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The distortion of a curve measures the maximum arc/chord length ratio. Gromov showed any closed curve
has distortion at least/2 and asked about the distortion of knots. Here, we use the existence of an essential
secant to show that any nontrivial knot in space has distortion at 3e2%t5; examples show that distortion
under8.2 suffices to build a trefoil knot.

Gromov introduced the notion of distortion for curves asC°-close to an unknot does not preclude being knotted.
the maximum ratio of arclength to chord length. (See [Gro78], Our main results are based on a quite different line of argu-
[Gro83, p. 114] and [GLP81, pp. 6-9].) He showed that anyment. When studying quadrisecants of knots—lines in space
closed curve has distortion at least2, that of a round circle. that intersect the knot four times—Kuperberg [Kup94] intro-
(See also [KS97].) He then asked whether every knot type caduced a way to say which secants of the knot are topologically
be built with distortion less than, say)0. nontrivial oressential Denne [Den04] has further developed
Mullikin [Mul06] has run some preliminary numerical ex- these ideas to show that knotted curves have essential alter-
periments looking for knots of low distortion. He has found, nating quadrisecants, and with Diao [DDS06], we used such
for instance, that a trefoil can be built with distortion less quadrisecants to get a good lower bound on the ropelength of
than7.16. An open trefoil (a long knot with straight ends) nontrivial knots. Here, to obtain new bounds for distortion, we
must evidently have somewhat greater distortion, but agaimerely use the existence of an essential secant, along with re-
an example shows that this can be built with distortion lessults from [DDS06] that characterize how a family of secants
than9.3. Then connect sums of arbitrarily many trefoil knots can become essential.
can be built with this same distortion (undeB). Indeed, by Perhaps one can use the existence of an essential quadrise-
rescaling the summands smaller and smaller, we can even proant to get even better bounds. However, distortion is an in-
duce a wild knot—an infinite connect sum—with this samefamously “slippery” notion: the distortion for any particular
distortion, as sketched in Figure 1. pair of points along a knot can often be decreased towhards
Although infinite families of knots as above can be built simply by an affine stretch of the knot. Thus it is not clear
with uniformly bounded distortion, many people expect thishow to use a projectively invariant notion—like the existence
cannot be true for all knots, giving a negative answer to Groof a quadrisecant—to bound distortion.
mov's question above. Litherlared al. proved [LSDR99] that
distortion is bounded above by half the ropelength of a knot,
but this does not help answer Gromov's question. We provide 1. BASIC RESULTS ON DISTORTION
a first step towards understanding the distortion of knots with
a bound from below; we prove that any (nontrivial tame) knot- We will deal throughout with oriented rectifiable curves
ted curve has distortion at legs0945, more than twice what embedded irR™ with finite length/(v). Such a curvey has
is possible for an unknotted closed curve. a Lipschitz parameterization by arclength, defined either on
Independent recent work in computational geometry[0,£(~)] if v is anarc or onR/¢(v)Z if v is aknot a simple
[EBGKO04a, EBGKO04b, DGRO04] has considered distortionclosed curve. (As our choice of nomenclature indicates, we
(under the name “geometric dilation”) for curves—or moreare mainly interested in the case= 3.)
generally graphs—in the plane. In particular, [EBGK04b] Two pointsp, g along a knotK separatés into two com-
constructs a graph of distortion less thafi78 which (up to  plementary arcsy,, andv,,. (Herev,, is the arc fronp to ¢
Euclidean similarity) can cover any finite point set. One re-following the orientation of{.) We let¢,,, denote the length
sult of [DGRO04] says that a closed plane curve with distortionof v,,. We are mainly interested in the shorter arclength dis-
close tor/2 must beC-close to a round circle. We note tanced(p,q) := min({,q, £g,) < ¢(v)/2. We contrast this
below how that argument can be modified to apply to closedvith the straight-line (chord) distandge — ¢|, the length of
curves in higher ambient dimensions. But, of course, beinghe segmenpg C R™. Given any poinp on a knotk, there
is @ uniqueopposite poinp* such that/,,- = ¢(K)/2. (The
situation is simpler if we start with an arc if p, ¢ are two
points in order alongy, thend(q,p) = d(p,q) = ¢, is the
length of the subarg,,.)
The arclength parametrizationghas Lipschitz constarit
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Figure 1: A wild knot, the connect sum of infinitely many trefoils, can be built with distortion lesslihansimply repeating infinitely many

scaled copies of a disortion-minimizing open trefoil knot. We merely need to ensure that the copies are sufficiently small compared to the
overall loop of the knot and sufficiently distant from each other (perhaps slightly more than in this sketch) to know that the maximum distortion
will be realized within one trefoil. This knot has a single pgiatwhere it fails to be a smooth curve.

by definition. The distortion ofy is a Lipschitz constant for ropelength. The ropeleng®(K) of a knotted curvey is the
the inverse map: (scale invariant) quotient of length over thickness. The thick-
nesst(K) of a space curve is defined [GM99] to be twice

Definition. Thedistortionbetween distinct points andg on the infimal radius-(z, y, z) of a circle passing through any

the curvey is three distinct points of<. A link is C1! (that isC* with
5(prq) = d(p,q) > 1 Lipschitz tangent vector) if and only if it has positive thick-
P4 = lp—q] = ness [CKS02]. Of course wheli is C!, we can define nor-
The distortion ofy is the maximum distortion between any mal tbes abouft’ and them(K) s the su.premgl diameter
points: of such a tube that remains embedded. It is straightforward to

show that the ropelength of any knot is at least

o(y) = o " . . .
™) S;lf .a). Proposition 1.1. The distortion of any tame knok is

bounded ab K)/2.
where the supremum is over the $etx ) . A of all pairs ounded above bi()/

of distinct points. On a closed curv€, we can also consider Proof. If K has zero thickness theilkK) < R(K)/2 = co.

a restricted distortion, only considering opposite pairs: AssumeK has unit thickness. Given, g € K first assume
that|p — ¢| < 1. Standard results on the geometry of thick
curves ([DDS06] Lemma 3.1) show that the arclengthiof
betweerp andq is at mostrcsin(2|p — ¢|). Hence

0o (K) = o(p,p*).
() = s o(p. ")

Clearlyd, (K) < §(K) since the supremum is over a subset.

For any knotK, we haves, > /2, with equality only 5(p,q) < aresin(2|p — ¢f)

for a round circle. A proof following Gromov can be found P —dl

in [KS97, Prop. 2.1]. Independently, [DGR04] used similarNOW assumep — ¢| > 1, then the arclength ok betweerp

arguments to bound the shape of closed plane curves with diﬁ'ndq is at mostR(K)/2. Thus for anyp, q € K, 6(p,q) <
tortion not much more than/2. Although the proof does not R(K)/2 ’ o O

carry over directly to higher dimensions, below in Section 4
we make the necessary modifications to get a similar result: In this paper, we do not investigate criticality conditions for
a knot K with distortion close tor/2 must beC°-close to  distortion. Perhaps techniques like those of [CfK] could
a round circle. Of course, this says nothing about the knobe used to develop an analogous balance criterion for curves
type of K': indeed, any knot can be realized witharbitrarily =~ whose distortion cannot be decreased by small motions; but
close torr/2. Our main result, on the other hand, says that ahere seem to be extra technical difficultites here. We do note,
nontrivial knot must have overall distortion at le81945. as mentioned in [KS97], that if andq are a pair of nonoppo-

We pause to give a much shorter proof of the observasite points realizing the distortiof( ') and if K has a well-
tion [LSDR99] that distortion is bounded above by half the defined tangent directioii, at p, then the angle betweéh,

T
< =
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Figure 2: The arey,, is essential in the knak” because the paral-
lel h(Ypq, PG, Yqp), Whose linking number with is zero, is homo-
topically nontrivial. In this exampley,, is also essential, spyg is
essential.

and gp” must be arcséc Now suppose we have an arc with
constant distortion from a fixed poimpt the angle condition
above says the arc is part of a spiral:

Example. Consider a logarithmic spirab,, making con-
stant angle) with circles around its center point. It can be
parametrized as,(t) = e!'®"¥(cost,sint), with speed
ettan¥ gecqy for all ¢ € R. A full turn of this spiral, say
the arcS,([0, 2n]), realizes the distortioh = csc: its ar-
clength iscsc ¢ (e2™ ¥ % — 1) while its endpoints are at dis-
tancee?™ ¥ _ 1, If we draw any ray out from the limit point
g = (0,0) = Sy (—o0) of the sprial, it intersects,, infinitely

3

Now supposeX is a knot andp,q € K. Assumingpg
has no interior intersections withi, we sayv,, iS anessen-
tial arc of K if (v,q,Dq,v4p) is €ssential. Ifpg does inter-
sectK, we sayy,, is essentialif for any ¢ > 0 there is an
e-perturbationS of pg such that(v,, S, v4p) is essential.

Note that the last part of the definition ensures that, within
the set(K x K) ~. A of all subarcs, the set of essential
arcs is closed. I is unknotted then any subarc is inessen-
tial [CKKSO03]. Conversely, Dehn’s lemma can be used to
show the following:

Lemma 2.1 ([DDS06], Thm. 5.2).If for somep,q € K,
both~,, and~,, are inessential, thek is unknotted. [

Definition. Givenp, ¢ € K, we say the secapy is essential
if both arcsy,, andv,, are essential.

What will be mostimportant for us is the following theorem
which describes borderline-essential arcs.

Theorem 2.2 ([DDS06], Thm. 7.1).Supposey,, is in the
boundary of the set of essential arcs for a kot (That is,
vpr IS €ssential, but there are inessential arcsfowith end-
points arbitrarily close tg andr.) ThenK must intersect the
interior of segmenpr at some poing C ., for which the
secantgq andqr are both essential. O

We also quote an elementary geometric lemma about
minimum-length arcs avoiding a unit ball in space. (A two-
dimensional version can be dated back to [Kub23], as noted
in [EBGK04a, DGR04].)

often, and the the distortion between any two of these interDéfinition. Forr > 1, let f(r) := vr? — 1 + arcsin(1/r).

section points is this sanmie as is the distortion from to any
point onsS,.

2. ESSENTIAL SECANTS AND DISTORTION

To get a good lower bound for the distortion of nontriv-

Forr,s > 1 and@ € [0, ], the minimum length function is
defined by

V12 + 52 — 2rscosf
f(r)+ f(s) + (0 — )

wherefq(r, s) = arccos(1/r) + arccos(1/s).

if 0 < 6y(r,s)

m(r,s,0) := { if 0> 0(r,s) ’

ial knots we use the notion of essential arcs, introduced-emma 2.3 ([DDS06], Lem. 4.3).Any arcy C R staying

in [DDS06] as an extension of ideas of Kuperberg [Kup94].

Note that generically a kndt together with a chorgg forms

a©-graph in space; being essential is a topological feature of

this knotted graph, as shown in Figure 2.

Definition ([DDS06]). Supposey, (3 and- are three interior-
disjoint arcs fromp to ¢, forming a knottedd-graph inRR3.
Given an ordering«, 3, v) of these arcs, we define a loop
h = h(a, 8,7) in the free homotopy of the knot complement
X := R3 \ (aU~). Namely,h is represented by a parallel
curve toaU 8, chosen to have linking number zero withu v
(that is, chosen to be trivial in the homology &f). Then
we say the ordered tripléy, 3, ) is essentialif h(«, 5,7)

is a nontrivial free homotopy class, (or equivalentlyyit) 3
bounds no disk whose interior is disjoint fram ~).

outsideB; (p) has length at least
m(‘a _p‘v ‘b _p‘vlapb)7
whereq andb are the endpoints of. O

Note thatm(r, s, ) is not always increasing in; it is de-
creasing whem < scos @ andf < 6,. If we define

n(s, ) := rrnznllm(r, s,0),

a straightforward computation gives

ssinf

f(s)+60—m/2

if & < arccos(1/s)
if § > arccos(1/s)

n(s,0) = {

This function is now increasing inand ind, and we have



Corollary 2.4. Any arc~ from a to b staying outsideB; (p)
has length at least (|b — p|, Zapb). O ¢ _o--T

As we note below, the monotonicity of would now be -
enough to get a distortion bound ?f(3/2,7/2) > 3.695.
To get our somewhat better bound, we now consider the min-
imum length of a somewhat more restricted class of curves
avoiding a ball.

For any angle) < 7/2, define the continuous function

(A — 1) cscp sec? 1

[ sing/(1 —sin¢gsin) if ¢ <1
my(9) := { (e@=¥)tanvgec?oh — 1) /sinegy  if ¢ > o)

and note that it is increasing ih € [0, 7]. The meaning of
this, as the length of a particular spiral curve, will become

clear in the course of proving the proposition below.
sin 1) sec? 1
Proposition 2.5. Giveny < /2, suppose/,,; C R™~\ Bi(q)
is an arc with the property that for alt € v we havgz —q| > q sec 1 a
14 Loy sinyp. Thenly, > my(ZLagb).

Proof. Set up polar coordinateg, ) centered af with a on
the rayd = 0. Fixing ¢» and¢ := Zagb, consider the class
of arcs starting a# = 0 and ending af = ¢, parametrized by
arclengths, with

Figure 3: This figure shows the shortest curke guaranteed by
Proposition 2.5. In labeling the lengths, we use the abbeviation
A= e(¢~¥)tan?¥ The curve consists of a vertical segmebjoined

in a C* fashion to a spiralS, making constant angle> with the

p(s) > 1+ ssin g, @ dashed circles centeredat

We first describe an arg € C whose length isng (). Then

we will show thatC has a shortest element and that it must becompactness results for spaces of Lipschitz functions show
this sameyp. thatCy is compact: any sequence has a subsequence converg-
For ¢ > 1), the arcy, is the C* join of two pieces, as  ing in sup norm to a Lipschitz curve. Even if arclength drops
shown in Figure 3: The first is a vertical segmebigiven by in the limit, (1) is still satisfied everywhere.
p = sectpsect for 0 < § < +. The fact that the segment  compactness shows th has a curvey; of minimum
subtends angle) at ¢ means that it can be joined in@'  |ength. We will use the regularity of this minimizer to prove
fashion at to a spiralS,. The radial distancg: — | =sec¥’  that it is~,. Note first that strict inequality in (1) holds for
is then chosen so that (1) holds with equality.aThe second gome open sab of valuess. On the closure of any interval
piece is then the spiref,, given by p = =% sec?y iy 0 the minimizery; must be straight, since otherwise its
fory < 6 < ¢. Straightforward calculations show that the |ength could be decreased without violating (1). At the end-
length ofyo is points of such an interval where (1) holds with equality, the
segment must make angle with circles around; (that is,
must be tangent to a spiral,): if it went inwards it would
violate (1); if it went outwards the curve could be shortened
by pulling its endpoint outwards.
Next we note that along any line the angle it makes with
la — q| = cos ¢/ (1 — sin psinp) > sec ¢ circles around increases monotonically; so the line is tangent
only once to such a spirdl . It follows that the minimizery;
is again chosen to give equality in (1) at the pdint ¢; consists of at most three pieces: a segment, a sprial arc, and
the segment would not join a spirél, in a C! fashion, but  another segment.
this is irrelevant in this case since we have no spiral. The Now consider the endpoints of, given the condition that
functionm,, (¢) was defined in the cage< ¢ to be thelength  they are a¥# = 0 andd = ¢. If (1) is strict at either end-
sin ¢/(1 — sin ¢ sin ) of this segment. point, then~; must meet the radial line from perpendic-
LetCy C C be the subclass of all curves with length at mostularly there. If (1) holds with equality, then we only get a
my(¢). The curvey, shows that this is nonempty. By (1) no one-sided inequality for this angle. We conclude that at the
curve inCqy gets further fromy than~, does. Thus standard starting pointa, there must be strict inequality; at the final

mw(d)) — (6((1571&) tan 5602 1/} _ 1)/ Sin¢.

For ¢ < 1), the arcy, is simply the vertical segment =
seccos ¢/(1 — sin ¢ sinep). Its radial distance



point b there must be equality. This determines the geometryAsking for equality here gives the equatid@ros®y =
uniquely:y; = o, with lengthm,, (¢) as claimed. O e(r/2=¥)tand with a unique solutiony, ~ 0.253035 cor-

) . , responding t@, =~ 3.99451. To satisfy the inequality we then
Our main theorem is now based on analysis of the shorte%t

. : ) eedd > dg > 3.9945. O
essential arc in a kndt” and the two related essential secants
guaranteed by Theorem 2.2. We delay until Section 3 below We note that this bound is not sharp. In particularyjf
the proof that rectifiable nontrivial tame knots always have aand~,, were really also shortest essential arcs, their geom-
shortest essential arc. Note, however, that a topologically wiletry would have to be like that of,,. and in particular their
knot, even if its distortion is low, might have arbitrarily short endpoints would be relatively far apart. We have, however, re-
essential arcs, as in Figure 1; our theorem does not apply tisted the temptation to pursue this argument even far enough
such knots. to improve our lower bound to.

Theorem 2.6. Every nontrivial tame knot has distortion>
3.9945. 3. TAME KNOTS HAVE A SHORTEST ESSENTIAL ARC

Proof. Non-rectifiable curves have infinite distortion. By The-

orem 3.4 a rectifiable nontrivial tame knkthas a shortestes- ~ In our work on ropelength, we showed that short arcs of
For Convenience’ rescale the knot so mt: J. Then any thiCkneSS, we showed [DDSOG, Lemma 81] that essential arcs
essential secani has|a — b| > 1, for otherwise the shorter have length at least, and that ifpg is essential thefp — ¢| >

of the essential arcs,, and~,, would have length at most 1. Here, we show that sufficiently short arcs of any rectifiable
la — b6 < &, contradicting the definition of,,,. Note that ~tame knot are inessential.

by Theorem 2.2 it follows thaju — b| > 2 whenevery,, iS | emma 3.1. Suppose is a round ball andk is a tame knot
borderline-essential. such thatK N B is a diameter of the ball. Given two points

Since some nearby arcs are shorter and thus inessential., ¢ x n B let pq denote the subarc ok from p to ¢
Theorem 2.2 is applicable tg,., giving usq & pr Ny, With  entirely insideB. Let3 be an arc withinB fromp to ¢ disjoint
pq and gr essential. Now lein be the midpoint ofy,,, SO from K. Then(v,4, 3, 74p) is inessential.

that ¢, = 6/2 = {,,,. If follows that for anyz € 7, ) ) .
we haved(q, ) > 0§ + £y, While for y € ~,,, we have Proof. Pick any homeomorphism betweep, and3. Join all

d(q,y) > & + L,.. By the definition of distortion, if follows pairs of corrgsponding points by strgight segmen.ts; these fill
that|q — x| > 1+ £,,/8 > 1. In particular,|q — m| > 3/2, out.a dISk. Wlth boundgryypq U.ﬁ, which by convexity stays
and the whole arg,, stays outside; (¢). It follows immedi- entirely WIthII’IB.. The disk avoidd< (except Qf course for' the
ately thaty = ¢, > , which is twice the minimum distortion segment endpoints along,,) because§ avoids the straight

possible for a closed unknotted curve. segment N K. O

Now leta := Zpgm and := Zmqr. We pause to derive  proposition 3.2. Given any point: on a tame knok, there is
the bound) > 3.695 since it illustrates how the full argument gome- ~ 0 such that, for any, ¢ € K N B, (a) the secanpg
will work. By Corollary 2.4, we have is inessential, and in particular, if the arg,, is contained

Com = by > max (n(%’ a).n(2, ﬁ)) in B,.(a) then this arc is inessential.
Proof. BecausekK is tame, given any poini € K, we can
Buta + 8 = 7 sincepgr are collinear. Thus find an isotopy/ taking K to a polygonal knot such that
3 that I(a) is not a vertex. Then arounf{«) is some round
0 = bym + by 2 (5, max(a, §)) ball BEJ guch that/ (K) N By is a diamert]g(r azs in the statement
>2n(3,2) =2f(2) = V5 + 2arcsin (2) of Lemma 3.1. TherV := I~!(B,) is a neighborhood of
> 3.695. a € K. (Infact, (U,U N K) is an unknotted ball-arc pair as
in the definition of locally flat.)

To get the somewhat better bound of the theorem, we apply since it is an open neighborhodd, must contain a round
Proposition 2.5. Choosing ¢ [0,7/2] socscy) = d, W& pa|| B centered ati. Letp, ¢ be any two points ik N B.
have its hypotheses satisfied fgy.; thus,, > my(a).  (Note thatk N B is not necessarily a single arc.) The seg-
We can apply the proposition also 19, after reversing its  menz7 is contained i3 by convexity, hence i/, So is any
orientation, givingl,ng > my (). Remembering that, is gy fficiently small perturbatiof of this segment (as in the def-
an increasing function, sinee is the midpoint we have inition of essential). Lety,, be that subarc ok from p to ¢
which is entirely contained ity (though perhaps not iB).

Now apply the isotopyl again: 5 := I(S) is an arc
> 2my (n/2) = 2(e7/2V Y sec?  — 1) esc . from I(p) to I(q) within B, = I(U). By( L)emma 3.1,

cscth) =0 = Lpm, + Ly > 2my (max (e, )



(I(7pq)s B, I(74p)) is inessential. Applyind —! again, we see
that,, is inessential foé<, hence thapg is inessential. [

Theorem 3.3. Given any tame knadk’, there is some > 0
such that, for any, ¢ € K with |p — ¢q| < ¢, the secanpq is
inessential.

Proof. The Euclidean metric oR? restricts to a metric o
(the chord metric). We can use thg combination of this
metric with itself as a metric oK’ x K. Then Proposition 3.2
shows exactly that for each e K, there is some such that
for all (p, ¢) in ther-ball around(a, a) € K x K, the secant
pq is inessential.

These balls cover a neighborhood of the diagavat K x
K. SinceA is compact, the neighborhood must includezan
neighborhood for some > 0. Butif [p — ¢| < € then(p, q)
is distance less thanfrom (p, p) € A. O

Theorem 3.4. Any nontrivial, tame, rectifiable kndt” has a
shortest essential subarc.

Proof. SinceK is rectifiable, length is a well-defined function
on subarcs. Consider the set of subarcK aif length at most
half the length ofK(. Identifying the subarey,, with (p, q),
this can be viewed as a half-open annulug K x K ~ A.
The closure ofd is A U A, including pairs on the diagonal
corresponding to zero-length subarcs. The suldset A
consisting of essential subarcs is, by definition of essentia
(relatively) closed. By Proposition 3.% avoids somer-
neighborhood of each poifit, a) € A, soF is in fact closed

in the compact setl U A, meaning that’ itself is compact.
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circle has not only, but alsod close tor /2, since distortion
is continuous in th&! topology.

We also note that there is no analog to our main theorem
for .. Whend,(K) is small, K is C°-close to a circle, but
this does not prevert from being knotted. Indeed, any knot
type can be built as a small local knot in a huge round circle,
and then it hag > §, =~ /2.

Our first lemma is essentially based on [DGRO04, Lem. 2]:

Lemma 4.1. Supposex(t) and5(t) are two Lipschitz curves
in R™ with perpendicular velocity vectoréoz(t)ﬁ(t» =0
almost everywhere. Then the length of the cuwe
a(t) + B(t) satisfies

V()2 + (L(B))2 < £(7) < Lla) + £(B).

Proof. Define a plane curve starting @ 0) and with velocity
vector (|a(t)|, |3(t)]). This curve has the same length-as

It proceeds monotonically up and to the right, ending at the
point (¢(c), £(3)). The desired inequalities follow from plane
geometry. O

Proposition 4.2. SupposeX C R" is a closed curve with
Jo(K) < /m?/4+ &2, fore < 1/2. Then (up to Euclidean
similarity) K is within distancee of the unit circle in theC?

sense. In particulark lies (homotopic to the core) within a

2e-tube around the unit circle.
|1
Proof. Defined := J,(K), rescale so that(K) = 44, and

parameterize the curve by arclengthe R/40Z. Oppo-
site pointsp = K (s) andp* = K(z + 20) have arclength

If two complementary subarcs of a knot are both inessend(p,p*) = 20, so we havép — p*| > 2.

tial, [DDS06, Thm. 5.2] shows by Dehn’s lemma that the knot

is trivial. Thus the fact thak’ is nontrivial implies thatZ is

nonempty. The length functional thus achieves a minimum on

the nonempty compact sét O

4. CURVES WITH SMALL DISTORTION BETWEEN
OPPOSITE POINTS

Gromov showed that the only closed curve with distortion
exactlyr/2 is the round circle. (See [KS97, Prop. 2.1].) For
plane curves, Dumitrescu et al. [DGRO04] have quantified

relation showing that a closed curve of distortion not much

more thanr /2 must be close to a round circle. Here, we build
on both these techniques in order to get a similar result vali
in arbitrary dimensions.

More precisely, our result considers only the distortion
d, between opposite points on the curve; we show that an
knot K with §2 < 7%/4 + 2 must be2z-close to a round

circle in theC? sense. There is no converse result: one can

find knots K arbitrarily close to a circle—but zigzagging to
have much greater arclength—for whighis as large as de-
sired. We note, however, that a curve whictCis-close to a

As in [KS97, DGR04] we can centrally symmetrizé
while only decreasing,. Define new curves

v E(s) == (p£p*)/2 = (K(s) £ K(s+20))/2

in R™. Although they are not arclength-parametrized, each is
Lipschitz with speed at most one. (Our curves are rectifiable
and thus have tangent vectors almost everywhere; by the tri-
angle inequalit2|y* (s)| < |K(s)| + |K (s + 20)| = 2.) The
curvey~ is centrally symmetric, and because of our rescaling
above, it lies outside the unit sphereRft, touching it at least

at some pair of antipodal points. As for any such symmetric

a

curve, we then havé, (v~) = 4(y~) /4.
Following [DGRO04], the length ofy™ can be bounded in

(it]erms of the difference between the distortiong/ofand K.

n particular K can be recovered as the suih= v~ + 47,
and the tangent vectors (being the sum and difference of unit
vectors) are perpendicularty™,4~) = 0. It follows by

Xemma 4.1 that

(YT 4 (v7)? < UK.

Next we note thaty™ in fact double-covers a closed curve
of half its length. Now any closed curve of lengthlies
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within some ball of radiug/4. Combining these facts, we  Consider the functiorf (¢) := (5(¢),5(¢t + d)). Becausey

find thaty™ lies within a ball of radius is centrally symmetricf(t) = —f(¢t + J), so f is zero some-
) where. That is, we have four pointsa, +b, equally spaced
ri= 507 —o(y7)? < e/2. with respect to the parametrization §f with a L 5. Our

claim now in particular is thaf is close to the great circle
through these points. It suffices to compare the subayto
the geodesic ara from a to b parametrized at constant speed
7/2§ over the same intervale [0, J].

Now suppose thé€° distance fromy, to o is r3. That is,
for somet we havely,, (t) — a(t)| = rs3. We claim that unless
r3 < £/2, then at least one of the two subarcsgf (before or
aftert) would have to be too long. The most sensitive case is
when the midpoint ofv is displaced sideways. But a spherical
right triangle of legs'; andn /4 has hypotenuse

The inequality follows from our hypothesis @nsince~—,
being a closed curve, has > 7/2. Of course sincdl =
v~ +~7T, thisr, is an estimate for th€ distance fromk
toy~.

We note at this point that following the argument
of [DGRO04] further would show that the cury& of small
distortion lies in a thin spherical shell around the unit sphere
While in R? that essentially implies the desired result, in
higher dimensions we must work a bit harder.

So now lety be the radial projection of — inwards to the
unit sphere. Since this is again a centrally symmetric curve

L. . N ~ - 2
of minimum radiusl, we have(7) = 4d,(%). Definer, := N (COS(Tg)) < 1 /w2 a2
sup |[y~| — 1 and a curvey by y~ = 4 + 4. Then4 and¥ V2 2V 4
again have perpendicular velocities (tangent and normal to the

unit sphere, respectively). The centrally symmefribes i This cannot exceedl/2 or 4 would be too long. Sez < /2.
the ball of radius-, by definition, but no smaller ball. Thus  Summarizing, theC® distance fromk to the round circle

its length is at leastr,. Applying Lemma 4.1 again, we find  is at mosty + ro + 75 < 2e. O
2 S V0 (17)2 — ()2 <,
wherer, is theC? distance fromy~ to 4. Note that we have not tried to get the optimal constant in

We have now reduced to the case of a centrally symmetthe theorem above. But the power law cannot be improved:
ric curve 4 on the unit sphere, parametrized with speed akven in the plane there is an example [DGR04] of a curve of
most one on the intervédd, 4], which is only slightly longer  distortion /72 /4 + 2 whoseC? distance from the closest

than2w. We claim it isC°-close to an equator of the sphere. round circle isl + Qﬂ?’ﬂe + 0O(e?).
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