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ON THE PERIODIC MOTIONS OF DYNAMICAL SYSTEMS.
By
GEORGE D. BIRKHOFF

of CAMBRIDGE, U. S. A.

1. Introduction.

In his work on dynamics Poincaré was led to focus attention primarily
upon the periodic motions. He conjectured that any motion of a dynamical
system might be approximated by means of those of periodic type, i.e. that the
periodic motions would be found to be densely distributed among all possible
motions; and it became a task of the first order of importance for him to determine
what the actual distribution of the periodic motions was, so as to prove or
disprove his conjecture.

Poincaré employed the method of analytic continuation in his great Prize
Memoir in the Acta Mathematica, which dealt with the problem of n bodies. In
the integrable limiting case when the masses of all but one of the bodies vanish,
there are infinitely many periodic motions. By varying certain parameters he
passed from this trivial limiting case to the case when none of the masses are zero, and
showed that these periodic motions persist as members of analytic families, unless
two of them combine and disappear from the real domain like the roots of
algebraic equations with real coefficients. He did not comsider the possibility
of disappearance of such a motion by its period becoming infinite, although this
possibility requires consideration also.

Unfortunately this method of analytic continuation gave very meagre re-
sults, for the following reason. Although there are infinitely many periodic
families, it is conceivable that the range of the parameters becomes less and
less as the type of the periodic motion becomes more and more complicated.
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