M. Lommer, Szachy , 1965) White cannot allo w Blac k's ro ok at e8 to sta y on the

b oard, but ho w do es White prev en t Blac k from b eing stalemated without releasing the

sleeping units in the h1 corner? 1.f � e8N d3 2.Nf6 (not 2.Nd6? e � d6, and stalemate

cannot b e prev en ted without releasing the h1 corner) g � f6 (capturing with the other

pa wn merely hastens the end) 3.g5 f � g5 4.g7 g4 5.g8N g3 6.Nf6 e � f6 7.Kg6 f5 8.e7 f4

9.e8N f3 10.Nd6 c � d6 11.c7 d5 12.c8N d4 13.Nb6 a � b6 14.a7 b5 15.a8N and wins, as

White can pla y 19 N � f3 mate just after 18 : : : b1Q. F or the history of this problem, see

[25 , pp. xxi{xxii].

Diagram 23. (S. Lo yd, Holyoke T r anscript , 1876) 1.b � a8N! K � g2 2.Nb6, follo w ed b y 3.a8Q (or B)

mate. Note that a knigh t is needed to prev en t 2 : : : B � a7. A queen or bishop promotion

at mo v e one w ould b e stalemate, and a ro ok promotion leads no where. Normally a

k ey mo v e of capturing a piece is considered a serious 
a w since it reduces Blac k's

strength. Here, ho w ev er, the capture seems to accomplish nothing so it is acceptable.

Lo yd himself sa ys \[i]f the capture seems a hop eless mo v e : : : then it is ob viously w ell

concealed, and the most di�cult k ey-mo v e that could b e selected" [18 , p. 156]. F or

further problems b y Lo yd featuring distan t knigh t promotion, see [27 , pp. 402{403].

Diagram 24. (G. Cseh, Str ateGems , 2000, 1st prize) 1.h1N! Nd6 2.h2 Nf5 3.Ng3+ N � g3 4.h1N! Ne2

5.f � e2+ Kg2! (not 5 : : : K � e2?, since Blac k's ten th mo v e w ould then c hec k White)

6.f1N! Rc7 7.Bg3 R � c3 8.B � e5 R � c2 9.Bg7 R � c1 10.b � c1N! B � g7 mate. F our pro-

motions to knigh t b y Blac k.
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