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The Divisible Pair Problem

Forany S C {1,...,2n}, with |S| = n + 1, there exista,b € S
such that a divides b.

Proof.

vg € {1,3,...,2n —1},letBq = {q - 2' | 0 <i < log,|n/q]}.
There are n such Bg'’s; they are all disjoint and their union is
{1,...,2n} = by the pigeon hole principle, since [S| =n+1, at
least two numbers must be in the same set. O

v

Note. So, not only do we have a divisible pair, but one of the
numbers is a power of 2 multiple of the other.
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Algorithmic Challenge

Problem

Find the divisible pair using membership queries — the only
allowed questions are whether a number is in the set or not.

Naive Upper Bound: 3n + O(1)
Probe the i’s in increasing order:

@ ifi > nis odd, don't query it because from the proof, such
an i can’'t be part of a divisible pair;

o for all other i's, test whether i € S; if so, test membership of
all multiples of the form 2/i.

Claim: Each i is tested once because if we assume that ani is
examined twice = 3x,y € S such thati =x -22 =y - 20, But
theny = x -22-P and when i = x,j = a — b, the procedure must
have stopped and returned the pair (X,y).
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Lower Bound: 2n — O(1)

The adversary has the following strategy, which will force any
player to make at least %n — O(1) queries.

e W e{l,..., %n} say NO (if there still are NO's left)
because they have too many multiples in {1,...,2n} and
they are difficlut to control;

@ VX cA= {%n +1,...,n}, for pairs of the form (x, 2x) say
YES to the first asked to force the player to ask about the
second, and say NO for the second as long as there are
still NO’s left;

@ Vx € {n,...2n} Nncomplemen2A) say YES because they
have no multiples.
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Analysis of Lower Bound

@ this adversary will not generate a divisible pair before
exhausting all n — 1 NO’s (since there are n — 1 numbers
outside S);

@ we get a negative answer only from one of the first 2
stages of the adversary’s strategy;

@ we get at most %n NO'’s from the first stage

@ = wegetatleastn — 1 — %n = 2 — 1 NO’s from the
second stage;

@ since for every NO in the second part we also get a YES,
then we get at least 3 — 1 YES’s until we stop.

Therefore, we have to make atleastn — 1+ 5 — 1 = 4n — O(1)
queries before we stop.
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Upper Bound: (% + ) n + O(1)

Algorithm ‘

Probe the i’s in increasing order.

@ Phase 1
forl <i< %n, ifi € S, probe all multiples
@ Phase 2
for Zn <i < n:
e if 2i already probed, then ignore i because:
@ either 2i € S, in which case, we already stopped;
@ or 2i ¢ S, in which case, it doesn’t matter whether i isin S or

not, because 2i is its only multiple and so i can’t be part of a
divisible pair;

e else, probe i;ifi € S, probe its multiple (i.e. 2i).
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Upper Bound Analysis

@ if the algorithm stops in Phase 1:
@ we got at most n — 1 NO’s so far;

e at most one query for x > %n can be YES, because since
we stop in Phase 1, the only way to probe an x > %n is if it
is a multiple of something < %n, in which case we found our
divisible pair;

e using the original theorem, if we probe § + 1 numbers from
the set {1,..., %n}, we have to find a divisible pair; so, at

most 2 + 1 of the queries from this phase can be answered
YES before we stop.

Therefore, we will make at most %n + O(1) total queries.
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Upper Bound Analysis continued

@ if the algorithm stops in Phase 2:

e alli < n were probed;
o fori > %n, for every NO, there exists at most a YES
because:
@ ifi and 2i are in S, then we stop, so we have 2 YES's;

o ifi ¢ Sor2i ¢S we simply ignore the other because it can’t
be part of a divisible pair, so it doesn’t matter whether it
gives a YES or a NO = at most one YES;

Ciurea, Demaine, C.P atrascu, M.P atrascu Finding A Divisible Pair



Upper Bound Analysis — continued

Notation . LetY C {1,... %n}, Y = numbers in S discovered in
Phase 1 and letN C {1,...2n}, N = numbers probed in Phase
1 which are not in S = there are n — 1 — |[N| numbers outside S
which are not yet discovered.

So, since there are at most as many YES's as there are NO’s
and when we stop we get two YES's for the divisible pair, then
the total number of queries during Phase 2 is at most
2+2(n—1—|NJ|)=2n—2|N|.

Therefore, the total number of queries is at most
Y[+ IN|+2n —2|N| = 2n — (|N| — [Y]).

So, it is enough to prove that [N| — [Y| > (5 — 5;) n.
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Upper Bound Analysis — continued

INF=1Y]> (- 3)n.

|

Proof
By our definition, it is clear that N contains exactly %n — Y]
numbers from {1,...,2n}. LetM =N N {3n+1,...,2n}.
Then, our bound is equivalent to M| > 2]Y | — ;.
@ M contains all multiples greater than %n of numbers from
Y, in particular all power of 2 multiples;
@ in M, there are at least 2 power of 2 multiples for every

numberinY N{1,...,5} and at least 1 multiple for the rest
of the numbers in Y;
@ however, for numbersinY N {} +1,...,n}, M must also

contain their triple;

.
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Upper Bound Analysis — continued

Proof (continued) ‘

@ thus, for every number in Y, at least two of its multiples are
in M;

@ no two numbers from Y can have the same power of two
multiple so the only double counting can arise when
3x =2y, forsomey e Y andx € Y N {5 +1,...,%n};

@3xe{3n+3,....2n},s02 "y e {3n+1,...,n}and it
must also be a multiple of 3;

@ also, 2‘—1y must be even because y < %n Soi>2=
2'~ly must be a multiple of 6 in the range {3n+1,....n};

@ since there are J; such possibilities and each one defines
at most one double-counted multiple = [M| > 2|Y | — J;
which completes our proof.
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