| DIMENSION Math 21b, O. Knill

l Homework: Section 3.3: 22,24,32,38,52,36*,6*

LINEAR SPACE. X is a linear space if 0e X and
if X is closedunder addition and scalar multiplica-
tion.

REVIEW BASIS. B= {t},...,0,} C X

B linear independent: ¢,v; + ...+ ¢, U, = 0implies
c1=..=¢,=0.

Bspan X: v € X then v= a191 + ... + a,Uy.

Examples: R", X = ker(4), X = im(A) are linear B basis: both linear independert and span.

spaces.

| LEMMA. If ¢ vectors &y, ..., W, span X and @, ..., ¢, are linearly independert in X, then p < ¢. ‘

REASON (an other proof is in the book). Assume g < p. Becausew, span, ead vector ¥; can be writ-

ten as Zf,’:l a;jW; = T;. After doing Gauss-Jordan elimination of the augmerted (¢ x (p + n))-matrix
a1 ... aig | W
L | which belong to these relations, we end up with a matrix, which contains a last
ap1 ... Gpg | W
line | 0 .. 0 | buhi+ ...+ bguy | shawing that by, + ...+ b, = 0. This nontrivial relation betweenthe

the vectors wj; is a cortradiction to the linear independence.The assumption ¢ < p was absurd.

BASIS: ENOUGH BUT NOT TOO MUCH. The spanning oot BTSH PCTURE cog

LESLIE
B.

condition for a basis assuresthat there are enough vectors
to represert any other vector, the linear independencecondi-
tion assuresthat there are not too many vectors. A basisis,
where J.Lo meetsA.Hi: Left: J.Lopez in ” Enough”, right " The - B WyndhamLewis
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man who new too much” by A.Hitchcock

THEOREM. |Given abasisA = {vy,...,v, } and a basisB = {w,...,.w,, } of X, then m = n.

PROOF. BecauseA spansX and B is linearly independert, we know that » < m. BecauseB spansX and A
is linearly independert alsom < n holds. Together,n < m and m < n implies n = m.

AN UNUSUAL EXAMPLE. Let X be the space of polynomials up to degree 4. For example
p(z) = 3z*+ 223 + 2+ 5 is an elemen in this space. It is straightforward to chedk that X is a
linear space. The "zero vector" is the function f(x) = 0 which is zero everywhere. We claim that
e1(x) = 1,ex(z) = x,e3(x) = 22, eq(x) = 2% and es(z) = x* form a basisin X.

PROOF. The vectors span the space: every polynomial f(z) = co + ciz + cax® + cza® + cqa? isasum f =
coel + ciex + cgez + czeq + cyes Of basiselemerts.

The vectorsare linearly independert: a nontrivial relation 0= cpe; + ciea+ caes + czeq + cye5 would meanthat
co+ a1+ ca? + czx® + cqz* = 0 for all z which is not possibleunlessall ¢; are zero.
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DIMENSION OF THE KERNEL. The number of columnsin
rref(A) without leading 1's is the dimension of the kernel
dim(ker(A)): we can introduce a parameter for eac such col-
umn when solving Az = 0 using Gauss-Jordanelimination.
DIMENSION OF THE IMA GE. The number of leading 1
in rref(A), the rank of A is the dimension of the image
dim(im (A4)) becauseevery such leading 1 producesa di er-
ent column vector (called pivot column vectors) and these
column vectors are linearly independert.

* *
*
*

EXAMPLE: A invertible is equivalent that the
dimension of the image is n and that the
dim(ker)(A) = 0.

PROOF. There are n columns. dim(ker(A)) is the number of columns without leading 1, dim(im (4)) is the
number of columns with leading 1.

DIMENSION FORMULA: (4 : R" — R™)
[ dim(ker(4)) + dim(im (4)) = n |

EXAMPLE. In the spaceX of polynomials of degree4 de ne T(f)(x) = f”(z). The kernel consistsof linear
polynomials spannedby e, e5, the image consistsof all polynomials of degree< 2. It is spannedby es, ey, 5.
Indeed dim(ker(T)) + dim(im (7)) = 2+ 3= 5= n.

DIMENSION. The number of elemernts in a basis of
X is independert of the choice of the basis. It is
called the dimension of X.

UNIQUE REPRESENTATION. #4,...,9, € X ba-
sis = every ¢ € X can be written uniquely asa sum
U= aivy + ...+ apUy,.

EXAMPLES. The dimension of {0} is zero. The dimension of any line 1. The dimension of a plane is 2, the
dimension of three dimensional spaceis 3. The dimension is independert on where the spaceis embeddedin.
For example: a line in the plane and a line in spacehave dimension 1.

IN THE UNUSUAL EXAMPLE. The set of polynomials of degree< 4 form a linear spaceof dimension 5.

REVIEW: KERNEL AND IMA GE. We can construct a basisof the kernel and image of a linear transformation
T(x) = Az by forming B = rref A. The set of Pivot columnsin A form a basis of the image of 7', a basis for
the kernel is obtained by solving Bz = 0 and intro ducing free variables for ead non-pivot column.

EXAMPLE. Let X the linear spacefrom above. De ne the linear transformation 7'(f)(z) = f’(x). For
example: T'(z3 + 22*) = 322 + 823, Find a basisfor the kernel and image of this transformation.

SOLUTION. BecauseT'(e1) = 0,T(e2) = e1,T(e3) = 2ey,T(es) = 3es,T(e5) = 4eyq, the matrix of T is

8 (1) g 8 8 which is almost in row reducedechelonform. You seethat the last four columns
_ are pivot columns. The kernel is spannedby e; which correspondsto the con-
A=]10 00 3 0 ; _ . ] f ; A
0000 4 stant function f(z) = 1. The imageis the 4 dimensional spaceof polynomials
0000 O of degree< 3.

FRACTAL DIMENSION. Mathematicians study objects with non-integer dimension sincethe early 20'th cen-
tury. The topic becamefashionin the 80'ies, when peoplestarted to generatefractals on computers. To de ne
fractals, the notion of dimensionis extended: de ne a s-volume of accuracy r of a boundedset X in R" as
the inm um of all h,,.(X) = >, |U;|*, where U; are cubesof length < r covering X and |U,]| is the length of
Uj. The s-volume is then de ned asthe limit A (X) of hy(X) = h,,(X) whenr — 0. The dimension is the
limiting value s, where h4(X) jumps from 0 to co. Examples:

1) A smooth curve X of length 1 in the plane can be covered with n squaresU; of length |U;| = 1/n and
he1m(X) = Z;":l(l/n)'S = n(1/n)%. If s <1, this converges,if s > 1it divergesfor n — co. Sodim(X) = 1.
2) A square X in spaceof area 1 can be covered with n? cubes U; of length |U;| = 1/n and hgam(X) =

Z;‘;(l/n ¥ = n?(1/n)® which convergesto 0 for s < 2 and divergesfor s > 2 sothat dim(X) = 2

3) The Shirpinski carpet is constructed recur- :
sively by dividing a squarein 9 equal squaresand
cutting away the middle one, repeating this proce-
dure with ead of the squaresetc. At the k'th step,
we need 8" squaresof length 1/3" to cover the car-
pet. The s—volume h, ;,3+(X) of accuracy 1/3% is
8%(1/3%)® = 8%/3"s, which goesto O for k& — oo if
3k < 8% or s < d = log(8)/log(3) and divergesif
s > d. The dimensionis d = log(8)/log(3) = 1.893. i

Mathematicians call a fact a "lemma" if it is usedto prove a theorem and if doesnot desene the be honored by

the name "theorem":

INFINITE DIMENSIONS. Linear spacesalsocanhavein nite dimensions. An
exampleis the set X of all continuous maps from the real R to R. It contains
all polynomials and becauseX,, the spaceof polynomials of degreen with 2
dimensionn + 1is contained in X, the spaceX isin nite dimensional. By the

way, there are functions like g(z) = "7 ;sin(2"z)/2" in X which have graphs
of fractal dimension > 1 and which are not di erentiable at any point x.




