BILLIARDS | Math118, O. Kanill |

ABSTRACT. The billiard dynamical system can be seenas a limiting caseof a particle moving in the plane
under the in uence of a potential V. In the limit, the ODE of three variables becomesa simple map, which
still has all the features of di erential equations. We discribe the system as an extremization problem, shov
the existenceof periodic orbits and the area-presenation property. We also seethat the ellipse is an integrable
billiard.

Written as rst order system, there are 4 variables
X;y; u;v. Energy consenation H (x; y; u;v) = u2=2+
v2=2+ V(x;y) = E reducesit to three variables:

PARTICLE MOTION IN THE PLANE. The mo-
tion of a particle in the plane under the in uence of
aforce F(xy) = (f(y);a(xy) = r V(xy)is

described by the di erential equations d B
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EXAMPLE. For V(x;y) = x*+ y*, the di erential equationsare

gy
dt
%y - PP y* u2=2
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dt

The picture shows an orbit closeto a periodic orbit.

gle". The Birkho  billiard is the dynamics of this billiard dynamical system,
if the table is cornvex.

THE BILLIARD FLOW. Now, we take a particle in the plane and usea poten-
tial V which is zeroinside a region G and which is in nite outside G. The mass
point will move freely on a straight line until it hits the "wall". There it will |

THE LENGTH FUNCTIONAL. Let h(Xi;Xi+1) denotethe Euclidean distance betweentwo points of the table
(this is the distance in the plane and not the distance along the boundary). If x1;Xz;:::;X, are successie

impact points of the trajectory, then |cos{ )= hyg (XisXisn) = hy (X0 15%) |

PROOF: You can see the relation

coy ) = dh=ds by watching the length

change dh = dh(xi;Xi+1), when x; is
replacedby x; + ds (rst picture). The dh
secondformula is seenwhen observing ds

the length change dh = dh(xi 1;X;) /
whenx; is replacedwith x; + ds (second

picture).

/

ds\/dh

THE EULER EQUATIONS. The billiard map can be described by the equation

[y, (i xie1) + i (X0 1%i) = 0|

This secondorder di erence equation for the variables x; is called the Euler
equation of the billiard system. Given xo; X1, we can use these equations to
get X2, then usethese equations again to get x3 etc.

VARIATIONAL PRINCIPLE. If x1;X2;:::;Xn IS @ sequenceof impact points
of the billiard map and the initial point xo and the nal point x,+; are xed,
then Xo; X1; X2; i3, Xp is abilliard orbit if and only if (x1;X2;::;Xn 1) isacritical
point of the function

P n
H(X1;X2; 5% 1) = 29 h(Xi: Xi41)-

PROOF: just ched that r H = 0 givesthe Euler equations. In other words,
the billiard path extremizesthe total length of the path. For n = 2, where we
extremize h(xo; X1) + h(x1;x2) we haveto nd the point x; on the table such
that the path initiating at xo and ending at x, and which hits the table at a

point x; is extremal.
This generalizesthe Fermat principle: alight ray re ecting at a curve extremizesthe distanceto the curve only
if in- and out-going anglesare the same.

/3

table is parametrized by x 2 [0; 1] and the angleby 2 [O; ], we obtain a map
(s; )0 (s 1)

THE BILLIARD MAP. With an initial position s on the boundary, and an
angle we have new initial position and a new angle. If the boundary of the

BETTER COORDINATES. If we scalethe table sud that the table haslength
1 and reparametrize the boundary of the table suc that x is the arc length
from somepoint 0 on the curveto s and takey = cog ), we obtain a map 09

T:RZ [ L1} T(%Yy) = (X1;y1)

S

@
=
=

Topologically R=2 [ 1;1]is an annulus or a cylinder with boundary.

MONOTONE TWIST MAP. Oneboundary R=Z f 1gis xed and the other boundary R=Z f1g s rotated
once. Both boundaries, when the angleis 0 or  consistof xed points. The map has the twist prop erty:
%xl(x; y) > 0. We prefer the (x;y) coordinates over the (s; ) coordinates, becauseT becomesso area-
preserving, as we will seebelow.

PERIODIC POINTS. A sequencexi; Xz;::;Xn;Xn=1 = X1 is a periodic orbit if
and only if the total length of the polygon of the impact points is extremal. In
other words, we look for critical points of the total length of the closedpolygon,
which is:

X

H (X155 %n) h(xi;Xi+1)
i=1
= h(x1ix2) + h(xz2;X3) + 14 h(Xn 15%n) + N(Xn:X1)

EXISTENCE OF PERIODIC POINTS. SinceH is bounded, nonnegative and smooth, we have both a minimum
and a maximum. The global minimum is of coursewhen x; = ::i;x, are all the samepoints. The maximum
leadsto a true periodic point: we have shovn

For a corvex smooth billiard table, we nd periodic
points of minimal period n if n is prime.

PROOF. A corntinuousfunction on a bounded and closedsubsetof R" hasa maximum. The period can not be
a factor of n becausen was assumedto be prime. You show in a homework that the primalit y assumption is
not necessary




Example: The long axesand short axesof a cornvex table are periodic orbits
of period 2.

Example: Triangles of maximal total length in the table are billiard orbits of
period 3.

BILLIARD IN AN ELLIPSE.

|The billiard in an ellipse is integrable.

PROOF. We nd an invariant function F(x;y), which is the product
di(x;y); d2(x; y)), where d;(x;y) is the distance of the trajectory to the focal
point Fi. You will run a few lines of Mathematica to verify this in class.

BILLIARD IN A CIRCLE. The circle is an example of an integrable billiard.
The angle and soF(x;y) = y = coq ) is presened. The billiard map T on
(R=Z) [ 1;1]is givenexplicitly by

T(x;y) = (x + 2arccogy)=(2 );y)

This is a shearmap. On the rst coordinate we have a rational or irrational

rotation.

BIRKHOFF-PORITSKY CONJECTURE: Is every integrable smooth corvex
billiard an ellipse? A collaborator of Birkho at Harvard with name Hillel
Poritsky had worked on it and published a paper in 1950, where he made
someprogress.

The picture shows Poritsky in 1936at the 42. Summer Meeting of the Mathe-
matical Organizations of America in Cambridge, Massadwsetts.

KRONECKER SYSTEM. The dynamical system on the circle obtained by a translation T(x) = x +

is called the Kronec ker system . Let x, = [n ]= n mod 1 be the orbit of T(x) = [x +

LEMMA. The sequencex, =
irrational.

T"(Xo) is denseon [0;1] if is

PROOF. Given n divide [0;1] into n equal intervals of length 1=n. Take an
orbit of length n + 1. By the pigeon hole principle , two of these points
0; ; :;;n  must bein the sameinterval and sohave distance< 1=n. Therefore

=m = (k 1) < 1=nfor someinteger m. With an integer N larger than
1=, the setfm = ;2m = 2;:;mN = N g intersectsevery interval of
length  at least once. The set f xo; X1;:::; Xmn @ intersects every interval of
length and so ewery interval of length 1=n.

lllustration: 6 pigeonsand 5 holes. Two pigeonsmust be in the samehole.

mod 1

] on the circle R=Z.

‘ THEOREM. The billiard map is area-preserving. |

PROOF. Let Y T! [ 1;1] bedisc with boundary C. We shaw RRY dydx = RY dy%x® where T(x;y) =
x%y9), T2(x;y) = (xy% is the map. (We use primes here not as derivatives Using Greensformula, we get
ZZ Z z

dy dx = y dx =
z T 1Y) ZT C) T 1(£)

ha(x%x% dx®= ha(x; x9 dx®=  y%dx°=
C C

h1(x; x9 dx
zZZ
dy®dx®= Area(Y):
Y

Area(T (Y))

GENERALIZA TION. Every map de ned by the Euler equations hx(x; x9 + hy(x%x% of a smooth generating
function h(x; x9 is area-preservingin the coordinates (x;y) = (x; h1(x; x9).

EXAMPLE. h(x;x9 = (x° x)?=2+ V(x) leadsto the Euler equation hy(Xi;Xi+1) + ha(Xi 1;%i) = (Xi+1
Xj) + %V(xi) (xi xj 1) = This is the secondorder di erence equation xj+1  2x; + x; 1+ VIx;) = 0. Vor
V(x) = ccogx), this recursionis the Standard map . For cubic V, it leadsto the Henon map in the plane.

COROLLARY. If (s; ) is an initial point for the billiard in a circle, then the orbit is periodic if

rational. The ball will visit arbitrarily closeto any given point of the table, if

=(2 ) isirrational.

=2 )is

THE JACOBEAN MATRIX. An other proofto show that the map is area-preservingis to compute the Jacobean
matrix and to verify that the determinant is 1. We will write down the Jacobean later. An other proof of the
area-preseration property is givenin proposition 6.4.2 of the textb ook.

CAUSTICS. For a billiard curve, one calls a curve a caustic, if the billiard
ball, oncetangert to that curve, remainstangent after the re ection.

EXAMPLE: For a circular table, every conceriric circle inside the table is a
caustic. For an ellipse, every confocal ellipse inside the table is a caustic.
EXAMPLE: given a corvex curve, we can nd a table which hasthis curve as
a caustic using the string construction

GENERAL CAUSTICS IN OPTICS. Places,where families of light rays focus
are called caustics . If you take a family of parallel light and re ect it at a
circle, then the light rays will focusat a curve which is called the co ee cup
caustic . If the family of light rays is an orbit of a billiard ball in a table,
then causticsmight exist or not. In the caseof the circle, every orbit produces
caustics.
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(1844-1906) studied the hard sphere gas. This is a

WHY STUDY BILLIARDS?

It is a beautiful and simple dynamical system featuring all the complexities of
more complex systems. It is a limiting caseof the geadesic o w and illustrates
theorems in topology, geometry or ergodic theory. It is related to Dirichlet
spectral problem u = u which can be consideredthe "quantum version"
of the billiard problem, where the eigenfunctionsdescribe a quantum particle
moving freely in the table with energy .




