SHIFTS IN QUADRA TIC AND STAND ARD MAP Math118, O. Knill

ABSTRA CT. Welook on this pageat an analytic proof that there is an invariant shift embeddedin someHenon
maps, Standard maps or quadratic maps. The proof usesthe implicit function theorem and is basedon an
idea of Aubry and Abramovici called anti-in tegrable limit .

THEOREM OF DEVANEY-NITECKI. Fix b6 0. For large enoughc, the
Henonmap H : (x;y) 7! (x2 ¢ by;x) hasan invariant setK such that T
restricted to K is conjugated to the shift

S= (X X0 XaiXzii) b (3 X0; Xa; X2; X5 )

on all sequencewith two symbols.

THE IMPLICIT FUNCTION THEOREM. Given a family q ! F(a;q) of
maps, parametrized by a parameter a. If F(0;q) = 0 and F%0; ¢) 6 0, then
there exists a contin uous function ¢ in someinterval | sud that F(a;g(a)) = 0
fora2l.

PROOF. The Newton map Ta(g) = q F(a;g)=F%a;q) has as a stable xed o
point which is the root g(a). This xed point exists for small a and changes 02 /
cortinuously with a.

This proof works also in in nite dimensional spaces,in which it is possible e p
to dierentiate. An example is the space C(X) of continuous functions on o
a compact set X. Example: let F(f) = 2+ 5f. The function F maps a 04

cortin uous function to a continuous unction. One has FYf)g = (3f2 + 5)g.
Example: let F(f) = f(x?). Becausethis is a a linear map in f, we have
FAf)g(x) = f (x*)g(x).

PROOF. With the new parameter a = 1=" ¢ and the new coordinates g=Xx a;p=y a the map becomes

21
T@p 7t (= bpa)
and is equivalent to the recurrence
asut+tabaog 1=¢ 1:

We look for sequencesy, = ¢(S"x), where S is the shift on the spaceof all sequenceX = f 1;1g% and where
g is a continuous map from X to R. We have to solve

a qSx)+a b qS x) (qx)> 1)=0:
With themapF : R C(X)! C(X) dened by
F@ag(x)=a gSx)+a b S %) (qx)? 1)
this equation can be rewritten asF (a;q) = 0. The partial derivative Fq(a;q) is
Fe(@u=auS)+b uS ) 2q u:

The map F(0;qg) : C(X) ! C(X) hasthe property that every function q2 C(X) with valuesin f 1;1gis a
solution of F (0;g) = 0. We take for such a solution the map q(x) = Xo.

The derivative Fq(0; g) is the linear map
(Fq(0;qu= 29 u
which is invertible becauseq is bounded away from 0.

By the implicit function theorem, there exists a solution a 7! q, = G(a) satisfying F(a;q.) = 0 for small a.
Dene ,:X! RZby
a() = (q(x); (S ) :
The map 4 is continuous, becauseq and T are continuous.
Using F (a;q) = 0, we ched that

2
@s9;a00 = (Db s 509000

= TS X)) =T a(x)

a T(x)

forall x 2 X.

The map is injective becauseif two points x; y are mapped into the samepoint in R? then the fact that g, (x)
is near gp(x) = Xo implies xg = yp. The conjugation 5 S"(x) = T"  4(x) givesus T"(x) = T"(y) and so
Xn = yn for all n.

hasa cortin uousinversebecauseevery bijective map from a compactspaceto a compactspacehasa contin uous
inverse. The map is indeed a homeomorphismfrom X to a closedsubsetK = (X) RZ2.

HORSE SHOESIN THE STANDARD MAP. For large enoughc, the Standard
map T : (x;y) 7! (2x + csin(x) y;x) has an invariant set K such that T
restricted to K is conjugated to the shift

S = (X 1;Xo; X1 X2; ) b (G Xos X1 X2; X35 i)

on all sequencewith two symbols.

PROOF. If T"(g;p) = (th;pn) is an orbit of the Standard map, then p, = ¢, 1 and SOGh+1  20h + ¢ 1+
csin(xp) = 0. With = 1=¢ this means

(Gh+s  20h + G 1)+ siN(Xn) = 0

Let X be all f0; 1g sequencesConsider the spaceof all continuous functions q from X to [0;2 ].
If we nd a solution g to the equation

FGia) = (a x) 29(x)+ a( X))+ sin(q(x)) = 0

then g is a conjugation from (X; ) to (q(X);T) showing that we can nd a shift similar as the horse shoe
construction does.

(i) There is a solution for = 0: Just take g(X) = Xo. Becausesin(0) = sin( ) = 0, the equation sin(q(x)) = 0
is satis ed.

(i) In order to have a solution for small , we compute the derivative of L = F(0;g) = cogq) and seewhether
it is invertible. Indeed, sinceL = cogq(x)) = 1, we caninvert L, the inverseis actually equalto L. (Note
that F hasasan argument a function g and the the derivative Fq(a;q) = limy o(F(a;q+ u) F(a;q))=uis de ned with
respect to the function g. It was computed in the sameway as derivativeswith respect to real parameters.)

(iii) The implicit function theorem now assuresthat we can nd for small a function q which satis es
F(;qg) = 0. This function g conjugatesthe shift with the standard map T restricted to the setK = q (X).
Since = 1=c¢, this conjugation works for large enoughc.

JULIA SETS. The sameconstruction works alsofor the map f (z) = a(z®> 1).
We look for a function q 2 C(X;C) such that q( ) a(z?+ 1) = 0. With
= 1=a, this is
FGAa=a() (2 y=o:

For = 0, the function g(x) = (2xo 1) is a solution. The derivative L =
Fq(0;0) = 2qis invertible. We have solutions for small , which correspondsto
large a. Actually, the image q(X) is just the Julia setof f .

SUMMARY. The anti-in tegrable limit construction allows to get embedded shifts in a purely analytic way
using the implicit function theorem . In comparison, the construction of a horse shoe is a geometric
construction. Finding a generating partition is a more combinatorial task. The shift brings di erent areas
of mathematics together.




