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ABSTRA CT. Light moveson shortest paths. The corresponding dynamical systemis called the geodesic o w.
We will seeexamplesof geadesic o ws which are integrable like the ow on a surfaceof revolution. This is an
introduction to geadesic o ws without Riemannian geometry which allows to go straight to the essetial math
without too much formalism.

ARCHIMEDES THEOREM. We have seenthat the shortest distance betweentwo points in Euclidean spaceis
the line. We have proven this in the caseof the plane without use of derivatives. This "Arc himedesproof' can
be generalizedto higher dimensional Euclidean spacestoo.

DEFINITION. Given a smooth surfacein space,a point P on the surfaceand
initial tangent velocity vector v. Dene a path on the surface by letting a
particle move freely in spaceunder the in uence of a force perpendicular to
the surfacein sudch a way that the particle stays on the surface. This de nes
a path on the surface called geodesic o w. This dynamical system can be
described using di erential equationstoo. However, for many of the examples
consideredhere, we can work with the intuitiv e notion. If the surface has a
boundary, then we have a surface billiard . In that case,we assumethe mass
point bounceso the boundary accordingto the usual billiard law.

EXAMPLE: GEODESICS ON SURFACE OF REVOLUTION. If

is the angle betweena longitudinal line and the geadesiccurve
and r is the distance from the axesof rotation, then the angular
momertum L = rsin( ) is consened. It is called the Clairot
integral. Examples of surfacesof revolution are the cylinder, the
coneor the torus. If we write the torus as part of the plane with
a spacedependert metric which dependsonly on one coordinate,
we have a geadesic ow on a surface of revolution. The Clairot
integral r sin( ) is the analogueof Snellsintegral g(x) sin( ) we
have seenbefore.

METRIC AND DISTANCE. Consider a two-dimensional parametrized surface (u;v) 7! r(y4;v). At a point
(u; v;r(u;v), we have the tangent vectorsdx = r,du;dy = r,dv The distance elemen ds= "~ dx dx+ dy dy
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this can be written asds? = (du; dv) g(tﬂj;dv). A newdot product < a;b>= a gbandlength jjajj = " < a;a>
allows to write the length of a curve as abjjro(t)jj dt. Riemannsview is to start with a two dimensional surface
M and a symmetric matrix at ead point g; (x; y) de ned sothat both eigernvaluesof g are positive everywhere.
The pair (M;g) de nes a Riemannian manifold . One can measuredistanceson it without referring to the
ambient spacein which the surfaceis embedded.

satis es ds? = (rydu+ rydv)? = ry rydudu+ ry rydudv+r, rydvdu+ ry rydvdv. With g =

The force F (x; v) perpendicular to the surfaceat the point x to the direction v
can be computed by intersecting the plane spannedby the unit normal vector
n and the vector v with the surface, leading to a curve with a radius of
curv ature r. Applying the certrifugal force F(x;v) = jvj2n=r assuresthat
the particle stays on the surface. The number (x;v) = 1=r(x; v) is called the
sectional curv ature at the point in the direction v.

MOTIV ATION. The numerical method, we usedto compute the geadesic o w
on some of the pictures on this pageis a medanical one. We constrain the
free motion onto the surface. Given a surface X in spacewe look at the free
ewlution of the particle subject to a strong force which pulls the patrticle to the
surface. That forceis always perpendicular to the surfaceand so perpendicular
to the velocity of the particle. Especially, it doesnot acceleratethe particle.
Do a free ewolution in spacefor sometime dt, then projection the vector badk
onto the surface. X (u;v) !' X (u;v) + V I X(ug;vi) This method is so
e cien t and simple, that we have let the ray-tracing program (Povray) do all
the computation for the following pictures:

EXAMPLE: GEODESICS ON THE FLAT TORUS. Becausea | .
regionin a at torus canbe seenasaregionin the plane, geadesics |-
on the at torus are made of lines. With g; = 1ifi = j and
g; = Oifi 6 j asin the caseof the plane, the di eren tial equations
for the geadesicsare x* = ¥ x'xl = 0. There is no acceleration.
The fact that the shortest connections between two points A; B
on the at plane are straight lines can be seenin di erent ways.
The straight line gives a distance between the two points as we
have seenbeforein the plane.

EXAMPLE: HILLY REGION. Let r(u;v) = (u;v;f (u;v)) be a parameterization of the graph of f. The
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we can calculate its length. We should get the sameresult as if we would compute the length of the curve
r(t) = (u(t); v(t);f (u(t); v(t))) in three dimensional at space. But with the internal formalism, it is possible
to compute the length without using the third dimension.

metric is g(u;v) = So, if r(u(t);v(t)) is a curve on the surface,

EXAMPLE: GEODESICS ON THE SPHERE.

On a sphere,the mass-pint is at any time subject to a force which goesthrough
the certer of the sphere. Angular momertum consenation d"—tL = j—lx v=0
implies that the particle stays on a plane spannedby the normal vector and
the initial vector v. The geadesic curve is the intersection of the plane with
the sphere:it is a grand circle. The plane can be seenasa limiting caseof the
sphere,when the radius goesto in nit y. A particle which initially is on a plane
and has a velocity tangent to the plane stays on the plane without any needof
constraint. The gealesiccurvesconsist of lines.

CONNECTION. When minimizing the length of a curve, we haveto nd the Euler Lagrange equations. This
involvesdi erentiating the metric g further. The Christoel symbols are de ned as
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For a parametrized surface, this is
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FREE MOTION ON A SURFACE. A particle of momertum p has the Lagrangian F(t; x; p) = 1g; (x)p'p'.
We use Einstein summas_i?n convention,, to automatically sum over pairs of lower and upper indices. We
want to minimize | (x) = :F(t; x; x)dt = ('f gj (X)x'xl dt With Fp, = gap' and Fy, = %@@kgﬁ (x)p'p and
the identities 3 23-gi 00X = 3 &gk ()x'x gax' = jkx'x andthe de nitions gi = g; % K := gk
this can be written as

xk = Kyixi

BecauseF is time independert, H(p) = p“Fpc  F = pgp' F = 2F F = F(p) is constart along the orbit.

GEODESICS ON A SURFACE With G(t; x;p) = © g ()PP = ' 2F, the functional 1 ( )= " g (x)xx dt

isthe arc length of . The Euler-Lagrangeequations gep. = Gy canusingthe previousfunction F be written
as%% = sz_Tz Which means%Fp. = Fyi because%F = 0. Evensowe got the sameequationsasfor the free
motion, they are not equivalert: a reparametrization of time t 7! (t) leavesonly the rst equation invariant
and not the second. The distinguished parameterization for the extremal solution is proportional to the arc
length. The relation betweenthe two variational problems for energy and arc length is a special caseof the
Maup ertius principle .

EXAMPLE: GEODESICS ON THE HYPERBOLIC PLANE. This is an example,wherethe surfaceis not given
asan embeddedsurfacein R3. Instead, we assumethat the distance on the upper half plane H is given by the
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THEOREM. On the hyperbolic plane, geadesicsbetweentwo points P; Q is the
circle through P; Q which hits the x axesin right angles.

ROOF. For P = (x;a);Q = (y;b), the distance is d(P;Q) = 8
:yo(t):y(t) dt = jlog(b=3j. The geadesic connection is a line. 7

Now seeH aspart of the complex plane and note that Mo ebius
transformation (az+ by \

az+
T@= (9
with ad bc= 1 maps circles to circles or lines is an isometry: N
d(P; Q) = d(T(P); T(Q)). Indeed, the two formulas Im(T(z)) = 3
Im(z)5jcz+ dj? and d=dtT(z(t)) = z{t)5jcz+ dj? imply
2
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To seethat a Moebius transformation presenescircles, note that one canwrite T asa composition T = Tl Ty,
whereT1(z) = cz+ d;T2(z) = a=c+ (ad bgz=cand wherel (z) = 1=zis the inversionat the unit circle. Because
all three transformations presene circles also A circle through the origin is maped into a line. If a;b;c;d are
real, then T maps the upper half plane onto itself.

CHAOTIC GEODESIC FLOW. We have seenthat the cat map T(x;y) = (2x + y;x + y) is integrable and
harmlesson the plane. You have computed in a homework an integral, a function F(x;y) which is invariant
under T. When projecting the map onto the torus R?=Z?2, then chaos happens. We have seenthat the map
allows a description by a symbolic dynamical system. Especially, it is chaotic in the senseof Devaney. A similar
thing happenswhen we look at the geadesic o w on the upper half plane H. The orbits are circles. Even so
you have sensitive dependenceon initial conditions (as you can seein the picture above that if you start with
dierent direction from the samepoint, the trajectories separatefast). We can do the analogueof the torus
construction on the hyperbolic plane: take a discrete subgroup of the group of all Mebius transformations.

For example could be the subgroup of Mebius transformations
with integer entries. It is called the modular group . An other
subgroupis the modular group lambda of all transformation
T(z) = (az+ b)=(cz+ d), wherea; d are odd integersand b;d are
even integers. The equivalent region to the squarein the caseof
the torus is the fundamen tal region H= which is displayed to
the right. Billiard trajectories move on circles, when hitting the
the boundary z of the region they ernter at an other place (z)
similar than Pacman doesfor the torus. The corresponding ow
is chaotic for any known notion of chaos.

The rotationally symmetric torus in spaceis parameterized by
r(u;v) = ((a+ bcog2 v)) cos(2 u); (a+ bcog2 v))sin(2 u);bsin(2 v)) ;

where0 < b< a. The metric is

g = 4 %@+ bcog2 v))?=4 ?r2
G2 = 427
iz = gn=0

sothat length of a curve is measuredwith the formula
Zy
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The circlesv = 0;v = 1=2 are gealesicsas are all the circles
u = up. The surfaceis rotationally symmetric and one has the
Clairot integral.

HOPF-RYNOV THEOREM ETC. The geadesic o w is de ned for all times for closedcomplete surfaceswithout
boundary. On every point on the surfaceand in any direction, there exists exactly one geadesic curve. Every
gealesic subsegmen of a geadesic curve is a geadesic curve. The shortest path between two points on the
surfaceis a geadesic. But asthe sphereshaws, not every geadesicis the shortest path (you might go into the
wrong direction on the grand circle). If two points are closeenough,then the shortest geadesic connecting the
two points is the shortest curve.

REMARKS. While it is not customto de ne the geadesic o w by constraining the free o w to the surface, this
is a fact which is well known and used for proving the integrability of the geadesic o w on the ellipsoid. The
de nition given here is no loss of generality since the Nash embedding theorem assuresthat any Riemannian
manifold can be embeddedisometrically in an Euclidean space.




