








B.2 Replicator and Viability Edge Dynamics

In the ensuing two figures: red arrows indicate one strategy dominating
another; black arrows indicate bistability; blue arrows indicate coexistence;
uninvadeable strategies are colored green.

Figure 2: Replicator dynamics on the simplex edges in each parameter region.
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Figure 3: Viability updating invasion conditions on the simplex edges in each
parameter region.
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C Viability Updating: Weak-Selection Limit

We here follow the derivation of Ohtsuki (2008) to obtain the weak-selection
viability expression (5.1). We begin by taking the weak selection limit w — 0,
and substituting the resulting weak-selection fitness (4.3) into the general-
selection viability equations (4.12):

T & ij ZM(Z; 2,x)(1 — w(ej - Az))%
- xiZM(z;z,X)(l —w(e; - Az)).

The term of 0**-order in 3 vanishes, giving:

w” ‘~N$ZZMZZX )(e; - Az) Zm]ZMzzx )(ej - Az)zZ
= Z M (z; z,x) Zaikzk - Z:cj ZM(Z; Z,X) Z ik
z k J z k
k

k J

where Z = (Zy,...,2Z,) ~ M(z; z,x) is a multinomial random variable, and
E[] the expectation function. It is a standard result from probability theory
that E[Z;] = zx;, and E[Z;Z;] = zx;(0u + (2 — 1)xy) (Rice, 2007), where 0;
is the Kronecker delta function. Thus, (C.1) simplifies to:

1
=T Z i Z T =~ Z T Z ajrzx; (6 + (2 — 1)ay)
k j k
= <z Z Qi — Z ajk(dixr; + (2 — 1):17j:17k)>
k jik
=, <z Z AipTh — Z zjaj; — (2 — 1) Z ajkxjxk)
k J Jk

= 2;(ze; - Ax — ;- ATx — (z — 1)x - Ax)
=z;(e;- [2A — AT]x — x - [zA — AT]x). (C.2)

This gives us (5.1), up to a universal velocity factor of 571
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D Statement of Auxiliary Theorems

D.1 Picard-Lindelof Theorem

Theorem. If ¢ : X — R" is Lipschitz continuous on the open domain
X C R, then the system x = p(x) has a unique solution &(-,x) : T — X
through every state x € X. Moreover, § is continuous in t € T and in
xe X.»

See Hirsch and Smale (1974) for proof.

D.2 Hartman Linearization Theorem

We must first establish the following two definitions before stating Hartman’s
theorem.

Definition. In a system of differential equations x = f(x), a stationary state
y is hyperbolic if the Jacobian J of f evaluated at y has no eigenvalues with
zero real part.

Definition. Given a system of differential equations x = f(x), a linearization
L of f at a point y is the system given by: X = J(y) - x = L(x).

Theorem. Let f : R" — R" be a smooth map. Let'y be a hyperbolic sta-
tionary state of the system x = f(x), and L a linearization of the system
at ' y. Then there exists a neighborhood U of y in which £ is topologically
conjugate to L — namely, there is a homeomorphism h : U — R™ such that

hofoh™!=L.

See Hartman (1960) for proof.

39Note that this continuity result is often stated and proved separately.
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