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Abstract

In Chapter 1, | outline many of the basic properties of word-hyperbolic groups and give
an introduction to CAT( ) spaces.In Chapter 2, | prove a number of important theorems
about Coxeter groups, including the Exchange Condition and Tits's solution to the word
problem. | also discussMoussong'stheorem on which Coxeter groups are word-hyperbolic.
Finally, in Chapter 3, | presert someoriginal researti showving that certain subgroupsof
certain word-hyperbolic Coxeter groupsare quasicorvex.
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Intro duction

Givena nite setof letters, considerthe setof words| not English words, but simply nite
sequencesf letters | that can be written with thoseletters. We de ne two operations:

Whene\er a letter appearstwice consecutiely, we may deleteboth occurrences.Like-
wise,we may insert two consecutie, identical letters into a word at any point.

For ead pair of letters (say, a and b), chooseone of the following rules: ab = ba
aba= bal abab= baba and soon. That is, if we seea sequenceof the form aba
we may replaceit with bab  (where both sequencesire of the speci ed length), and
vice versa. Theserules neednot be the samefor di erent pairs of letters; we could
say, for instance,that ab= ba aca= cag and bcbc cbcb We may alsochoosenot to
imposeany sud rule on particular pairs of letters.

Twowordsaresaidto be equivalentif it is possibleto getfrom oneto the other usingthese
two operations. The set of all classesf equivalert words is called a Coxeter group (named
for the geometerH.S.M. Coxeter, who studied this construction starting in the 1930s). For
instance, if the rules are ab = ba aca = cag and bcbc= cbcbas above, then the words
abag aabg baag and bcare all equivalert, sothey represem the sameelemer of the Coxeter
group. They are not equivalert, however, to the word ch which thus represens a di erent
elemen of the Coxeter group.?

As an example, let the set of letters (also called geneators) consist of a and b, and
supposethat aba= bab The elemens of the Coxeter group can be written asa, b, al, ba
aba (which is the sameas bal), and the so-calledempty word, a word of zero letters, often
denotedby 1. Any longerword can be reducedto one of thesesix possibilities. As another
example, the group generatedby a, b, and c, with the rules aba = bah bcb= cbg¢ and
ac = ca, has 24 distinct elemers. On the other hand, if the rules are aba= baly bcb= cbg
and aca= cag then the group cortains in nitely many distinct elemerts, for the words abg
abcabgcabcabcah@abcabcabcabetc. all represem di erent elemerts.

Many Coxeter groups occur naturally as so-calledre ection groups setsof transforma-
tions of a spacethat can be realized as the composition of a given set of re ections. For
instance,considertwo linesin the plane,labelledL ; and L, that intersectat an angleof 60 .

1Formally, in order to call this set a group, we needto de ne a law of composition. Howewer, as this
Intro duction is intended for a generalaudience,we shall usethis colloquial description. A rigorous de nition
of Coxeter groupswill appearin Chapter 2.
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Figure 1: Re ections through lines meeting at 60 .

Take any gure, sud asthe upper right letter R shovn in Figure 1, and re ect it acrossthe
line L, to obtain the upside-davn R in the lower-right corner. Next, re ect the new gure
acrossL, to obtain the R in the upper-left corner, and then re ect that down acrossL , to
the lower-left badkward R. Next, starting with the original gure again, re ect rst across
Ly, then acrossL 5, then acrossL, again, and note that the nal imageis exactly the same.
In other words, if a and b represen re ections acrossL , and L, respectively, then we obtain
the rule aba= bab Also, performing the samere ection twice in a row leavesewery point
xed, sowe may insert or delete pairs of consecutie, idertical re ections into any sequence
without consequence.Thus, we can sa that the set of transformations of the plane that
are compositions of the re ections a and b is a Coxeter group. More generally if L, and Ly
intersect instead at an angle of 180 =n, where n is an integer greater than 1, we obtain a

Coxeter group with the rule
AR} = Pahy:

n letters n letters

One way to visualizea Coxeter group geometricallyis the Cayleygraph This is a graph
(a network of vertices connectedby edges)with one vertex for ewery distinct elemen of
the group and with edgeslabelled with the di erent letters, one of ead type at eat ver-
tex. Words written with the generatingletters correspnd to paths emanatingfrom a xed
starting point, and two words represen the sameelemen of the group if and only if the
correspnding paths end at the samepoint.

For example,the Cayley graph for the Coxeter group generatedby a and b with the rule
that ab= bais a squarewith its sidesalternately labelled a and b. If aba= bab the graph
is a hexagon;if abab= baba an octagon;and soon. Assumethat the polygonsare regular;
that is, all the sidesand all the anglesare equal? With more than two letters, the graph

2Formally, the angle measuresare a property not of the graph itself but of the embedding of the graph
into a larger space,in this caseR". To avoid having to introducethe conceptof an abstractly de ned graph,
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Figure 2: Cayley graph for Coxeter group generatedby a, b, and c, subject to the rules
aba= bab bcb= cbg andac= ca

canbe formed by gluing together polygonsof the appropriate typesin suc a way that there
is one polygon of ead type at every vertex. Two sud graphsare shovn in Figures2 and 3.

The Cayley graph gives a useful criterion for determining whether a Coxeter group is
nite orinnite. Let us considerthe Coxeter group generatedby a, b, and ¢, subject to the
following rules:

gy = PaBy PR T gy PR T FAG:

k letters k letters | letters | letters m letters m letters

This group is calledthe (k;I; m) triangle group. The Cayley graph consistsof polygonswith
2k, 2, and 2m sides, arranged with one polygon of ead type coming together at every
vertex. Note that the Cayley graph for the (2; 3;3) triangle group (Figure 2) is a bounded
polyhedron, so the group is nite. On the other hand, the graph for the (3;3;3) group
(Figure 3) is a tessellation,or tiling, of the plane that extendsin nitely in all directions, so
the group is in nite, as seenabove. For an arbitrary triangle group, the algebraicquestion
of whether or not the group is nite thus turns into a geometric question of whether we
can construct a polyhedron with the appropriate faces. This type of analysisis typical of
the eld of mathematics known as geometric group theory, in which one studies groups by
looking at their Cayley graphsand other geometricobjects.

One of the requiremerts for building a polyhedronwith givenfacesis that the sum of the
anglesthat cometogether at any vertex must be strictly lessthan 360 . (For example,in a
cube, the sumis 270 ; in a tetrahedron, it is 180.) The formula for the sum of the interior
anglesof an n-sided polygonis (n  2)180. If all the angle measuresare equal, then eat
anglemeasures ”n—z 180. If wetaken = 2k, n = 2I, and n = 2m respectively, the criterion

we assumethat the graph is embeddedin R". The condition that the polygons be regular will be used
formally in Section2.6.



Figure 3. Cayley graph for Coxeter group generatedby a, b, and c, subject to the rules
aba= bab bcb= cbg and aca= cac

for the group to be nite thus becomeghe formula:

K 2 104+ 2 2 1504 A

K 2 om 180 < 360:

After dividing both sidesby 180 and rearrangingterms, we can simplify this inequality to:

1 1 1
—+ -+ —> 1
k |1 m

In the casewhereaba= bab bcb= cb¢ and ac = ca, discussedabove, we have 1 + % + 3 =

g > 1, sothe group is nite. The Cayley graph is the 24-vertex polyhedron known as a
truncated octahedron (Figure 2). On the other hand, if aba= bah bcb= cbg and aca= cac
then the formula gives%+ %+ % = 1, sothe group must be in nite. In the latter example,the
anglesumat ead vertex is exactly 360 (= 120 + 120 + 120), asseenin the \honeyconmb"
Cayley graph (Figure 3).

Now considerthe Coxeter group in which ab= ba bcbc= cbch and acacac= cacaca
i.e., the (2;4;6) triangle group. Since; + 3 + ¢ = 13 < 1, the group must be in nite. In
the Cayley graph, a square,an octagon (8 sides, 135 angles),and a dodecagon(12 sides,
150 angles)should cometogether at every vertex. Howewer, if we try to draw this in a at
plane,we nd that there is not enoughroom at ead vertex for all three regular polygons.

Instead, we needto usethe hypertolic plane (denoted H?), one of the most fundamertal
constructionsﬂn non-Euclidean geometry One way to de ne H? is as the graph of the
function z = = 1+ x2+ y2, called a hyperboloid. (SeeFigure 4.) Given any two points in
H2, the hypertolic line betweenthem is de ned as the intersection of H? with the unique

6
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Figure 4: The hyperboloid (left) and Poincare (right) models of the hyperbolic plane.

plane cortaining both points and the origin. Although these paths are not straight in the
convertional senseof the word, they still satisfy many of the fundamertal properties of
ordinary linesin classicalgeometry sowe are justi ed in usingthe term \line."

Another way to visualize the hyperbolic plane (which can be taken as the de nition if
one prefers) is the so-calledPoincare disk Let D be a circular disk. Given points p and
g in D, there is a unique circle that passeghrough both p and q and is perpendicular to
the boundary circle of D at both points of intersection. We declarethat path to be the
hyperbolic line joining p and g. In order for this to work, we needto usea special metric,
or de nition of distance,on D. The hyperlolic distance betweentwo points is not the same
as the distance on the page betweenthe points lie on the page but rather is given by a
complicatedfunction. Using that function asthe de nition of distance,the hyperbolic line
just descriked is in fact the shortest path betweentwo points p and g. One property of the
hyperbolic metric is that points that lie near the boundary may be very far apart, even if
they appear on paper to be closetogether. For example,in Figure 5, the line segmets all
have the samelength accordingto the hyperbolic metric, eventhough that certainly doesnot
appearon paper to betrue. A helpful analogyis that the Poincare disk is to the hyperboloid
asa at map of the earth is to a globe. Becausewe are represeting a curved surfaceusinga
at one,somedistortion of distancesis inevitable, but the advantage of being able to draw
complicated gures makesup for this di cult .

In either model, the fact that the linesare\curv ed" yields a crucial result: the sumof the
interior anglesof any triangle is lessthan 180 . In small triangles, the sidesare not se\erely
curved, so the anglesare not far from what they would be if the sideswere \straight." In
su cien tly large triangles, though, the anglescan be made arbitrarily small. Moreover, by
gluing together triangles, we nd that the sameis true for other polygons. For example,
we can nd quadrilaterals in which the sidesall have the same(hyperbolic) length and in
which the anglesall have the samevalue, lessthan 90 . We may do the samewith octagons



Figure 5. Cayley graph for the (2;4; 6) triangle group, embeddedin the Poincare model of

the hyperbolic plane H2.



and dodecagons.If we choosethe sizescorrectly, we can t thesepolygonstogetherto form
a tessellationof the hyperbolic plane with one of ead type of polygon coming together at
ewvery vertex, shovn in Figure 5. Notice that the sidesare all slightly curved and that the
anglesof any polygon are all the same. According to the hyperbolic metric, the polygons
are all regular, since (to reiterate) all the edgeshave the samelength. Thus, by allowing
for \curvedlines," we nd that it is possibleto put together a tessellationof H? that would
be impossiblein the ordinary (Euclidean) plane. The verticesand edgesof this tessellation
make up the Cayley graph for the (2; 4; 6) triangle group.?

The (2;4;6) triangle group is an example of a word-hygertolic group. Sinceits intro-
duction by Mikhael Gromov in the 1980s,this concept has had an enormousimpact on
the eld of geometric group theory. In Chapter 1, | will prove someof the fundameral
results concerningword-hyperbolic groups, sud as the fact that they are always nitely
preseriable. | will discussso-calledquasionvex subgroupsof word-hyperbolic groups and
show that these subgroupsare themsehes word-hyperbolic. Finally, | will discussspaces
of non-positive curvature, which are extremely important for the study of word-hyperbolic
groups.

Chapter 2 dealswith Coxeter groups. | will shov how any Coxeter group can act on a
vector spaceby re ections, asin the examplediscussedabove, and usethis action to prove
someof the important algebraicproperties of Coxeter groups. | will then prove a theorem
of JacquesTits [19] that solvesthe Word Problem in Coxeter groups. One of the goalsis to
provide a more rigorous understanding of the construction of the Cayley graph, which will
then allow usto discussGabor Moussong'sdissertation [16] about which Coxeter groupsare
word-hyperbolic.

In Chapter 3, | will discusssomeoriginal researt that | did at the University of lllinois
at Urbana-Champaignduring the summerof 2004. | show that certain subgroupsof certain
word-hyperbolic Coxeter groupsare quasicomvex, making explicit useof many of the theorems
preserted in the rst two chapters.

| have tried to make this Introduction as readable as possibleto a generalaudience.
The rest of the thesis presumesmore mathematical badkground, but it shouldstill be quite
accessibleto anyone who has taken introductory coursesin linear algebra, group theory,
and topology (topics including metric spaces fundamertal groups, and simplicial and CW
complexes). Additionally, somefamiliarity with the geometry of the hyperbolic plane is
usefulfor Chapter 1.

3M.C. Esdher's woodcut Circular Limit | (Figure 6) is basedon the (2;4;6) triangle group; note the
similarity with Figure 5. Figuring out the preciseconnectionis left to the reader as an exercise;seepage
41 for the solution. Escher wrote, \I had an ernthusiastic letter from Coxeter about my coloured sh, which
| sert him. Three pagesof explanation of what | actually did... It's a pity that | understand nothing,
absolutely nothing of it" [1, pp. 100{101].



Figure 6: M.C. Escer's woodcut Circular Limit 1 [1, p. 319].
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Chapter 1

The Theory of Word-Hyp erbolic
Groups

In geometricgroup theory, onestudiesabstractly preseried groupsby giving them a geomet-
ric structure or, more generally by consideringtheir action on various metric spaces.While
marny of the ideasinvolved (such asthe Cayley graph) date bad as far asthe nineteerth

certury, the eld really took o with the developmert of word-hyperbolic groupsby Gromov
and othersin the 1980s. Roughly speaking, a group is word-hyperbolic if it acts nicely on
a metric spacethat possessesertain properties of the hyperbolic plane. In the rst two
sections,we will prove someof the basicproperties of word-hyperbolic groupsand try to get
a feelfor the kinds of proof that oneseesn geometricgroup theory. In particular, we will see
in Sectionl1.3that all word-hyperbolic groupsare nitely presenable. Sectionl1.4 dealswith

guasicorvex subgroups,which are important to the original researt preserned in Chapter 3.
Finally, in Sectionl1.5, we will look at CAT( ) complexeswhich are an extremelyimportant

sourceof examplesof metric spaceson which word-hyperbolic groupscan act.

1.1 -Hyp erbolic Metric Spaces and Quasi-lsometries

We beginwith an obsenation about the hyperbolic planeH?. Let  be atriangle with sides
E., E,, and E3, andlet p be a point of E; other than avertex. Let r be the distancebetween
pand E;[ Egz, andlet C be the circle of radius r certered at p, to which either E;, or E3
is tangert. The intersection of the interiors of C and is then the interior of a semicircle.
Note two important facts about the hyperbolic plane:

The areaof any triangle is equalto  minus the sum of the measuref the angles(in
radians); in particular, it is strictly lessthan

The areaof a circle of radiusr is at least r2.

Therefore, we have $ r2 , sor pi. In other words, every point of E; lies within P 2
of somepoint in E, [ E3. (It is actually possibleto obtain a better bound on r, but the
existenceof a bound is su cien t for our purposes.)

11



Figure 7: A -slim triangle.

Let (X;d) be a metric space. A geodesic sggment is an isometric embedding of an in-
terval of the real line into X, i.e., a cortinuous, injective map f : [a;b] ! X sud that
d(f (t);f (t9) = jt 1t for all t;t°2 [a;b]. The spaceX is called a geodesic space if ewvery
pair of points can be joined by a geadesic. Unlessotherwisenoted, we will assumethat our
gealesicspacesare proper, i.e., that any closedball is compact. A gedesictriangle is the
union of three gealesicsegmets, every pair of which sharean endpoint.

The idea of a hyperbolic metric spacecan be formulated in seweral ways. We shall use
the following de nition, known asthe slim triangles condition:

De nition 1.1. Let (X;d) be a geadesicspace,and let 0. A gedlesictriangle in X is
called -slim if eat edgeis cortained within the -neighborhood of the union of the other
two edges.The spaceX is called -hyperholic if every gealesictriangle in X is -slim.

Thus, the hyperbolic plane H? is -hyperbolic for = p?. When n 2, Euclidean
spaceE" is not -hyperbolic for any sincethe midpoint of one edgeof a su cien tly large
triangle will lie outsidethe -neighborhood of the other two edges.Finally, any tree (simply
connectedgraph) is 0-hyperbolic sinceead edgeof a triangle is actually cortained in the
union of the other two edges. Obviously, if a spaceis -hyperbolic, then it is %hyperbolic
for all ©

A word on notation: a spaceis often simply called hypertolic if it is -hyperbolic for some

0. (The word hyperbolic can have other meanings,howewer, soin many corexts the
term -hyperbolic is preferable.) The samecorvertion will apply for many other properties
that will be discussedelow.

Many of the conceptsin hyperbolic geometry are what Bridson and Hae iger [3] call
\quasi cations" of previously existing geometricnotions: quasi-isometry quasicowexity, and
soon. Essetially, the quasi cation generalizeghe original term up to linear approximation
of distances. Theseconceptsare highly compatible with the de nition of hyperbolicity. Here
is the rst one:

12



De nition 1.2. Let (X;dy) and (Y;dy) be metric spaces,and let 1 0. A map
f : X ! Y (not necessarilycortinuous) is called a (; )-quasi-isometricemtedding if for
any x;x°2 X, we have

Loexd (00T (D) dx(x9+

If, moreover, there existsa (¢ 9-quasi-isometricenbeddingg : Y ! X and a constart
O sud that for all x 2 X andy 2 Y, we have dyx (x; gf (X)) and dy (y; f g(y)) :
the map f is called a quasi-isometry and g is a quasi-inversefor f .

It is easyto ched that the composition of two quasi-isometricembeddingsis a quasi-
isometric embedding and that the composition of two quasi-isometriesis a quasi-isometry
Therefore, quasi-isometryis an equivalencerelation between metric spaces. Colloquially,
two spacesthat are quasi-isometriclook the samewhen viewed from a great distance. For
instance,the canonicalinclusionZ ! R is a quasi-isometrywhosequasi-irverseis \rounding
to the nearestinteger." On the other hand, an isometric embeddingR ! R? doesnot have
a quasi-irverse.

Let C 0. Givena metric spaceY, a subspaceZ Y is called C-quasi-densein Y if
every point in Y lieswithin distanceC of somepoint of Z.1 The following proposition gives
a good description of quasi-isometries:

Prop osition 1.3. Let X and Y be metric spaces. A (; )-quasi-isometricemledding f :
X I Y is a quasi-isometryif and only if its imageis C-quasi-densen Y for someC 0.

Proof. Supposethe imageoff is C-quasi-denseForeaty 2 Y,ify 2 imf, thenleta, = vy;
otherwise, choosea, 2 imf sud that d(y;a,) C. Ifa, = f(xy), deneg:Y ! X by
g(y) = xy. (Of course,this map is not uniquely de ned.) Let y;y°2 Y. By the triangle
inequality,

diy;y9) 2C d(ayiape) d(y;y9) + 2C:

By the de nition of a quasi-isometricenbedding,
1
—dy (ay; ayo) dx (Xy;Xyo)  dy(ay;ay) +

Combining thesetwo facts, we obtain:

1dv(y;y‘) x d (9(y);9(y))  dv(y;y)+2C + ;

sogisa( ¢ 9-quasi-isometricembedding, where °= and °= 2C + . To ched that
f and g are quasi-inverses,note that dy (y;f g(y)) = dv(y;a,) C and that dx (x; gf (x))
dv(f(x);fgf (x))+ C + ,solet = C +

The conversefollowstrivially from the requiremert that d(y; f g(y)) forally2 Y. O

with many quasi cations, taking the minimal value of the constart yields the original term. For instance,
a (1; 0)-quasi-isometricis an isometric embedding, and (as we will seein Section 1.4) 0-quasicorvex means
corvex. Howewer, this is not the casefor quasi-densiy. If Z is 0-quasi-densein Y, then Y = Z. The
statemert \ Z is densein Y" is properly quasi ed as\Z is C-quasi-densein Y for all C > 0."
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Figure 8: Schematic of the proof of Theorem 1.4.

The key fact is that hyperbolicity is an invariant of quasi-isometry Speci cally:

Theorem 1.4. Let 1, 0, and 0. There existsa constant ° 0, determined
solelyby , , and , suchthat the following holds:

Let X andY be gedesicspaces,andletf : X ! Y bea(; )-quasi-isometricemledding.
If Y is -hypertolic, then X is “hyperholic.

To prove this theorem, we will needto considerthe image of a geadesictriangle in X.
Analogousto the de nition of a gealesic,a (; )-quasi-gedesicis de ned asa(; )-quasi-
isometric embedding of an interval in R. The map f then sendsead edgeof the triangle
to a quasi-gedlesicin Y. The following lemmathen puts a cortrol on the behavior of these
guasi-gealesics:

Lemma 1.5 (Stabilit y of quasi-geodesics). Let 1, 0, and 0. There existsa
constantR 0, determinal solelyby , , and , suchthat the following holds:

LetY bea -hypertolic geodesicspace, andletg:[a;b]! Y bea(; )-quasi-gedesic. Say
that g(a) = p and g(b) = g, and let [p;q] be a geodesicsegmentjoining p and g. Then [p;q]
lies in the R-neighlmrhood of the image of g, and the image of g lies in the R-neighlorhood
of [p;a].

The proof of this lemma requiressomevery involved chasingof 's, 's, and 's, sowe
omit it. Essetially, one rst \tames" an arbitrary quasi-gedesichby shaving that it lies
closeto a cortinuousquasi-geaesicwith the sameendpoints and then shows that the latter
must satisfy the lemma using some general properties of cortinuous curvesin hyperbolic
spaces.Completeproofs can be found in Bridson and Hae iger [3, pp. 403{405]or Ghys and
de la Harpe [8, pp. 82-87].
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Proof of Theorem 1.4. Let X be a gedlesictriangle with edgesE 1, E, and E3, and let
p 2 E; (without lossof generality). The imageof underf isthe union ofthree(; )-quasi-
gealesics,01, &, and gz, which agreeat their endpoints. (SeeFigure 8). Let ° Y bea
gealesictriangle with the sameverticesasf (); denotethe edgesof °by E?, ES, and EJ.
By Lemma 1.5, there existsa point g2 E; sud that dy(f (p);q) R. As PCis -slim, there
existsapoint °2 EJ[ EJsuch that dy (q;® . Lemmal.5then givesapoint p°2 E,[ Es
sud that dv (f (p9;9) R. By the triangle inequality, we have dy (f (p);f (p%) + 2R.
Asf isa(; )-quasi-isometricembedding, we have dx (p;p? dx(f(p);f(p9) + . We
thus seethat the triangle is %slim, where °= ( + 2R+ ). This value doesnot depend
on our choiceof , soX is %hyperbolic. O

1.2 Word-Hyp erbolic Groups

In this section,we will shov how to turn a group into a metric spaceto which the results of
the previoussectionare applicable.

Let G be a group and A a nite generatingsetfor G. We may assumeif a2 A and its
inversea ! are distinct elemerts of G, then only oneof them, sa a, liesin A. Each elemett
g 2 G can be written asa product of elemens of A and their inverses:g= a; a,, where
a 2 A 1. De ne the lengthfunction "5 : G! Z asfollows: For any word g 2 G, let “A(Q)
be the minimum value of r for which g can be written as a product of r elemens of A 1.
If g= a; &, theng * canbewritten asa, * a,;% so a(g ) a(g); interchanging
the rolesof g and g !, we seethat “a(g ') = “a(g). Also, "a(g) = 0if and only if g is the
identit y elemen of A.

We may thende ne afunctionds : G G! Z by da(g;9% = “a(g 'g9. The previous
paragraphshaws that this function is symmetric and that da(g;g% = 0if andonly if g = ¢°
Additionally, if d(g;0% = k and d(g%g®) = I, note that g g°°= g *g%° g% which has
a represemation of k + | letters, sod(g;g° k + |. Thus, the triangle inequality holds,
sod, is a metric on G, the word metric with resgct to A. This metric is invariant under
left multiplication: for any g;g%h 2 G, we have d(g; g% = d(hg; hg% since(hg) (hg) =
g 1h 1h90: g lgOl

Sincethe word metric only takesinteger values,the metric space(G;d,) is discrete. As
the previous section'sresults apply only to gealesicspacesit is usefulto considera larger
space,the Cayley graph G\ (G). This is a graph with vertex setfvy j g 2 Gg and an edge
joining v4 and vg if and only if da(g;g% = 1. Without loss of generality, we then have
g 1g°= afor somea 2 A; the edgejoining vq and vy is then labelled a and is oriented from
Vg to vg. Notethat if a hasorder2in G, theng® 'g= a ! = a, sothe edgeis simultaneously
given the reverseorientation. Every vertex then has exactly one oriented edgecoming in
and one oriented edgegoing out for ead elemen of A.?

2Many authors de ne the edgeset of Ca(G) slightly dierently: there is an oriented edge from vy to
Vga for every g 2 G;a 2 A. The practical di erence betweenthesetwo de nitions occurs when a generator
a has order 2 in G. Using the other de nition, the vertices vy and vy, are then joined by two distinct
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Fix a vertex v of G (G) as a basepoint. Edge-pathsin Cy(G) starting at the vertex
v correspnd bijectively with words in the letters A 1. (Traversing an edgelabelled a in
the direction opposite its oriertation correspndsto the letter a 1.) Two words represen
the sameelemen of G if and only if the correspnding paths end at the samevertex. We
metrize Gy (G) by giving ead edgelength 1 and de ning the distancebetweentwo points to
be the length of the shortest edge-pathjoining them. The restriction of this metric to the
verticesthen agreeswith the word metric dy on G; in other words, the inclusionG | G\ (G)
is an isometric embedding. Every point of G, (G) lies within distance  of a vertex, sothis
inclusion is a quasi-isometrybetweenG and G, (G).

The Cayley graph is a gealesicmetric space,motivating the following de nition:

De nition  1.6. A group G is called word-hyperkolic (or simply hyperkolic) with respect to
a nite generatingsetA if the Cayley graph Gy (G) is -hyperbolic for some 0.

The dependenceon the choice of generatingset disappearsin light of Theorem 1.4 and
the following lemma:

Lemma 1.7. Let G be a group, and let A and B be two nite geneating setsfor G. Then
the Cayley graphs G, (G) and G (G) are quasi-isometric.

Proof. It suces to showv that the metric spaces(G;da) and (G;dg) are quasi-isometric.
Eadch generatora 2 A can be written asa reducedword in the letters of B, and vice versa.
Let be the maximum length of all these words. Any elemen w 2 G with a reduced
expressionw = a; & in the letters of A canthen be written asa word of length at most
k in the letters of B, so"g(w)  a(w), and likewise a(w)  g(w). Forany g;g°2 G,
we then have

1
~ds(g:9) da(g:¢) ds(gg):
meaningthat the iderntity map is a (; 0)-quasi-isometrybetween(G;d,) and (G;dg). [

In other words, the geometricstructure of a nitely generatedgroup is well de ned up
to quasi-isometry In particular, this allows us to state unambiguously whether or not a
group is word-hyperbolic, sincethe choice of generatingset doesnot matter. The constan
of hyperbolicity, , could vary, but the existenceor nonexistenceof suc a constart doesnot.

For example, any free group is hyperbolic, sinceits Cayley graph is a tree. Any nite
group is hyperbolic, sincewe can take to be equalto the diameter of the Cayley graph.
On the other hand, the free abelian group Z" is quasi-isometricto R" and thereforeis not
hyperbolic for n 2. Indeed, using a certain group action, one can shav that no hyperbolic
group cortains any subgroupisomorphicto Z". SeeGhys and de la Harpe [8, p. 157].

More generally one may learn a great deal about the geometry of a group up to quasi-
isometry by consideringthe group's action on a gealesicspace.In general,supposethat a

edges,one with ead orientation. In our de nition, which follows Coornaert et al. [4], there is there is only
one (doubly-oriented) edge betweenthese vertices. In any case,the two versionsof the Cayley graph are
guasi-isometricand essetially function identically.
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group G acts on a topological spaceX . The action of G on X is called proper (or properly
disoontinuous) if for every compactsubspaceK X, the set of elemens g 2 G sud that
K\ gK 6 ? is nite. It is calledcocompact if there existsa compactsubspaceK X sud
that G:K = X, i.e., if the translates of K cover X. (If the action is cocompact, then the
orbit spaceX=G is compact.) If X is a metric spaceand ead elemern of G is an isometry of
X, then the action is by isometries Thesethree properties prove to be extremely powerful
when the spaceX is a gealesicspace,in view of the following theorem|[3, p. 140]:

Theorem 1.8 (Svarc-Milnor Lemma). Let G be a group and X a proper geodesicspace.
If G acts properly and cocompactly by isometrieson X, then G is nitely geneated, and for
any xg2 X,themapG! X denedbyg7! gXg is a quasi-isometry.

Proof. Fix xo 2 X. Asthe action of G on X is cocompact,there existsa compactsetC X
whoseorbit coversX ; by translation, we may assumethat xo 2 C. Any compactsubspaceof
a metric spaceis bounded,sothere existsR > 0 suc that C is cortained in the closedball
B (Xo; R=3); obviously, the orbit of this ball alsocoversX. Let A G be the setof elemerts
g 2 G for which the intersectiong:B (xo; R) \ B(Xo; R) is nonempty. As G acts properly on
X and B (Xo; R) is compact,the setA is nite.

Let g 2 G, and choosea gedlesicc : [0;a] ! X from X to g:Xo. By division with
remainder,we have (n 1)R=3 a< nR=3forsomen 1. Lett;j=iR=3for0 i< n,
and let t, = a; then d(c(ti 1);c(ti)) R=3. For ead i, there exists g 2 G sud that
d(gi:xo; c(tj)) R=3. In particular, choosegy = 1 and g, = g. By the triangle inequality,
d(g 1:X0;G:Xo) R. As G acts by isometries,we have d(xo; g 16:X0) R, sothe elemen
a; = g 4@ is cortained in A. Therefore,

0= 00(0'0)(0:'%) (G 10h) = & an;

SO A generatesG.
As g can be written as a product of n elemerts of A, we have da(1;g) n. By the
construction of n, we have (n 1)R=3  d(Xo; g:Xg), SO

3d(Xo; 9:Xo) .1
— R :

At the sametime, sinceA is nite, let D = maxf d(Xo; a:Xo) j a2 Ag. By taking an A-reduced
expressiorfor g and usingthe triangle inequality, we seethat d(Xo; g(Xo)) Dda(1;9). This
provesthat the map g 7! g:Xg is a (; 1)-quasi-isometricenbedding of G into X, where

= maxf 1;3=Rg. Moreover, sincethe orbit of X is R=3-quasi-densen X, the map is a
guasi-isometry O

da(1;0)

The action of a group G on itself by left multiplication extendsnaturally to an action on
Ca(G) by isometries. It is easyto ched that this action is proper and cocompact. Therefore:

Corollary 1.9. A group is word-hyperkolic if and only if it acts properly, cocompactly, and
by isometrieson a proper geodesicspace that is -hypertolic for some 0. O
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The three criteria of Theorem 1.8| that a group action be proper, cocompact, and by
isometries| appear constartly in geometricgroup theory. Often, one seeksto show that a
word-hyperbolic group acts on a spacethat has properties more speci ¢ than merely being

-hyperbolic. We shall seean exampleof this approad in the next section.

1.3 The Rips Complex and Finite Presentations

Let G be a group. A group presentation for G consistsof a generatingset A and a subset
R of the free group F (A) sudh that G is isomorphicto the quotient of F(A) by the normal
closureof R (the smallestnormal subgroupof F (A) containing R): G F(A)=N(R). If so,
we write G = hA j Ri. In other words, G is the quotient obtained from F (A) by imposing
the relationsr = 1 for each r 2 R. Every group has a presenation, since we can take
A to be the ertire group and R to consist of elemers of the form abc ! for every pair
a;b2 G. Obviously, many di erent presetations are possiblefor a given group; the goal of
conbinatorial group theory is to determinethe properties of a group given a presertation.

A presenation is called nite if both A and R are nite sets; a group that admits
a nite presenation is called called nitely presentable Determining whether a nitely
generatedgroup is nitely presenable is an extremely important questionin conbinatorial
group theory. Not ewery nitely generatedgroup is nitely presenable, as the following
exampleshaws.

Example 1.10. Let F, be a freegroup of rank 2 with basisf a;; a,g, and let G be the direct
product F, F,. Leth: G ! Z bethe homomorphismthat sendsead of the generators
(a;1) and (1;&) to 12 Z. Denotethe kernel of this map by SB;, (after John Stallings and
Robert Bieri, who investigateda family of groupsincluding this one). It is not hard to show
that SB, is generatedby

f(aa, 5 1) (L aa,Y); (A a ) (a2 3, 1)

andthat theinclusionSB, | G isanisometricembedding. Howewer, using group homology
one can show that SB; is not nitely presenable. (SeeBridson and Hae iger [3, p. 483].)

The elemerts (a1a,*; 1); (1; a8, %) 2 SB, comnute and ead have in nite order, sothey
generatea subgroup that is isomorphicto Z2. Therefore, SB, is not hyperbolic, by the
remark in the previoussection.

Indeed, we have the following theorem:
Theorem 1.11. Every word-hyperholic group is nitely presentable.
To prove this fact, we will make useof the following construction:

De nition 1.12. Let (X;d) be a metric space,and let r > 0. The Rips complex Pg(X) is
the simplicial complexin which ewvery (n + 1)-elemen subsetY X of diameter at mostr
spansan n-simplex.
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A key fact about this complex is the following theorem of Rips, whose proof closely
follows the onein Bridson-Hae iger [3, pp. 468{470].

Lemma 1.13. LetY bea -hyperlolic geodesicspce, andlet X be anr-quasi-densesubspce.
For R 4 + 6r, the Rips complexPr(X) is contractible.

Proof. By Whitehead'stheorem (a fundamertal result in homotopy theory), a CW complex
is cortractible if and only if all its homotopy groupsare trivial [10, p. 346]. As the sphere
S" is compact, the image of any map S" ! Pgr(X) liesin a nite subcomplex of Pr(X).
Therefore,it su ces to show that every nite subcomplexL canbe cortracted to a point in
Pr(X). Let V X bethe setof points that are verticesof L, and x a basemint xq 2 X.

First, supposethat for ewvery vertex v 2 V, we have d(xg; V) %. (Bear in mind that
the metric is on X, not L or Pg(X).) Then the points in V spana simplex in Pg(X), in
which L is contained, sowe can cortract L to a point.

Now, assumethat v is a vertex of L sud that d(xq;Vv) > %. Choosev sud that this
distanceis maximal. We will deform L by a homotopy that xes all the other verticesand
movesyV to a vertex vPthat is closerto x, by a de nite distance. Performinga nite number
of thesehomotopiesthen yields the previous case.

Considera gealesic[xo; v] in Y, andlet y bea point onthis geadesicsud that d(v;y) = %.
Choosea point v° 2 X sud that d(y;v9 r. (The points y and v° are not necessarily
distinct.) Let = d(v;v9. By the triangle inequality, 8 +r and B r 2 +2r.
We then have:

d(xo;v)  d(xo;y) + d(YSy)
d(xo; V) ; +r
d(xo;v) 2 2r;

soVYis closerto xo than v is.

We shall now show that if another vertex u of L with d(u;v) R, thend(u;v9 R as
well. Let be a gealesictriangle with verticesxy, u, and v, wherethe edgejoining xo and
v is the gedadesicfrom the previous paragraph. This triangle is -slim, soy lies within the

-neighborhood of the union of the other two sides,[xo; u][ [u;Vv]. We considertwo cases,
illustrated in Figure 9:

1. There exists a point u® 2 [Xo;u] sud that d(y;u9 . Using the assumptionthat
d(xo; V) is maximal and the triangle inequality, we have:

d(xo;ud) + d(u%u) = d(xo;u)
d(Xo; V)
d(xo; u%) + d(uSy) + d(y; V9 + d(vv)
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Case 1l Case 2

Xo R/ 2\7\7\7\‘

Figure 9: The two casesn the proof of Lemma1.13.

Subtracting d(xo; u9 from both sides,and noting that d(u®y) andd(y;v9) r, we
obtain d(u; u9 + +r. Then:

d(u;v9 d(u; u9 + d(uly) + d(y; v9
+2 + 2

—+2 +
> 3r

R:

2. There existsa point w 2 [u; V] suc that d(y;w) . By the triangle inequality,
= d(v;vy  d(v;w) + dw;y) + d(y;v)  d(v;w) +  + 1
Then d(u;w) = d(u;v) d(v;w) R + +7r,S0:

d(u;v9 d(u; w) + d(w;y) + d(y; v9
R +2+2
R:

The star of a vertex in a simplicial complex is the union of all closedsimplicesthat
contain that vertex. We have thus shown that every vertex in the star of v is alsoin the
star of V0 Let L° Pg(X) bethe subcomplexobtained from L by replacingead simplex of

kK I'1 Pr(X) betweenthe characteristic mapsof [v;x1;:::; X,] and [v% x1;:::; Xk]. These
homotopies, combined with the identity maps on the simplices not in the star of v (or
v9, give a homotopy betweenthe inclusionsL | Pr(X) and L°! Pgr(X). By applying
this procedure nitely many times, we obtain a complex whosevertices all lie within the
%-neigrborhood of Xg, which can then be cortracted asin the rst case. Thus, Pg(X) is
cortractible forR 4 + 6r. O
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Now let G be a group with nite generatingsetA. Give G the word metric with respect
to A, and considerthe Rips complexPr(G) = Pgr(G;A). Note that this complexis nite-
dimensionaland locally nite, sinceG contains only nitely many elemerts of a givenlength.
If G is word-hyperbolic, say that the Cayley graph Cy(G) is -hyperbolic. The imageof G
in G(G) is %-quasi-densesinceead'\ edgeof G\ (G) haslength 1, so Pr(G) is cortractible
forR 4 + 3.

As the metric d = ds is invariant under left multiplication, the diameter of the subset
Y = fgo;:::;0.0 is equalto that of hY = fhgo;:::;hg,g. Hence,left multiplication by
h 2 G determinesa simplicial automorphismof Pr(G). This de nes a action of G on Pr(G)
by simplicial automorphisms: :G! Aut( Pr(G)).

Lemma 1.14. The action of G on Pr(G) by left multiplication is faithful, proper, and
cocompact, and the stabilizer of any point is nite.

Proof. First of all, note that G actsfreely (i.e., without xed points) and transitively on the
verticesof P = Pr(G), sincethe verticesare simply the elemertts of G. A nontrivial elemen
g2 G doesnot x any vertices,so ( @) is not the idertity. This shavs s faithful.

Let ; %besimplices.If g: \ %is nonempty, then ( g) sendssomesubsetof the vertices
of to verticesof ° SinceG acts freely on the verticesof P, there are only nitely many
suth elemens g. Any compactsetC P intersects nitely many simplices. Therefore,the
set

fg2GjgC\ C6 ?g

is nite, meaningthat is proper.

As Pr(G) is locally nite, the star K of the vertex correspnding to the identity elemen
of G is a nite subcomplex of Pr(G), hencecompact. The translates g:K are simply the
stars of the other vertices. As G acts transitively on the vertices, every cell of Pg(G) lies
within sometranslate of K, sothe translatescover Pr(G): G:K = Pr(G). Thus, the action
is cocompact.

Let p2 P, andlet be the simplex of lowest dimensioncortaining p. As the action of
G on P is simplicial, any element g 2 G that xes p must permute the verticesof . Since
G acts freely on the verticesof P, there are only nitely many sud elemens g. Thus, the
stabilizer of p is nite. O

Partial proof of Theorem 1.11. For an arbitrary hyperbolic group G, one can usethe con-
tractibilit y of the Rips complexto nd an explicit nite presenation for G; seeGhys and
de la Harpe [8, pp. 75{77]. Here we presert a much more interesting topological proof that
holds when G is torsion-free.

Note that if the action g 2 G hasa xed point p, then g is an elemen of the nite
stabilizer subgroupStab(p), sog is a torsion elemen. Therefore,if G is torsion-free,it must
act freely on P: for any simplex of P and any nontrivial elemen g 2 G, we must have
g\ = ?. Let P%pe the secondbaryceriric subdivision of P. The action of G on P
extendsnaturally to a simplicial action of G on P %that satis es all the properties of Lemma
1.14. Additionally, the translatesof the star of any point are all disjoint. Thus, the action is
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Figure 10: A k-quasicormvex subspacey .

what Hatcher [10, p. 72] calls a covering space action, which implies that the quotient map
PO  POY%G is a normal covering space. In particular, for R su ciently large, P%is the
universalcover of P°¢G, so ;(P¢G) G.

The orbit spaceP %G is a simplicial complex, and the map P! PG is simplicial.
(This is not the casefor the non-suldivided complexP.) As the action of G is cocompact,
PY%Gis a compact, nite-dimensional complexand thereforeis nite. Note that for any CW
complexX , the fundamenal group 1(X) is determinedby the 2-skeletonX 2. In particular,

1(X) is isomorphicto the quotient of 1(X?!) by the normal subgroup generatedby the
imagesof the attaching maps of the 2-cells. In our case,the complex P°:G cortains only
nitely many simplices,soits fundamenal group G is nitely presenable. O

When G is torsion-free, the quotient spaceP°:G is in fact an Eilenberg-Maclanespace
K (G;1), sinceits fundamertal group is G and its universal cover is corntractible. The
existenceof a nite K(G;1) implies a number of important facts about the group co-
homology of G. For instance, all but nitely many of the rational cohomologygroups
HX(G;Q) = HX(K(G;1);Q) are zero. This fact is actually true for all word-hyperbolic
groups, although proving it in the generalcaserequiresa more complicatedargumert using
spectral sequences(SeeGhys and de la Harpe [8, pp. 74{75].)

1.4 Quasiconvexity

We now introduce another one of the \quasi cations” mertioned earlier. Recall that a
subspaceY of a gealesicspaceX is called convex if any geadesicjoining two points of Y
lies ertirely within Y. We generalizethis notion asfollows:

De nition 1.15. Let k 0. A subspaceY X is called k-quasionvex if any gealesic
joining two points of Y lies ertirely within the k-neighborhood of Y.

A few examplesin R? should help illustrate this concept. Any bounded subspaceY
is quasicorvex, sincefor su ciently large k, the k-neighborhood of Y cortains a circular
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Figure 11: The Cayley graphs Gy (Z?) (left) and Gz (Z?) (right) for Example 1.16.

disk that cortains Y. For a non-bounded example, note that the graph of y = sinx is
2-quasiconex, since any segmen joining two points on that graph lies within the region
R [ 1;1], and any point in that region lies within the 2-neiglborhood of the curve. On
the other hand, the union of the two coordinate axesis not quasico%ez(. Bo_r any k > 0,
a segmeh joining the points (2k;0) and (0; 2k) cortains the point (k° 2;k  2), which lies
outside the k-neighborhood of the axes.

Now let G be a group with nite generatingset A. Naturally, we de ne a subgroupH
to be quasionvexwith resgct to A if the set of vertices of Gy (G) correspnding to H is
quasicowvex in Gy (G). Unfortunately, this de nition, in general,dependson the choice of
generatingset, as the following exampleshows:

Example 1.16. Let H be the subgroupof Z? generatedby (1;1). Let A = f(1;0);(0; 1)g
be the standard basisfor Z2, and considerthe Cayley graph C.(Z?). One of the gealesics
joining (0; 0) and (k; k) is a path that goesk units to the right and then k units up. The
point (k;0), which lies on this gealesic,is then distancek from the subspaceH. Sincek can
be made arbitrarily large, H is not quasicorvex. On the other hand, if B = f(1;0);(1; 1)g,
then H is in fact corvexin Gz (Z?). (SeeFigure 11.)

Thus, for arbitrary groups, quasicoivexity does not at rst glance seemto be a very
meaningfulproperty. On the other hand, for hyperbolic groups,the situation is much better:

Lemma 1.17. Letf : X ! Y bea(; )-quasi-isometricemtedding between geodesicspaces,
and supmseY is -hyperlolic. LetZ X be a k-quasionvexsubspce. Then the image of
Z is quasionvexin Y.

Proof. Lety;;y, 2 Y bepointsin theimageofZ: y; = f (x;) forx; 2 Z. Any gealesic[xy; X2]
in X lieswithin the k-neighborhood of Z, sof ([x1; X;]) lieswithin the (k + )-neighborhood
of f (Z). Note that f ([x1;X2]) isa(; )-quasi-gedalesicin Y, soby Lemmal.5, any gealesic
[y1;y2] in Y lieswithin the R-neighborhood of f ([Xy;X2]), whereR is a constart determined
solelyby , , and . Therefore,the subspace (Z) is(k + + R)-quasicorvexin Y. O

23



Figure 12: Shematic of the proof of Theorem1.18.

As an immediate consequencewe seethat if G is a hyperbolic group and H a subgroup
that is quasicomvex with respect to a given generatingset A, then H is quasicoivex with
respect to all nite generatingsets,by Lemma1.7. Thus, in the hyperbolic case,we can
say unambiguously whether or not a subgroupis quasicoivex. As a result, we may expect
that quasicorvexity is connectedto intrinsic algebraicpropertiesthat do not depend on the
choice of generators.This is indeedthe case.

Theorem 1.18. Let G be a hyperbolic group and H a quasionvex sulgroup. Then H is
nitely genented, the inclusion H | G is a quasi-isometric emhedding, and H is word-
hyperholic.

Proof. Fix a nite generatingset A for G, and supposethat H is k-quasicowex in Ca(G).
Letw2 H,andlet w = a; a, be areducedexpressionfor w in the letters of A. This
word correspnds to a gealesicfrom 1 to w in G (G). Forj = 1;:::;n, the truncation
W, = & @ correspndsto a point on the gealesic. As H is k-quasicoivex, there exists
V; 2 H sudh that da(w;;Vv;) k, sou; = w; 'v; is aword of length at mostk. In particular,
take u, = 1and v, = W, = w. Also, let up = 1.) Let h; = v, Lv;,sothat v = h; h;. In
particular, w= h;  h,. (SeeFigure 12.)

The word uj 13y, ! correspndsto a path joining v; ; and v;, so the relation h; =
U 13y, ! holdsin G. Note that “5(h;) 2k + 1. In other words, any elemet of H can be
written asa product of elemens of H of length at most 2k + 1. Therefore,H is generated
by the set

B=fh2H]j a(h) 2k+ 1g;

which is nite sinceA is nite.

Moreover, asw = h; h,, we have 'g(w) n = "5s(w). At the sametime, we have
alw)  (2k+ 1) g(w). It followsthat the inclusionH ! G is a (2k + 1;0)-quasi-isometric
embedding. O
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A word-hyperbolic groupis calledlocally quasionvexif every nitely generatedsubgroup
is quasicorvex. Local quasicorvexity is an extremelystrong condition. For example,applying
Theorems1.11 and 1.18, we seethat any quasicorvex subgroup of a hyperbolic group is
nitely presenable. Therefore,any locally quasicorvex groupis coherent, meaningthat every
nitely generatedsubgroupis nitely presertable. The property of coherencehaslong been
of interest to group theorists. Additionally, the intersection of two quasicowex subgroups
is again quasicovex. If G is locally quasicomvex, it therefore satis es satis es Howsors
property: the intersectionof any two nitely generatedsubgroupsis nitely generated.For
more information on Howson'sproperty, seeKapovich [12].

Rips [17] givesan exampleof a nitely generatedsubgroupof a hyperbolic group that is
not nitely presenied, hencenot hyperbolic. Therefore,not every subgroupof a hyperbolic
group is quasicowvex. Non-quasiconex subgroupsof hyperbolic groups are quite di cult
to nd, though; not many examplesare known. At the sametime, proving that a group
is locally quasicorvex is also quite di cult. Thus, the subject of local quasicorvexity is a
sourceof many open questions.

1.5 Spaces of Non-P ositiv e Curv ature

In this section,we will discussan extremely important conceptin non-Euclideangeometry
that is closelyrelated to -hyperbolic spaces:spacesof non-positive curvature.

The three best-knavn typesof planar geometryare Euclidean, hyperbolic, and spherical.
Accordingly, for 2 f 1;0;1g, de ne the model sppces M asfollows: Mg is the Euclidean
plane E2, M ; is the hyperbolic plane H?, and M is the unit 2-sphereS2. More generally
for other values 2 R, we may dene M by scalingthe metric on Mjgn( ) by a factor of
1= j j. (For our purposes,though, we will only needto consider 2 f 1:0;1g.) Denote
the metric on M by d . In Riemannian geometry eady model spaceM is known as the
2-manifold of constart sectionalcurvature . We wish to extend this notion of curvature to
more generalgealesicspaces.

Let (X;dx) be a gealesic metric space,and let = X be a gedalesic triangle
with verticesx; X»; Xs. In eah model spaceM , there exists a comparison triangle =
( X1;X2;X3) M , unique up to congruencesud that dx (x;;x;) = d (X;;X;) for ead pair
i 6 ) 2 fl1,239 (For > 0,we must assumethat the distancesare su ciently small,
sinceM has nite diameter.) Each point p 2  correspndsto a unique point p 2
if p liesin the edge[x;; x;], then p lies in [X;;X;], and we have dx (p;x;) = d (p;X;) and
dx (p;%j) = d (P;X;).

De nition  1.19. A gedlesic triangle X satis es the CAT( ) inequality if for any
p;q2 andany comparisonpoints p;q2 ,wehavedy (p;q) d (p;0). If every geadesic
triangle in X satis es the CAT( ) inequality, we say that X is (globally) CAT( ). If every
point in X hasa neighborhood that is CAT( ), we sa that X hascurvature

In somesensea spacethat is globally CAT( ) is\more hyperbolic" or \more negatively
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curved" than the model spaceM . Note that if °> | then CAT( ) implies CAT( 9, since
M s itself CAT( 9.

The abbreviation CAT, coined by Gromov [9, p. 106], stands for the Comparisor? of
A.D. Aleksandrosr and A. Toponogw, who formulated the above de nition of having cur-
vature and other equivalent conditions. The idea of CAT( ) spacesparticularly when

0, is essenal for the modern eld of hyperbolic geometry which in turn is connected
closelyto topology and di erential geometry

For our purposes,the importance of CAT( ) spacess the following lemma:

Prop ositio& 1.20. If a geodesicspace X is CAT( ) for some < 0, then X is -hyperholic,
whee = 2= .

Proof. Let = ( x;y;z) be a gedalesictriangle in X, andlet = ( X;y;Z) be a com-
parison triangle for in M . Letp 2 |, supposethatpo_Z [X;y], and let p 2 [X;y] be
a comparisonpoirﬁ for p. Sincethe hyperbolic planeis = 2-hyperbolic, the triangle Cis

-slim, where = 2= . Then there existsa point 2 [X;Z][ [V;Z] suh that d (p;0)
The point g corresppndsto somepoint q 2 [x; z] [ [y;z], so by the CAT( ) inequality, we
obtain dy (p; Q) . Thus, X is -hyperbolic. O

Applying Corollary 1.9, we obtain:

Corollary 1.21. If a group G acts properly, cocompactly, and by isometrieson a CAT( )
gedesicspce X, whee < 0, then G is hypertolic. O

Thus, one of the best ways to shawv that a group is hyperbolic is to shawv that it acts
properly and cocompactly by isometrieson a CAT( 1) space. We shall usethis technique
in Section2.6. Howevwer, unlike in the caseof Corollary 1.9, it is not known whether the
converseto Corollary 1.21is true for = 0, let alone = 1.

As in topology, it is easiestto work with spaceghat are constructedout of smallerpieces
| namely cell complexes.Recall that a convexpolyhedron in S", E", or H" is a bounded
region B that is the intersection of a nite number of closedhalf-spaces. A face of B is
any intersection of B and someof the bounding hyperplanes;ead faceis itself a convex
polyhedron of dimensionlessthan that of B. The codimension of a faceis the dimensionof
B minus the dimensionof the face.

A CW complexX is called piecewisespherial (PS), piecewiseEuclidean (PE), or piece-
wise hyperlolic (PH) if the following conditions hold:

For every closedcell B of X, there is a homeomorphismf g of B onto a convex polyhe-
dronin S", E", or H", respectively. The inverseimagesof the facesof this polyhedron
are called facesof B.

If B and C are closedcells,then B\ C is a faceof both B and C, and the restriction
of fcfg'to fg(B\ C) is anisometry betweenfg(B\ C) andfc(B\ C).

3Bridson and Hae iger [3, p. V1] claim that the C stands for E. Cartan, another pioneer of this area.
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Eadh cell B of X canthen be turned into a gealesic metric spaceby declaringfg to be
an isometry. We may then identify B with the imageof fg. In other words, the complex
X is formed by gluing together polyhedra along idertical facesusing gluing mapsthat are
isometries. To metrize the whole complex, de ne the distancedy betweentwo points to be
the in m um of the lengths of the shortest path joining them (or in nit y if there is no sud
path). AssumingX is path-connected,this in m um is always realizedby a path that is the
union of gealesicsegmets in the cellsof X. Sud a path is then a gealesicsegmen in X,
making X into a gealesicspace.(SeeMoussong[16] for more details.)

Any PS, PE, or PH complex has curvature , where = 1,0, or 1 respectively,
since eat point has a neighborhood (namely, the interior of the highest-dimensionalcell
cortaining that point) that satis es CAT( ). To determine whether the complex satis es
CAT( ) globally, we needto considerthe way the cells cometogether. For any cell C of
X, we de ne a PS complex called the link of C in X, Ik(C;X), asfollows. Let k be the
dimensionof C, and let x be a point in the interior of C. In ead closed,n-dimensionalcell
B containing C, let Iky(C;B) be the intersectionof B with asmall(n k 1)-spherethat
liesin the (n  k)-plane orthogonalto C. We scalelk,(C;B) up to be a convex polyhedron
inan(n k 1)-sphereof unit radius. It is easyto seethat Ik,(C;B) doesnot dependon X,
sowe may de ne Ik(C; B) accordingly The link Ik(C; X) is then de ned by gluing together
the cellslk(C; B) in the obvious mannerto form a PS complex.

The link gives a measureof how much solid angle comestogether at ead cell. For
instance,if C is a codimension-2faceof B (such as an edgeof a 3-dimensionalpolyhedron,
then lk(C; B) is an arc of angular length equalto the angle betweenthe two codimension-1
facesthat meetat B. If X consistsof seweral sud cellsare gluedtogether cyclically around
C, then Ik(X; C) is a PS closedcurve whoselength equalsthe sum of the dihedral angles.

A closal geodesicin a spaceY is an isometric enbeddingc : S ! Y of a circle of
circumference” into Y. The girth of Y is de ned asthe in m um of the lengths of closed
gedadesicsin Y and denotedg(Y). If Y admits no closedgealesics,we setg(Y) =1 .

The criterion for X to be globally CAT( ) is basicallythat whenn-cellsof X completely
encirclea k-cell C, at leastasmuch (n k 1)-dimensionalsolid anglecomestogetherat C
asin anordinary (n  k 1)-sphere.More formally, Gromov [9, p. 120]givesthe following
lemma:

Lemma 1.22. Let X be a PS, PE, or PH complex,andlet = 1, O, or 1 resyectively.
The following are equivalent:

1. The complexX is glokally CAT( ).
2. For everycell C of X, thelink Ik(C; X) is CAT(1).
3. For everycell C of X, the girth of Ik(C; X)) is at least 2 .

A complex satisfying (3) is sometimessaid to satisfy the link axiom. We will make use
of this property in Section2.6.
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Chapter 2

Coxeter Groups

In the Introduction, we gave a very colloquial de nition of Coxeter groupsthat was meart
to be comprehensibleto someonenot familiar with group theory. Here is a more formal
de nition:

De nition  2.1. Let W be a group with nite generatingsetS. A functonm:S S'!
f1,2;:::;1g is calleda Coxetermatrix if m(s;s) = 1 and m(s;t) = m(t;s) 6 1 whens 6 t.
(Wewrite mg; = m(s;t).) The pair (W;S) is calleda Coxetersystemif W hasa presenation

W = hSj (st)™ (s;t 2 S; mg¢ nite)i
for someCoxeter matrix m. The group W is then called a Coxeter group.

In other words, the group is de ned by the relations s? = 1 and (st)™st = 1; the latter
can alsobe written as
P = Bz}

ms;t letters ms;t letters

asin the colloguial description.

A Coxeter systemis easily represeted using a Coxeter graph, a labelled graph with
verticescorrespndingto the elemens of S and with an edgelabelled ms. joining the vertices
sandstif mg;y 3. Whenmg; = 3, we typically omit the label for cornvenience.

If S can be partitioned into disjoint, nonemptly subsetsS;; ; Sk sudh that mg = 2
wheneer s and t arein di erent piecesof the partition, then S is isomorphicto the direct
product W, W, where (W;; S) is a Coxeter systemgeneratedby S; with exponerts
inherited from (W; S). The connectedcomponerts of the Coxeter graph for (W; S) are then
the graphsfor the systems(W;; Sj). If W cannot be decompsedin this manner, it is called
irr educible in this case,the Coxeter graph for (W; S) is connected.

A Coxeter systemis called right-angled if mg. is either 2 or 1 whenewers 6 t.

In his seminalpaper [5], H.S.M. Coxeter shavedthat any discretere ection group| that
is, a group of isometriesof R" that is generatedby re ections and under whoseaction the
orbit of any point is discrete| canbe presered in the form above, and he gave a complete
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classi cation of sud groups. E.B. Vinberg [20] extended Coxeter's argumerns to discrete
re ection groups of hyperbolic space. The abstract de nition is due to Nicolas Bourbaki,
who proved many of the fundamertal properties of Coxeter groupsin his well-known work
[2] on Lie groupsand Lie algebras.

In keepingwith the previouschapter, we will be especially interestedin the geometry of
Coxeter groups, as seenthrough the word metric and the Cayley graph. As descritedin the
Introduction, one can intuitiv ely visualizethe Cayley graph by piecing together 2ms..-gons
whosesidesare alternatively labelled s and t in an appropriate manner. (When mg; = 1,
we have in nite paths whosesidesare labelledin this manner.) However, formally justifying
this intuitiv e picture requiresa fair amourt of work, and that is the goal of the next few
sections.

2.1 The Geometric Representation

Recall from Section 1.3 the de nition of a group presenation. A group G can be given
a presettation G = hA j Ri if G is isomorphicto the quotient of the free group on A by
the normal closureof R: G F(A)=N(R). Although it is a useful languagefor describing
the elemens of a group, a presenation actually carries extremely little information about
the algebraic structure of the group. One problem that can often occur is that a group
is \smaller" than its presertation makesit seem. For instance, one of the elemens of the
generatingsetA couldin fact represen the identit y in G, or two elemerts of A couldrepresemn
the sameelemen of G. Additionally, oneof the relationsin the group could say that u™ = 1
for someword u, while the order of the elemen u is actually a proper divisor of m. In this
section,we will prove that theseproblemsdo not occur with Coxeter groups. Let (W;S) be
a Coxeter systemwith coe cien ts mg;.

For clarity, we shall adopt a helpful notational corvertion used (in part) in Bourbaki
[2] and Tits [19]. Abstract words will be written in boldfacetype. In particular, we write
the generatorsthemsehesas S = fs;t; g. Formally, words are the elemerts of the free
monoid on S, denotedL (S). Elemerts of the freegroup F(S) | reducedwords| will also
be written with boldface. The set of de ning relations (for any group) is a subsetof F(S),
soit is written asR.

On the other hand, italic symbols represem elemerts of the group W = F(S)=N(R).
That is,if F(S)! F(S)=N(R) isthe quotient map, let s= (s) foreatr s2 S, and let
S= (S). (Wedo not yet know, howewer, that the elemens of S are all distinct, i.e., that

Js is injective.) Also,dene :L(S)! W to bethe composition of with the canonical
mapL(S)! F(S); this map sendsevery formal word to the elemen of W that it represets.
The map is surjective sinceeat elemen of S is equalto its inversein W.

First, we will ched that noneof the elemerts of S is the identity, i.e., that (s) 6 (1).
Let :F(S)! Z, bethe homomorphismsendingead s; to the nortrivial elemen of Z,.
Ead elemen of R is aword of evenlength and henceis sen to the idertity in Z,. Therefore,
the map inducesamap ~: W ! Z, sendingead s; to the nontrivial elemern, sos; 6 1.
This resohesthe rst of the problemsdiscussedabove.
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To resohe the other ambiguities, we will now seehow an arbitrary Coxeter group can
be said to act \by re ections” on a vector space. In the Introduction, we sav how the
Coxeter group ha;bj a?;k?; (ap™i can be seenasthe group of symmetriesof R? generated
by re ections through two lines that meet at an angle of =m. The angle between two
unit vectors orthogonal to theselines is =m, so the dot product of those vectorsis
cos( =m) = cos( =m). The vectors obviously form a basisfor R?. We now try to
generalizethis notion for arbitrary Coxeter groups.

Let V be an n-dimensional real vector spacewith basis (e)s2s. De ne a symmetric
bilinear form B onV by

(
COS— Mg < 1
B(e&s: &) = e ’
(&) 1 Mg = 1
Note that the es are unit vectorswith respect to this form. The matrix of the form B with
respect to the basis(es) is called the cosine matrix of W.
Foreahis2 S,dene alinearmap s:V! V by

s(V) = v 2B(V; &)&s;

thesemapsare called re ections. Let Hg be the orthogonal complemen of e with respect
to the form B: Hs= €2 = fv2 V j B(v;&) = 0g.
We may ched that ead re ection presenesthe form B:

B( s(v); s(w))

B(v 2B(vie)es;w 2B (w;es)es)
B(viw) 4B (w;es)B(v; &) + 4B (v;es)B(w; es)B (&s; &)
B(v;w)

Thus, (s) xes the subspaceHs pointwise and negateses.

Lemma 2.2. The homomorphismF(S) ! GL(V) dened bys 7! ¢ inducesa homomor-
phism :W ! GL(V), knownasthe geometricor canonicalrepresemation.

Proof. We must shav that ead of the relations in W holds in GL(V), i.e., that 2 =
(s ¢)™mt =1y, theidentity mapin V. In fact, we will shav more: the order of the product
s t IS exactly mg;.

It is clear from the de nitions that ead re ection ¢ hasorder exactly 2. Next, choose
s 6 t, and considerthe subspace/s.; spannedby e; and ;.. The re ections ¢ and . stabilize
Vs, and they x the orthogonal complemen V.7 pointwise.

Let T : Vst ! Vs bethe restriction of ¢ ¢ to Vs. By evaluating T(e;) and T(e;), we
can easily computethat the matrix of T with respect to the basis(es; &) is

4coS 1 2cos

T= 2C0s 1

where = =ms;. We considertwo cases:
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If mg; isin nite, then this matrix becomes

3 2
T 2 1
One can show by induction that
TN = 2n+ 1 2n
2n 2n+ 1

soT hasin nite order,asdoes ; ;.

If mg; is nite, note that the characteristic polynomial of the matrix for T is pr(x) =
x? 2cog2 )x + 1, and the eigervaluesare

X=cos2 isin2 =e?;

which are mY; roots of unity. Therefore,the order of the transformation T is mg;.
Let v = ae; + bg be a nonzerovectorin Vs;. We then have:

B(v;v) = a’B(es;e)+ 2abB(e; &)+ ’B(e;e)
= a’+ ¥ 2abcos
= (a bcos )?+ b sin?

Since 6 0 and (a;b) 6 (0;0), at least one of the squared quartities is nonzero,
so the sum is positive. Thus, the restriction of B to Vs is positive de nite, hence
nondegeneratesoV is isomorphicto the direct sum Vs Vs?;t. It followsthat < =
T 1Vs?t’ SO s { hasthe sameorder asT, namely mg;.

O

Thus, we have an action of the group W on the spaceV, de ned by w:v = (w)(v) for
w2 W;v 2 V. (Remenber that (wyw):v = (wq)( (w2)(V)); that is, we apply w, rst,
then w;.)

Corollary 2.3. The order of st in W is exactly mg;.

Proof. Since(st)™st = 1in W, the order of st is at most ms;. On the other hand, we have
(st) = s t, which hasorder mg., sosothe order of st is at least mg;. O

One geometric consequencef Corollary 2.3 is that in the Cayley graph Cs(W), eadh
path that is labelled (st)™st consistsof exactly 2ms. distinct edges.Moreover, the subgroup
of W generatedby s andt is isomorphicto the dihedral group D, . Sincethe order of st
is at least2 for s 6 t, we seethat st 6 1, sos 6 t. We may therefore de ne the rank of
the Coxeter system(W; S) asthe cardinality of S. We have thus resoled all the di culties
posedat the beginning of this section.
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2.2 The Exchange and Deletion Conditions

In this section, we will discussthe connectionbetweenthe length function " s and the geo-
metric represemation, and we will usethis to prove one of the most important properties of
Coxeter groups,the so-calledExchangeCondition. Our treatment largely follows Humphreys
[11]; we will alsobriey discussanother proof of the ExchangeCondition given by Tits [19].
Let (W;S) be a Coxeter system. Recall that "(w) = "s(w) is de ned as length of the
shortest word in L(S) that represets w: “(w) = minf (w) j w 2 Y(w)g, where
L(S) ! W is the canonicalmap and "(w) is the number of letters in w. Somegeneral,
easy-to-prave facts about the length function (true for all groups) are that “(w) = “(w 1)
and that “(w) = 0 if and only if w is the identity in W. Also, there is a triangle inequality:

W) W) Twwd) (w) + T (w):

Considerthe geometricrepresemation of W, de ned in the previous section. We shall
analyzethe behavior of a certain set of unit vectorsin V under the action of W. Let be
the set of vectorsof the form w:es for somew 2 W, s2 S; s called the root system and
the elemens of are called roots. The roots are all unit vectorswith respect to the form
B, sinceB (w:es; w:e) = B(es; &) = 1. Also, the root systemis closedunder negation, since
Sie= 6.

Ead pair of opposite roots w:e; correspndsto a re ection in W that interchanges
them, namelywsw !. To seethis, note that for any v 2 V, we have

wsw v = wi(w v 2B(w lLvie)e)
v 2B(w Lv;e)w:e
v 2B(v;w:es)w:es

which is the form for a re ection that negatesthe root w:e; and xes its orthogonal com-

plemert pointwise. Thus, ead root = w:es 2  determinesa re ection s = wsw 1.
Obviously, s ands areidentical. Conversely if two roots and determinethe same
re ection, thens () = 2B( ;) = ,S0 =B(; ) ,andthen = sinceboth

are unit vectors. Thus, there is a natural bijection betweenthe pairs of opposite roots and
the re ections in W.! This correspndencehasthe following property:

Lemma 24.1f ; 2 and =w: ,thenws w =5 .
Proof. Wehavews w 1 =ws : = w: = , meaningthat ws w ! is the re ection
that negates , namelys . O

1Bourbaki [2] proves the results of this section by having W act on an abstractly de ned set that is
identical to : the product setf 1g T, whereT W is the set of conjugatesof the elemens of S. He
de nes the action of W in a similarly fashion. While Bourbaki's proof is somewhat shorter than the one
here, the advantage of our approad is that it allows for more geometric intuition.

32



Every root 2  can be uniquely as a linear conmbination of the g: = i 25 Cs6s.
If all the cs are nonnegatie, we say that is positive and write > 0O; if all the c5 are
nonpositive, we say  is negative and write < 0. Let denotethe set of positive roots;
the set of negative roots is

The homomorphism™: W !  Z, shows that any two expressiondor a particular w 2 W
have the samelength modulo 2. Taking w® = s in the triangle inequality, we seethat
“(ws) equalseither “"(w) + 1 or "(w) 1. (Another formulation of this distinction is that
“(ws) = (w) 1if and only if w has a reduced expressionwhoselast letter is s.) The
following lemma givesa geometriccriterion in terms of the root system:

Lemma 2.5. Letw2 W, s2 S. If (ws) = "(w)+ 1, thenw:es > 0. If "(ws) = (w) 1,
thenw:es < 0.

Proof. First, note that the secondstatemert follows from the rst. If “(ws) = (w) 1,then
“(wss) = “(ws) + 1, sows:es > 0, and thereforew:es < 0.

For the rst statemen, induct on “(w). If “(w) = 0, then w is the idertit y, so obviously
w:es > 0. If “(w) = k > 0, then there exists a reducedexpressionfor w whoselast letter is
ist 6 s. That is, the set of reducedwords

A=fw2 wjw=s s;sS=s andsni; ;s 2 fs;tgfor someh < kg

isnonemply. Letw =s;  s¢ beanelemen of A for which h is assmall as possible. Write
w=uv,whereu=s; s,andv =Sy,;1 Sk andsetu= (u)andv= (v).

By the minimality of h, the word u does not have a represetation endingin s or t.
Therefore, by the induction hypothesis,u:es > 0 and u:g > 0. It thus su ces to shaw that
V:&s IS a nonnegatiwe linear combination of e; and e, for w:es is then a nonnegatiwe linear
combination of positive roots, henceitself a positive root.

Theword v isa(k h)-factor alternating product of s andt whoselast letter ist: either
v = (st)? (wherep 1) orv = t(st)P (wherep 0). We considertwo casesdepending on
Mgt

If mgx = 1 ,thensinceB(es;e) = 1,,wehaves:g = e+ 2e; andties = e+ 2e. By
induction, we seethat (st)P.es = (2p+ 1)es+ (2p)g andt(st)P.es = (2p+ 1)es+ (2p+ 2)e,
SoV:es IS a positive linear combination of e; and e;.

If m = mg, is nite, then we must have "(v) < m, or elsewe could represen v with
either a shorter word or a word endingin s. Thus, p < m=2. As seenin the previous
section, the restriction of B to V. is positive-de nite, so we may identify Vg with
Euclidean spaceand the transformation st with a rotation through an angleof 2 =m
in the direction from e; to €. Therefore, (st)P rotates es through an angle of at most

2 =m. The angle betweene; and g is =m, so the vector (st)P:e; still lies
within the positive conespannedby e, and g,. Also, the anglebetweenes and the line
of re ection for t, L, is =2 =m, sothe angle between (st)P:es and L. is at most

=2, and thereforet(st)P:e; is also corntained within the samecone. (SeeFigure 13.)
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e = stst.g

Figure 13: The positions of the roots v:es in the proof of Lemma 2.5 whenmg; = 5, along
with the fundamertal domain K de ned at the end of the section.

In either case,we seethat v:es is equalto a nonnegatiwe linear conbination of es and e,
and thereforew:e; is a positive root. O

In particular, it followsthat every root is either positive or negative. That is, = t
Moreover, the lemmaimplies a crucial fact about the geometricrepresemation:

Corollary 2.6. The action of W on V is faithful. That is, themap :W ! GL(V) is
injective.

Proof. If wis a nontrivial elemen of W, then let s be the last letter of a reducedexpression
for w. Then "(ws) < “(w), sow:es < 0; in particular, w:es 6 e. Thus, (w) is not the
identity mapon V. O

The next lemma further clari es the action of the generating re ections on the root
system.

Lemma 2.7. Eachs 2 S sendse; to its negative and permutesthe other positive roots.

Proof. By de nition, s:es= e. Let be a positive root other than es; then
X
= Cs€s;
s2S

whereeadics 0. Theroot cannotbea multiple of es, sinceall the roots are unit vectors,
soc > Ofor somet 6 s. By de nition, s: = B( ;&s)es, sothe coecient ofg ins: is
still strictly positive. Thus,w: cannotbe negative, soit is positive, and it is clearly distinct
from g. Therefore,s:( r feq) r feg. Applying s to both sides,we obtain the reverse
inclusion, which shows that s permutesthe elemens of r feg. O
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In other words, eat elemen of W of length 1 sendsexactly one positive root to a
negative root (and vice versa). By induction, one can prove a more generalstatemert: the
length of any elemen of W is equalto the number of positive roots that it sendsto negative
roots. Thus, the word-metric geometry on a Coxeter group is extremely closely connected
to the intrinsic properties of the group, a statemert that is not true for most groups given
by presenations.

The precedinglemmasimply one of the most important properties of Coxeter groups:

Theorem 2.8 (Exc hange Condition). Letw =s; s and suppmsethat for somes 2
S, we have "(ws) < “(w). Then there exists an index q 2 f1;:::;rg suchthat ws =
ss & s/, whee the hat denotesomission.

Proof. Sincees > 0 and w:e; < 0 by Lemma 2.5, there exists an index g r sud that
(Sq+1 Sr):§ > 0but (sq4 sr):& < 0. That is, sq sendsthe positive root (Sq+1  S¢):€s to
a negative one. By Lemma2.7,the only sudh root is s, SO(Sq+1  Sr):€ = &s,. Therefore,
by Lemma 2.4, we have:

Sgt1 SiSS Sgr1 = Sq

The desiredresult follows immediately. O

By taking inverses,we easily obtain a version of the ExchangeCondition in which ws is
replacedby sw, and soon.

An alternate form of the ExchangeCondition that is sometimesanoreusefulis the Deletion
Condition:

Corollary 2.9 (Deletion Condition). Letw=s; s;, andsupmsethat (w) < r. Then
there existindicesl p<q r suchthatw=1s; & & s.

Proof. For ead index j, let wy = s;  sq. If for all g we have “(wg)  “(wq 1), then
by induction we must have "(wg,) = q for ead g, and in particular “(w) = r, which by
assumptionis not the case. Hence,for someq, we must have “(wg) < "(wqy 1). By the
ExchangeCondition, there existsanindexp 2 f1;:::;q lgsudthat wg=s, & Sq 1,
and thereforew=s; & & s. O

In other words, given a non-reducedword, a reducedword represeting the sameelemen
of W can be obtained by deleting pairs of letters. It turns out that this property truly
characterizesCoxeter groups, in view of the following theorem[11, pp. 16{18]:

Theorem 2.10. Let W be a group with nite geneating setS. Supmsethat every element
of S hasorder 2 and that the pair (W;S) satis es the Deletion Condition. For s;t 2 S, let
Mg be the order of st in W. Then (W;S) is a Coxeter systemwith expnents mg;. O

Tits [19) provides another way to think about the proof of the ExchangeCondition. Let
V bethe dual vector spaceto V, with basis(e,). In this space the anglebetweentwo basis
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vectorse; e IS =mg; rather than =mg:. De ne:
X
K =f ¢ce2V jc,>08s2 Sg
%S
f &e2V jc, 08s2 Sg:

s2S

K

Topologically, thesecanbe seenasthe interior and closure,respectively, of the sameset. One
canshow that K is a fundamertal domain for the inducedaction of W onV (the so-called
contragredient representation of W) in the sensethat if w2 W xes somev 2 K , thenv
lies on one of the hyperplanesthat bound K . That is,v 2 K r K . (SeeBourbaki [2]
for a proof.) Analagousto Lemma 2.5, Tits shows that if “(sw) < “(w), then K and w:K
lie on opposite sidesof the hyperplane (cs = 0) and usesthis fact to prove the Exchange
Condition.

Now return to the original vector spaceV. Ead of the re ecting hyperplanesH s separates
V into two disjoint, open half-spaces.Let K¢ be the onethat cortains the basisvector e,
and let K ¢ be the closedhalf-spaceK s HS.TThe dual_to KT (resE.K ) is the intersection of
theseopen (resp. closed)half-spaces:K = ,Ks, K = K. (Theseare represeted
by the shadedareain Figure 13.) The closedconeK is then a fundamertal domain for the
action of W on V. We shall usethis conein Sections2.3and 2.4.

2.3 Discrete Re ection Groups

The geometricrepresemation of Coxeter groupsis easiestto visualize when the form B is
positive-de nite. In that case the vectorspaceV canbeidenti ed with R" with the standard
dot product (wheren = Card(S)). That is, we have a basisof vectorses 2 R" for which eat
product e; & isequalto cos( =ms:). Therefore,the anglebetweenes and g is =M,
and the hyperplanesel and € meetat a dihedral angle of =mg;. (Note that all of the
ms; are nite, for otherwisethe cosinematrix would have the matrix %, ;> , which is not
positive de nite, asa principal submatrix.)

Any re ection stabilizes the unit sphereS" 1! R", so the geometric represemation
inducesan action of W onS" . The fundamenal domain C for this action is the intersection
S" 1\ K, an(n 1)-simplexin S" 1. The generatorsof W are then re ections of S" !
through the codimension-1facesof C. The translates of C all have the samearea since
the re ections are isometries;these simplicesform a tessellationof the sphere. As S" 1 is
compact, it has nite volume, sothe group W must be nite.

Coxeter [6] proved that the corverseis alsotrue: If W is a nite Coxeter group, then
the form B is positive-de nite. One way to prove this fact is to start with any positive-
de nite form on V, for instance the standard dot product, and de ne a W-invariant,
positive-de nite form X
Av;vY = (w:v; wiv9):

w2W
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Using represetation theory, onecanthen show that this form Cis a positive scalarmultiple
of B; therefore B is also positive-de nite (For a full proof, seeHumphreys[11, ch. 6].) It
follows that ewvery nite Coxeter group is naturally isomorphicto a nite re ection group,
i.e., a nite subgroupof GL,(R) that is generatedby re ections.

Conversely every nite re ection group is a Coxeter group. One way to prove this is to
use a root system, as above, to show that the group satis es the Deletion Condition; the
result then follows from Theorem 2.10. We shall take a di erent, more generalapproah
that is somewhatsimilar to that usedby Coxeter in his original work [5], although in very
di erent language.

Let n 2, and let X be either the n-sphereS", Euclidean n-spaceE", or hyperbolic
n-spaceH". In eat of thesespacesany (n  1)-dimensionalhyperplaneP de nes a unique
reection p : X ! X, anisometry of X that xes P pointwise and interchangesthe two
componerts of X r P. Let Isom(X) be the group of isometriesof X .

De nition 2.11. A groupW Isom(X) is calleda discretere ection groupif it is generated
by a nite set of re ections and the orbit of any point in X under the action of G is
topologically discrete.

The fundamertal domain C for the action of W on X is a corvex region bounded by
hyperplanesPs (indexed by a nite setS) sud that the re ections p, generateW. We
may identify p, with s. If two planesPs and P; intersect, their intersectionis spannedby
a codimension-2face of C. The composition st rotates C through an angle of 2 around
Ps\ P;, where is the dihedral angle betweenPs and P;. As C is a fundamertal domain,
we must then have = =mg; for someintegermg; 2. If Ps and P; do not intersect, set
ms¢ = 1 . Also, setmg.s = 1 foreathr s2 S.

Theorem 2.12. Let W be a discretere ection groupon X , asalove. Then W is isomorphic
to the Coxetergroup hS j Ri, whee R = f(st)™st | s;t 2 S; mg nite g.

Proof. Obviously, eat re ection hasorder 2. The product st is a rotation of X through an
angleof 2 =mg; aroundthe (n  2)-plane cortaining Ps\ Py; this transformation hasorder
M. Thus, the relations of a Coxeter group hold in W. We must now show that they are
de ning relations for the group.

The orbit of C gives a cell decommsition T of X. Let C°be an n-cellof T. As C
is a fundamenal domain, there is a unique elemen w 2 W sud that w:C = C° For
eahr s 2 S, let P2= w:Ps. The re ection through P2 is then equalto wsw ®. Note that
wsw 1:C°= ws:C.

Let T bethe dual cell structure to T. The verticesof T correspnd to the n-simplices
of T and thereforeto the elemens of W. The 1-cellsof T correspndto the (n  1)-cellsof
T. In particular, foreahiw 2 W ands 2 S, the (n 1)-cellw:C\ w:Pg correspndsto an
edgejoining the verticesw and ws. Thus, the 1-skeletonof T is isomorphicto the Cayley
graph Gs(W).

By construction, the number of n-cellsof T that cometogether at any codimension-2
faceE of T is 2mg, where Ps and P, are the hyperplanesthat meet at the correspnding
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codimension-2faceof C. The 2-cellE in T that correspndsto E is thereforea (2mg;)-gon
whosesidesare an edge-lop labelled (st)™st. Moreover, every suc path in the 1-skeleton
of T is lled in with sud a 2-cell.

The following useful theorem, proven in Bridson and Hae iger [3, p. 135], givesa geo-
metric interpretation for the notion of a group presertation:

Lemma 2.13. Let G be a group with geneating set A, and let R be a subsetof the kernel
of the canonical map :F(A) G. Let Gar(G) be the 2-complexformed from the Cayley
graph G\ (G) by attaching a single 2-cell to each edge-lop lakelled by a cyclic permutation of
a reduced word r 2 R. Then the complexCa.r (G) is simply connected if and only if ker is
equal to the normal closure of R in F(A), i.e., if PA j Ri is a presentationfor G. O

In particular, in the complex Csr(W), eadh disk labelled s? has its two edgesglued
together to form a 2-sphere,which is simply connected. The (st)™st -labelled disks are then
preciselythe 2-cellsof T . Thus, Gs.r(W) is isomorphicthe 2-skeletonof T with a 2-sphere
adjoined to ead edge. Recall that the fundamertal group of a CW complexis determined
by the complex's2-skeleton. In particular, asT is a cell decompsition for X , we seethat
Gs.r(W) is simply connected. Therefore,by Lemma2.13,we have W hSj Ri. O

We may further obtain further results about discrete re ection groups depending on
whether X = S", E", or H".

When X = S", the groupW is nite. Coxeter [5] shovedthat every corvex polyhedron
in S" whoseanglesare all at most =2 is a sphericaln-simplex,soC hasexactlyn+ 1
faces.If we embed S" asthe unit spherein R"*!, the (n  1)-dimensionalhyperplanes
in S" correspnd bijectively with the n-dimensionalhyperplanesthrough the origin in

R"*! andre ections of S" and of R"*! correspnd naturally. Thus,any nite re ection

group (a nite subgroupof GL .1 (V) generatedby re ections) can be realizedas a
discretere ection groupon S" and thereforeis a Coxeter group. Combining this result
with the results above, we obtain the following:

Prop osition 2.14. Let W be a group with nite geneating setS of cardinality n. The
following are equivalent:

1. The pair (W;S) is a nite Coxetersystem.

2. The pair (W;S) is a Coxeter systemwhosecosine matrix is positive-de nite.

3. The group W emledsin GL, 1(R) asa nite re ection group. O

For X = E", the group s calledan a ne re ection group. If C is unbounded,it is the
product of R* with a bounded,(n  k)-dimensionalpolyhedron whosedihedral angles
arethe sameasthosebetweenthe hyperplanesPs, soby projecting orthogonally we may
assumethat C is bounded. Coxeter shaved that every convex, Euclidean polyhedron
whoseanglesare all at most =2 is equalto a product of simplicesand in nite lines
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in perpendicular dimensions.Any a ne re ection group then splits accordinglyinto a
direct product of a ne re ection groups,sincemg; = 2 for perpendicular hyperplanes.

The fundamertal domain for an irreducible, a ne re ection group is a simplex. In
this case,any proper subsetof the bounding hyperplanesmeet at a single point and
therefore generatea nite re ection group. In other words, every principal submatrix
of the cosinematrix B of an irreducible a ne re ection group is positive de nite. It
follows that B itself is positive-semide nite but not positive-de nite. (That is, for all
v2V,wehaveB(v;v) 0, but there existsa nonzerov 2 V for which B (v;v) = 0.)

Accordingly, we de ne a Coxeter group to be ane if its cosinematrix is positive-
semide nite but not positive-de nite. One can show that ewery irreducible, a ne
Coxeter group is an ane re ection group by consideringa certain subspaceof the
vector spaceV on which the group actsin its geometricrepresemation; seeHumphreys
[11, pp. 133{134]for details. In general,the only di erence betweenthe a ne Coxeter
groupsand the a ne re ection groupsis that the product of an a ne Coxeter group
and a nite Coxeter group is a ne becauseits cosinematrix is positive-semide nite.
On the other hand, any a ne re ection group factors asthe product of strictly a ne
groups.

It is quite easyto classifyall the irreducible nite and a ne Coxeter groups. One can
ched that all the groupslisted in Figure 14 are either ane or nite, asthe casemay
be, by looking at their cosinematrices. By processof elimination, one can then prove
that this list is complete. The original result is due to Coxeter [5]; Humphreys [11,
ch. 2] givesa very elegan proof.

For X = H", it isverydi cult to obtain generalresultswhenthe fundamertal regionis
not a simplex, sincethe classi cation of hyperbolic polyhedrais extremely complicated.
The hyperbolic re ection groupswhosefundamertal domainsare simplices(allowing for
noncompactsimplicesof nite volumewith verticesat in nit y) turn out to correspnd
to the irreducible Coxeter groupsfor which B hassignature(n 1;1) andB(v;v) < 0
for any elemen v 2 K, whereK is the open coneof Section2.2[11, pp. 138{141]. Such
groups are called (irreducible) hypertolic Coxeter groups (Do not confusethesewith
word-hyperbolic groups,discussedn Chapter 1; the latter will be discussedn Section
2.6.) Vinberg [2Q] givesmore information on generalhyperbolic Coxeter groups.

Example 2.15. Considerthe triangle groups discussedin the Introduction: namely, the
Coxeter groupsof the form

W = a;b;cj a% % ¢ (ah®; (bg'; (aQ™

The fundamertal domain for this group is a 2-simplexwhoseanglesare =k, =l, and =m.
Whether this simplexis spherical, Euclidean, or hyperbolic dependson whether the sum

—+ —+

k | m

is greaterthan, equalto, or lessthan , respectively.
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Figure 14: Coxeter diagramsfor the irreducible nite and a ne Coxeter groups.
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We can now answer the question posedin the Introduction. Esder's work (Figure 6)
is basedon a tessellationof the hyperbolic plane by 30 -45 -90 triangles. As we have just
seen,sud a triangle is the fundamenal domain for the (2; 4; 6) triangle group. Each sh in
the picture is composedof two triangles, with the sh's spinelying opposite the 90 angleof
ead. (In orderto seethe symmetriesmore easily it is helpful to ignorethe sh.) By taking
the dual of sudh a tessellation,we obtain the Cayley graph shown in Figure 5.

2.4 The Word Problem in Coxeter Groups

As mernioned before, one of the seriouschallengespreserted by group presenations is the
word problem. Given a group presenation, the problemisto nd an algorithm that deter-
minesin a predictable number of stepswhether or not two given words in the generators
represem the sameelemen of the group. Novikov shaved in 1955that in generalthe word
problemfor groupsis unsohable. (See,for example,Lyndon and Scupp [14] or Stillwell [18]
more about the sohability of word problems.)

Of course,in many instancesthe word problem can be solved. In general, this ertails
nding a canonicalform in which every elemen of the group can be expressediniquely and
a procedurefor obtaining this form from an arbitrary word in the generatorsof the group.
For instance,in a free group, any word can be simpli ed to a unique reducedword in which
there no consecutie pairs of inverseletters. In the free abelian group ha;bj aba b i, eah
element can be expresseduniquely as a ¥ by transposing letters as needed. Note that it
is sucient to determine whether or not a given word represeis the idertity; given two
arbitrary wordsw and w° we can considerthe product w 1w®

JacquesTits [19] solved the word problem in Coxeter groupsin 1968. His algorithm for
determining whether or not a word represets the identity is e ective, in the sensethat it
always yields a de nite result in a nite number of steps, although it is not very e cient
in terms of computation time. In this section, we shall prove this theorem and discussits
consequenceg;loselyfollowing Tits's proof.

Let (W;S) be a Coxeter system. For ead pair of distinct generatorss;t 2 S for which
Mg IS nite, let wg; denotethe product of mg; alternating factors of s and t whoselast
factor is s. Clearly, the wordswg; and w.s represemn the sameelemen ws; 2 W.

De ne an elementarysimpli c ation to be either of the following moves:

Replacinga word of the form xssy with xy .
Replacinga word of the form xw g1y with Xxwsy.

A simpli cation is a nite sequenceof elemerary simpli cations. For any word X in
L = L(S), de ne the simpli cation set S(x) L asthe set, obviously nite, of words that
can be obtained from x by simpli cations. Clearly, if v 2 S(u), then S(v)  S(u). Also,
if v 2 S(u) and "(u) = “(v), then all of the elemenary simpli cations that lead from u to
v are of the secondtype. As theseare reversible, we must have u 2 S(v), and therefore
S(u) = S(v).

41



Tits's key result says that one can always obtain a reducedword in W using thesetwo
operations. Speci cally:

Theorem 2.16. Letu;v 2 L(S). The wordsu and v representthe sameelementof W if
and only if the intersection S(u)\ S(v) is nonempty. In particular, if v is a reduced word,
then this condition is equivalentto havingv 2 S(u).

This theorem provides an algorithm, albeit extremelyine cien t, for obtaining a reduced
word from a givenword. First, cancelany pairs of consecuti, idertical letters. If there are
none, then considerall of the nitely many words that can be obtained with substitutions
of the form sts = tst . If any of thesewords contains a pair of consecutiw, identical
letters, cancelthem and repeat; if not, stop. No matter the choiceof the order of cancellations
and substitutions, Theorem 2.16implies that the end result is always a reducedword. The
fact that order doesn't matter will be usefulin Chapter 3.

Tits's algorithm is much more e cien t in aright-angled Coxeter group. Here, the second
type of elemenary simpli cation consistsof interchangingadijacert letters that comnute. In
reducinga word, it then su ces to look for pairs of identical letters that commute with all of
the letters in between. This simpli cation of the seard processprovides a polynomial-time
solution to the word problem in right-angled Coxeter groups. In particular, let w be a word
of length r. The time to determinewhether or not the i™ letter of w can be cancelledwith
the next occurrenceof the sameletter is a linear function of r i, sothe time to seeif
w cortains a cancellingpair is a quadratic function of r, and the total time to reducew
completelyis a cubic. We will explorethis algorithm in more depth in Chapter 3.

The following lemmais in somesensea generalizationof the Exchange Condition:

Lemma 2.17. Letw 2 W, s;t 2 S. Supmsethat "g(ws) < “s(w) and "s(wt) < “s(w).
Then "s(Wwsy) = "s(W) Mgy.

Proof. Let r = “g(w). As in the proof of Lemma 2.5, we may nd a reducedexpression
w = uv, whereu = (u) satisesu:es > 0Oand u:e > 0,andv = (v) is an alternating
product of s and t satisfyingv:es < 0 and v:e, < 0. The only elemen of the dihedral group
generatedby s and t that hasreducedexpressionsending in both s and t is the word of
length mg., namely ws.. Therefore,we have wwg; = u, which haslength "s(w) mg;. O

Proof of Theorem 2.16. The elemenary simpli cations correspnd to the relationsin W, so
any simpli cation of aword in L represefs the sameelemen of W asthe original word. This
provesthe \if " statemert. Forthe nal statemen, if v isreduced,then every elemen of S(v)
is obtained by a sequenceof elemertary simpli cations of the secondtype, soS(u) \ S(v)
being nonempty implies that v 2 S(u).

For the \only if" statemen, givethe setL L a lexicographicorder: (x;y) < (x%y9 if
“(x) < (X9 orif “(x) = “(x9 and “(y) < “(y9. This ordering is obviously a well-ordering.
Let L L bethe setof all pairs of words (x;y) sud that “(x) “(y).

Supposethat the theoremis false,i.e., that the set

=f(x;y)2L LjS(xx)\ S(y)=2?and (x)= (y)g
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is nonempty. Let (u;v) be a minimal elemenn of \  with respect to the lexicographic
ordering. Letu=(u) = (v).

We claim that ewvery elemen of S(u) hasthe samelength. For supposex is an elemer
of S(u) with "(x) < "(u). Clearly S(x)\ S(v) = ? and (x) = (u)= (v). Also, either
(x;v) or (v;x) isin , dependingon whetheror not "(x) “(v). But this cortradicts the
minimality of (u;v) in \

Let s and t be the last letters of u and v respectively, and write u = u% andv = v&.
We claim that “(u) = "(v). For supposethat "(u) > "(v). We have seenthat all the words
in L that represen a given elemen of W have the samelength modulo 2. In particular
s(u)  Cs(V)+ 2,s0°(vs)  “s(u) 1= "(u9. Notethat (u% = (us)= (vs). By the
minimality of (u;v), the intersectionS(u%\ S(vs) cannotbe empty. Every elemen of S(u9
hasthe samelength; this fact follows from the correspnding result for S(u). Hence,there
existsy 2 S(u9\ S(vs) sudch that “(u9 = “(y) “(vs), which meansthat “(vs) = “(u9.
Then S(vs) = S(u9, sovs 2 S(u9, sovss 2 S(u), sov 2 S(u), which cortradicts our
initial assumptionthat S(u)\ S(v) = ?. Thus, (u) = “(v).

By the minimality of (u;v), the words u and v must be reduced. Since (us) = (u9
and (vt) = (v9, we have “s(us) < “s(u) and “s(ut) < “s(u). Hence,by Lemma?2.17,
there existsaword x 2 L of length "(u) mg; sud that

(wep) = (xwys) = (u) = (v):

The words u®and xw ¢.s ! (i.e., xw,; with its last letter deleted) have the samelength,
speci cally “(u) 1, and both represen us, soby minimality the setsS(u% and S(xw ss 1)
must intersect and therefore be equal. Similarly, we have S(v) = S(xwst 1). It then
follows that

S(u) = S(xw ;) = S(xws) = S(v);

cortradicting our initial assumption. O

2.5 Parabolic Subgroups

Let (W;S) be a Coxeter system. In Section2.1, we saw that the subgroupgeneratedby two
distinct elemerts s;t 2 S is the dihedral group D, . We will now extend this notion to the
subgroupof W generatedby any subsetof S.

For any word w 2 L(S), de ne the composition set T(w) S asthe set of letters that
occur in w. The following lemmais an immediate consequencef Tits's solution to the word
problem:

Lemma 2.18. Letw 2 W, andlet wy;w, be two reducd expressionsfor w. Then T(w,) =
T(wo).

Proof. By the secondpart of Theorem2.16,wehavew, 2 S(w;), sothere existsa sequencef
elemertary simpli cations transforming w, into w,. Sinceboth words have minimal length
in  (w), all thesesimpli cations are of the secondtype. By construction, sudr moves
presene composition sets,soT(w;) = T(wy). O
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Thus, the composition setT (w) of anelemen of w 2 W is well-de ned asthe composition
set of any reducedexpressionfor w. Note that this is not the casefor arbitrary groups. For
instance, in the group ha;b;c;d j abc 'd li, the reducedwords ab and dc both represem the
sameelemen of the group.

For any subsetT S, de ne the paralolic sulgroup W+ W to be the subgroup
generatedby the elements of T. Clearly, the subgroupW+ consistsof those elemens of w
suth that T(w) T. Oneofthe mostimportant facts about Coxeter groupsis that parabolic
subgroupsare extremely well-behaved.

Theorem 2.19. Let (W;S) be a Coxetersystem,andlet T S.
1. The pair (Wr;T) is a Coxetersystemwith expnentsinherited from (W; S).

2. Theinclusion (W+t;dr) ! (W;ds) is an isometric emhedding, where dr and ds are the
word metrics on Wt and W respectively.

3. The sulgroup W+ is convexin W with respct to the geneating set S.

Proof. For (1), let T° be a set with the samecardinality as T, and choosea bijection

TO!I T. Let (W%T9Y be the Coxeter system generatedabstractly by T with relations
determined by the corresmnding relationsin (W;S). The map :T°! T then inducesa
well-de ned homomorphism : W°! W whoseimageis Wr. We must now ched that this
map is injective. Let w 2 W and supposethat (w) = 1. If t?  t?is an expressionfor w,
wheret®2 T9 then (w) hasanexpressiont; t,, wheret; = (tY). By Theorem2.16,the
word t; t, canbe reducedto the empty word using elemenary simpli cations involving
only the letters in T(t; t;) T. We may then usethe samesimpli cations, which are
alsovalid in W9 to reducet{ t° to the empty word, shaving that w= 1in T. Thus, is
injective. ldentifying W°with its imageW; W, we seethat (W+;T) is a Coxeter system.
Both (2) and (3) follow immediately from the fact that T(w) T for any w2 Wx. O

Theorem2.19is a very important property of Coxeter groups. Part (1) says that we can
nd a presertation for a parabolic subgroupsimply by readingo the relations that involve
only the generatorsof that subgroup. That is by no meanstrue for arbitrary groups. For
instance, in the group G = ha;b;cj ab ?;cb 3i, the generatorsa and c are distinct, and
there is no relation involving only them, so we might guessthat the \parab olic subgroup”
they generateis free of rank 2. Howewer, sincea = b? and ¢ = b?, the subgroupis in fact
in nite cyclic, generatedby b. A well-de ned notion of parabolic subgroupsis thus special
to Coxeter groups.

One can easily construct the Cayley graph of a Coxeter system (W;S) pieceby piece
using the Cayley graphsof the parabolic subgroups. In particular, for eah subsetT S,
the graph Gs(W) cortains one copy of G (Wr5) for ead cosetin the quotient W=W;. Since
W\ Wro= Wr, 1o, we form Gs(W) by gluing the copy of G (W+) correspnding to wWr to
the copy of Gro(Wro) correspnding to wW+o alongthe copy of G\ 1o(Wr\ 10) correspnding
to wWr, to. This makesformal the idea of \gluing together (2ms.)-gons" mertioned in the
Introduction.
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2.6 Word-Hyp erbolic Coxeter Groups

We are nally ready to bring together the results of Chapters 1 and 2 and ask: When
is a Coxeter group word-hyperbolic? G. Moussonganswered this questionin his doctoral
dissertation [16] in 1988. We will not give a full proof of his results here, but we give a
partial explanation of someof them. Moussongand M.W. Davis (his dissertation advisor)
give a more readableexposition in [7].

First, a brief note on terminology: Although in Chapter 1, we usedthe terms \w ord-
hyperbolic" and \hyperbolic" interchangeably we sav in Section2.3 that the term \h yper-
bolic Coxeter group" hasa speci ¢ meaningdi erent from Gromov's de nition of hyperbol-
icity. Indeed, the former meaningimplies the latter, for if (W;S) is a hyperbolic Coxeter
system,then the Cayley graph embedsquasi-isometricallyinto H", soW is word-hyperbolic.
On the other hand, any nite Coxeter group is word-hyperbolic but not hyperbolic. To
eliminate any ambiguity, we will always use\w ord-hyperbolic" in this section.

Hereis Moussong'smain theorem:

Theorem 2.20. Let (W;S) be a Coxeter system. The group W is word-hygertolic if and
only if the following both hold:

1. There is no subsetT S suchthat (W+;T) is an ane Coxeter systemof rank at
least 3.

2. Thereis no pair of disjoint subsetsT;; T, S suchthat W+, and W+, are both in nite
and commute with each other.

Using the list of nite and a ne Coxeter groups given in Figure 14, it is very easyto
identify which Coxeter groupsare word-hyperbolic.

The \only if" direction of this theoremis easyto prove. The Cayley graph of an a ne
Coxeter groupis the 1-skeletonof the dualization of a tessellationof Euclideanspace.Hence,
sudh a group is quasi-isometricto E" and thus not hyperbolic. Sincethe embedding W+ ]
W is an isometry, every parabolic subgroup of a word-hyperbolic Coxeter group is itself
hyperbolic. Therefore,a Coxeter systemthat doesnot satisfy (1) is not hyperbolic. Likewise,
if (W;S) does not satisfy (2), then it cortains two comnuting elemerts of in nite order,
which generatea subgroupisomorphicto Z Z. Recallthat no hyperbolic group cortains
any subgroupisomorphicto Z Z. Thus, (2) must hold in a hyperbolic group W.

For the \if " direction, the ideais to construct a CAT(0), piecewiseEuclideancomplex
(the Davis-Moussongcomplex) on which the Coxeter group acts properly and cocompactly
by isometries. For groups satisfying the conditions of Theorem 2.20,the complex canbe
also given a piecewisehyperbolic structure that is CAT( 1), and thereforethe group itself
is hyperbolic by Lemma1.21.

The basicbuilding block for the complex is the following construction. First, let (W; S)
be a nite Coxeter group of rank n, and let > 0. As seenin Section2.3, the vector space
V usedin the geometricrepresemation of W can be identied with R" with the standard
Euclidean metric and dot product. Choosea point x that lies at distance from ead of
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the re ecting hyperplanes.De ne the Coxetercell C (W) = C (W;S) asthe cornvex hull of
the orbit W:x of x . This is an n-dimensional, corvex, Euclidean polyhedron, and it can
be given a natural PE cell structure. It is easyto seethat the 1-skeletonof C (W;S) is the
Cayley graph Gs(W), scaledsothat eat edgehaslength 2 . More generally for O k n,
the k-cellsof C (W; S) corresppnd naturally to the cosetsof the parabolic subgroupsof rank
k, and a face correspnding to wWr is isometrically isomorphicto C (Wr;T).

Now let (W; S) be an arbitrary group. The complex is a piecewiseEuclideancomplex
de ned asfollows: For every subsetT S for which W+t is nite, includesonecellisometric
to C for eat cosetin the quotient W=Ws. The cellsare glued togetherin the obvious way:
a nonempty intersection of two cosetsof parabolic subgroupsis itself a cosetof a parabolic
subgroup,sowe may gluethe two Coxeter cellstogetheralongthe correspnding face,which
is itself a Coxeter cell. The verticesof correspnd to the cosetsof the trivial subgroup,i.e.,
the elemens of W, and the 1-cellscorrespnd to cosetsof the rank-1 parabolic subgroups
generatedby individual elemens of S. Therefore, the 1-skeleton ! is the Cayley graph
Gs(W), scaledsothat ewvery edgehaslength 2 .

Next, we de ne a piecewisehyperbolic complex " that is isomorphic(asa cell complex)
to .

First, considerthe casewhere (W;S) is a nite Coxeter system. The intersection of
C (W) R" with the corvex coneK is called a black and denotedB (W). Note that the
barycener of every faceof in the star of x liesin oneor more of the hyperplanesthat bound
K. Therefore, the block B (W) is a subcomplex of the barycertric subdivision of C (W)
and is a combinatorial n-cube. The facesof B (W) that are cortained in facesof C (W)
are called outer faces; thosethat are cortained in the hyperplanesthat bound K are called
inner faces The outer facesclearly meetthe inner facesperpendicularly. (SeeFigure 15.)

Let BH(W) H" (the hyperholic block for W) be a hyperbolic polyhedron whoseedge
lengths are the same as those of B (W) and whose anglesbetween two inner facesand
between an inner face and an outer face are all the sameas thosein B (W). The angles
between the outer faces, howewer, are necessarilydi erent. By gluing together copies of
B (W) in the obvious way, we obtain a hyperlolic Coxetercell CH(W). In this case,since

= C (W), weset "= CH(W). If (W;S) is now an arbitrary Coxeter system,then we
form Hfrom by replacingead cell C (W+) by CH(Wr).

Given two polyhedral complexesX and X% a -map is a homeomorphismX ! X °that
presenescell structure and is a (; 0)-quasi-isometry(where 1). If suth a map exists,
X Cis calleda -changeof X .

For the a ne Coxeter groupsconsideredin Section2.3, note that the complex isT ,
the dual to the tiling of R" by the fundamertal domain of W. For the hyperbolic Coxeter
groups, the sameis true for H. Thus, these complexessomewhatgeneralizethe way in
which nite, ane, and hyperbolic Coxeter groupsact on S", E", and H", respectively.

Lemma 2.21. Let > 1. For suciently smal, the complex " isa -changeof

Proof. When W is nite, de ne a homeomorphismf : C (W) ! CH(W) by proportional
radial scaling. That is, for eah x 2 C (W), draw a line segmen L, from the certer O
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Figure 15: The Coxeter cell C (W) and block B (W) for the (2; 2; 3) triangle group.
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of C (W) through x to the boundary of C (W), and draw a correspnding segmeh L? in
CH(W). De ne f (x) to be the point on L2 sud that
d(O;x) _ d(O5%f (x))
JLx] LS

where (L) denotesthe length of L. Obviously, f presenesthe cell structure of C (X).

Note that o
L (L) _
lim inf - =
roxac (x) (Lg)

sincesmall neighborhoods in hyperbolic spaceare approximately Euclidean. Therefore, for
suciently small ,the mapf isa -map.

Now let (W;S) be an arbitrary Coxeter system. As S is nite, there are only nitely
many isometricisomorphismclassef cellsin , sowe may choose su cien tly small that
CH(Wr) isa -changeof C (W) for every nite parabolic subgroupWs. We then obtain a

-map ! " by gluing together the mapson the individual cells. O

1;

Lemma 2.22. The complexes and " are simply connected, and the group W acts prop-
erly and cocompactly by isometrieson both.

Proof. Let beeither or ";the proofis identical for both.

To seethat is simply connected,note that the 2-skeleton of is homeomorphicto
the complexGs.r(W) introducedin Lemma2.13,whereR = f(st)™st j s;t 2 S; mg nite g.
SincehS j Ri is a presenation, Gs.r (W) is simply connected,asis .

The action of W on itself by left multiplication extendsnaturally to an action of W on

by isometries. To seethat this action is proper, note that any compact set K is
cortained in a nite subcomplex °of . Forany w 2 W for which w.K \ K 8 ?, we
have w: °\ © sow permutes a subsetof the verticesof ° The set of sud w is nite,
asrequired. Finally, note that the star of any vertex is compact, and the orbit of the star
coversall of , sothe action is cocompact. O

Finally, we must considerthe global curvature of and ".
Lemma 2.23. Let (W;S) be a Coxeter system.
1. For any > 0, the complex is glolally CAT (0).

2. If (W,;S) satis es the conditions of Theorem 2.20 and is su ciently small, then the
complex " is glokally CAT( 1).

By Lemmal.22,it su ces to show in eat casethat eaty complexsatis esthe link axiom,
i.e., that the link of any cell hasgirth at least2 .
We considerthe hyperbolic caserst. Note the following lemma of Moussong[16, p. 17]:

Lemma 2.24. Let X bea nite, piecewisespherial, simplicial complex. For any real numkber
< g(X), there exists > 1 suchthat for any -changeX °of X, we haveg(X 9
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In particular, to prove (2), it suces to show that the link of every cell in has girth
strictly greaterthan 2 . If so,we can nd 2 sud that g(lk(C; )) > for ewery cell
C of , sincethere are only nitely many isometric isomorphismclassesf links. Let be
the leastof the valuessuppliedfor the di erent links by Lemma?2.24. By LemmaZ2.21,there
exists > Osudhthat Misa -changeof . Ead link Ik(CH(Wy); H)isa -changeof
the correspnding link Ik(C (Wt); ) and thereforehasgirth at least , which provesthat

H is globally CAT( 1).

Thus, it su ces to considerthe links of the cellsin . Sincethe links depend only on
angles,we may omit mertion of . This proof is the main technical result of Moussong's
thesis; it dependson and we shall not attempt to prove it here. Howewer, we will prove an
extremely simple caseof the theorem.

The link of avertex, Ik(v; ), isgenerallyeasyto descrile. It cortains onevertex for eat
elemen of S. If mg, is nite, then the verticescorrespndingto s andt are connectedby an
edgeof length =mg:. For any subsetT S of cardinality k, the verticescorrespnding
to T spana spherical(k 1)-simplex (whose shape is determined by its edgelengths) if
and only if W+ is nite. Links of higher-dimensionalcells are harder to descrile, sincethey
require knowing the various anglespresert in the Coxeter cells, but they can be determined
algebraically using the cosinematrix for W.

Note that ewery edgein Ik(v; ) (and, more generally in Ik(C; ) for any cell C) has
length at least =2. Let usrestrict to the caseof a closedgeadlesicc in that is an edge-lamp
in lk(v; ).

First, supposethat c consistsof three edgesof lengths ( =K), ( =l), and (
=m), for a total circumferenceof 3 e+ t+ X If £+ F+ L > 1, then the letters

correspnding to the verticesof this triangle generatea nite parabolic subgroup,soc is the
boundary of a 2-simplexin Ik(v; ), a corntradiction. Thus, the length of ¢ must be at least
2 . Moreover, this length is greaterthan 2 unless% + |l+ % = 1, in which casethe letters
generatean a ne parabolic subgroup.
Next, note that every edge-l@p consistingof four or more edgeshas length at least2 .
The only sud loop whoselength is exactly 2 is a square,eat of whosesideshas length
=2. Let s;; ;s4 be the letters correspnding to the four vertices of this square; then
Mg 5., = 2 (indicesmodulo 4). Also, we must have mg,.s, = ms,s, = 1, sinceotherwise
the squarewould be lled in by two 2-simplices. Therefore,the parabolic subgroupgenerated
by si;  ;ssisthe direct product of twoin nite dihedral groupsandis alsoana ne Coxeter
group of rank 4. This completesthe (extremely simpli ed) proof.
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Chapter 3

Original Results

In this chapter, | will presen the results of my researt on quasicowvex subgroupsof word-
hyperbolic Coxeter groups.

Recall from Section1.4 that the property of quasicorvexity ordinarily dependson one's
choice of generating set; a subgroup can be quasicowex with respect to one set of gener-
ators but not another. Only in hyperbolic groupsis the choice of generatorsguararteed
to be irrelevant. Howewer, a Coxeter group has a canonical presertation that is extremely
closelyrelated to the properties of the group, asthe previous chapter shaved. The length
function with respect to the standard generatorshas a closegeometricconnectionwith the
all-important geometricrepresemation on the group, and the Deletion and Exchange Con-
ditions and Tits's solution to the word problem make computation quite easywhen using
that presertation. Thus, evenin the non-hyperbolic case,it is still meaningfulto talk about
guasicomwexity in Coxeter groups. In any case,the results in this chapter only concern
hyperbolic Coxeter groups.

As mertioned above, onefrequertly considergjuasicomvexity in showving that a hyperbolic
group is locally quasionvex i.e., that every nitely generatedsubgroupis quasicomwvex. This
property implies the weaker but newerthelessimportant property of coherence: that ewvery
nitely generatedsubgroupis nitely presenable. McCammondand Wise [15] proved that a
Coxeter group of rank r is coheret if every exponert m; is at leastr and locally quasicorvex
if the inequalities are strict. Kapovich and Scupp [13] proved se\eral results saying that
if the exponerts m; in a Coxeter group (of arbitrary rank) are su cien tly large, then any
subgroupgeneratedby a su cien tly small number of generatorsis quasicomvex.

Theseresults mostly concernCoxeter groupsof largetype, thosein which every exponernt
Mg IS at least 3 whens 6 t. Sud groups are examplesof smal canaellation groups an
often-studiedclassof groupsin which, roughly speaking,the relations are\long words.” (See
Lyndon and Scupp [14, Ch. V] for an introduction to small cancellationtheory.)

| am interestedin the opposite type of Coxeter group, right-angled groups,in which mg.
is either 2 or 1 whens 6 t. Sincethe results of small cancellationtheory do not apply,
a di erent approad is needed. Patrick Bahls, with whom | worked at the University of
lllinois, has conjecturedthat every word-hyperbolic, right-angled Coxeter group is locally
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guasicoiex.

Accordingto Theorem?2.19,the parabolic subgroupsof Coxeter groupsare always corvex
(with respect to the standard generatingset). Therefore, considerthe following generaliza-
tion of the parabolic subgroups:

De nition  3.1. Let (W;S) be a Coxeter system. A nite subsetU W is calleda peribolic
subsetif no two elemens of U share a letter of S in their reduced expressions,i.e., if
T\ T(u9 = ? for distinct elemens u;u®2 U. A subgroupH W generatedby a
peribolic subsetis called a peribolic sulgroup.*

Like parabolic subgroups,peribolic subgroupsare made possibleby Lemma 2.18, which
statesthat the composition setT(u) S is well-de ned. In most groups, sud a conceptis
not very meaningful, sincethe generatorsof H could be written in very di erent ways.

Bahls and | have proven the following result:

Theorem 3.2. Let (W;S) be a word-hypertolic, right-angled Coxeter system. Then every
peribolic sulgroupH W is quasionvex.

Proof. We must nd a constart k sud that for any w 2 H and any S-reducedword X
represeting w, any truncation x°of x represets an elemen x°2 W sud that ds(x2H) k.

Let U W be a peribolic subsetthat generatedH. For ead u 2 U, choosean S-reduced
word u 2 L(S) that represems u. Let my be the maximum length of the words u; that is,
my = maxf s(u) j u2 Ug.

Any elemen w 2 H canbewritten asw = u;  u,, whereu; 2 U. We may assumethat
r is the leastintegerfor which sud a decomposition exists;we say that u;  u, is U-reducd.
Accordingly, let w = u; u,. Sy that w ='s; sy, wheres 2 S. As in the previously
chapter, let s denotethe imageof s in W. (The useof asthe index variable will be
explainedshortly.)

As seenin Section2.4,it is possibleto reducew to an S-reducedword w by cancelling
pairs of identical letters that commute with all the letters in betweenthem. More precisely
supposethat w is not S-reduced. Then there exist indices < °with s = s o sud that
for every index between and ° wehavess =ss. Thewords; 9 80 sy
then alsorepresems w. Repeating this procedurea nite number of times, we obtain an
S-reducedexpressionfor w.

There are obviously many di erent ways to reducew to a S-reducedword. (In light
of the Cayley graph Cs(W), we may also refer to an S-reducedword as a geodesic) Not
only are multiple geadesicspossible,but there may be di erent sequence®f cancellations
(involving di erent pairings of letters) that lead to the samegealesic. For any sequenceof
cancellationsthat yields a gealesic, let S N N bethe setof triples (s; ; 9 sud
that < 9 s = so= s, and the pair (s ;s o) is one of the pairs of letters that cancel.

1The term \p eribolic" is a pun coined by Bahls. The pre x \p eri-" meansaround or near, so a peribolic
subgroupis onethat is nearly parabolic. For a detailed analysis of why one might nd this name funny, see
Sigmund Freud's Jokesand their Relation to the Unconscious
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Ead elemen of is calleda chord (for reasonghat will be madeevidert later). Note that

For any chord (s; ; 9, let L(s; ; 9 bethe number of indicesi sud that < i< ©
ands; = s, i.e., the number of times that the letter s appearsbetweens ands o. Let L()
denotethe sum X
L() = L(s; ; 9;

(si; 92
a nonnegatiw integer. A sequencenf cancellationsis called minimal if L() is minimal; for
any word w, there exists a minimal sequenceby the well-ordering of the natural numbers.

Note that L() is not necessarilyzerofor a minimal sequence.For instance,if st 6 ts,
then the only way to reducethe word w = stssts to the empty word is to cancelthe inner
pair of s's rst, then the t's, and nally the outer pair of s's; we then have L() = 2. On
the other hand, if st = ts, then this sequenceas no longer minimal, sincewe could instead
cancelthe rst s with the secondand the third with the fourth and obtain L() = 0.

Forl1 j r,letw; =u; uj,andlet N; bethelengthofw;: that is,w; = s, sy;.
Hereis the key lemma:

Lemma 3.3. Let (W;S) be a right-angled, word-hygerlolic Coxetersystem,andletH W
be a peribolic sulgroup geneated by U. There existsa constant B, determined solelyby W,
S, H, and U, suchthat the following is true:

Letw = u; u, beaU-reducd word, andlet be the chod setfor a minimal sequene
of cancellations for w. Then for eachl j r, the numbker of chords (s; ; 9 2 such
that N; < CislessthanB.

We deferthe proof of Lemma3.3and rst shav how it implies that H is quasicowvex.
Let w be the S-reduced expressionfor w obtained from a minimal sequenceof can-
cellations on w, and let x be an arbitrary S-reducedexpressionfor w. The paths in the
Cayley graph Gs(W) correspnding to x and w begin and end at the samepoint, so they
can be viewed as a degenerateriangle in which onesideis simply a point. SinceCs(W) is
-hyperbolic for someconstan 0, ead of thesepathsis cortained in the -neighborhood
of the other. Therefore,if x%is any truncation of x, there exists a truncation w° of @ sud

that ds(x% &9 (where,asusual,x°=  (x9 andw®= (w9.) (SeeFigure 16.)
We may write W asa product 8; @&,, whereg; is the word obtained from u; in the
reductionofwtow. Forl | r,letw; =8, @& andw = (w;). Choosej to bethe

least value for which the word w?is a truncation of @, . Sincethe length of ead word g; is
at most my, we therefore have ds(\&® ®) my.
Let © be the setof all chords(s; ; 92 sud that N; < © By Lemma3.3,

where ;< < .

Lety = soso  so. Using Tits's algorithm, we may reduce the word w;y to a
gedalesicby successiely cancellingead pair of letters (s ;s o) (asi rangesfrom k to 1),
as well as all pairs (s ;s o) that cancelin the reduction of w and for which < ° N;.
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Figure 16: Schematic of the proof of Theorem 3.2.

The resulting gedadesicis simply w;. Therefore,w; 1\5,- =y, sods(w;;w;) “s(y) k B.
Note that w; 2 H.

By the triangle inequality, we have d(x%w;) K, whereK = + my + B. The ertire
gedesicx thus lies within the (K + 1)-neighborhood of the elemens of H in the Cayley
graph Gs(W). (The extra 1isto accourt for points in the interiors of edges.)As K depends
only on the choiceof W, S, H, and U, we thus seethat H is (K + 1)-quasicowex. O

Note that the only part of this proof that dependson the constructionofH | speci cally,
the fact that H is peribolic| is Lemma3.3. In an unpublishedpaper, Bahls rst deweloped
the technique of bounding the cancellationsof pairs in orderto show that a di erent type of
subgroupis quasicoivex: namely subgroupsgeneratedby re ections. (For thosesubgroups,
there is an easierproof.) Assumingthat one can prove someanalogueof Lemma 3.3, it may
be possibleto extend this type of argumert to other typesof Coxeter groups.

The proof of Lemma 3.3 is extremely detailed and would take many pagesto presen in
its ertirely. Howewer, we will give a rough outline of the proof.

First of all, let us explain someof the nomenclatureusedabove. We may represen the
word w as a subdivision of a line segmeh into N intervals, or cells, correspnding to the
letters s;. Ead cell is labelled with the orderedpair (s ; )2 S N. (Typically, we usea
Roman letter for the elemen of S and the correspnding Greek letter for the index: thus,
(s; ), (t; ), etc.) A cell(s; ) is calledan s-cell; by abuseof notation, we often refer to the
cell (s; ) assimply

We may keeptrack of a sequenceof cancellationsby drawing an arc, or chord, joining
ead pair of cellsthat corresppndsto a pair of cancellingletters. The resulting cancellation
diagram is extremely useful for guring out what commnutation relations must hold in the
group. For instance,if (t; ) is a cell without a chord and lies betweenthe endpoints of the
chord (s; ; 9, then st = ts. Similarly, if the diagram cortains chords(s; ; 9 and(t; ; 9
with < < %< 0 thenagainwe havest = ts, sinceonepair of letters must cancelbefore
the other one. (Such chords are said to cross;this terminology makes senseif we draw all
the chords below the baseline segmen)

We may de ne a partial order on the chord set by nesting: (s; ; 9 (t; ; 9 if and
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onlyif < < 9%< 09 Many proofsinvolve induction on this partial ordering.

The cancellation diagram for a minimal sequenceof cancellationsis called a minimal
diagram. A minimal diagramD satis es seweral important properties. First of all, if (s; ; 9
isachordand(s; )isans-cellthat liesbetween and ©°then mustcortain anendpoint of
a chord whoseother endpoint is alsobetween and ° Otherwise,we could replacethe chord
(s; ; 9 with (s; ; ) or (s; ; ) and obtain a valid cancellation diagram, cortradicting
minimality of D. Moreover, if (s; ; 9 (s; ; 9, then there existsa chord (t; ; 9, with
st 6 ts,suhthat (s; ; 9 (t ;9 (s;; 9. Otherwise, we could s-chords with
(s; ; )and(s; % 9 andobtain avalid diagram, again cortradicting the minimality of D.

When a word is givenasa product w = u;  u,, wherethe u; are generatorsof a given

interval that represems either u or u ! is called a u-interval. When there exists a chord
(s; ; 9 sudthat that isin interval I; and Cisin interval I;o, the pair (I;;10) is calleda
matcheal pair. Sincethe u; are reducedwords, the endpoints of any chord must be contained
in di erent intervals.

For peribolic subgroups,note that if (I;;l;0) is a matched pair joined by a chord (s; ; 9,
then the intervals I; and I;oc both represen the sameword u or its inverse,sinceno other
elemen of U includesthe letter s. Using this fact, it is possibleto get an extremely good
cortrol on the behavior of the chords. For instance,oneimportant lemmais that if is the
mt" s-cell from the right end of |;, then Cis the m™ s-cell from the left end of | .

The main technical result is as follows:

Prop osition 3.4. Let (W;S) be a right-angled, word-hyperlolic Coxeter system,and let H
be a peribolic sulgroup genented by U. Saythat w = u; u, as alove, and consider a
minimal cancellation diagram for w. Let s;t 2 S, and suppsethat there are chords

s ) GuD (529 2
satisfying either of the following conditions:

1. For somedistinct u;v 2 U, wehaves 2 T(u);t 2 T(v), sono two of the eight cells are
contained in the sameinterval.

2. For someu 2 U, we haves;t 2 T(u), and the four pairs of cells f 5; ,g, f 1; 10,
f 9 %9, andf §; Jg are contained in serate u-intervals.

Then st = ts.

Sketchof proof. Supposethat st 6 ts. Theideaisto nd twonon-commnuting lettersx;y 2 S
sudh that sx = sx, tx = xt, sy = ys, andty = yt. The parabolic subgroupWr generatedby
T = fs;t; x; yg will then be the direct product of two copiesof the in nite dihedral group.
Howeer, this is an a ne Coxeter group of rank 4, which cortradicts Theorem 2.20.

Given any setof indices1l i, < < iy r, notethat there must be at least onecell
in the union I, [ [ i, that either has no chord or has a chord whoseother endpoint
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Figure 17: The two typesof cancellationdiagramsin Proposition 3.4.

isnotin I, [ [ I;,. Otherwise,the word w°= u; @,
expressionfor w, cortradicting the fact that w is U-reduced.
Roughly speaking, we may usethis technique to obtain a non-cancellingcell (x; ) that
appearsin the sameinterval aseither ; or , (varying in dierent cases).By a courting
argumert, there is another non-cancellingx-cell (x; 9 to the right of . As a result, there
must be a cell (y; ) between and © with xy 6 yx, preverting the formation of a chord
(x; ; 9. Figuring out the other commutation relations is an extremely tedious exercisein
diagram-dasing,so| will not show the details here. O

. U, would also be an

Proof of Lemma3.3. In terms of cancellationdiagrams,the lemmasays the number of chords
with oneendpoint in |4 [ [ 1; and the otherin I [ [ I, is universally bounded. We
may prove this fact using repeated applications of the PigeonholePrinciple. Forany s2 S,
the s-chordsof this type form a chain in the partial orderingon chords, sinces-chordscannot
cross:(s; 1; ? (s; «; D):Bythe minimality of the diagram,for1 i k 1,there
must beachord (t;; ;; Y sudthat (s; i; 9 (t; 7 Y  (s; i+1; %) If kissuciently
large, then one of the letters t; will repeat in one of the ways forbidden by Proposition 3.4,
sok must be lessthan someconstart ko. Therefore, by the PigeonholePrinciple, the total
number of chordsjoining | [ [ 1 andlj4 [ [ I+ isboundedby B = kojUj+ 1. O
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Poetic Conclusion

We ask,\What good can possibly comeof
Turning a group into a metric space?"
When this idea was put forth by Gromov,
Group theory took o at a rapid pace.

Word-hyperbolic groupshave much in store.
They all can be presened nitely ,

And they have useful properties galore
When they are quasicorvex locally.

In Cox'ter groups,we learn lots from how long
The words are for a given elemen.

To tie it all together, there's Moussong
Whose proof is anything but evidert.

My thesisis complete,and sadto tell
| soon must bid fair Harvard a farewell.
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