GRAM SCHMIDT AND QR FACTORIZA TION Math 21b, O. Knill | “211°
BACK TO THE EXAMPLE. The matrix with the vectorswi;v,;¥;isA=4 0 3 25
| HOMEW ORK: Section5.2: 2,14,16,34,40,42* | 2 3 005 3
¥ = jjvljjwl 100 211
GRAM-SCHMIDT PROCESS. Y2 = (W1 Vo)W + jtig]jwy sothat Q=40 1 05andR=40 3 25.
Let vq; 5%, beabasisin V. Let t; = v and wy = t35jjthjj. The Gram-Schmidt processrecursively constructs V3 = (W1 Wa)Wi+ (W2 W)W+ jtisfjwa, 001 005

from the already constructed orthonormal set w;::;;w; 1 which spansa linear spaceV, 1 the new vector
t = (¢ projy, , (%)) which is orthogonal to Vi ;, and then normalizing t; to to get w; = t;5jtjj. Each
vector w; is orthonormal to the linear spaceV, ;. The vectorsfw;;::;w,g form an orthonormal basisin V.

PR O MEMORIA
While building the matrix R we keeptrack of the vectors u; during the Gram-Schmidt procedure. At the end

you have vectors t;; v ; w; and the matrix R has in the diagonal as well as the dot products in

the upper right triangle wherei < j.

- _ 0 1 _ 0 _ 1 0o _ 1
PROBLEM. Make the QR decomposition of A = 1 1 ™= Q2= 1 1 = 0
_ _ 0 1 11 _
Wy = th. A= 1 0 01 —QR.

EXAMPLE. 2 3 2 3 2 3
2 1 1
Find an orthonormal basisfor v; =4 05, v, =4 35 andvs=4 2 5.
0 0 5
SOLUTION. 2 3
1
1wy = wjwjj= 4 05,
0 2 3 2 3
0 0
2.t,= (v2 projy,(v2)) = ¥2 (W1 w)wp =4 3 5. w, = tpTjtigfj = 4 15,
2 3 0 2 3
0 0

3.t3= (Vg Projy,(ve)) = ¥s (W1 wa)wy (Wp wo)wo =4 05, ws = tiz=jjtigfj = 4 0 5.
5 1

QR FACTORIZA TION .
The formulas can be written as
Y1 = Jjivajjwe = riawy

vi = (W1 W)W+ (W1 W)W Jidijiw = riawn + W
¥n = (W1 W)W+ + (Wn 1 ¥n)Wn 1+ Jithnjjwn = rnawy + + Inn W
which meansin matrix form
2 3 2 .32 3
I J J J J fia ra Mm
A=4 v ¥m O =4 w Wn 54 0 Iy fam 5=QR;
i j i j 0 0 I mm

where A and Q aren m matricesand R isam m matrix.

THE GRAM-SCHMIDT PROCESS PROVES: Any matrix A
with linearly independert columns v can be decomposed as
A = QR, where Q has orthonormal column vectors and where
R is an upper triangular square matrix. The matrix Q has the
orthonormal vectorsw; in the columns.

WHY do we careto have an orthonormal basis?

seethat an orthonormal basisinto a standard basisor a mirror of the standard basis.

The Gram-Schmidt processis tied to the factorization A = QR. The later helpsto solve linear equations.
In physical problems like in astrophysics, the numerical methods to simulate the problems one needsto
invert huge matrices in every time step of the ewolution. The reasonwhy this is necessarysometimesis
to assurethe numerical method is stable implicit methods. Inverting A * = R 'Q ! is easybecauseR
and Q are easyto invert.

For many physical problems like in quantum mechanics or dynamical systems, matrices are symmetric
A = A, whereAij = Aji. For such matrices, there will a natural orthonormal basis.

The form ula for the pro jection onto a linear subspaceV simpli es with an orthonormal basisv; in V:
projy (%) = (v1 %)Wy + + (Wn %)W, .

An orthonormal basis simpli es compuations due to the presenceof many zerosw; w; = 0. This is

especially the casefor problems with symmetry.

The Gram Schmidt processcan be usedto de ne and construct classef classicalpolynomials, which are
important in physics. Examples are Chebyshev polynomials, Laguerre polynomials or Hermite polynomi-
als.

QR factorization allows fast computation of the determinant, least squaresolutions R 1Q b of overde-
termined systemsAx = Dor nding eigenvalues- all topics which will appear later.

SOME HISTOR Y.

The recursive formulae of the processwere stated by Erhard Schmidt (1876-1959)in 1907. The essenceof
the formulae were already in a 1883 paper of J.P.Gram in 1883 which Schmidt mentions in a footnote. The
processseemsalready have beenusedby Laplace (1749-1827)and was alsousedby Cauchy (1789-1857)in 1836.

Gram Schmidt Laplace Cauchy




