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Question 1: True vs. False

1. Question:Let W, W5 be subspaces of V' and (31, B2 be their respective basis. Then is it true that
(1 N P2 is a basis for W N W57
Answer: No, consider W, =Wy =R CR. Let 8y = —1 and 2 = 1. Then ; N By = 0 and so it
is not a basis for W7 N Wy = R.

2. Question: Let P(R) denote the infinite dimensional vector space of all polynomials with real
ceficients. Let g(z) € P(R) be some fixed polynomial. Then the function T : P(R) — P(R), such
that T'(f(z)) = g(x) f(z) is linear.

Answer: Yes, we can check that T(c x a(z) 4+ b(x)) = g(x)(c x a(z) + b(z)) = g(z)(c x a(z)) +
9(@)b(x) = ¢ x T(a(z)) + T(b(z)).

3. Question: Let V be a vector space and T,U : V — V be two linear operators. Then N(T') C
N(TU).

Answer: No. Consider V = R? and the maps T(z,y) = (z,0) and U(z,y) = (y,z). Then
N(T) = span((0, 1)), whereas N(TU) = span((1,0)).

4. Question: Let V be a vector space and T,U : V — V be two linear operators. Then R(TU) C
R(T).
Answer: Yes. R(TU)=T({U((V)))=T(RU)) CT(V) since U(V)=R(U) C V.

5. Question: Let S; and S5 be two subsets of a vector space V', then let
S =81+ 82 = {51+ s2]s1 € 51,52 € Sa}

Then consider if span(S; U S2) = span(S; + Sa).
Answer: No. Let S; = {v1}, Sz = {v2}, then span(S1+53) = {a(v1+wv2)}, whereas span(S;USs) =
bvy + cvy hence these two cannot be equal.

Question 2: Dual Spaces

Let V = P3(R) and 3 = 1,2, 22,23 be the basis for V. Then let T': V — V such that T = 2% - j—;.
You may assume that 7" is linear.

1. Question: Compute the matrix [T]g.
Answer: We need to look at what the operator does to our basis. T(1) = 0, T'(x) = 2, T(2?) =
4z — 2, T(x3) = 622 — 62. Hence the matrix will look like:

02 -2 0
00 4 -6
[Ts = 00 0 6
00 0 0



2.

Question: Compute the matrix [T%]g«.
Answer: By theorem from our book we now that [T"]g+ = ([T]g)". Therefore

0 0 0 0
| 2 0 00
[")s- = -2 4 0 0
0 -6 6 0

Question: If f € V* and f(p) = p(2), then calculate [f]z« and T*(f).
Answer: Let us first see how f acts on our standard basis 8. f(az3+bx?+cr+d) = 8a+4b+2c+d.
Therefore:

1
2
[f]ﬁ* - 4
8
There are two ways how to compute the value of T*(f) on a polynomial. The easier way is to realise
xr 2 xr
that T'(f) = /(T), hence T ((p(x))) = F(T(p(x))), hence (T'(/)(p(x)) = (2242 — LH2) |

Question 3: Dimension Theorem

Let V = Msx2(R) denote the vector space of 2 x 2 matrices with real entries.

1.

Question: Let W denote the set of matrices S = {4 = (a);; € V : @11 + a12 = a12}. Show that
W is a vector subspace of V'

Answer: First, observe that 0o € W. Then let A, B € W. Therefore: A = ( @ @12 )
air +ai2  a

bi1 b2 a1 + b1y a2 + bio o
B= dso A+ B = . larly f
< bi1 + b2 bao > and so A+ ( ajr +aiz + b1 + b2 az + b ) € W. Similarly for

scalar multiplication.

. Question: Let U : V — R be a transformation defined as U(A) = as1 — a12 — aq1. Prove that U

is linear.
Answer: We can check that U(A + B) = (a21 + b21) — (a12 + b12) — (a11 + b11) = U(A) + U(B).
Similarly U(cA) = (cas1 — caa — cai1) = c¢(ag1 — a2 — a1) = cU(A). Therefore this map is linear.

Question: State the Dimension Theorem
Answer: Let T : V — W be a linear map, where both V, W are finite dimensional. Then

dim(N(T)) + dim(R(T)) = dim(V)

Question: Use the Dimension Theorem to calculate the dimension of W.
Answer: Observe that N(T') = W and R(T") = R, hence by the dimension theorem:

dim(W) + dim(R) = dim(V)
dim(W)+1 = 4
dim(W) = 3

Question: Find a basis for W.
Answer: Consider the set of matrices



We can quite easily check that 8 C W. Moreover since there are three matrices and dim(W) = 3,
we only need to check linear independence. Setting the span equal to the zero matrix yields:

a b\ (00
a+b ¢ ) \L0 0
Which implies a = b = ¢ = 0, therefore this set is linearly independent.

The Bonus Question

Just shortly, if T(T'(v)) = T'(v) for all v € V, then this means that T'(T'(v) — v) = 0, hence T'(v) —v €
N(T), and so T'(v) — v = w, where w € N(T), let z = T(v), so since T'(v) € R(T), then this means that
for any v € V, z—v = w and after rearanging we get v = z—w. So every v € V can be expressed as a sum
of a vector in N(T') and R(T). This implies that V' = R(T)+ N(T'). Now suppose that v € N(T)NR(T),
then T'(v) = 0 and v = T'(w). Therefore TT(w) = T(v) = 0, hence N(T) N R(T) = {0}. Done.

On the other hand the converse is not true. Consider 7' : R — R such that T'(x) = 2z. Then N(T) =0
and R(T) =R, so clearly R =R @ {0}. But T(T(z)) = 4a # 22 = T(x).



