ICE: A BLACKBOARD PROBLEM Math 21b, O. Knill

In the movie &
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solves a black- B=
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is given as a
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linear  algebra
class.
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THE "WILL HUNTING” PROBLEM.

G is the graph ‘
O—a_B

Find.

1) the adjacency matrix A.

2) the matrix giving the number of 3 step walks.

3) the generating function for walks from point i — j.
4) the generating function for walks from points 1 — 3.

This problem belongs to linear algebra and calculus evenso the problem origins from graph the-

ory or combinatorics. For a calculus student who has never seen the connection between graph
theory, calculus and linear algebra, the assignment is actually hard — probably too hard - as the
movie correctly indicates. The problem was posed in the last part of a linear algebra course.
An explanation of some terms:

THE ADJACENCY MATRIX. The structure of the graph can be encoded with a 4 x 4 array
which encodes how many paths of length 1, one can take in the graph from one node to an
other:

no | one | no | one which can more conve- 0101
one | none | two | one niently be written as I = 1021
no | two | no | no an array of numbers 0200
one | one | no | no called a matrix: 1100

Problem 2 asks to find the matrix which encodes all possible paths of length 3.

GENERATING FUNCTION. To any graph one can assign for every pair of nodes i, j a series
f(2) = 352,02 where al¥) is the number of possible walks from node i to node j with n
steps. Problem 3) asks for an explicit expression of f(z) and problem 4) asks for an explicit
expression in the special case i = 1,5 = 3.

Linear algebra has many relations to other fields in mathematics. It is not true that linear
algebra is just about solving systems of linear equations.




SOLUTION TO 2). [L?];; is by definition of the matrix product the sum L; Li; + LioLoj +
..+ LiyLy;. Each term L;;L,; is 1 if and only if there is a path of length 2 going from ¢ to j
passing through k. Therefore [L?];; is the number of paths of length 2 going from node i to j.
Similarly, [L"];; is the number of paths of length n going from i to j. The answer is

2 7 2 3
7T 2 127

3 _
L= 2 12 0 2
3 7 2 2

SOLUTION TO 3). The geometric series formula
Z " =(1—x)""

holds also for matrices:
ZL”ZJZ ZL"" =(1—Lz)!

Cramers formula for the inverse of a matrix which involves the determinant
A™! = det(Ayy) /det(A)
This leads to an explicit formula
det(1 — zL;;)/det(1 — 2L)

which can also be written as

det(L;; — z)/det(L — z) .

SOLUTION TO 4). This is the special case, when i = 1 and j = 3.

1 -z 1
det(L —z)=det(| 0 2 0 |)=-2—2z+322—-2%.
1 1 -z
-z 1 0 1
R T P
det(L — z) = 0 2 —» 0 =4-22—-T2"+z
1 1 0 -z

The final result is
(2 +32%2 —2—2)/(z* =72 — 22+ 4) .




