CROSS PRODUCT Maths21a, O. Knill

CROSS PRODUCT. The cross product of two vectors ¥ = hvy;Vv,;vsi and
w = hwi;wp;wsi is dened as the vector v w = hvows  VaWa;Vaw;

ViW3; ViWp  Vowii. To compute it, look at the "determinant computation™:
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4vi vz v3o=4 v, vg5 4y vi5+4 v v = 1(vows  vaWa) - (Vaws
VaWy) + K(viwz - vawy).
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DIRECTION OF v w: |v w is orthogonal to ¥ and orthogonal to w. |

Proof. Check thatv (v w)=0.

LENGTH: \ v Wi = jvijwjsin( ) |

Proof. The identity j¥ wj? = j¥j2jwj?> (¥ w)? can be proven by direct computation. Now,jv wj = j¥jj wj cos( ).
AREA. The length jv wj is the area of the parallelogram spanned by and w.

Proof. Becausejwj sin( ) is the height of the parallelogram with base lengthjvj, the area isjvjj wj sin( ) which
is by the above formula equal tojv  wj.

EXAMPLE. If ¥ = (&;0;0) and w = (bcos( );bsin( );0), then ¥ w = (0;0;absin( )) which has length
jabsin( )j.

ZERO CROSS PRODUCT. We see thatv w is zero if v and w are parallel .
ORIENTATION. The vectors v;wand v w form a right handed
coordinate system . The right hand rule is: put the rst vector v on

the thumb, the second vector w on the pointing nger and the third
vector ¥ w on the third middle nger.

EXAMPLE. 7,7 T 7 = R forms a right handed coordinate system.

DOT PRODUCT (is a scalar) CROSS PRODUCT (is a vector)

Y W= w v commutative Y W= W v anti-commutative
v wj = jvijjw cos( ) angle v ow = jvijwisin( ) angle
(av) w= a(v w) linearity (av) w=av w) linearity

(H+v) w=d w+v w distributivity
Crossf 1; 2; 3g; f 3; 4; 59] in Mathematica
9w w=% w+v w productrule

(u+v) w=4d w+ v w distributivity
f1;2;3g:f 3;4; 59 in Mathematica
d(v w)=v w+v w  product rule

TRIPLE SCALAR PRODUCT. The scalar [ #;v; W = ¢ (¥ w) is called the triple scalar product  of t;v; w

PARALLELEPIPED. [ #;¥; % is the volume of the parallelepiped
spanned byt; v; wbecauseh = 4 n5fj is the height of the par-
allelepiped if A = (v w) is a normal vector to the ground par-
allelogram which has areaA = jnj = jv wj. The volume of the
parallelepiped ishA = 4 AjAjTA] = ju (v W)j.

EXAMPLE. Find the volume of the parallel epiped which has the one cornerO = (1;1;0) and three corners
P=(2;31);Q=(4;31);R=(1,;4;1) connected to it.

ANSWER: The parallelepiped is spanned byt = (1;2;1), v = (3;2;1), and w = (0;3;2). We getv w =
(1; 69 andy (v w)= 2. The volume is 2.

DISTANCE POINT-LINE (3D). If
the line which contains the vector ¢ and the point Q, then

P is a point in space andL = Q + td be P
dP;L) = PQ g _gg

is the distance betweenP and the line L. The representation of L asr(t) =
Q + tv is called aparametric equation  of the line.

PLANE THROUGH 3 POINTS P;Q;R:
The vector n = PQ PR is orthogonal to the plane. We will see next week thatn = ( a; b; 9 de nes the plane
ax + by+ cz = d, with d = axg + by + czy which passes through the pointsP = (Xo;Yo; 20); Q; R.

The cross product appears in many di erent applications:

ANGULAR MOMENTUM. If a mass point of mass m moves along a curvex(t), then the vector C(t) =
m#(t) +Yt) is called the angular momentum  of the point. It is coordinate system dependent.

ANGULAR MOMENTUM CONSERVATION.
%E(t) = medt) £+ met) ) = #t)  F(b)

In a central eld, where F(t) is parallel to #(t), we get d=dtL(t) = 0 which means L (t) is constant.

TORQUE. The quantity +(t) F(t) is also called thetorque . The time derivative of the momentum p= m#°
is the force F. the time derivative of the angular momentum [ = #(t) #(t) = me(t) +Yt) is the torque .

re

KEPLER'S AREA LAW. (Proof by Newton) o
The fact that C(t) is constant means rst of all
that #(t) stays in a plane spanned by+(0) and
+90). The experimental fact that the vector #(t)
sweeps overequal areas in equal times ex-
presses angular momentum conservationj(t)
+(t)dt=2j = jCdt=m=2j is the area of a small
jangle. The vector +(t) sweeps over an areg .
OTjI:jdt:(Zm) = JCjT=(2m) in time [0;T]. &

jdrxi2 [ Earth

MORE PLACES IN PHYSICS WHERE THE CROSS PRODUCT OCCURS:

The top , the motion of a rigid body is describe by the angular momentun L and the angular velocity vector
in the body. Then L =1L + M, whereM is an external torque obtained by external forces.

Electromagnetism : (informal) a particle moving along *(t) in a magnetic eld A
B for example experiences the forc& (t) = qr{t) B, whereq s the charge of ‘
the particle. In a constant magnetic eld, the particles move on circles: ifm is
the mass of the particle, thenms qt) = q+%t) B implies ms (t) = gr(t) B.
Now d=dij#j2=2+ +°= + g#(t) B =0 so that j¥ is constant.

Hurricanes are powerful storms with wind velocities of 74 miles per houor more.
On the northern hemisphere, hurricanes turn counterclockvise, on the southern
hemisphere clockwise. This is a feature of all low pressureystems and can b
explained by the Coriolis force. In a rotating coordinate system a particle of massy
m moving along #(t) experience the following forcesm#+° ¢ (inertia of rotation), [
2m+ 9 (Coriolis force) andm!  (+ #)) (Centrifugal force). The Coriolis force §
is also responsible for the circulation in Jupiter's Red Spa
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