






B.2 Replicator and Viability Edge Dynamics

In the ensuing two figures: red arrows indicate one strategy dominating
another; black arrows indicate bistability; blue arrows indicate coexistence;
uninvadeable strategies are colored green.

Figure 2: Replicator dynamics on the simplex edges in each parameter region.

71



DP

DS DA

DNCN

CP

CA

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > zα
β < z(α + c) + b
β > (α – b)/z – c
β < (α + b)/z + c
β < (b + zc)/(z – 1) – α

DP

DS DA

DNCNCN

CP

CACA

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > zα
β < z(α + c) + b
β > (α – b)/z – c
β < (α + b)/z + c
β < (b + zc)/(z – 1) – α

DA

DNCN

CP

DP

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > z(α – c) – b
β < zα
β > (α – b)/z – c
β < (α + b)/z + c
β < (b + zc)/(z – 1) – α

DA

DNCNCN

CP

DPDP

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > z(α – c) – b
β < zα
β > (α – b)/z – c
β < (α + b)/z + c
β < (b + zc)/(z – 1) – α

DADS

CN

CP

DP

DN

CA

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > zα
β < z(α + c) + b
β > (α + b)/z + c
β < (b + zc)/(z – 1) – α

DADADSDS

CNCN

CPCP

DPDP

DNDN

CACA

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > zα
β < z(α + c) + b
β > (α + b)/z + c
β < (b + zc)/(z – 1) – α

DADS

CN

CP

DP

DN

CA

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > zα
β < z(α + c) + b
β > (α + b)/z + c
β > (b + zc)/(z – 1) – α

DADADSDS

CNCN

CPCP

DPDP

DNDN

CACA

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > zα
β < z(α + c) + b
β > (α + b)/z + c
β > (b + zc)/(z – 1) – α

DADS

CN

CP

DP

DN

CA

CS

β >  b + z(α + c)

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

DADADSDS

CNCN

CPCP

DPDP

DNDN

CACA

CSCS

β >  b + z(α + c)

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

CN

CP

DP

DA

DN

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > z(α – c) – b
β < zα
β > (α + b)/z + c
β > (b + zc)/(z – 1) – α

CNCN

CP

DPDP

DA

DN

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > z(α – c) – b
β < zα
β > (α + b)/z + c
β > (b + zc)/(z – 1) – α

DA

DNCN

CP

DP

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > z(α – c) – b 
β < zα
β > (α – b)/z – c
β < (α + b)/z + c
β > (b + zc)/(z – 1) – α

DA

DNCNCN

CP

DPDP

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β > z(α – c) – b 
β < zα
β > (α – b)/z – c
β < (α + b)/z + c
β > (b + zc)/(z – 1) – α CP

DA

DNCN

DP

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β > (α + b)/z + c
β > (b + zc)/(z – 1) – α

CP

DA

DNCNCN

DPDP

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β > (α + b)/z + c
β > (b + zc)/(z – 1) – α

DA

DNCN

CP

DP

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b 
β > (α – b)/z – c
β < (α + b)/z + c
β > (b + zc)/(z – 1) – α

DA

DNCNCN

CP

DPDP

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b 
β > (α – b)/z – c
β < (α + b)/z + c
β > (b + zc)/(z – 1) – α

DA

DNCN

CP

DP

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β > (α – b)/z – c
β > (b + zc)/(z – 1) – α
β < (b + zc)/(z – 1) + α

DA

DNCNCN

CP

DPDP

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β > (α – b)/z – c
β > (b + zc)/(z – 1) – α
β < (b + zc)/(z – 1) + α

DA

DNCN

CP

DP

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β < (α – b)/z – c
β > (b + zc)/(z – 1) – α
β < (b + zc)/(z – 1) + α

DA

DNCNCN

CP

DPDP

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β < (α – b)/z – c
β > (b + zc)/(z – 1) – α
β < (b + zc)/(z – 1) + α

DA

DNCN

CP

DP

CA

DS

CS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β > (α – b)/z – c
β < (α + b)/z + c
β < (b + zc)/(z – 1) – α

DA

DNCNCN

CP

DPDP

CACA

DSDS

CSCS

Logical
DefectorsIllogical

Defectors

Logical
Cooperators

Illogical
Cooperators

β < z(α – c) – b
β > (α – b)/z – c
β < (α + b)/z + c
β < (b + zc)/(z – 1) – α

1 2 3

4 5 6

7 8 9

10 11 12



C Viability Updating: Weak-Selection Limit

We here follow the derivation of Ohtsuki (2008) to obtain the weak-selection
viability expression (5.1). We begin by taking the weak selection limit ω → 0,
and substituting the resulting weak-selection fitness (4.3) into the general-
selection viability equations (4.12):

ẋi ≈
n∑
j=1

xj
∑
z

M(z; z,x)(1− ω(ej · Az))
zi
z

− xi
∑
z

M(z; z,x)(1− ω(ei · Az)).

The term of 0th-order in β vanishes, giving:

ω−1ẋi ≈ xi
∑
z

M(z; z,x)(ei · Az)−
∑
j

xj
∑
z

M(z; z,x)(ej · Az)
zi
z

= xi
∑
z

M(z; z,x)
∑
k

aikzk −
1

z

∑
j

xj
∑
z

M(z; z,x)
∑
k

ajkzkzi

= xi
∑
k

aikE[Zk]−
1

z

∑
j

xj
∑
k

ajkE[ZiZk] (C.1)

where Z = (Z1, . . . , Zn) ∼ M(z; z,x) is a multinomial random variable, and
E[·] the expectation function. It is a standard result from probability theory
that E[Zi] = zxi, and E[ZiZk] = zxi(δik + (z − 1)xk) (Rice, 2007), where δik
is the Kronecker delta function. Thus, (C.1) simplifies to:

= xi
∑
k

aikzxk −
1

z

∑
j

xj
∑
k

ajkzxi(δik + (z − 1)xk)

= xi

(
z
∑
k

aikxk −
∑
j,k

ajk(δikxj + (z − 1)xjxk)

)

= xi

(
z
∑
k

aikxk −
∑
j

xjaji − (z − 1)
∑
j,k

ajkxjxk

)
= xi(zei · Ax− ei · ATx− (z − 1)x · Ax)

= xi(ei · [zA− AT ]x− x · [zA− AT ]x). (C.2)

This gives us (5.1), up to a universal velocity factor of β−1.
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D Statement of Auxiliary Theorems

D.1 Picard-Lindelöf Theorem

Theorem. If ϕ : X → Rn is Lipschitz continuous on the open domain
X ⊂ Rn, then the system ẋ = ϕ(x) has a unique solution ξ(·,x) : T → X
through every state x ∈ X. Moreover, ξ is continuous in t ∈ T and in
x ∈ X.39

See Hirsch and Smale (1974) for proof.

D.2 Hartman Linearization Theorem

We must first establish the following two definitions before stating Hartman’s
theorem.

Definition. In a system of differential equations ẋ = f(x), a stationary state
y is hyperbolic if the Jacobian J of f evaluated at y has no eigenvalues with
zero real part.

Definition. Given a system of differential equations ẋ = f(x), a linearization
L of f at a point y is the system given by: ẋ = J (y) · x ≡ L(x).

Theorem. Let f : Rn → Rn be a smooth map. Let y be a hyperbolic sta-
tionary state of the system ẋ = f(x), and L a linearization of the system
at y. Then there exists a neighborhood U of y in which f is topologically
conjugate to L – namely, there is a homeomorphism h : U → Rn such that
h ◦ f ◦ h−1 = L.

See Hartman (1960) for proof.

39Note that this continuity result is often stated and proved separately.
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